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This paper introduces an adaptive robust trajectory track-
ing controller design to provably realize stable bipedal
robotic walking under parametric and unmodeled uncer-
tainties. Deriving such a controller is challenging mainly
because of the highly complex bipedal walking dynamics
that are hybrid and involve nonlinear, uncontrolled state-
triggered jumps. The main contribution of the study is
the synthesis of a continuous-phase adaptive robust tracking
control law for hybrid models of bipedal robotic walking by
incorporating the construction of multiple Lyapunov func-
tions into the control Lyapunov function. The evolution of
Lyapunov function across the state-triggered jumps is explic-
itly analyzed to construct sufficient conditions that guide the
proposed control design for provably guaranteeing the sta-
bility and tracking performance of the hybrid system in the
presence of uncertainties. Simulation results on fully actu-
ated bipedal robotic walking validate the effectiveness of the
proposed approach in walking stabilization under uncertain-
ties.

1 Introduction

Bipedal robots can potentially be used to perform locomo-
tion tasks for a wide range of real-world operations such as
home assistance, emergency response, and search and res-
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cue. One common control approach towards accomplishing
these locomotion tasks is trajectory tracking control. How-
ever, arobot’s trajectory tracking performance is typically af-
fected by uncertainties such as parametric uncertainties and
unmodeled uncertainties [1-3]. Parametric uncertainties ex-
ist when the estimated values of the system’s model param-
eters such as a robot’s link masses do not match their true
values, whereas unmodeled uncertainties include nonlinear
functions such as joint frictions. Without proper treatment,
these uncertainties can deteriorate tracking performance and
even cause instability of bipedal robots, which makes it nec-
essary to design locomotion controllers to mitigate the nega-
tive effects of uncertainties.

1.1 Related Work on Control Design for Continuous
Systems under Uncertainties

To mitigate uncertainties for ensuring the stability and
tracking performance of continuous systems, adaptive and
robust control has been extensively studied. Adaptive con-
trol [4—6] could achieve accurate steady-state tracking un-
der parametric uncertainties by exploiting online adaptation
laws to update the estimation of model parameters, but it may
not be effective under unmodeled uncertainties such as dis-
turbances [7]. On the contrary, robust control [8, 9] could
guarantee satisfactory transient tracking performance under
unmodeled uncertainties but cannot guarantee accurate final
tracking under parametric uncertainties without relying on
high-gain feedback or discontinuous control action.

To combine the complementary advantages of adaptive
control and robust control, the inherent conflict of adap-
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tive and robust control design methodologies needs to be
resolved. The conflict is that, the estimated model param-
eters provided by the adaptive control may grow unbounded
under unmodeled uncertainties, which will then induce ag-
gressive robust control action for estimation error mitiga-
tion. To resolve the conflict, an adaptive robust control ap-
proach [10, 11] adds a known bound to the parameter es-
timation to avoid unbounded parameter drifting. The ap-
proach has been used to significantly improve the transient
and steady-state trajectory tracking performance for various
continuous systems [12—16] in the presence of parametric
and unmodeled uncertainties.

1.2 Related Work on Control Design for Walking
Robots under Uncertainties

By modeling a walking robot as a continuous system,
the previously reviewed adaptive control and robust control
strategies have been exploited to stabilize and improve the
trajectory tracking performance for walking robots [17-22].

However, treating a walking robot as a continuous system
in controller design may not be appropriate because bipedal
walking robots are inherently hybrid dynamical systems, in-
volving both continuous motions (e.g., foot swinging mo-
tions) and state-triggered jumps (e.g., sudden jumps in a
robot’s joint velocities upon a foot-landing impact) [3, 23—
27]. These jumps are particularly difficult to handle in con-
troller design because they are nonlinear and triggered when
the system’s state satisfies certain conditions (e.g., the swing
foot striking the walking surface). Furthermore, they can-
not be directly controlled due to their infinitesimal periods
of duration [28].

To provably stabilize bipedal walking robots by explic-
itly addressing their hybrid dynamical behaviors, the Hybrid
Zero Dynamics (HZD) framework has been proposed based
on orbital stabilization [29] and recently extended to mitigate
uncertainties that are prevalent in practical applications [1,2].
Yet, as orbitally stabilizing controllers is not suitable for ac-
curate trajectory tracking [30], these approaches and the un-
derlying stability analysis methods cannot be used to solve
the problem of trajectory tracking control.

Beyond the scope of walking controller design, robust
trajectory tracking control for general hybrid systems with
state-triggered jumps has been investigated based on Lya-
punov stability analysis [31]. Still, the previous work does
not explicitly analyze the evolution of Lyapunov function
across the uncontrolled state-triggered jumps and thus may
not be used to directly inform controller design.

To realize reliable trajectory tracking for hybrid sys-
tems with state-triggered jumps (including the fully actuated
walking robots), we have introduced a Lyapunov-based tra-
jectory tracking controller design based on an explicit anal-
ysis of the evolution of the Lyapunov function across state-
triggered jumps [32-35]. This controller design has recently
been extended and experimentally implemented to achieve
provably stable quadrupedal robotic walking on a dynamic
rigid surface that rotates in the inertial frame [36]. How-
ever, these previous control approaches utilize input-output

linearization and thus may not be effective in guaranteeing a
good tracking performance under modeling errors or distur-
bances. To this end, this study extends our previous control
approach to address parametric and unmodeled uncertain-
ties for a class of hybrid systems that include fully actuated
bipedal walking robots.

1.3 Contributions

This study addresses the expansion of the adaptive ro-
bust controller design methodology from continuous systems
to fully actuated hybrid systems with state-triggered jumps
for provably guaranteeing the system stability and tracking
performance under parametric and unmodeled uncertainties.
The specific contributions of this study are:

(a) To synthesize adaptive robust control laws for fully ac-
tuated hybrid systems with state-triggered jumps by in-
corporating the construction of multiple Lyapunov func-
tions into control Lyapunov function.

(b) To analyze the stability, tracking performance, and pa-
rameter estimation convergence of the closed-loop sys-
tem by explicitly examining the effects of state-triggered
jumps on the evolution of Lyapunov function under un-
certainties.

(c) To provide sufficient conditions based on these analy-
ses under which the proposed control law guarantees the
trajectory tracking performance in the presence of para-
metric and unmodeled uncertainties.

(d) To demonstrate the validity of the theoretical re-
sults through simulations of a fully actuated three-
dimensional (3-D) bipedal robot.

Some of the results from this manuscript have been re-
ported in [37]. The new, substantial contributions of this
paper include: a) important details and discussions of the
proposed controller design and stability analysis are added,
including the full proof of Theorem 1 along with all the re-
marks in Sections 3 and 4; b) the convergence analysis of
parameter estimation under no unmodeled uncertainties is
added as a new section (Section 5), including Theorem 2
and its proof, which was missing in [37]; ¢) comparative
simulation results between four controllers are presented in
Section 6 to illustrate the advantages of the proposed con-
troller, whereas only the simulation results of the proposed
controller were presented in [37]; and d) simulation results
of the proposed controller under parametric uncertainties are
also added in Section 6, which were missing in [37].

The paper is structured as follows. Section 2 presents the
full-order hybrid dynamic model of fully actuated bipedal
walking robots. Section 3 introduces the continuous-phase
adaptive robust control law. Section 4 derives the proposed
sufficient closed-loop stability conditions, which can be used
to guide the design of adaptive robust controllers for fully
actuated hybrid systems. Section 5 explains the analysis of
parameter estimation convergence in the absence of uncer-
tain nonlinearities. Section 6 reports the simulation results
on 3-D bipedal robotic walking.
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Continuous State-triggered

Fig. 1. Adirected graph of a complete fully actuated bipedal walking
step
2 Model

This section presents the hybrid model of bipedal walking
dynamics, which serves as a basis for controller derivation.

2.1 Hybrid Walking Dynamics

Bipedal walking dynamics are inherently hybrid, involv-
ing continuous motion (e.g., foot swinging) as well as state-
triggered jumps (e.g., sudden jumps in joint velocities when
the swing foot strikes the walking surface), as illustrated in
Fig. 1.

The robot is fully actuated when its number of degrees
of freedom (DOFs), denoted as n, matches the number of
independent actuators, denoted as m. As this study addresses
the controller design for fully-actuated walking, the equality
m = n holds in the remaining derivation and analysis of the

paper.

Continuous-phase dynamics. During continuous phases,
the robot’s dynamic model can be expressed as:

M(q,B)i+C(q,q4,8)q+G(q,B) +f(t,q,4) =B,u, (1)

where q € Q and u € U are the vectors of joint positions
and torques, respectively, B € Qg is the vector of model pa-
rameters with uncertain values, M : Q x QB — R™" is the
inertia matrix, C : TQ x Qﬂ — R™" is the Coriolis matrix,
G : 0 x Qg — R" is the gravitational term, f:R*xTQ0— QJ;
is the vector of unmodeled uncertainties (e.g., disturbances
and joint friction), and B, € R™*" is an input matrix. Q C R"
is the robot’s configuration space when the support foot re-
mains in a full, static contact with the ground and the joint
position limits are met. 7TQ is the tangent space of Q.
U C R™ is the set of the robot’s admissible joint torques.
Qp CR" and Q 7 C R" are known bounded sets.

The continuous-phase dynamics in Eq. (1) has the follow-
ing properties [38,39]:

Property 1. The inertia matrix M is symmetric positive def-
inite, and there exist positive numbers k,, and ky; such that

kmlnxn S M S kMIan (2)

foranyqe Qand B € Qg, where Lx, € R"" is an identity
matrix.

Property 2. The Coriolis matrix C can be selected such that
the matrix M — 2C is skew-symmetric.

Assumption 1 (Linear Parameterization of Continu-
ous-Phase Dynamics). The model parameters B (e.g., a
robot’s link masses) linearly parameterize M, C, and G as:

Y(q,4,9,,4-)B :=M(q,B)d, +C(q,4,B)q, + G(q,ﬁ)3
3)

where q, € R" is any reference vector.

State-triggered jumps. When a continuous phase ends, the
robot’s swing leg strikes the ground causing a discontinuity
in the joint positions and velocities. The joint positions of
the two legs experience a sudden jump because the swing
and the support legs switch roles. The joint velocities may
also experience a sudden jump due to the coordinate swap
and the rigid-body impact associated with a swing-foot land-
ing. These jumps cannot be directly controlled due to their
infinitesimal duration.

The jumps in q and ¢ upon a foot-landing event can be
expressed as:

Bq ~A(q.q.B) o)

where ™ and +~ represent the values of * right before or
after an impact, respectively. The derivation of A is given
in [40].

Switching surface. A switching surface S, describes the oc-
currence of a swing-foot landing as:

Sq = {(q7an) eTQ :st(qaﬁ) =0,

5
t(@aB) <0y,

where zy,, is the height of the swing foot above the ground.
Note that the switching surface S, is not a function of the
unknown parameters B if B are link masses.

The overall hybrid system dynamics of a walking robot
can be expressed as:

Mi+Cq+G+E=B,u, if(q,q7) ¢S,

q" e (6)
qur =A, if(q7,q7) €S,
2.2 Boundedness of Model Parameters and Unmodeled
Nonlinearities

Given that uncertainties, such as unmodeled joint frictions
and unknown link masses, are usually bounded during real-
world applications [41], it is assumed in this study that un-
certainties are bounded:

Assumption 2 (Boundedness of Model Parameters). The ac-
tual value of the model parameter B is bounded by known

vectors B i, and By

B € [ﬁmin?ﬂmax]‘ (7)
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Fig. 2. Block diagram of a continuous adaptive robust control law

Assumption 3 (Boundedness 0f~Unmodeled Nonlinearities).
The unmodeled nonlinearities £ are bounded by a known

function hy(t,q,q):

|¥(r,q,)|| < hs(r,q,4). )

3 Continuous Adaptive Robust Control

This section presents an adaptive robust control approach
that stabilizes the continuous phase of the uncertain hybrid
system in Eq. (6). To guarantee the stability and tracking
performance of the overall hybrid system, sufficient condi-
tions are derived in Section 4 for guiding the gain tuning of
the control law.

Without loss of generality, we choose the joint positions
q as the variables to be controlled. Note that a fully actu-
ated system has full control authority over all of its n joint
positions and thus can directly command all joints to track n
desired trajectories q (7). The tracking error is e = q — qg.

Control Objective. To derive a control law that stabilizes
the uncertain hybrid system in Eq. (6) and guarantees a
bounded final tracking error for achieving provably stable
bipedal robotic walking.

We propose to achieve this control objective by extend-
ing the continuous adaptive robust controller (ARC) design
methodology [42] from continuous systems to fully actuated
hybrid systems with state-triggered jumps, because a) only
the continuous phase of the hybrid system in Eq. (6) can be
directly driven but not the jumps and b) ARC is effective in
addressing uncertainties for continuous systems as reviewed
in Section 1.

A continuous ARC consists of a nonlinear robust feedback
term, a parameter adaptation law, a feedforward term, and
a linear stabilizing feedback term (see Fig. 2). The robust
feedback term mitigates the effects of unmodeled nonlinear
uncertainties. The parameter adaptation law estimates the ac-
tual values of the model parameters. The feedforward term
compensates for the nonlinear dynamics using estimated pa-
rameter values. The linear stabilizing feedback term stabi-
lizes the continuous-phase system.

3.1 Robust Feedback

The robust feedback term of an ARC is crucial to guaran-
tee the stability and transient tracking performance of a con-
tinuous system under unmodeled uncertainties. We choose

sliding mode control (SMC) [42] as the robust feedback term
because previous work [19] has validated its enhanced per-
formance in rejecting uncertainties for legged locomotion.

An SMC drives a system’s state to a hypersurface in the
state space (i.e., a sliding mode). To enhance the track-
ing performance of the continuous-phase system within the
sliding mode, we form the SMC using a dynamic compen-
sator [42]:

{Xc =AXx.+B.e; ©)

Ve = Ccx. +Dee,

where x. and y, are the state and the output of the dynamic
compensator, respectively. A, C R"%*" B, C R"*" C,. C
R"*" and D, C R™" are matrices that define the dynamic
compensator (n, = n). These matrices are chosen such that
(A, B;, C., D,) is observable and controllable.

Introduce a vector & € R" to define the sliding mode as
€ =0, and choose £ as:

E=q4—q, (10)
where q, := ¢4 —y.. Then, the goal of the SMC is to guar-
antee that the system state remains within the sliding mode,
that is, € remains zero.

Let A be the sum of the bounds of unmodeled uncertain-
ties and parameter estimation error. Then,

hs(tv q, qa qrv qr) = hf(ta q, q) + hﬁ (qa q, qra qr)a (11)
where the definition of s is given in Section 3.2. The ideal
SMC is then —, ;.

To reduce the chattering effect caused by the discontinuity
of the ideal SMC, the robust feedback term is designed as:

u, = h(—hsy), (12)

[

where h(—hsﬁ) is a continuous approximation of the ideal

SMC with an approximation error £(¢) (¢(¢) > 0 for any r >
0).

A valid choice of the continuous approximation h should
satisfy the following two conditions [42]:

(1) & h(~hspy) <0.

(C2) hyl|El+ & B(~hy ) < (1),

Here, we utilize the following definition of h among oth-
ers [4,43] because it is relatively easy to implement thanks
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to its simple expression:

_ng

h(*hsﬂ) = 7]15“27“

if [|€]] <
if €] > (1+&)¢n,
—(1—cK€ —q%ﬁ elsewhere

e

13)
where K € R"*" is any symmetric positive definite matrix,
and & and 8'2 are any p'o.smve scalars. ¢h = hreaaa e
where @(¢) is any positive scalar function on r > 0. ¢; =
L1E11=9

& -

€)0n(t).

Remark 1 (Reset of & at T,:r). The state variable X, of the
dynamic compensator can be arbitrarily designed at the ini-
tial moment of any continuous phase. Let Tj be the initial
timing of the k'™ walking step (k € {1,2,...}). Selecting C.
as a nonsinguar matrix, we can reset the value of X, as

Then, the approximation error € is &(r) = (1 +

X (T,") = —C. ' (&(T;") + Dee(T,1)). (14)

Accordingly, & is reset to zero whenever a new walking step
begins, that is,

E(T7) =e(T, ) +y.(T;") =0, (15)

which helps reduce the unpleasant transient response of €.

Remark 2 (Response within Sliding Mode). The transfer
function matrix from & to e is (slyxn + Ge(s)) ™!, where
G.(s) := Ce(sLny,xn, — A.)"'B.+D.. By carefully assign-
ing the poles of the matrix, the desired response within the
sliding mode can be achieved.

3.2 Parameter Adaptation

The parameter adaption law estimates the actual values of
the uncertain model parameters 8. By reducing the mod-
eling error, it enhances the final tracking accuracy without
replying on high-gain feedback control. With the estimated
parameters, a feedforward term can be formed to compen-
sate for the nonlinear continuous-phase dynamics, as shown
in Fig. 2.

Let B € Qp be the estimate of B. Let B :=PB — B be the
parameter estimation error. The parameter adaptation law is
expressed as:

B=-_rIt. (16)
The adaptation function 7 is defined as:
T=Y'(¢,4,9-4,)¢. (17)

This parameter estimation law can cause an unbounded
estimation error under unmodeled uncertainty f. However,

the robust feedback term given in Section 3.1 demands the
knowledge of the estimation error bound. The key to resolve
this conflict is to impose a bound on the parameter estima-
tion [Ai To this end, different modifications of B have been
proposed [42]. We choose to utilize a smooth modification
so as to allow explicit analysis of the convergence of 3 based
on Lyapunov theory in Section 5.

Let £(B) be a smooth projection of B with sufficiently
smooth, bounded derivatives and satisfying the conditions
below:

(C3) m(B)=PBif B ey

(C4) I(B) € Q‘ﬁ = [ﬁmin —&p Bmax +£ﬁ] if ﬁ € R,
where €5 € R" is a known vector of small positive
numbers.

An example of the smooth projection mapping ﬂ(B) [11]
is:

_ ﬁi *ﬁimin ~
Bimin+€g(1—e ) if B; < Bimin
(i) = e ,
ﬁimax + giﬁ (1 —e€ iB ) if ﬁi > ﬁimax
Bi elsewhere

where the scalars 7;, ﬁi, Bimin> Bimax» and € are the i ele-
ments of the vectors &, B, B, B, ... and € B respectively.

To simplify notations, define B = n(B)and B = Bn -
B. From Assumption 2 and the conditions (C3) and (C4), we
have:

1Y(q, 4,4, d)B | < hp(a,4,d ). (18)

An example of the bound Ag is:

hﬁ = HY((quqhtir)HBM = HY(qv(thqr)”‘lﬁmax_ﬁmin+£ﬁH‘
19)

Remark 3 (Boundedness of ||Y||). For a general legged
robot with all joints revolute, the boundedness of || Y || can be
guaranteed as follows. The norms |M(q, B)|, |IC(q,4,B)
and ||G(q, B)|| are all bounded within the robot’s joint limit
(i.e., (q,q) € TQ) [39]. Suppose the reference trajectory qu
is planned as physically feasible (i.e., qq, Qq, and 4q are
all bounded). Then, the trajectory q,, q,, and §, are also
bounded within the robot’s joint and actuation limits. Thus,
IY(q,q,4r,4,)|| is bounded.

» >

3.3 Overall Control Law
In summary, the expression of a continuous ARC is:

u=B,"(u,+Y(q,q,4-4)B, —K:E),  (20)

where K¢ € R"*" is any symmetric positive definite matrix.

The robust feedback term u, and the adaptation law for fi are
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given in Eqgs. (12) and (16), respectively.

With properly selected control gains of the ARC, the sta-
bility and tracking performance of the continuous phases of
the uncertain hybrid systems in Eq. (6) can be ensured. Yet,
the state-triggered jumps remain uncontrolled, and thus the
ARC may not be effective in stabilizing the overall hybrid
system. Therefore, in Section IV, we derive sufficient condi-
tions under which the continuous ARC provably guarantees
the stability and tracking performance for the overall hybrid
system under uncertainties.

4 Closed-loop Stability Analysis

This section analyzes the stability of the uncertain hybrid
systems with state-triggered jumps in Eq. (6) under the pro-
posed continuous ARC. The outcome of the analysis is a set
of sufficient conditions that can be used to guide the selec-
tion and tuning of control gains for guaranteeing the stability
and tracking performance of the closed-loop hybrid system.

The key of the proposed stability analysis is to explicitly
analyze the effects of state-triggered jumps on the system
stability and tracking performance. Such an explicit anal-
ysis is necessary as the jumps are uncontrolled because of
their infinitesimal duration. However, the analysis is com-
plex mainly because the occurrence timing of these jumps is
an implicit function of state.

Define z .= [i‘} . Then,

{i:AZz+BZ§; 21

y; = Cez,

A, B 0
where A, := {_éc _BJ ,B,:= [IWJ ,and C, := [0 Inxn].

Let the system state be

with [[x]| == \/[[z]]*+ [[§]]>-
The closed-loop hybrid system under the continuous ARC
can be expressed as:

{Mg +(C+Kg)E =h(~hy i)+ YB, ~ if (1,x, B) ¢ Su:

z=Az+B;€
Tl _ |0 N
|:Z+ = Az lf(t,X 7B)€SX'

(22)
The expression of A, (t,x~, B) can be obtained from Egs. (4),
(9) and (14). The expression of S, can be obtained
from Egs. (5) and (10). Note that A; is explicitly time-
dependent because the reference trajectory qq is explicitly
time-dependent.

Theorem 1. The continuous-phase tracking control law in
Eq. (20) stabilizes the hybrid system in Eq. (22) locally if its

control gains are selected such that:

(C5) The matrix A; in Eq. (22) is Hurwitz.
(C6) The state X converges sufficiently fast during continu-
ous phases.

Proof: Let V: (§) and V,(z) be the Lyapunov function candi-
dates for € and z, respectively:

1
Ve = E::TMg andV, =z P.z. (23)

Because the matrix A; is Hurwitz by the condition (C5), the
matrix P, € R"*" can be obtained by solving the following
Lyapunov equation [30]:

A?Pz + PZAZ = _Qu 24)

where Q, € R"<*"¢ is any symmetric positive definite matrix.
The total Lyapunov function is defined as:

Vi(x) = Ve (&) +Vi(2). (25)

The derivation of the stability conditions is based on the
incorporation of the construction of multiple Lyapunov func-
tions into the control Lyapunov functions V;. By the stabil-
ity theory via the construction of multiple Lyapunov func-
tions [44], a hybrid system is stable if two conditions are
met: a) the value of the Lyapunov function is decreasing
during continuous phases and b) the values of the Lyapunov
function just after each jump form a sequence that strictly
decreases.

Evolution of V; during continuous phases. Following the
above conditions, we first analyze the evolution of the Lya-
punov function V; during continuous phases. Define

ki := Amin(P2), k2 = Amax(P;), and k3 := %ZQZ% (26)

with Ain (%) and Apin (%) being the largest and the small-
est eigenvalues of x, respectively. Within the continuous
phase of the k" walking step, i.e., t € (Ti,Ti11] with T
(k € {1,2,...}) the initial timing of the k' walking step, we
know from Eq. 23 that

ki||zl|* < V2 < ko2 (27)
and
V. < —k3V; (28)

for any z(0) € R" ",
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From Egs. (2) and (23), there exists a positive number r¢
such that

1 1
ShnllE I < Ve < ShuI€P 29
holds for all £(0) € {& : [|§]| < re}.
From Property 2, M — 2C is skew symmetric. Then,
1,7
S8ME=¢"ce. (30)

From Egs. (22), (25), and (30),

Ve = ETME + JETM
=& (Mg +CE)
=& (YB, —F-K:&+h(—hsify)

< ENIYB] +IIF) — & K& +E h(—hs ).
(€29)
Therefore, from the condition (C2) and Egs. (8), (11),
and (18), we have

Ve §—57K5§+e(t) < —AeVe +e(1), (32)
where
27l'min K
he = kﬁié‘) (33)

Hence, for all x(0) € By, (0) := {x: [|x|| < r¢}, the total
control Lyapunov function V; satisfies

ket [|X[|* < Vi (x) < koo |12 (34)

and

Vi < —ki3Vi +£(1) (35)

within the continuous phase of the k"* walking step, where

. k k
ki = mln(kl,jm), ki := max(ky, TM)’ 36)

and k3 :=min(k3, A¢ ).

Evolution of V; across jumps. Because & is reset to zero
at the initial timing of each walking step, V¢ is reset to zero.
Hence, only the evolution of V; across the jump A, needs to
be analyzed.

To simplify notations, x(7, ) and %(7,") are denoted as
x|, and x|, respectively, in the following analysis.

The norm of z after an impact at 7}, | can be estimated as:

+

Izl | = A Tir,x [y B
<A (T 7X|1:+1 B) — A (Tt >X|]?+1 B
1A (Tt 15Xy 1 B) — AT 1,0, B) |
+ HAZ(T/C+] 307B) _AZ(Tk+1 707pn')||
+ HAZ(TkJrI ’07ﬂ75) Hﬂ
(37
where T;41 (k € {1,2,...}) is the planned initial timing of the
(k+1)" walking step.

Suppose that the reference trajectories are generated to
be compatible with the estimated reset map [29], we have
Az(Tk+1307B7r) =0.

Because the reset map A, is continuously differentiable in
t, X, and B, there exists a positive number r; such that A, is
Lipschitz continuous in these variables for any x(0) € B, (0).
Thus, the approximation of ||z|,", ;| becomes:

Iz, | = 1A (Trs 1, %[y, B) I
< LT|Tk+l — Tk+1 | +LX||X|]?+1 H +LB ”ﬁ - Byr||7
(38)
where the positive numbers Lr, L, and Lﬁ are Lipschitz con-

stants.
From Eq. (19),

1B~ Bl = 1Bl < Bu. (39)

As h(—thg—H) and Y[Ai,r are continuous functions of 7, X,

and Bn, there exist positive numbers k7 and r, such that

|Tis1 = T | < e f|x[ (40)

for any x(0) € B,,(0) [45]. Note that the Zeno behavior as-
sociated with hybrid dynamical systems are excluded from
the system in this study because of our focus on the local
stability of the desired trajectories.

Thus, Egs. (38)-(40) yield

25y | < (Lrkr + L) %] 1| + Lg By 1)
Then,
2l 1117 < Lacllxle, 11?205 i

(42)

where La, := 2(Lrkr + Ly)?%.
Note that Ve[, = 0 because & |, = 0. Thus, Egs. (25),
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(27), (29), and (42) give

kioLpy
Vil < T Vil + 2kaLg By

43
T (43)

Evolution of V; during the overall hybrid process. From
Eq. (39),

T
Vilew S/T e*kz3(Tk+1*V)g<v)dv_|_e*k13(Tk+1*Tk)Vt|;r_
I T

(44)
Then,
koo L,
v, /:r+1 < ’Z lee*kta(TkH*Tk)Vthj
t
T;
kolac [0 kaTn—vig(y)gy @5
ktl Ty
+2k,2Lf3ﬁA2,,.

Recall that €(¢) is a known, bounded positive function on
t > 0. Then, there exists a positive number €nyax such that the
following inequality holds for all #:

8(1) < Emax- (46)

Thus,

Emax (l . e*kﬁATk)’
Tr o 13

7
/ ekl —Vg(y)dy < (47)

where ATy := Ty — T is the duration of the Kt walking
step.
Combining Eqgs. (45)-(47) yields

Vilfy < 8Vl + b, (48)

ko Lay e kAT,
k

51{ = »
kt2]fA;;€€max (1 _ e_kr3ATk ) .
li“lr(?m Eq. (40), we know that AT}, is bounded. Hence, there

exist positive numbers AT, and ATp,« such that ATy, <
ATy < ATax holds for all k € {1,2,...}. Then,

where and by = 2k,2Lf3 B +

klZLAX _ .
B < B 1= 2 ks

(49)
ki1
and
koL, .
bk < bmax 1= Zktsz;ﬁAZ/] + M(l _ e*ktSAﬂnax). (50)
ktlkl3

Since the continuous-phase convergence rate k;3 is suffi-
ciently fast (i.e., condition (C6)), it can be chosen to satisfy

1 ko Lax
kiz > ——In
! ATmin ( ktl

). (51)

Then, from Eq. (49), we have

Omax < 1. (52)
Thus, for any k € {1,2,...}, we have
_ Sk+1
Vil < S Vild + % bna (53)
1- 5max
for any x(0) € B,(0) with r = min(rg,r,r2). Therefore,
when k — o, i.e., when t — oo, we have
Vit — Dinax (54)
e 1 - 8max .

This inequality indicates the exponential convergence of ||x||
to a bounded number during the overall hybrid process.
|

Remark 4 (Satisfaction of the proposed stability condition
(CS)). The condition (C5) can be met by properly choosing
the matrices A., B., C., and D, of the dynamic compensator

in Eq. (21) such that A, = [ A, B,

—C, _DJ is Hurtwiz.

Remark 5 (Satisfaction of the proposed stability condi-
tion (C6)). By the proof of Theorem 1, the condition (C6)
is met if the continuous-phase convergence rate k;3 sat-
isfies the inequality in Eq. (51). The rate can be as-
signed by properly choosing the control gains as explained
below. From Egs. (26), (33), and (36), we have k3 =
min( ey, e
ing the Lyapunov equation in Eq. (23) with Q, chosen as a
symmetric positive definite matrix (e.g., an identity matrix),
K;; is a control gain, and ky; can be estimated based on joint

limits and the expression of the inertia matrix M.

), where P, can be obtained by solv-

Remark 6 (Boundedness of parameter estimation error). Al-
though the convergence of the parameter estimation error
B . is not explicitly considered in the stability analysis, it is
indeed bounded at the steady state because the parameter
estimation by definition is bounded, as indicated by the con-
ditions (C3) and (C4). In the following section, we will show
that the parameter estimation error converges to zero in the
absence of unmodeled uncertainties, i.e., f = 0, when certain
conditions on the reference trajectory are met.

8 Copyright © by ASME



5 Parameter Estimation Convergence Analysis

This section derives the sufficient conditions under which
the continuous ARC exponentially eliminates the parameter
estimation error in the absence of the unmodeled uncertain-
ties (i.e., f = 0).

Theorem 2. Let the conditions (C5) and (C6) hold along
with the following condition:

(C7) The reference trajectories satisfy the persistent excita-
tion condition, i.e.,

t+T
/ YT(QdaqdaQd7i1d)Y(Qdaqd7dei1r)dV 2 SdI
’ (55)
for any t > to, where T, ty, and €; are some positive
numbers.

Then, in the absence of the unmodeled nonlinearity, i.e.,
f= 0, the proposed continuous-phase control law in Eq. (20)
locally asymptotically stabilizes the hybrid system in Eq. (22)
and drives the parameter estimation to the true value.

Proof: Let Vg be the Lyapunov function candidate associated
with the parameter estimation error B Vp is defined as [11]

~ "po B
Vo(BB)= L /0 (m(Bi+v)—B)dv,  (56)

where m; and f; (i € {1,2,...,n,}) are the i'" element of the
function & and the vector B, respectively.

From the parameter adaptation law in Eq. (16) and the def-
inition of Vg, we obtain the first derivative of Vg as

Vs(B.B) =—&"YB,. (57)

In order to analyze the convergence of the parameter esti-
mation error B, we introduce an augmented state

[}

along with an updated total Lyapunov function candidate

(58)

V(%) = Vi(x) + Vs (B.B). (59)

The norm of ||%|| is defined as ||%|| := \/[x]|2 +||B]|?.

The overall hybrid closed-loop system associated with the

augmented state is then:

ME +(C+Ke)€ =h(—hygr) + YB —1
1= A,z+BE if (£,x7) ¢ Sy;
B=-Tz
£ 0
zt | = | A if (1,x7) € .
B B

(60)

Evolution of V; during continuous phases. Combining the
derivatives of the individual Lyapunov functions V; and Vg in

Section 4 and given that f=0, we have

‘71:‘714-‘75

= &' (YB, — K& +h(~hs7gy) — 2 Qz—E Y,
(61)
From the condition (C1), the above equation becomes

V, < —E"KeE-2'Qa. (62)

Recall 7} (k € {1,2,_ ...}) is the initial moment of the k"

walking step. Let (%, B) be the solution to the continuous-
phase subsystem of Eq. (60) on ¢ > 7} with initial condition
&7(7;). BT (1)) = X(T). Then, & B")" =% on1 €
(T, Tie+1]-

_ The inequality in Eq. (62) implies that X € L, N L. and
B € L... From the continuous-phase subsystem of Eq. (60),

X € Lo.. Thus, X is uniformly continuous. Also, for X and B,
all terms of the continuous-phase subsystem are uniformly
continuous, and thus X is uniformly continuous. Then,
by Barbalat’s lemma [4], X — 0 locally exponentially on
t > Ti. Accordingly, x locally exponentially diminishes on
t € (Tx, Tes1]. Thus, from the continuous-phase subsystem
of Eq. (60), YB, locally exponentially approaches zero on
t € (Tx, Tiy1]. If the reference trajectories satisfy the persis-
tent excitation condition (i.e., the condition (C7)), then the
parameter estimation error B, exponentially diminishes on
t € (Tr, Trt1] [4]. ;

Hence, there exist positive numbers k;, &, and 7 such
that the augmented state X satisfies [30]

I%(0)]| < eI (63)

for any X(0) € By, (0) and ¢ € (Ty, Ti11], k € {1,2,...}; that is,

the augmented state X, including the parameter estimation er-
ror B, exponentially diminishes during continuous phases.

Evolution of V, across jumps. By the definition of the
Lyapunov function Vg in Eq. (56), the discrete event of
state-triggered jumps does not cause a sudden change in Vg.
Therefore, B+ = Bi, and accordingly B; = B;

The approximation of ||z*|| right after an impact at t =

9 Copyright © by ASME



Tk +1 becomes

Izl =l1A (T 1, %[y, B
<AL Trr1,X 15 B) — As(Tar 15X 15 B)|
1A (T 1,X[iy 1 B) — Ac(Tir 1,0, B) |
+ 1A (Ts1,0,B) — A (71,0, B,) |
(

+ HAZ Tk+1107Bn) H
(64)
Then, folloyving sirgilar derivations as in Section 4 and
noting that ||B,]| < ||B]|, there exist a positive number 7,
such that

|zl i |l < (Lrkr + L)Xl |+ LBl (65)

for any X(0) € By, (0) and 1 € (Ty, Tiy1], k € {1,2,...}. Cor-
respondingly,

Izl 17 < 2(Lrkr + L) Ixlcy 1P +2L5 | BIP. - (66)

Since B, , = Bl and &[[ | = &, . we have

IR 1P = Nzl 1P+ 16 L 1P+ 181
<2(Lrkr + L)%l 12+ LG + DIBI* (67

e~ |12
< LY[IRq 117

where Ly := max(y/2(Lrkr + L)%, [2L3 + 1).

Evolution of V; during the overall hybrid process. Com-
bining the evolution of the augmented state X during the con-
tinuous phase and across the state-triggered jump yields

1[4 1< Lalllicy I < Lokee™ SRS (68)

for any %X(0) € B7(0) with 7 := min(r, 71, 72).
Therefore, if the control gains are chosen such that

Likje™%8T < 1,

then for any X(0) € B7(0) the augmented state X will expo-
nentially converge to zero for the overall hybrid dynamical
process. Accordingly, the parameter estimation error 8 will
also exponentially converge to zero. ]

Remark 7 (Satisfaction of the persistent excitation condition
(C7)). By Theorem 2, to realize accurate parameter estima-
tion requires that the reference trajectory qq(t) should satisfy
the persistent excitation condition (C7). Because walking on
flat horizontal terrain is typically periodic, q,(t) is typically
planned as periodic [46]. Then, the condition is satisfied if

. I,
.‘ q‘{ 2
l,
knee
Swing leg
L

Support leg

Fig. 3. A 3-D biped with nine revolute joints [35]

the sampling increment of controller discretization in real-
world implementation is significantly smaller than the walk-
ing period [4], which can easily be met as the sampling rate
in practical applications is typically about 1 ms whereas the
walking period is about 0.3 - 1.5 s.

6 Simulation Results

This section presents simulation results that demonstrate
the effectiveness of the proposed trajectory tracking control
method in realizing stable 3-D bipedal robotic walking in the
presence of parametric and unmodeled uncertainties.

6.1 Simulation Setup

The robot model [47] considered in this study is shown in
Fig. 3. The robot has nine revolute joints with the mass of
each link lumped at the link’s center. Physical parameters of
the simulated robot model are given in Tab. 1.

Table 1. Robot Model Parameters
parameter variable  value
lower-limb mass m 0.4 kg
upper-limb mass my 0.8 kg
torso mass mr 4.8kg
lower-limb length I 0.4 m
upper-limb length I 0.4 m
torso length I 0.4m
hip width w 0.3 m

10 Copyright © by ASME



To stabilize the closed-loop system and achieve a reliable
tracking performance, the following controller parameters
should be properly tuned:

(a) The gain of the linear stabilizing feedback term, K;;.

(b) The gain of the parameter adaptation law, I'.

(c) The parameters of the robust controller, including the
matrices of the dynamic compensator (i.e., A., B, C,
and D,) and the parameters of the SMC (i.e., K;, ¢, €,
and &).

As indicated by the stability and performance analysis in
Sections 4 and 5, the general rules for tuning these controller
parameters include:

(a) A larger K¢ generally increases the rate of continuous-
phase convergence of the tracking error (i.e., k;3).

(b) A larger I' can result in faster continuous-phase conver-
gence of the estimated parameters to their true values.

(c) Faster poles of the transfer function from & to e (i.e.,
(sTyxn + Ge(s)) 1) can lead to faster continuous-phase
convergence of the tracking error.

(d) A smaller ¢, a lager &, or a smaller & can all expand
the range of states that the ideal SMC (i.e., fhsé—H) acts
on.

6.2 Performance Comparison under Parametric and
Unmodeled Uncertainties

To validate the effectiveness of the proposed continuous
ARC in achieving the control objective as stated in Section 3,
four different controllers were implemented and compared:
(a) the proposed ARC, (b) a robust controller, (c) an adap-
tive controller, and (d) a baseline controller without robust
feedback or parameter adaptation, which is equivalent to our
previous input-output linearizing controller [32-35].

For the purpose of performance comparison, the following
values of uncertainties and initial conditions are used in the
simulations of all four controllers:

(a) The maximum norm of the unmodeled uncertainty is 30,
i.e., hf =30.
(b) The initial position and velocity tracking errors of each
joint are 0.2 rad (about 11°) and 0.3 rad/s (about 17°/s),
respectively. Relatively large initial tracking errors are
chosen here so as to test the regions of attraction of the
controllers.
The unknown parameters are the robot’s link masses,
ie., B =[my mymr]’ =[0.40.84.8]7 kg.
The lower and the upper bounds of the parameter esti-
mation are set as B, = [~1.1 —0.4 —1.2]7 kg and
B...x = [3-4 2.3 16.8] kg, respectively. This setting al-
lows us to assess the performance of the proposed ARC
under relatively large bounds of parameter estimation.
The initial parameter estimation is B(O) =B £(0) =
[2.7 2.1 10.8]7 kg, corresponding to an initial estima-
tion error of B(0) = B,(0) = [2.3 1.3 6]7 kg. These
significant initial parametric uncertainties permit a clear
comparison in parameter estimation accuracy as well as
robustness.

()
(d)

(e)

= qia < q2a < q3a — 91 — 42— 43

= q4a " Gsa = Gea —

== q7a =" qga =" q9a — 47 — qds — g9

Time (s)
Fig. 4. Trajectory tracking results of Baseline Control (Case 1) dur-

ing three simulated walking steps

g T q2a Q3 — G — 92— @3

Fig. 5. Tracking results of Adaptive Control (Case 2) during three
simulated walking steps

The parameters of the four controllers are chosen as:

Case 1: Baseline Control (BC): The control law is formed
as in Section 3 with the adaptive and robust gains turned
off. Specifically, the control gains are chosen as: A, =
B = C. = 099 with 099 € R**?; D, = @ Ioxo (0 =
40 rad/s); ¢ = 0; I' = 0343; and K¢ = 30I9x9. Using
these parameters renders a corner frequency for the slid-
ing mode as @, = 40 rad/s and an effective stabilizing
feedback gain for & as K‘g 4+ @:lgx9 = 70I9 9. The posi-
tion trajectory tracking results are shown in Fig. 4. The
poor trajectory tracking performance indicates that the
robot fails to sustain walking within three steps.

Case 2: Adaptive Control (AC): The control law is formed
as in Section 3 with the robust gains turned off. The val-
ues of the control gains are chosen to be the same as
in Case 1 except for the parameter adaptation gain, I,
which is chosen as I' = 40I3,3. The position trajectory
tracking results are shown in Fig. 5. The parameter es-
timation and torque profile are omitted due to the overly
large overshoot of the responses.

Case 3: Robust Control (RC): The control law is formed
as in Section 3 with the parameter adaptation turned
off. The dynamic compensator is set as: A. = 0gxo,
B, = 100I9x9, C; = Igx9, and D, = 20 I9x9 (@, = 10),
which render the corner frequency of the sliding mode

11 Copyright © by ASME
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Fig. 6. Tracking results of Robust Control (Case 3) during three simulated walking steps. a) Joint position tracking. b) Parameter estimation.
¢) Joint torque profiles.
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Fig. 7. Tracking results of Robust Control in the presence of unmodeled nonlinearities different from Case 3. a) Joint position tracking. b)
Parameter estimation. c) Joint torque profiles.

as @, = 10. The parameters of the SMC are chosen as: jectory’s convergence to the reference trajectory along
¢ =30, & =1, and & = 0.5. The adaptation law is with the tracking error near steady state. The BC and
turned off by choosing I' = 0343. The linear stabiliz- the AC both have an effective feedback gain and a corner
ing feedback gains for & are chosen as K¢ =40Iyx9 and frequency larger than those of the RC and ARC. How-
K, = 20Iyx9. These gains produce an overall feedback ever, under the relatively large uncertainties and initial
gain for € as K¢ +K; = 60Iyx9. Note that both the cor- tracking errors, the BC is not able to stabilize the hy-
ner frequency and overall feedback gain are smaller than brid system as shown in Fig. 4, and the AC causes a
those of the BC and the AC. The simulation results are very large transient parameter estimation error that in-
shown in Fig. 6. duces an overly large control effort. In contrast, thanks

. to the robust feedback term, the RC and the ARC re-
Case 4: Adaptive Robust Control (ARC): The  control alizes higher final tracking accuracy and faster conver-

law i_s formed as i? Section 3 with both robust gnd gence rate under unmodeled uncertainties, as shown in
adaptive control action turned on. The feedback gains, Figs. 6 (a) and 8 (a).

the dynamic compensator, and the SMC are set exactly
the same as the RC. The only gain different from the Control effort demanded: Simulation results show that

RC is the adaptation gain, which is chosen the same AC, RC, and ARC demand different levels of control
as the AC, i.e., I' = 40I343. The simulation results are effort for stabilization. The BC is not included in the
shown in Fig. 8. comparison as it fails to stabilize the system. The torque

profile under the AC is not shown due to the overly large
overshoot, which is induced by the rejection of the large
parameter estimation error under unmodeled uncertain-
ties. However, as shown in Figs. 6 (c) and 8 (c), the RC
and the ARC demand relatively low peak torque. The

6.3 Discussions on Performance Comparison
Based on the simulation results, the performance of the
four controllers are compared and discussed as follows:

Final tracking error and convergence rate: To assess and comparison highlights the necessity of enforcing a fi-
compare the transient performance and final accuracy of nite bound to the parameter estimation produced by the
trajectory tracking, we evaluate the rate of the actual tra- adaptation law in Eq. (16), which is missing in the de-
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sign of AC.

Control chattering: Due to the use of aggressive nonlinear
robust feedback, i.e., the modified SMC, the RC and
the ARC are subject to certain amount of control chat-
tering, especially at the initial period of each walking
step (see Figs. 6 (c) and 8 (c)). During these initial
periods, the ideal SMC is activated to reject the track-
ing error divergence caused by the uncontrolled state-
triggered jumps upon foot-landing events. However,
as confirmed through simulations, the ARC causes less
chattering than the DC thanks to the incorporation of pa-
rameter estimation.

Robustness: To evaluate the robustness of the RC and the
ARC under relatively aggressive disturbances, the non-
linear function f is modified to include an additional
term, 10 - (—1)077, which emulates a relatively large
disturbance that instantaneously switches signs at least
twice during a walking step. Simulation results are
shown in Figs. 7 and 9. As shown in the figures, the
tracking performances of both controllers are close to
the cases where the additional nonlinear function term
is absent (i.e., Figs. 6 and 8), which illustrates the ro-
bustness of the RC and the ARC in rejecting unmodeled
uncertainties. Because unknown external payloads are
an important source of uncertainties for real-world ap-
plications of legged locomotion, the robustness of ARC
is further assessed under parametric uncertainty only in
the torso mass f3 in addition to the unmodeled nonlin-
earity f as specified in Section 6.2. The initial torso mass
estimation error f33(0) is set as 8 kg, which is 167% of
the true value of 3. Despite the significant initial uncer-
tainty in the torso mass, the proposed ARC realizes ac-
curate trajectory tracking and parameter estimation with
a relatively fast convergence rate, as shown in Fig. 11.

Parameter estimation convergence: The simulation re-
sults show that both the AC and the ARC drive the pa-
rameter estimations to a close neighborhood of their true
values. Howeyver, the estimation error under the AC in-
creases to an overly large value before converging to-
wards zero, causing overly large joint torques. Thus, the
parameter estimation plot of the AC is omitted. In con-
trast, the ARC achieves a small estimation error without
causing an overly large joint torque thanks to the smooth
projection of parameter estimation, as shown in Fig. 8

(©).

Parameter estimation without unmodeled uncertainties:
As predicted by Theorem 2, the ARC should be able to
eliminate parameter estimation errors when the unmod-
eled uncertainties are absent (i.e., f = 0). The control
parameters and the simulation setup are chosen exactly
the same as in Section 6.1, except that the unmodeled
uncertainties are set as f = 0. As shown in Fig. 10, the
ARC indeed eliminates the parameter estimation error
at the steady state, which validates Theorem 2.

7 Discussions

The proposed control approach can be potentially ex-
tended and applied to realize nonperiodic legged locomo-
tion. The desired gait is chosen as periodic time trajecto-
ries in this study mainly for simplifying the motion plan-
ning task. Specifically, such desired trajectories provably
satisfy the persistent excitation condition (i.e., the condition
(C7)) that is demanded to achieve accurate parameter estima-
tion, as explained in Remark 7. Yet, the theoretical basis of
the proposed approach (i.e., the Lyapunov-based closed-loop
stability analysis shown in the proofs of the main theorems)
does not necessarily assume the periodicity of the desired
gait. To extend the proposed approach to realize nonperiodic
legged locomotion, we will integrate the approach with non-
periodic motion planning [48] by deriving conditions under
which nonperiodic trajectories meet the persistent excitation
condition.

One limitation of the proposed control approach in han-
dling real-world legged locomotion is that it does not explic-
itly respect the feasibility of the ground reaction force and
center of pressure. Particularly, in the presence of overly
large uncertainties, the robust feedback term (e.g., the SMC)
of the proposed control approach may induce chattering that
violates ground-contact constraints such as unilateral and
friction-cone constraints, which can cause the loss of proper
contact between the support foot and the ground and may
even lead to falling. To overcome this limitation, we will
investigate the integration of the proposed approach with
real-time optimization so as to realize satisfactory trajec-
tory tracking simultaneously with the guaranteed feasibility
for the ground-contact constraints. This potential integra-
tion seems promising as indicated by recent progress in com-
bining quadratic programming based real-time optimization
and feedback control such as input-output linearizing con-
trol [49] and control barrier functions [50].

Another limitation of the proposed control approach lies
in that it only addresses fully actuated bipedal walking in-
stead of the general multi-domain walking [51], which com-
prises domains of full actuation, underactuation, and over ac-
tuation. In our future work, we will integrate the proposed
controller design with our previous work on tracking control
of multi-domain hybrid systems [52] to enable stable multi-
domain walking even under uncertainties.

8 Conclusions

A continuous adaptive robust control law has been pro-
posed for hybrid systems with state-triggered jumps to
achieve accurate trajectory tracking of fully actuated 3-D
bipedal walking under parametric uncertainties and unmod-
eled disturbances. The control law was derived based on
the incorporation of the construction of multiple Lyapunov
functions into the control Lyapunov function. Specifically,
the stability, tracking performance, and parameter estima-
tion convergence of the closed-loop hybrid system were an-
alyzed by explicitly examining the effects of state-triggered
jumps on the evolution of the Lyapunov function under un-
certainties. These analyses produced sufficient conditions
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Fig. 8. Tracking results of Adaptive Robust Control (Case 4) during three simulated walking steps. a) Joint position tracking. b) Parameter
estimation. c) Joint torque profiles.
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Fig. 9. Tracking results of Adaptive Robust Control in the presence of unmodeled nonlinearities different from Case 4. a) Joint position
tracking. b) Parameter estimation. c¢) Joint torque profiles.
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Fig. 10. Tracking results of Adaptive Robust Control in the absence of unmodeled nonlinearities. a) Joint position tracking. b) Parameter
estimation. c) Joint torque profiles.

that were then used to guide the design of a continuous while demanding the least amount of control effort and in-

ARC for ensuring the stability and performance of hybrid ducing the least degree of chattering. Furthermore, addi-

systems with state-triggered jumps that include fully actu- tional simulation results showed that the proposed control

ated bipedal walking robots. Through simulated walking ex- law achieves asymptotic parameter estimation convergence

periments in the presence of parametric and unmodeled un- under parametric uncertainties alone.

certainties, the tracking performance of the proposed ARC

and three other widely used controllers were assessed and

compared. The simulation results demonstrated that the pro- References
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