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1. Introduction

Hamilton-Jacobi (HJ) partial differential equations (PDEs) arise in areas such as physics [1-5], optimal control [6-10],
game theory [11-14], and imaging sciences [15-17]. In this paper, we consider H] PDEs with state and time independent
Hamiltonian function H: R" — R and initial data J: R" — R that read as follows

5 X0 +H(VxS@, 1) =0 in R" x (0, +00),

1

5,0 =] in R, (1)

The partial derivative with respect to t and the gradient vector with respect to x of the solution (x, t) — S(x, t) are denoted
by %—f(x, t) and ViyS(x,t) = <%(x, t),..., %(x, t)), respectively. Note that the Hamiltonian H only depends on VxS(x, t).

Recently, [18] establishes novel connections between some neural network architectures and the viscosity solution of a
set of HJ PDEs in the form of (1). (We refer readers to [6,19-21] for the definition of the viscosity solution.) In [18], the
authors provided the conditions under which their proposed neural network architecture represents the viscosity solution
to the corresponding H] PDEs whose initial data J and Hamiltonian H are related to the parameters in the neural network.
Note that in the HJ] PDEs they considered, the initial data J is assumed to be a convex piecewise affine function, and the
Hamiltonian H also satisfies certain assumptions.
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In this paper, we consider the HJ PDEs in the form of (1) satisfying other assumptions. For instance, the Hamiltonian
H is convex, while the initial data J is not necessarily convex. Under these assumptions, we prove that the two neural
network architectures depicted in Figs. 1 and 2 represent viscosity solutions to the corresponding H]J PDEs in the form of (1)
with initial data J and convex Hamiltonian H. To be specific, in the first architecture shown in Fig. 1, the convex activation
function L in the neural network gives the Lagrangian function, whose Fenchel-Legendre transform gives the Hamiltonian
H in the corresponding H] PDE. The initial data equals the minimum of several functions which are shifted copies of the
asymptotic function L, of L. The main result of this connection between the neural network architecture depicted in Fig. 1
and the corresponding HJ PDE is stated in Theorem 3.1. In the second architecture shown in Fig. 2, the activation function
gives the initial data J in the H] PDE. The Hamiltonian H is a piecewise affine convex function determined by the parameters
in the neural network. The main result of this connection between the neural network architecture depicted in Fig. 2 and
the corresponding HJ PDE is stated in Theorem 3.2.

To summarize, this paper investigates the connection between several neural network architectures and some specific
sets of H] PDEs. The motivations and advantages of this work are listed as follows

o Compared with traditional grid based representations, our proposed neural network representations do not involve any
discretization of space and time. Hence these neural network representations can avoid the curse of dimensionality for
certain HJ PDEs if the correct parameters are provided.

e Our novel connections between certain H] PDEs and neural networks suggest a possible direction to solve some HJ PDEs
by leveraging efficient hardware technologies and silicon-based electric circuits dedicated to neural networks. LeCun
mentioned in [22] that the use of neural networks has been greatly influenced by available hardware. There have been
many initiatives designing and constructing new hardware for extremely efficient (in terms of speed, latency, throughput
or energy) implementations of neural networks. For instance, efficient neural network implementations are developed
and optimized using field programmable gate arrays [23-25], Intel’s architecture [26], Google’s “Tensor Processor Unit”
[27], and certain building blocks [28]. To obtain better performance on neural network computation, Xilinx announced
a new set of hardware called Versal Al core, while Intel enhances their processors with specific hardware instructions.
In addition, there is an evolution of silicon-based electrical circuits for machine learning, for which we refer readers
to [29,30]. LeCun also suggests in [22, Sec. 3] possible new trends for hardware dedicated to neural networks. These
trends for efficient neural network implementations motivate our study of the connections between neural network
architectures and HJ PDEs.

e This work provides a possible interpretation of specific neural networks from the aspect of H] PDEs.

Literature review. There is a huge body of literature on overcoming the curse of dimensionality of certain HJ PDEs. These
works include, but are not limited to, max-plus algebra methods [10,31-38], dynamic programming and reinforcement
learning [39,40], tensor decomposition techniques [41-43], sparse grids [44-46], model order reduction [47,48], polynomial
approximation [49,50], optimization methods [15-17,51] and neural networks [18,52-62].

Recently, because of the trends for the efficient hardware implementations, neural networks have been increasingly ap-
plied in solving PDEs [52,53,55-96] and inverse problems involving PDEs [93,97-111]. Specifically, some high-dimensional
HJ PDEs have been numerically solved using neural networks [18,55,57,62]. In [62], the solution to H] PDEs is approximated
by a deep neural network whose loss function is the 12 error of the PDE, the initial condition and the boundary condition
on randomly sampled points in the domain. In [55], a neural network architecture is proposed to approximate a backward
stochastic differential equation which computes the solution to a second order HJ PDE via an associated stochastic represen-
tation formula. In [57], Huré et al. approximate the solution and its gradient using two neural networks at each discretized
time step. After the neural networks at a larger time t;;; are trained, the neural networks at t; are trained with loss
function given by the error of the stochastic representation formula. In [18], a neural network architecture is proposed for
representing the viscosity solution to certain high dimensional H] PDEs without error. In addition, Cardenas and Gibou [112]
use neural networks to compute the mean curvature of the implicit level set function, which is the solution to a specific HJ
PDE called level set equation.

Organization of this paper. This paper investigates the connections between two neural network architectures shown in
Figs. 1 and 2 and the viscosity solution of some HJ] PDEs whose initial data and Hamiltonian satisfy specific assumptions. In
Sec. 2, we introduce basic concepts in finite dimensional convex analysis which will be used later in this paper. In Sec. 3,
we present the main results. To be specific, we propose two neural network architectures. The first architecture is analyzed
in Sec. 3.1, while the second one is analyzed in Sec. 3.2. Theorems 3.1 and 3.2 state that the neural network architectures
shown in Figs. 1 and 2 represent viscosity solutions to the HJ PDEs with convex Hamiltonian H and initial data ] satisfying
certain assumptions. We provide several examples and illustrations after each theorem. Finally, a conclusion is drawn in
Sec. 4.

2. Background

In this section, we introduce related concepts in convex analysis that will be used in this paper. We refer readers to
Hiriart-Urruty and Lemaréchal [113,114] and Rockafellar [115] for comprehensive references on finite-dimensional convex
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analysis. For the notation, we use R" to denote the n-dimensional Euclidean space, on which the Euclidean scalar product
is denoted by (-, -).

Definition 1. (Convex sets and the unit simplex) A set C C R" is called convex if for any A € [0, 1] and any %,y € C, the
element Ax+ (1 — 1)y is in C. The unit simplex is a specific convex set in R", denoted by A;, defined by

n

Ap = (on,...,otn)e[O,l]”:Zoc,-:l}. 2)
i=1

Definition 2. (Domains and proper functions) The domain of a function f: R" — R U {400} is the set

dom f = {xeR": f(x) < +00}.

A function f: R" — R U {+o00} is called proper if its domain is non-empty.

Definition 3. (Convex functions, concave functions and lower semicontinuity) A proper function f: R" — R U {+o00} is
called convex if the set dom f is convex and if for any x, y € dom f and all A € [0, 1], there holds

fOX+A =Dy <A@+ A =1 f).

A function f: R" - R U{—o0} is called concave if — f is a convex function. A proper function f: R" — R U{+o00} is called
lower semicontinuous if for every sequence {xk},j:‘ﬁ’ in R™ with limg_, ;oo & = ¥ € R", we have liminfy_, ;o f (&) > f ().
The class of proper, lower semicontinuous convex functions is denoted by I'g(R").

Definition 4. (Fenchel-Legendre transform) Let f € I'o(R"). The Fenchel-Legendre transform f*: R" — R U {+o0} of f is
defined as

f*(p) = sup {{(p.x) — f(®)}.

xcRn
For any f € I'o(R™), the mapping f — f* is one-to-one. Moreover, there hold f* € I'o(R") and (f*)* = f.
Definition 5. (Inf-convolution) Let f, g: R" — R U {+o00} be two proper convex functions satisfying
f@® > (p.x)+a and g&x) > (p,x)+aforeveryxeR", (3)
for some p € R" and a € R. The inf-convolution of f and g, denoted by fg, is defined by
fOg) = inf {f(u)+ gx—w)}.
ueRn

Moreover, the function f(0g: R" — R U {+o0} is a proper and convex function [113, Prop. 1V.2.3.2].

Definition 6. (Asymptotic function) Let f be a function in I'o(R") and xg be an arbitrary point in dom f. The asymptotic
function of f, denoted by f/ , is defined by

FL(d) = sup fXotsd)—fxo) _ . f(xo+sd)—f(x0),

s>0 S S—>—+00 S

(4)

for every d € R™. In fact, this definition does not depend on the point xy. Moreover, the asymptotic function f/  is convex
and positive 1-homogeneous, i.e., f. (od) =« f. (d) for every @ > 0 and d € R". For details, see [113, Chap. IV.3.2]

We summarize some notations and definitions in Table 1.
3. Main results

In this paper, we consider the H] PDE given by

B x,0)+H(VaSE 1) =0 inR" x (0, +00),

. (5)
S(x,0)= J(x) inR",

where H: R" — R U {+o0} is called Hamiltonian, and J: R"™ — R is the initial data. It is well-known that when H is
convex, the viscosity solution is given by the Lax-Oleinik formula [19,116,117] stated as follows

3
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Table 1
Notations used in this paper. Here, we use f, g to denote functions from R" to R U {+o00} and %, y, p,d to denote vectors in R". For simplicity, we omit
the assumptions in the definitions.

Notation Meaning Definition
(-, ) Euclidean scalar product in R" ®y)=Y1 1%V
An The unit simplex in R" {terr, ..., o) €[0,1]": Y =1}
dom f The domain of f {xeR": f(x) <+o0}
To(R™) A useful and standard class of convex functions The set containing all proper, convex, lower semicontinuous functions from R" to
R U {+o0}

f* Fenchel-Legendre transform of f f*(p) = supycrn {(P, X) — f ()}
fOg Inf-convolution of f and g fOg(x) = infycrn {f(u) + g(x — u)}
£l The asymptotic function of f flo(d) =supg_q {%(f(xo +sd) — f(xo))}

Weight : 1/¢ Weight : ¢

Bias : —u,/t Bias : q;

'SR
X—uw (/x- u, ) X—u
8 Fou P ( ) % L ( ) +a
¢ t

X—u X—u X—u | Min
—()—- L( - )—:[rL( ; >+a,-’ Pooling fl(X,I)

X— um X— um
LU S )4&(_)”,,,}
t t t

Fig. 1. An illustration of the architecture of the neural network (7) that represents the Lax-Oleinik formula with specific initial condition | = fi(-, 0) defined
n (10) and the convex Hamiltonian H = L*.

Sio®,t)= inf { J(u)+tH* XN oy {Jx—tv)+tH*(v)}, (6)
ucRn t veRn

where H* is the Fenchel-Legendre transform of H.
In this part, we represent the Lax-Oleinik formula using two neural network architectures. The first one is given by

. X—Uu; )
f1(x,t)=i€{rlr}113m}{tL( ; >+a,}. (7)

In this function, {(u;,a;)}{t; C R" x R is the set of parameters, and the function L: R" — R is the activation function,
which corresponds to the Lagrangian function in the Hamilton-Jacobi theory. An illustration is shown in Fig. 1.
The second neural network architecture is defined by

f2(x,t) = min [](x—tvi)—i-tb,']. (8)
ie{l,....m}

B

Here, {(v;, b))}, C R x R is the set of parameters, and J: R" — R is the activation function, which corresponds to the
initial function in the HJ PDE. An illustration is shown in Fig. 2.

These two neural network architectures are further introduced and investigated in Section 3.1 and 3.2, respectively. To
be specific, they are shown to represent a viscosity solution to certain H] PDEs under some assumptions without errors. In
addition, several examples are shown in each subsection. In these examples, certain H] PDEs are solved using corresponding
neural network architectures. The Tensorflow codes of these two neural networks using our proposed architectures are
provided in the website https://github.com/TingweiMeng/NN_LO.

3.1. The first architecture

In this subsection, we analyze the first neural network architecture given by Eq. (7). Before introducing the main Theo-
rem 3.1 in this subsection, we prove the following lemma which will be used in the proof of Theorem 3.1.

Lemma 3.1. Let f be a function in To(R") and f/, be the asymptotic function of f. Then, we have fOf. = f.
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Weight : (1,, —v;) Bias : th;

A(X - tVl]—@—{f(x - IV])J— J(x —tv)) +1b, "-
{X — tan—@—[f(x - tvm)J—:[ Jx—1tv,)+ tbmJ»

Fig. 2. An illustration of the architecture of the neural network (8) that represents the Lax-Oleinik formula with specific initial condition J = J and the
convex Hamiltonian H defined in (12).

Proof. First we consider the case when x € dom f. By Definition 5 we have
(fOf)@® = uiEI]lan {fa + fLox—w} < f@) + fL,0) = f(),

where the last equality holds because f (0) =0 by Definition 6. On the other hand, taking s=1,d=x—u and o =u in
the second term in Eq. (4) in Definition 6, we obtain

fo@—w = fu+x—u)— f)=fx - f), (9)

for every u € dom f. As a result, we have

(fOfe)@ = inf {fan+fo@—w)= inf

dom

f{f(u) +f®) - fw)} = f®).

Therefore, we conclude that (fOf/)(x) = f(x) for every ¥ € dom f.
Now we consider the case when x ¢ dom f and prove (fOf/,)(x) = +oc. It suffices to prove f/ (x —u)=+o0 for all
u € dom f. Since u € dom f, Eq. (9) still holds. As a result, we have

flo@—u)> f(x) — f(u) =+o0,

since ¥ ¢ dom f and u € dom f. Therefore, we conclude that (fOf/,)(x) = +oo = f(x) for every x ¢ dom f. O

Now, we define the initial data f1(-,0): R" — R as follows

fi1(x,0)= min

iefl,..., m}{Lgo(x_ui)—i_ai}’ (10)

where L is the asymptotic function of L. Then, we present the main theorem stating that the function f; solves the
HJ PDE (5) with the initial condition given by | = f1(-,0) defined in (10) and the convex Hamiltonian H which is the
Fenchel-Legendre transform of L.

Theorem 3.1. Let L: R" — R be a convex uniformly Lipschitz function. Let f1 be the function defined in (7). Then f1 = Sy o, where
Sio is the Lax-Oleinik formula in (6) with the initial condition ] = f1(-, 0) defined in (10) and the convex Hamiltonian defined by
H = L*. Therefore, f1 is a viscosity solution to the corresponding HJ PDE (5).

Remark 3.1. In the theorem above, we assume L to be a convex uniform Lipschitz function, which implies that its Fenchel-
Legendre transform H has bounded domain, and hence H may take the value +o0co0 somewhere. As a result, the uniqueness
theorem of the viscosity solution in [116, Chap. 10.2] does not hold. To our knowledge, we are not aware of any uniqueness
result of the viscosity solution to the H] PDEs where dom H is bounded.

Proof. Since L is Lipschitz continuous, by [113, Prop. IV.3.2.7] L is finite valued, which implies that R" 5 x — f1(x,0) is
finite valued and it is a valid initial condition.
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Let x € R" and t > 0. By Definition 5 and (10), we have

So@ = inf {Jan+eH* ()= inf b omin (L@ —wp) +ai) + e (220
’ ucR" t ucR" |igfl,...,m} o ! ! t

X—u
ie{rll?.l.?m] {al + ule[]]R” { OO(u )+ ( t >}} e

ie{],.'..,m] [ai + (L:X’Dm* (E)) (x— u,-)} :

Since L is convex with dom L = R", then the function L is continuous [113, Thm. IV.3.1.2]. As a result, L is a function in
I'o(R™), hence we have L = (L*)*, which equals H* because we assume H = L*. Let t > 0 and h: R" — R be defined by
h(x) =tH* (¥) =tL(¥) for every x € R". Let Xy be an arbitrary point in dom h, which implies % € dom L. By Definition 6,
the asymptotic function of h evaluated at d is given by

rw =gt (0 () e () = [L G201 (R)
—sup| (1P ) (7)<

where in the third equality we set T = % Hence, using the equality above, the definition of h and by invoking Lemma 3.1,
we obtain

(L;ODtH*G))(X—ui)=(héoDh) (x—uj) =h(x—u;) =tL (x—tui>.

[
2
=)

We combine the equality above with (11), to obtain

. X—U;
Sio(x,t) = min [ai + (L;ODtH* (—)) (x— u,')} = min J{a;+tL = )= fi1x,t).
ie(1,....m} t ie{1,...,m} t
Therefore, we conclude that S;o (%, t) = f1(x,t) for each x € R" and t > 0. Then, using the same proof as in [116, Sec. 10.3.4,
Thm. 3], we conclude that f; is a viscosity solution to the corresponding HJ PDE (5). O

Remark 3.2. Although the initial conditions for the HJ PDE considered in Theorem 3.1 are given by a representation for-
mula (10), it is not as restricted as it may seem to be. Indeed, the functions in the form of (10) can approximate a
meaningful initial condition when m approaches infinity. We will illustrate this point using an example. Consider the La-
grangian function L: R" — R satisfying L, = || - || (for instance when L = || - ||). Then the domain of the Hamiltonian H is
the unit ball in R", denoted by B1(R™). For this Hamiltonian, the reasonable set of initial data J is the set of 1-Lipschitz
functions. From the physics point of view, the initial momentum p, (given by the gradient of ] at the initial position xg)
needs to be in dom H = B;(R"), in order to have a finite energy H(py). Therefore, the initial data J needs to be 1-Lipschitz.
Now we argue that any 1-Lipschitz function can be approximated using functions in the form of (10) when m increases to
infinity. As a result, any reasonable initial condition can be approximated using (10). Let g: R" — R be an arbitrary 1-
Lipschitz function. Let {u;} be a dense sequence in R" and let a; := g(u;) for each i € {1, 2, ...}. Define g, : R" — R by the
formula in (10) with the chosen parameters {u;, ;}7" ,, i.e., define gn by

..........

It is straightforward to check that g, (u;) = g(u;) for each i € {1,...,m}, and g, (x) > g(x) for each x € R", by using assump-
tion that g is 1-Lipschitz. Therefore, {gn} is a decreasing sequence which is bounded below by g. Then, it is straightforward
to check that g, converges to g pointwisely as m going to infinity, by using the assumption that {u;} is dense in R" and
{gm}, g are 1-Lipschitz. Moreover, this convergence can be improved to I'-convergence, since we have the monotonicity
g1 > g2 > --- > g. Therefore, in this example, the set of the functions in the form of (10) is actually dense (in the sense
of pointwise convergence and I'-convergence) in the set of 1-Lipschitz functions, which is a reasonable set for the initial
conditions to the HJ PDEs with this Lagrangian L, as we claimed above.

Example 3.1. Let us consider the following one dimensional example that illustrates the function fi: R x [0, +00) — R
with three neurons, i.e.,, we set n =1 and m = 3. The Lagrangian L is defined as follows

L(x) = "7 -1<x<2,
2x—2 x> 2,
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Graph of f1 att=0 Graph of H for f1 (dom H =[-1,2])
2r 4
4 4
15F 1
3t 1
2F 1 1t 1
1k 1
05 1
(g 4
0 F -
1 L L L L L L L L L L
5 -4 3 2 -1 0 1 2 3 4 5 1.5 1 0.5 0 0.5 1 1.5 2 25
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sel | 08F ! ! ! ] ! ! ! | .
06F ! ! ! ] ! 4
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1} 1 of 1
- | 02} ! ! ! ) ! | ) ! 1
04 F 4 " 4 4 4 4 4 /. .
ot 1
06k ! ! ! ! 1
05 1 0.8 F ! ! ! ! { ! | ! -
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5 4 3 2 1 0 1 2 3 4 5 5 4 3 2 1 0 1 2 3 4 5
© (d)

Fig. 3. The graph of f; in Example 3.1. The figures (a) and (b) show the initial value J and the Hamiltonian H, respectively. The figures (c) and (d) show
the solution S = f evaluated at t =1 and t = 3, respectively.

for each x € R. Then, by Theorem 3.1, the Hamiltonian H is given by

ﬁ —1<p<?2

H(p)=L*(p) =1 2 ~P=2
+o00 otherwise.

Also, by Theorem 3.1, the initial data J is given by f;(-,0) defined in (10). In other words, J is the minimum of three

functions, each of which is a shift of the function L., which by Definition 6 reads as follows

—x x<0,

L _(x)=
0o(®) 2x x>0.

In this example, we choose the parameters (uq,ay) = (-2, —0.5), (uz,az) = (0,0) and (us, az) = (2, —1). The corresponding
functions J, H and f; are shown in Fig. 3, where (a) shows the initial value J, (b) shows the convex Hamiltonian H, and (c)
and (d) show the solution S = f; evaluated at t =1 and t = 3, respectively. Note that our proposed architecture computes
the viscosity solution without numerical errors. The viscosity solution in this example is not a classical solution, and there
exist points where the solution is not differentiable. In Fig. 3 (c) and (d), we can observe kinks in the graph of the functions
given by our proposed neural network architecture. It can be seen from the non-smoothness of the graphs in Fig. 3 (c)
and (d) that our proposed architecture computes the viscosity solution without any numerical smoothing effect.

Example 3.2. We now present a high dimensional example. To be specific, the dimension is set to be n =10, and the
solution fi : R10 x [0, +00) — R is represented by a neural network with three neurons, i.e., m = 3. The activation function
L is given by
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%2 =1 if %]z > 1,

L(x) = max{||x||> — 1,0} = .
(%) {lIx]l2 } [0 if [l < 1.

The corresponding Hamiltonian is given by

H(p):L*(p):[HPllz ifllpl> <1,
+oo if|pl2 > 1.
The parameters are chosen to be u; =(-2,0,0,0,...,0), u; =(2,-2,-1,0,...,0), u3=(0,2,0,0,...,0),a; =—0.5,a; =
0 and a3 = —1.

By Definition 6 and straightforward computation, we obtain L, (d) = ||d||,. Hence, the initial condition for the corre-
sponding H] PDE is given by Eq. (10), which in this example reads

J@®) = min_{[lx—u;l2+ai}.
i€{1,2,3}

The accompanying Fig. 4 shows the graph of f; for a 2-dimensional slice. To be specific, we fix ¥ = (x1, x2,0,...,0),
and compute fi(x,t) at t =107%, 1, 3 and 5. Note that the formula (7) is not well-defined for t = 0, hence we use a
small number 10~% instead. In each figure, the color is given by the function value f;(x,t) and the x and y axes represent
the variables x; and x;, respectively. The solutions evaluated at t =106, t =1, t =3 and t =5 are shown in (a), (b), (c)
and (d), respectively. The viscosity solution in this example is not a classical solution. Note that there are several kinks on
some level curves of the solution in each figure in Fig. 4. Recall that the non-smoothness of the level curves implies the
non-smoothness of the function. It can be seen from the non-smoothness of the level curves in Fig. 4 that our proposed
architecture computes the viscosity solution without any numerical smoothing effect.

3.2. The second architecture

In this part, we analyze the second neural network architecture given by Eq. (8). Here, we assume the parameters
{(vi, b}, satisfy the following assumption

. . mn o N .
N 1) — yeeey .
(H) There exists a convex function ¢: R" — R satisfying £(v;) = b; for all i € {1 m}

Under this assumption, we present the following main theorem which states that the second architecture gives a viscosity
solution to the corresponding HJ PDE, where the initial data is given by the activation function J in the neural network,
and the Hamiltonian is a convex piecewise affine function determined by the parameters {(v;, bj)}T. ;.

Theorem 3.2. Assume the function J: R" — R is a concave function and the assumption (H) is satisfied. Let f, be the function
defined in (8). Then f, = Syo, where Sy ¢ is the Lax—Oleinik formula defined by (6) with initial condition | = ] and the Hamiltonian
H defined by

H(p) =ie{q1axm}{<p, vi) —bi}, (12)

forevery p € R™. Hence f, is a concave viscosity solution to the corresponding HJ PDE (5).

Proof. By assumption (H) and simply changing the notations in [18, Lem. 3.1], we have

m m
H*(v)=min{ Y aibi: (@1,....0m) € Am, »_ivi= v} , (13)
i=1 i=1
for each v € co {vq,..., vy} =dom H* where Ap, is the unit simplex defined in (2). Also, we have H*(vy) = by for each
kefl,...,m}.
ForeachxcR", t>0and veco {vy,...,vn}, let @ = (a1,...,0m) € Ay be the minimizer in the minimization problem

in (13) evaluated at v. In other words, we have

m m m
Zaizl, Zaivi:v, Zaibi:H*(v), and o € [0, 1] for each j e {1, ..., m}. (14)
i=1 i=1 i=1

Then, by (14) and the assumption that J = J is concave, we have

8
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-1

(©) (d)

Fig. 4. A two dimensional slice of the graph of f; in Example 3.2. In each figure, the x and y axes correspond to the variables x; and x,, which are the first
and second coordinates of the variable x = (x1, x2, 0, ..., 0). The color is given by the function value f;(x,t). The figures (a), (b), (c) and (d) show contour
lines of the solution fi(x,t) at t=10"%, t=1, t =3 and t = 5, respectively. (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)

m m m m
JE—tv)+tH* (V) =] (Y ai@—tv) |+t Y aibi =Y ai] ®—tvi)+ Y aith;
i=1 i=1 i=1 i=1

m
=Y e @—tv+tb) = min (] ®—tvp)+thi} = frx.0).
i=1
As a result, we conclude that
Stox,0)=inf {Jx—tv)+tH* (W)} > fax,0).
vedom H*
On the other hand, recall that by = H*(vy) for each k € {1, ..., m}, hence we obtain

frx, )= min {J&—tv)+tH*(v)} > inf {J&—tv) +tH*(v)} =So@.1).
iefl,...,m} veR?

Therefore, we conclude that fy(x,t) = S;o(x,t) for each x € R" and ¢t > 0.

Note that H is a convex function, since it is the maximum of affine functions. Then, by the same proof as in [116,
Sec. 10.3.4, Thm. 3], we conclude that f, is a viscosity solution to the corresponding HJ PDE. Moreover, since J is concave,
f> is the minimum of concave functions, which implies the concavity of f,. O

Remark 3.3. In the second architecture, if we furthermore assume that the initial condition | = ] is uniformly Lipschitz,
then f; is the unique uniformly continuous viscosity solution to the corresponding HJ PDE. This conclusion directly follows
from [19, Thm. 2.1].
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Graph of f2 att=0 Graph of H for f2

95
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55F
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Graph of f2 att=1 Graph of f2 att=3

©) (d)

Fig. 5. The graph of f, in Example 3.3. The figures (a) and (b) show the initial value J and the Hamiltonian H, respectively. The figures (c) and (d) show
the solution S = f, evaluated at t =1 and t = 3, respectively.

Example 3.3. Here, we provide a one dimensional example of the function f,. To be specific, we consider f>: R x
[0, +00) — R represented by the neural network in Fig. 2 with three neurons, i.e.,, we set n =1 and m = 3. The initial
value is given by J(x) = —% for each x € R, and the Hamiltonian H is given by the piecewise affine function in Eq. (12)
with (vq,b1) =(-2,0.5), (v, by) = (0, —5) and (v3, b3) = (2, 1). The functions J, H and f, are shown in Fig. 5, where (a)
shows the initial value J, (b) shows the convex Hamiltonian H, and (c) and (d) show the solution S = f, evaluated at t =1
and t = 3, respectively. One can observe that there are several kinks on the graph of the solution shown in Fig. 2 (c) and (d),
which implies that the solution given by the proposed neural network architecture is not differentiable at these kinks. In
other words, the proposed architecture provides the viscosity solution to the HJ PDE without any numerical smoothing
effect.

Example 3.4. Here, we present a high dimensional example. We choose the dimension to be n = 10. We consider the
solution f> : R10 x [0, +00) — R represented by the neural network in Fig. 2 with three neurons, i.e, we set m = 3.

~ ~ 2
Similar to the one dimensional case, the activation function ] is chosen to be J(x) = —@ for every x € R0, Hence, by

~ 2
Theorem 3.2, the initial data in the corresponding HJ PDE is given by J(x) = J(x) = —@. The parameters are chosen

to be v1 =(-2,0,0,0,...,0), v, =(2,-2,-1,0,...,0), v3=(0,2,0,0,...,0), by =0.5, b = —5 and b3z = 1. Then the
Hamiltonian is the corresponding convex piecewise affine function defined in (12).

The solution f> is shown in Fig. 6. We fix ¥ = (x1,x2,0,...,0) and compute f>(x,t) for t =0, 1, 3 and 5. In each figure,
the color is given by the function value f>(x,t) and the x and y axes represent the variables x; and x;, respectively. The
solutions at t =0, t =1, t =3 and t =5 are shown in (a), (b), (c) and (d), respectively. Again, we observe kinks on the

10
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Fig. 6. A two dimensional slice of the graph of f, in Example 3.4. In each figure, the x and y axes correspond to the variables x; and x,, which are the first
and second coordinates of the variable ¥ = (x1, x2, 0, ..., 0). The color is given by the function value f,(x,t). The figures (a), (b), (c) and (d) show contour
lines of the solution f,(x,t) at t=0,t=1, t =3 and t =5, respectively.

level curves in Fig. 6 (b-d). Therefore, the proposed neural network architecture computes the viscosity solution without
numerical smoothing effect.

Example 3.5. In this example, we consider two H] PDEs defined for x € R?, i.e.,, the dimension is n = 5. The initial data J is

given by J(x) = —% for each x € R and the Hamiltonian H is the I'-norm or the [°-norm. The corresponding solutions
f> are shown in Figs. 7 and 8. Similarly as in Example 3.4, we consider the variable x = (x1, x2,0,0,0) and show the 2-
dimensional slice in each figure. The solutions at t =0, t =1, t =3 and t =5 are shown in (a), (b), (c) and (d), respectively,
in each figure.

When H is the ['-norm, i.e, H(p) = ||p|l1 for each p € R, the Hamiltonian H can be written in the form of Eq. (12)
with m=2", b; =0 for each i € {1,...,m} and

(il ={(wi,wa,...,wp) eR": wj e {£1}Vje{1,...,n}}.

The corresponding function f, is shown in Fig. 7.
When H is the [°°-norm, i.e, H(p) = ||plls for each p € R, the Hamiltonian H can be written in the form of Eq. (12)
with m=2n, b; =0 for each i € {1, ..., m} and

{(vilil; = {£e;}iy,

where e; is the j-th coordinate basis vector in R". The corresponding function f; is shown in Fig. 8.
We observe kinks on the level curves in Fig. 7 (b-d) and Fig. 8 (b-d). These numerical examples show that the proposed
neural network architecture computes the viscosity solution to the H] PDEs without any numerical smoothing effect.

11
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Fig. 7. A two dimensional slice of the graph of f, in Example 3.5. The initial data J is given by J(x) = —@ and the Hamiltonian H is the I' norm. In each
figure, the x and y axes correspond to the variables x; and x;, which are the first and second coordinates of the variable x = (x1, X2, 0, ..., 0). The color is
given by the function value f>(x,t). The figures (a), (b), (c) and (d) show contour lines of the solution f,(x,t) at t =0, t=1, t =3 and t =5, respectively.

4. Conclusion

In this paper, we investigated two neural network architectures shown in Figs. 1 and 2, and proved that these two
architectures represent viscosity solutions to two sets of H] PDEs whose convex Hamiltonian H and initial data | satisfy
certain assumptions in Theorems 3.1 and 3.2, respectively. This connection provides a possible interpretation for some
neural network architectures. Our results suggest that efficient dedicated hardware implementation for neural networks can
be leveraged to compute viscosity solutions of certain H] PDEs. A future direction consists of implementing these neural
networks on FPGA using Xilinx tools (e.g., Xilinx Vitis High Level Synthesis) to evaluate the performance of these FPGA
implementations.

In this paper, we only consider the HJ PDEs whose Hamiltonian H does not depend on the state variable x and the
time variable t. Out results suggest further research directions: what kind of neural network architectures can be used to
represent the viscosity solution to certain H] PDEs whose Hamiltonian depends on x or t? Note that a generalized Hopf-
Lax formula for certain HJ PDEs with state dependent Hamiltonians is proposed in [118]. However, this formula involves a
distance function which is a solution to the Eikonal equation. Hence, it is not straightforward to design a neural network
architecture using this representation formula. We propose to investigate novel representation formulas for these HJ PDEs
that can be represented using neural networks.
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Fig. 8. A two dimensional slice of the graph of f, in Example 3.5. The initial data ] is given by J(x) = —@ and the Hamiltonian H is the [°® norm. In
each figure, the x and y axes correspond to the variables x; and x;, which are the first and second coordinates of the variable ¥ = (x1,x2,0, ..., 0). The
color is given by the function value f,(x,t). The figures (a), (b), (c) and (d) show contour lines of the solution f>(x,t) at t=0,t=1,t=3 and t =5,

respectively.
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