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1. Introduction

Many science and engineering problems can be modeled by gradient systems, and tremendous efforts have been
devoted to their numerical approximations. We refer the readers to a recent review paper on this topic [1]. Recently, a new
class of method, the so called SAV method was introduced in (cf. [2,3]). The method is inspired by the IEQ method [4],
it inherits all advantages of the IEQ method but it possesses a key additional advantage that the SAV schemes lead to
decoupled linear systems with constant coefficients at each time step.

The SAV approach has received much attention since its introduction due to its efficiency, flexibility and accuracy. It has
been applied to various situations, and numerous modifications/extensions have been proposed, including the multiple
SAV approach [5], the Runge-Kutta SAV (RK-SAV) method [6] in which it is shown that the SAV approach coupled with
diagonally implicit high-order Runge-Kutta method is unconditionally energy stable, stabilized SAV (S-SAV) approach [7]
where different stabilization terms are added to deal with highly stiff nonlinear potentials, generalized positive auxiliary
variable (gPAV) method [8] which can deal with general dissipative systems, and the Lagrange multiplier approach [9]
which can dissipate/conserve the original energy instead of a modified energy in the SAV approaches, to just name a few.

The key for preserving energy dissipation in IEQ and SAV approaches is to introduce auxiliary variables so that nonlinear
terms can be treated explicitly while being unconditionally energy stable. In the original IEQ and SAV approaches, the
new SAV variable is chosen to the square root of nonlinear part of the energy density or energy functional, which, on the
one hand, leading to unconditional energy stability and linear decoupled schemes, but on the other hand, requiring the
nonlinear part of the free energy to be bounded from below so its application is somewhat limited [10,11].
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The goal of this paper is to propose three generalized SAV (G-SAV) approaches which, respectively, allow a range of
choices for the function in the definition of the SAV, extend the applicability of the original SAV approach, and lead to
unconditionally energy stable schemes with respect to the original energy, while keeping other essential advantages of the
original SAV approach. A small price to pay for these advantages is that the G-SAV approach requires solving a nonlinear
algebraic equation for the SAV variable with negligible computational cost.

The remainder of this paper is structured as follows. In Section 2, we present the three G-SAV approaches for gradient
systems. In Section 3, we extend the G-SAV approach to for gradient systems with multiple nonlinear potentials and/or
multiple components. In Section 4, we present several numerical simulations by using the new approaches and compare
with existing schemes. Some concluding remarks are given in the last section.

2. The G-SAV approaches

We present in this section the G-SAV approaches for developing energy stable numerical schemes for gradient systems.
To simplify the presentation, we consider first gradient systems with a single component, extension to gradient systems
with multi-components models will be presented later in this section.

Following [3], we consider a system with total free energy in the form

1
E(¢)=/ 5£¢-¢+F(¢)dx, (2.1)
2

where £ is certain linear positive operator, F(¢) is a nonlinear potential functional. Then a general gradient system with
the above free energy is

SE(¢)
¢ =—G 50
which, for the sake of numerical approximation, we rewrite by introducing © = %}‘f) as
= —gu,
o 123 / (2.2)
n=Lp+F(P)

where G is a positive or skew symmetric operator describing the relaxation process of the system. To fix the idea, we
assume that the boundary conditions are either periodic or such that it allows for integration by parts without introducing
additional boundary terms, e.g., if G = — A, the boundary conditions should be

InPlae= onitlae= 0, (2.3)

where n is the unit outward normal on the boundary 952.
Taking the inner products of the first two equations with © and —¢; respectively, integrating by part and summing
up the results, we obtain the following energy dissipation law:

d E
dt
where, and in the sequel, (-, -) denotes the inner product in L*(£2) with the L?-norm denoted by || - ||.

(¢) = —(Gu, u), (2.4)

2.1. The first G-SAV approach

We consider here the generalization of the original SAV approach [3,12]. We assume fQ F(¢)dx > —Co+ 1. For a given
invertible function G : [—Cy, o0) — [a, o) with a > 0, we rewrite the original energy (2.1) as

E(¢) :/ 1c<;>-4>¢1x+c-1{c(/ F(¢)dx + Cp)}. (2.5)
2 2 2
We define a SAV r(t) := G([,, F(¢)dx + Co) and derive from G~'(r) = [, F(¢)dx + Co that
d
aG_l(r) = (F'(¢), ¢v). (2.6)
Hence, we can rewrite system (2.2) into the following equivalent form
0 = —Gu, (2.7)
r
— F'(¢), 2.8
2 E¢+G(f_QF(¢)dX+C0) (¢) (2.8)
d -1 _ r ’
EG (r)= WU; (@), Pr)s (2.9)
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with r(0) := G(fg F(¢(-, 0))dx + Cp).
Taking the inner products of the first two equations with © and —¢; respectively, summing up the results along with
the third equation, we obtain the following energy dissipation law:

d -
—E
dt
where E(¢) = fg %Lqﬁ - ¢dx + G~(r) which equals exactly E(¢) + Cp.
As an example, we construct below a second-order Crank-Nicolson scheme for the system (2.7)-(2.9):

n+1 __ 4n
¢ - 9" _ —gum2, (2.11)
n+1/2 n+1/2 2 1( knt1/2
e e Gy (212
(G—l(r))n+] _ (G—l(r))n _ rn+l/2 F/(¢*,n+l/2) ¢n+1 _ ¢n) (2 13)
ot G( [, F(¢™™ 2 )dx + Co) L

where, for any sequence {gt}, gkt1/2 = 1(gh*1 + g¥) and g*+1/2 = 3gk — 1gk-1,

Taking the inner products of (2.11) with "1/ and of (2.12) with —¢”+;t_"’", summing up the results and taking

into account (2.13), we immediate obtain the following: The scheme (2.11)-(2.13) satisfies unconditionally the following
discrete energy conservation law:

E(¢n+1) _ E((bn) — —At(gﬂn+1/2, #n+1/2)’

where E(¢%) = [, 1£4* - ¢¥dx + (G1(r))* is a modified energy.
We note that in the time discrete case E(¢*) # E(¢*) since (G} (r))* # [, F(¢*)dx.
The scheme (2.11)-(2.13) is a weakly coupled nonlinear system but it can still be implemented efficiently as follows.
Since ¢>“+% = "W;J and we rewrite (2.11) as

¢1’H—% _ d’n _

; Gu2. (2.14)
Lot

Setting £"+1/2 = 2 ; and writing

G(fg F(¢*"+1/2)+Codx

¢n+1/2 _ ¢z11+1/2 +%.n+l/2¢;1+1/27 n+1/2 _ Mrlw+l/2 +$n+1/2ug+1/2, (2.15)

I

1 1
in (2.11)-(2.12), we find that (qﬁirhL z, ,LL?+2 ) (i = 1, 2) can be determined by solving the following decoupled linear systems

with constant coefficients:

ntj — "
117 — _gM']'“/z’ (2.16)
70t
Mrlm/z _ £¢7+1/2 (2.17)
and
n+%
12& _ _gM;Jrl/Z, (2.18)
2
M;+1/2 _ L¢;+1/2 T F(pRmH2, (2.19)

n+d o onel 1 n+3 1 n+d
Once (¢; 2,¢, ?) are known, we plug ¢""2 = ¢, 2 + £""2¢, 2 and r"t1/2 = gI2G( [, F(¢*"1/2)dx + Co)
into Eq. (2.13) to obtain a nonlinear algebraic equation for é”%. This nonlinear algebraic equation can be solved by a
Newton iteration with initial guess 1, since by definition $”+% is a second-order approximation for 1. Finally we can
obtain (¢™*1, u"™*1) from (2.15). Note that the cost of solving the nonlinear algebraic equation is negligible, so the total
cost of the new G-SAV scheme is essentially the same as the original SAV schemes.

We remark that we are unable to show that {(G~'(r))"} have a lower bound, although numerical results presented in
Section 4 indicate that, when the time step is not too large, {(G~'(r))"} are well bounded from below and lead to very
good numerical results for a range of G. Another drawback of the first G-SAV approach is that the nonlinear part of the
free energy has to be bounded from below. Therefore, we propose in the following two other G-SAV approaches which
overcome these shortcomings.
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2.2. The second G-SAV approach

The first G-SAV approach requires f o F(¢)dx to be bounded from below, and this may not be true for some gradient
systems, such as the MBE model without slope selection [10], the binary phase field fluid—surfactant system [13] and the
phase field nuclear architecture reorganization model [14]. Hence, we construct the second G-SAV approach which only
requires that E(¢)) > —Co + 1 using a idea introduced in [15]. Furthermore, it ensures that {(G~'(r))"} are bounded from
below.

For a given invertible function G : [—Cy, 00) — [a, co) with some constant a > 0, we define r(t) = G(E(¢) + Co).

Setting &(t) = E?{;)fc)o = 1, we can rewrite system (2.2) into the following equivalent form
0 = —Gu, (2.20)
n =L+ EF (), (2.21)
G—l
£ = . (2.22)
E(¢)+ Co
d
aG_l(T) = —&(Gu, n), (2.23)
with r(0) := G( [, E(¢(-, 0))d).
Based on Eqgs. (2.20)-(2.23), we can construct a second order BDF2 scheme as follows
39" —4p" + ¢! n+1
=— , 2.24
o Gu (2.24)
Mn+1 — £¢n+l + nn+11;~/(¢11.’r)7 (2.25)
(G—l(r))rHH
n+1 — , n+1 =1—(1— n+1 2’ 2.26
& = ot " (1— &™) (2.26)
(G_l(r))"ﬂat— (G ()" — Mg ), (2.27)

with F'(¢™1) = F'(2¢" — ¢"1). Note that in the above scheme, (G~!(r))**! is only a first-order approximation to
E(¢(ta1))+Co. But since £"*1 is a first-order approximation to 1, we see that "1, u"*! are second-order approximation

of ¢(tnt1), w(tat1)-
The above scheme can be efficiently implemented as follows. Writing

¢n+1 — ¢T+1 + 77n+1 121+1’ ,LL"H — M111+1 + 77n+1/ng+1, (2.28)
in (2.24)-(2.25), we can determine (¢!, u!*!) (i = 1, 2) by solving the following decoupled systems:
3¢T+1 _ 4¢n +¢n—1

n+1
—_ , 2.29
25t git (2:29)
Mrlt+1 _ Lq);'“, (2.30)
and

3¢5 nt1
- , 2.31
20t Gt (231
Mg+1 _ £¢§+1 1 F(p™h). (2.32)

It remains to determine £"*1. To this end, we plug (2.28) and (G~ !(r))*! = £"+1E(¢") into Eq. (2.27) to obtain a nonlinear
algebraic system for £"t! which can be solved with a Newton iteration at negligible cost.
As for the stability, we have the following result:

Theorem 2.1. Given (G~ !(r))° = E(¢°) + Co > 0, we have (G~'(r))**! > 0 and €' > 0 for all n > 0, and the scheme
(2.24)-(2.27) is unconditional energy stable in the sense that

(G 'y = (G
ot

— _é_n+1(un+1’ gun+l). (233)

Proof. Plugging equation (2.26) into Eq. (2.27), we obtain

1 (Mn-%—l’ Q/L"H) . nel (G—l(r))n
(& + WXG () = 5 (2.34)

Therefore, if (G~1(r))* > 0, we derive from the above that (G~'(r))™' > 0. From (2.26), we also have £&"*! > 0. O
We remark that we can also construct higher-order schemes based on this G-SAV approach similarly as in [15].

4
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2.3. The third G-SAV approach

In the second G-SAV approach above, the energy stability is with a modified energy G~'(r). We can couple the second
G-SAV approach with the Lagrange multiplier approach [9] to construct schemes which dissipate the original energy.
We still assume E(¢) > —Cy, and rewrite system (2.2) into the following equivalent form

dp =—Gu, (2.35)

=L +EF (), (2.36)
_E@)+ G

§(t) = E0)1 Gy’ (2.37)

d

EE(W = —&(Gu, u), (2.38)

with £(t) = 1 in continue level. Then, a second order BDF2 scheme based on new system (2.35)-(2.38) is:

3¢n+1 _ 4¢n +¢n71 _

_ n+1
ot = —gu"t1, (2.39)
W= L™ 4 g (), (2.40)
n+1
%.n+l — El(i‘?(pn))_':i_CEO’ nn+] =1— (1 _ SIH—] )2’ (24])
E n+1 — E(o™
w _ (g, (2.42)

The scheme (2.39)-(2.42) can also be solved efficiently as scheme the (2.24)-(2.27). Indeed, plugging (2.28) in (2.39)-
(2.40), we can still determine (¢!, u/*") (i = 1,2) from (2.29)-(2.30) and (2.31)~(2.32). Finally, we plug (2.28) and

E(¢p™ )+ Co = EMI(E(¢") + Cp) into Eq. (2.42) to obtain a nonlinear algebraic system for £"*! which can be solved with
a Newton iteration at negligible cost.

Theorem 2.2. Given E(¢°) 4+ Co > 0, we have E(¢"t!) + Cy > 0 and £™! > 0 for all n > 0, and the scheme (2.39)—(2.42)
is unconditional energy stable in the sense that
E(¢™) — E(¢")

5 — _$ﬂ+l(uﬂ+1’ gMn+l). (243)

Proof. We derive from (2.41) that
(") + Go

1 (Mn+1’ ngH»l) i1 _ E
5t E@M LGy JE(@™ ) +C) = —

Obviously, if E(¢™) + Co > 0, we obtain E(¢"*t!) 4+ C; > 0, then £ > 0. Hence, (2.42) indicates that the scheme is
unconditionally energy stable. [

( (2.44)

We emphasize that a distinct feature of the scheme (2.39)-(2.42) is that it is unconditionally energy stable with the
original energy E(¢). Similarly, unconditionally stable higher-order version can be constructed as in [15].

2.4. Typical choices of the invertible function G

In principle one can choose any invertible function G in the first and second G-SAV approaches. We consider below
some typical choices. Let the constant C, is chosen such that (i) in the first G-SAV approach, the nonlinear part of the free
energy f_q F(¢)dx > —Cy; or (ii) in the second G-SAV approach, the total free energy E(¢) > —Co + 1.

Let & > 0 be a given constant, we can choose G(x) = (x + Co)* : [-Cy + 1, 00) — [1, 00) with G~1(x) = Xa — Co.

A special case is @ = 1/2. we show below that with a slight modification, this choice in the first G-SAV approach leads
to the original SAV approach [12].

With G(x) = /x + Co, we have G~1(x) = x*> — C, so Eq. (2.9) becomes

d, . B r ,

pri 211 = &, F@)m F(¢)dx)(F (@), &t (2.45)
and the scheme (2.11)-(2.13) becomes

" — 9" _ n+1/2

= o (2.46)
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F+1/2

Mn+1/2 _ L¢"+1/2 + F/(¢*’”+1/2), (2.47)
\/f(z F(¢*m1/2)dx + Co
(rZ)n+1 _ (rZ)n
s
n+1/2 n+1 n
_ r (F(¢™"+1/2), Pt — ¢ LA Y (2.48)
o @12y + Go ot

Note that the above scheme is very similar but still different to the Crank-Nicolson scheme based on the original SAV
approach. Here (2.48) is a quadratic equation for r**!, while it is a linear equation in the original SAV approach. However,
if we divide r on both sides of (2.45), then discretize with a Crank-Nicolson scheme, we can replace (2.48) by
rn+1 —n 1 n+1 n
- (Fgri), ) (2.49)
2 [ R e+ Go o

which, along with (2.46)-(2.47), is exactly the Crank-Nicolson scheme based on the original SAV approach. This is the
only choice of G which would lead to a linear algebraic system for r**1|
Other suitable choices include:

o G(x) = exp(x + Co) : [—Cp, 00) — [1, 00) with G™'(x) = In x — Cy;
e G(x)=In(x+ Cy) : [-Co + 1, 00) — [0, oo) with G~ 1(x) = exp(x) — Co.
2.5. An alternative G-SAV approach

As a comparison, we also consider an alternative G-SAV approach which essentially treats the SAV variable explicitly,
thus it does not require solving a nonlinear algebraic equation for the SAV variable (see a special case in [16]). More
precisely, we replace r"*1/2 in (2.8)-(2.9) by its explicit extrapolation r*"*1/2 leading to the scheme

¢n+1 _ ¢n B 12
= —gur”, (2.50)
Y2 pgn1/2 4 ez F(¢*"+1/2) (251)
g G(f, F(¢*m+1/2)dx 4 Cp) ’ '
() e (e ()L _ rentl/2 rownti2y " M pn
St G, F(¢")dx + co)(F @ ) St TR (252)

Taking the inner products of (2.50) with x"*! and of (2.51) with — ¢n+;t’¢n , summing up the results and taking into account
(2.52), we have the following discrete energy law:

E(¢ﬂ+l) — E‘(¢H) — —AHGuY?, 2y,

where E(¢¥) = [, 1£¢* - p¥dx + (G 1(r)).

Since r"+l is not present in (2.50)-(2.51), we can first determine (¢"*!, u"*1) from (2.50)-(2.51) which is essentially
a semi-implicit scheme. Once (¢"*1, u™*1) is known, we can determine r**! from (2.52) which is a nonlinear algebraic
equation. Hence, this approach is very simple to implement while being unconditionally energy stable with a modified
energy. However, as we shall demonstrate with numerical experiments in Section 4, there is no essential improvement
over the usual semi-implicit scheme if accuracy is also taken into account.

2.6. Some practical strategies

We discuss below two useful practices, stabilization and adaptive time stepping, which might dramatically improve
the performance of SAV type schemes.

2.6.1. Stabilization

For problems with stiff nonlinear terms, one may have to use very small time steps to obtain accurate results with
G-SAV approaches above. However, adding some proper stabilization terms may alleviate the time step constraints. To
this end, instead of solving (2.2), we consider a perturbed system with two additional stabilization terms

¢ = —Gu,

, (2.53)
n=LP+e1dy + LDy + F' (@),
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where ¢;, i = 1, 2 are two small stabilization constants whose choices will depend on how stiff are the nonlinear terms. It
is easy to see that the above system is a gradient flow with a perturbed free energy E.(¢) = E(¢)+ %(dh, b))+ %(ﬁgbt, &)
and satisfies the following energy law:

d
EEGW)) = —(Gu, ). (2.54)

The schemes presented above for (2.2) can all be easily extended for (2.53) while keeping the same simplicity. For example,
a second order scheme based on the first G-SAV approach is:

n+1 n
¢ - 5 —¢ —Gu"t2, (2.55)
/2 _ gt/ 4 €1 gl o on n—1
M =L (St) (¢ 20" +¢")
+ €2 £(¢n+l _ 2¢n + ¢n—l) 4 r”‘*‘% /(¢*,n) (2 56)
(8t)? G( [, F(¢*m)dx + Co) ’ '
Gy — G B s o oM — pn
ot S Fermax ) O s (2:57)

where f1/2 = J(fn1 4 fn) and f*" = 1(3f" — f"1) for any sequence {f"}.

Taking the inner products of (2.55) with x"*t1/2 and of (2.56) with —""17[_"’", and summing up the results with (2.57),
we obtain, after dropping some unnecessary terms and using the equality

(a—2b+c,a—b)= %{(a — b2 —(b—cP+(a—2b+c)} (2.58)

that the scheme (2.55)-(2.57) satisfies unconditionally the following discrete energy law:

EQH —E'< —SHGUMTV2, ymH2),

where EX = [, 120k ¢hdx+ (G + G (L, ) 4 2ot 0,
It is clear that the above scheme can be efficiently 1mplemented as the scheme (2.11)-(2.13).

2.6.2. Adaptive time stepping

To further improve the efficiency of G-SAV approaches, one can combine them with an adaptive time stepping method
as demonstrated for the original SAV approaches in [5,9,12]. Similarly, we can also apply an adaptive time stepping
strategy for G-SAV approaches since these schemes satisfy unconditionally a discrete energy dissipation law, so we can
choose time step based on the accuracy only. Furthermore, the SAV variable in the G-SAV approaches provides a natural
criteria for selecting time step size. For example, in the first G-SAV approach, we can use | i — 1] as an

.\ . G( [ F(g*+T)dx+Co)
additional indicator.
3. Extensions

For the sake of simplicity, we presented the G-SAV approaches using the gradient system with a single component
and a single nonlinear potential as an example. The G-SAV approaches can be easily extended to gradient system with
multiple components and/or multiple nonlinear potentials.

To simplify our presentation, we shall only consider the first G-SAV approach and assume, without loss of generality,
fg F(¢1, 2, ..., 0m)dx > 1 0or f_Q (1, P2, ..., ¢m)dx > 1 for any i. The extensions to the other two G-SAV approaches
can be constructed similarly.

3.1. Extension to gradient systems with multiple nonlinear potentials

While the G-SAV approaches can be directly applied to gradient systems with multiple nonlinear potentials, e.g., F(¢) =
Z;’;lFi(mdx, it may require exceedingly small time steps to achieve desired accuracy if properties of the multiple
nonlinear terms are with very different stiffness. It is shown in [5] that better efficiency and accuracy can be achieved
by introducing multiple SAVs, leading to the so called MSAV approach. We extend below the MSAV approach for such
situations.

Consider the free energy

_l m
B0)= [ 5600+ Fou (3.1)
2 i=1
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then using multiple SAVs may achieve better accuracy for numerical simulation which has been observed in [5]. The
gradient flow with multiple nonlinear potentials is formulated as the following form

b= —Gu,
- (32)
n=Lo+ Y F(4) '
i=1
with suitable boundary conditions. Following the G-SAV approach, we rewrite the energy (3.1) as
1 m
B0 = [ 5e0-pdet 36 (G [ Fioxn, (33)
22 i1 2
where G; (i =1, 2, ..., m) are certain invertible functions. Introducing m new SAV variables
= Gi(/ Fi(¢)dx), i=1,2,...,m, (34)
2
we can rewrite (3.2) in the following equivalent form
¢ = —Gu, (3.5)
m
Ti ,
w==Lo+ ) —————F(9), (3.6)
; Gi( [ Fi(g)dx)""
L6 = —— (Fp) g i=12.....m (37)
dt T Gi([, Fi(¢)dx) T e '
Then a second-order Crank-Nicolson scheme can be constructed for the system (3.5)-(3.7)
¢n+1 _ ¢n il
r_ 7 2, 3.8
5t e (38)
m n+% |
= Fi(9*"2), (3.9)
; Gi( [ Fi( (¢*"3 )dx)
Gl =G
ot
n+% n+1 _ 4n
- meh ) iz12m (3.10)
Gi( [ Fi(¢* ™2 )dx) ot

where g*1t2 = 3gm — 1g"=1 for any sequence {g"}.

Taking inner product of Egs. (3.8) with M”Jr%, of Eq. (3.9) with 2 =" and combining with Egs. (3.10), we derive the

following energy dissipative law for scheme (3.8)—(3.10):

E"(cp"“) — E(¢") = —st(gu" 2, u"t ),
where E(¢%) = [, 1cok - ¢kdx + 31, G (rh).
The scheme (3.8)-(3.10) is also a weakly coupled nonlinear system. Below we show how to implement it efficiently.
Similarly as in the last section, we rewrite (3.8) as (2.14), set

1

| rn+§
KR L i=12,...,m, (3.11)
Gi( [ Fi(e™"*2)dx)
and express ¢”+% and p"t2
orE = 4 ZE"+2¢"+2, (3.12)
i=1
and
1 n+3 LT
W=yt +Zsi g (313)
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1 1 1 1
Plugging the above in (3.8)-(3.9), we find that (¢’]1+2 , u:+2 ) and (qb:;z , M:;z ) can be determined by solving the following
decoupled linear systems with constant coefficients:

n+% n 1
1 ¢ n+a
— =—G , 3.14
1 1
M;“"z _ £¢:’+27 (3.15)
and
n+% n+1
i,2 2
=—Gu., 2, 3.16
%8[’ Ml,z ( )
n+1 ntd wnti
in? =L, +F(p""2). (3.17)

1 1 1 1
Once (¢>:+2 , lewz ) and (¢:2+2 , u:? ) are known, we plug Egs. (3.11) and (3.12) into (3.10) to obtain a coupled nonlinear

algebraic system for Ei"+7 (i=1,2,...,m) which can be solved by using a Newton iteration with 1 as initial guess for
n+%

& ? (i=1,2,...,m). Finally, we obtain (¢"*!, ") from (3.12) and (3.13).

3.2. Extensions to gradient systems with multiple components

We consider multiple-components phase field models which play an important role in describing three material
components [17,18]. We introduce ¢; (i = 1,2, ..., m) be the ith phase variables. A special form of total free energy
for multi-phase system is formulated as

m
E@rda e dn)= D [ 2ottt [ Fprga... pui. (3.18)
=17 Q2
where £ is a self-adjoint nonnegative linear operator, and the constant matrix d; is symmetric positive definite.
F(¢1, ¢2, ..., ¢m) is nonlinear potential. We derive the multi-components phase field model by taking variational
derivative with respect to (3.18),
9 = .
{ Gi=0lE o m, (3.19)
Wi = Lpi + fi
with suitable boundary conditions.
Taking inner product of Eq. (3.19) with w; and 9;¢; respectively for i = 1, 2, ..., m, integrating by parts and summing
up these three equalities, we obtain the following energy dissipative law:
d m
E@1 b ) = = D (Gui, ). (3.20)

i=1

We rewrite energy (3.18) to the following form

E@r.da.. e dn) = 3 [ £ oute+ GG FlGr ... i) (321)
i=1 7% 2
Introducing a new SAV

Ht) = G / F(r. o - ... du)dx), (3.22)
2

then the system (3.19) is reformulated as

i =Gui, i=1,2,...,m,

;
= Lo+ - i=1,2,...,m,

. ¢ G(f, F(¢1. 92, ..., ¢m)dx)f l " (3.23)
d r :

—G¢ Y(r)= i, 0rhi).

a® G(fQF(¢1,¢2,...,¢m)dx)§(f )
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Then a Crank-Nicolson G-SAV scheme for system (3.23) is

¢n+l ¢n M'H'%

, i=1...m,
8t =G
1
n+l ntl rit2 * 1+ 4
wi t=Le TS ol i i=12e.m, (3.24)
G(fQF(¢1 23¢2 23"~s¢m Z)dx)
1
() R (R () s Z(f* e F“ ¢,-")
St * +1 0 wnt oL ’
G(f, F(¢7y" %, " 2,...,¢m" 2)dx) i
n n—1 w41 1 n n—1
wheref (3f —f77)and ™"z = 534" — "7).
. ntg  grtlogn . -
Taking inner product of Eq. (3.24) with p; 2, s fori = 1,2,...,m, summing up these three equalities and
combining the third equation of (3.24), we derive the following energy dissipative law for scheme (3.24):
m
- - N |
N R (. T TR0 B N (/Y
i=1
where E(¢*) = [, 1, 2ok - ¢kdx + G7(r%).
The scheme (3.24) can also efficiently implemented as follows. Setting
%.n+% _ rn+%
n+ * n+ * n+
G([oF@y" .0y 2.....¢m 2)dé\f)
and writing
n+3 n+3 1okl el +1
b 2 _ ¢i.l 2 +$n+2¢i,2 2 I 2 _ Ml ) +3 +$n+2Ml , (3.25)
1
in the first two equations of (3.24), we find that (¢, as: , ,u?+Z )(i=1,2,...,m)can be determined as follows:
nt1
®iq 72—t n+l
T (3.26)
1
Mffz =c¢?, i=12,...m, (3.27)
and
n+
¢i 2 n+
= guiy?, 3.28
Tt (3.28)
n+ n+1 ot
2 = =L, T4f? (3.29)

Once (¢n+2 ¢n+2

for .f,-‘”+% which can be solved by a Newton iteration with 1 as initial guess. Finally we obtain (¢"*!, u™*1) using (3.25).

) are solved, we plug (3.25) into the third equation of (3.24) to obtain a nonlinear algebraic equation

4. Numerical results

In this section, we shall present several numerical experiments to validate the stability and demonstrate the conver-
gence rates of the G-SAV approach, and compare the performance of the G-SAV approaches. In all numerical examples

below, we assume periodic boundary conditions and use a Fourier Spectral method in space. The default computational

domain is [—m, 7 )%

4.1. Validation and comparison using the first G-SAV approach

We consider the Allen-Cahn [19] and Cahn-Hilliard [20,21] equation. The total free energy of Allen-Cahn and
Cahn-Hilliard equation is

1
Etor = / §|V¢|2 + F(¢)dx,
2

10
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1800
1600 = G-SAV approach  §t=10"*
G-SAV approach 5 t=5x 10°°
1400 - == Alternative G-SAV approach § t=10"*
* Semi-Implicit 5t=10"*
1200 - == SAV approach 5t=10"*
21000
T
2
w 800 -
600
400
200
s 7 T
S i ittt it
0 0.02 0.04 0.06 0.08 0.1
Time

Fig. 4.1. Evolutions of original energy computed by various numerical schemes including the first G-SAV approach (2.11)-(2.13), alternative G-SAV
approach, semi-implicit and original SAV approach.

where F(¢) = 4€%(¢)2 — 1) is the double well potential. The form of chemical potential in (2.2) is

n=—A¢ +F(¢),

with G = I for Allen-Cahn equation and G = — A for Cahn-Hilliard equation.
We use 128 modes in each direction in our Fourier Spectral method so that the spatial discretization errors are
negligible compared with time discretization error.

4.1.1. Comparison between various SAV approaches and the semi-implicit approach

In this subsection, we consider the Cahn-Hilliard equation with the interface width parameter as €2 = 0.005.
Evolutions of energy with respect to time computed by various approaches are depicted in Fig. 4.1 with initial condition
(4.1) and G = Clnx, G~! = ¢¥/C where constant C is set to be 103. We observe that at §t = 1074, the original energy
using tllne ]s/gheme (2.50)-(2.52) by the alternative approach and the usual semi-implicit scheme (i.e., (2.50)-(2.51) with

S For i co) replaced by 1) are no longer dissipative, indicating that the modified energy, which is guaranteed to

be dissipative, deviates from the original energy so the numerical solution is no longer very accurate. On the other hand,
the original energy computed with the schemes based on the first G-SAV approach and the original SAV approach are still
energy dissipative.

The above results indicate that the “effective” accuracy of the scheme (2.50)-(2.52) by the alternative approach is very
similar to the usual semi-implicit scheme, and it is not as robust as the schemes by the original SAV and the first G-SAV
approach in dealing with models with stiff nonlinear terms.

4.1.2. Comparison of the first G-SAV approach with different G
We consider the 2D Cahn-Hilliard equation and choose a random initial condition

¢(x,y) = 0.03 4+ 0.001 rand(x, y), (4.1)

where rand(x, y) represents random data between [—1, 1]%.

In Fig. 4.2, we plot the dynamic evolution of phase separation for Cahn-Hilliard equation by using second-order BDF
schemes of the first G-SAV approach with different G with §t = 10~ and the second-order exponential time differencing
Runge-Kutta scheme (ETDRK2) [22] with §t = 107>, We observe that the second-order G-SAV schemes and ETDRK2 lead
to indistinguishable ¢ in Fig. 4.2. In Fig. 4.3, the evolutions of original and modified energy computed by second-order
G-SAV schemes and ETDRK2 are depicted. No visible difference are observed.

4.1.3. Convergence rate with given exact solution
We test the convergence rate of BDF2 and Crank-Nicolson schemes of the first G-SAV approach with two different G
functions for the (forced) 2D Allen-Cahn equation with the exact solution

. »
d(x,y,t) = (w o481 5D (t)

), (4.2)

11
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Fig. 4.2. The 2D dynamical evolutions of the phase variable ¢ at t = 0.0025, 0.01, 0.04, 0.1 for the Cahn-Hilliard equation with parameters ¢? = 0.005
computed by BDF2 scheme of the first G-SAV approach and ETDRK2 with 8t = 10°. The constant c is equal to 10* for tanh and mapped exponential

SAV approaches.

where interface width is €2 = 0.01. In Tables 4.1 and 4.2, we show the L errors of ¢ with different time steps computed

by BDF2 and Crank-Nicolson G-SAV schemes with G(x) = tanh(

%) and G(x) = x>. We observe that both choices lead to

second-order accuracy and G = tanh(%) leads to slightly more accurate results than G = x°.

4.2. Validation of the second G-SAV approach

The main advantages of the second G-SAV approach are that (i) it only requires the total free energy to be bounded
from below; and (ii) it is shown that G~'(r"*!) to be bounded below. We use the schemes based on the second G-SAV
approach to compute the Allen-Cahn equation with the exact solution given by (4.2) with €2 = 0.01. In Table 4.3, we show
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Fig. 4.3. Left: Evolutions of original energy by using various SAV approaches and ETDRK2 for Fig. 4.2; Right: Evolutions of the corresponding modified
energy of the first G-SAV approach.

Table 4.1

Accuracy test: The L[> errors of ¢ at t = 0.1 for the Allen-Cahn equation computed by BDF2 and
Crank-Nicolson version of G-SAV scheme (2.11)-(2.13) with G(x) = tanh(-%;).

104

5t BDF2 — tanh(%) Order CN2 — tanh(%) Order
1x 1072 2.65E(—2) - 2.86E(—2) -
1x 1073 7.85E(—4) - 8.35E(—4) -

8 x 1074 5.41E(—4) - 5.77E(—4) -
4% 104 1.35E(—4) 1.98 1.46E(—4) 2.00
2 x 10°* 3.37E(—5) 1.99 3.66E(—5) 2.00
1x10~* 8.41E(—6) 1.99 9.16E(—6) 2.00
5% 1075 2.10E(—6) 2.00 2.29E(—6) 2.00
2.5 x 1073 5.24E(—7) 1.99 5.73E(—7) 2.00
1.25 x 1075 1.31E(~7) 2.00 1.43E(—7) 2.00

Table 4.2

Accuracy test: The L* errors of ¢ at t
Crank-Nicolson version of G-SAV scheme (2.11)-(2.13) with G(x) = x°.

= 0.1 for the Allen-Cahn equation computed by BDF2 and

st BDF2 — X3 Order CN2 — x° Order
1x 102 3.72E(—2) _ 3.99E(—2) _
1% 1073 2.11E(—3) - 2.03E(—3) -
8 x 1074 1.47E(~3) - 1.42E(—3) -
4% 107 3.74E(—4) 1.97 3.70E(—4) 1.94
2 x 104 9.37E(—5) 1.99 9.48E(—5) 1.96
1x 10~ 2.33E(—5) 2.00 2.39E(—5) 1.98
5 1075 5.84E(—6) 1.99 6.00E(—6) 1.99
2.5 x 1075 1.45E(—6) 2.00 1.50E(—6) 2.00
1.25 x 105 3.64E(—7) 1.99 3.77E(=7) 1.99
Table 4.3

Accuracy test: The L™ errors of ¢ at t = 0.1 for the Allen-Cahn equation computed by BDF2 and
Crank-Nicolson G-SAV scheme (2.24)-(2.27) with G(x) = x>.

8t BDF2 — X3 Order CN2 — x* Order
1x 1072 2.61E(—2) - 1.77E(-2) -
1x 1073 7.78E(—4) - 1.96E(—4) -

8 x 10~* 5.37E(—4) - 1.30E(—4) —
4x10™* 1.34E(—4) 2.00 3.02E(—5) 2.10
2x107* 3.34E(—5) 2.00 7.24E(—6) 2.06
1x107* 8.34E(—6) 2.00 1.76E(—6) 2.04
5x 107 2.08E(—6) 2.00 4.37E(=7) 2.00
2.5 x 1077 5.20E(—7) 2.00 1.08E(—7) 2.01
1.25 x 107° 1.30E(—7) 2.00 2.73E(-8) 1.98

the L* errors of ¢ with different time steps computed by BDF2 and Crank-Nicolson version of the scheme (2.24)-(2.27)
with G(x) = x3. It is observed from Table 4.3 that accurate results can be obtained with quite large time steps.

13
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(a) t = 0.005. (b) t =

(e) t = 100. (f) t = 600.

Fig. 4.4. The isolines of the numerical solutions of the height function ¢ and its Laplacian A¢ for the model without slope selection with random
initial condition. For each subfigure, the left is ¢ and the right is A¢. Snapshots are taken at t = 0.005, 1, 6, 20, 100, 600, respectively.

Next we apply the second GZ—SAV approach to the molecular beam epitaxial (MBE) without slope selection [23]. The
total free energy is E(¢p) = f_Q %|A¢>|2 + F(¢)dx, and the [? gradient flow is
SE(p)

t= My = M(EAG+F(@). Y

where M is a mobility constant, and F'(¢) =V - (%).

Since the nonlinear potential F(¢) = —% In(1+ |V¢|?) is not bounded from below, the original SAV approach and the
first G-SAV approach cannot be directly applied. In [10], we had to add a small linear part & f o % | Ag|?dx to the nonlinear
potential to make it bounded from below. However, if we use the G-SAV approach, we just need to choose a function G,
e.g., Gx) = tanh(%), with the domain of definition R.

We simulated the coarsening dynamical process of MBE model with

€=0.03, 6t=10"% M=1, 2=[0,2r), (4.4)

using the second kind of BDF2 G-SAV (2.24)-(2.27) scheme. A random initial condition varying from —0.001 to 0.001 is
used.

It is well-known that the total free energy decays with rate behaving like —88 log(t) — 124. The computed free energy
which is consistent with this rate is depicted in Fig. 4.5. The coarse dynamic process are plotted in Fig. 4.4 which are
visibly consistent with numerical results in [10,24].

4.3. Validation of the third G-SAV approach

The main advantage of the third G-SAV approach is that it dissipates the original energy. We apply the third G-SAV
approach (2.39)-(2.42) for the Allen-Cahn equation with interface width €2 = 0.05 by using time step §t = 104, The
initial condition is chosen as random data (4.1). We plot the evolution of the original energy in Fig. 4.6 and observe that
it indeed decays with time.

14
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Fig. 4.5. The evolution of computed free energy for MBE model without slope selection.
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Fig. 4.6. Evolution of the original energy for Allen-Cahn equation computed by the third G-SAV approach (2.39)-(2.42).

4.4. Application of the first G-SAV approach to a block copolymer model

As an example of gradient flow with multiple components, we consider the block copolymer (BCP) model [25,26] in
the form

SE(u,
U = MUAM, (4.5)
su
SE(u,
o = M, a2EW0) (46)
Sv
with the total free energy
2 2 5
Ee,e)(U,v) = / SOvuR + Vo + W, o)+ (=AY 3 (v — 7)) dx, (4.7)
’ o 2 2 2
where
U2 -1 2 2 1 2
W(u, v) = ( Z ) + (v Z ) + ouv + puv? + yulv.
The problem is supplemented with periodic boundary conditions. One can easily check that
SE(u, v) SW S8E(u, v)

SW
= —eﬁAu—i—E = WUy, =—€L21AU+E—O‘A_1(U—6)=/LU.

Su Sv

This coupled Cahn-Hilliard system models the dynamics of BCP particles surrounded with homopolymer. The order
parameter u describes these two components in the interval [—1, 1], —1 represents the homopolymer rich domain and

15
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1 is the BCP-rich domain. The order parameter v describes micro separation inside the BCP domain which also acquires
values from interval [—1, 1] with the end points corresponding to A-type BCP and B-type BCP. ¢, and ¢, are diffusive
interface parameters, v is the average of v, M, and M, are mobility constants, and «, 8, y, o are modeling constants. The
non-local operator (—A)’% is defined through the spectral decomposition of the Laplace operator.

The system (4.5)—(4.6) is a gradient system with two components. The G-SAV approach for general gradient systems
with multi-components is described in Section 3. For the reader’s convenience, we write down below a second-order BDF
scheme based on the first G-SAV approach for (4.5)-(4.6).

We define a new variable r = G( f o W(u, v)dx) where G is an invertible function and rewrite the total free energy as

€ 2 & 2, @ -1 2 -1
Eeu,ev(U,v)=/ ?Wul + 5|Vv| + EK_A) 2(v—"7) dx+G {G(/ W(u, v)dx)}. (4.8)
Q 2

Then, the second-order BDF G-SAV scheme is as follows:

3un+] — 4" + un—l

= M,Ap"1, 49
26t sty (4.9)
sSW it
n+1 __ 2 n+1 f.n
= — AP 4 (22 , 4.10
Hu u Cou ) G, Wt vemax) (410
3™t — 4" 4 !
=M, Au", 4.11
28t vAky (4.11)
SW it
n+1 _ 2 n+1 f.n
== AvT - (—
Ho v 5 G([,, W(utm, vm)dx)
—o AT (™! — ), (4.12)
3Gy — 4G\ + G, (4.13)
rlH—] SW

— 7T,n3n+1_4n n—1
G/, Wt otmde) oy )3 u )

sW
+((87)va 3vn+1 _ 4vn + vn—l)}.
v

where f" = 2f" — f*~1 for any function f. The G-SAV scheme (4.9)-(4.13) is unconditionally energy dissipative and can
be solved following the general approach for the scheme (3.24) in Section 3. Note that the nonlocal term, with periodic
boundary condition does not pose any additional difficulty.

Now we present some numerical experiments to simulate the annealing process [25,26] of block copolymer and detect
its morphology transformations. The parameters of the coupled Cahn-Hilliard system are chosen as

€,=0075 ¢€=002 0=10 =01 B=-075 y =0, (4.14)
and domain is set to be [—1, 1] with periodic boundary conditions. The initial conditions are
u(t = 0) = rand(x,y), v(t =0)= rand(x,y), (4.15)

where the rand(x, y) is a uniformly distributed random function in [—1, 1]> with zero mean. We shall use the yellow
bulk to represent the A-BCP particles, and blue bulk to represent the B-BCP particles. The numerical solutions in Figs. 4.8
and 4.9 are computed by the G-SAV scheme (4.9)-(4.13) with G = ¢¥/C and G = +/x + C with time step §t = 5 x 107>,
We observe that the contours of numerical solution are indistinguishable by using these two different G. Phase variable
u represents the confined surface for BCP particles. While variable v describes the dynamic process of morphological
transformation for BCP particles. From Fig. 4.8 we observe that the striped ellipsoids gradually appear. If we only change
the parameter ¢, a litter bit larger and given the following parameters

€ =0075 ¢,=005 6 =10 a=0.1 B=-075 y =0, (4.16)

We depict numerical results at various time in Fig. 4.9. Similarly in Fig. 4.9, striped ellipsoids are also formed finally. Both
final morphologies in Figs. 4.8 and 4.9 are consistent with the experimental results depicted in Fig. 4.7 which also are
observed in numerical simulations in [25,26].

5. Concluding remarks

The application of the original SAV approach is somewhat limited by the requirement that the nonlinear potentials are
bounded from below, and the scheme constructed using the original SAV approach is only energy stable with respect to a
modified energy. We proposed in this paper three G-SAV approaches which, respectively, allow a range of choices for the
function in the definition of the SAV, extend the applicability of the original SAV approach, and lead to unconditionally
energy stable schemes with respect to the original energy, while keeping other essential advantages of the original SAV
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Simulation
Interfacial width

Fig. 4.7. Experimental results and simulations at various temperature in [25,26].

; 5 2

(a) uw:t=0.25. (b) v:t=0.25. () w:t=0.5.
(e)u:t=1. ) vit=1 (g) u:t=2.

(i) w:t=3. G) v:t=3. (k) w:t=>5.

Fig. 4.8. Evolution of the phase variable u,v for the Coupled-BCP model with the initial condition (4.15) and G = e¥/¢ with C = 10% (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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(a) w:t=0.2. (b) v:t=0.2. (¢) u:t=0.5. (d) v:¢t=0.5.
(e) u:t=1. (f) v:t=1. (g) u:t=2. (h) v:t=2.

(1) w:t=3. (G) v:t=3. (k) u:t=4. 1 vit=4.

Fig. 4.9. Evolution of the phase variable u, v for the Coupled-BCP model with the initial condition (4.15) and G = +/x+ C with C = 10. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

approach. In particular, the first G-SAV approach includes the original SAV approach as a special case with G(x) = +/x+ C
and a slight modification.

We presented several numerical comparisons and simulations for various gradient systems to validate the effectiveness
and accuracy of the proposed G-SAV approaches. Below are some recommendations as to the choice of G-SAV approaches
and of time discretization schemes:

e For problems with nonlinear part of the free energy bounded from below, the original SAV approach is still the
method of choice as it does not involve any nonlinear algebraic equations. While we are unable to prove that
(G~Y(r))" in the first G-SAV approach has a lower bound, our numerical results indicate that, when the time step is
not too large, (G~'(r))" are well bounded from below and lead to very good numerical results for a range of G.

o If the nonlinear part of the free energy cannot be shown to be bounded from below, one can use the second or third
G-SAV approach.

o If it is important to ensure that the original energy to be dissipative, then the third G-SAV approach is a good choice.

e For dissipative gradient systems, BDF versions of the G-SAV approaches should be used as it provides additional
dissipation which helps to damp initial errors.

e For conservative gradient systems such as nonlinear Schrédinger equations, the Crank-Nicolson version of the G-SAV
approaches should be used as it is the only choice which conserves the energy.

Although we considered only time-discretization schemes in this paper, since the stability proofs are all based on
variational formulations with the same space for trial and test functions, we can combine these semi-discrete schemes
with any consistent Galerkin type approximations in space to construct fully discrete energy stable schemes.
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