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0 h q cm/s

z q = −K ∂
∂z (h− z)

q = K,

K cm/s

θ −

K(θ) = KsS
λ
w,e

[
1−

(
1− S1/m

w,e

)m]2
,

Ks cm/s Sw,e = θ−θr
θs−θr

−
θs cm3/cm3 λ m

λ 0.5 m
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K

∂ (θC)

∂t
+ ρb

∂Cs

∂t
+

∂Caw

∂t
+

∂

∂z
(θvC)− ∂

∂z

(
θD

∂C

∂z

)
= 0,

C μmol/cm3 Caw μmol/c

μmol/cm3 v = q/θ cm/s

τD0 cm2/s αL cm D0

τ τ = θ7/3

θ2
s

Cs

Cs = Cs,1 +Cs,2 Cs,1

Cs,2

Cs,1 = FsKdC,

dCs,2

dt
= αs [(1− Fs)KdC − Cs,2] ,

Kd cm3/g Fs

αs
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Caw

Γ μmol/cm2 Aaw cm2/cm3

Caw = ΓAaw,

Γ Γ = KawC Kaw cm3/cm2

Kaw =
Γ

C
= − 1

χRgTC

(
∂σ

∂lnC

)

T

,

Rg J/K/mol T K χ

σ

σ = σ0

[
1− bln

(
1 +

C

a

)]
,

σ0 dyn/cm a μmol/c

−

Kaw =
1

χRgT

σ0b

a+ C
,

βR
∂C

∂t
+

ρbαs

θ
[(1− Fs)KdC − Cs,2] +

∂

∂z
(vC)− ∂

∂z

(
D
∂C

∂z

)
= 0,

R = 1 + Rs + Raw β = (1 + FsRs +Raw) /R Rs = ρbKd/θ Ra

aw/θ

0 < t < t0.

C(z, 0) = Ci (z) ,

Cs,2(z, 0) = Cs,2,i (z) ,

(
−D

∂C

∂z
+ vC

)
|z=0 =

⎧
⎪⎨
⎪⎩
vC0 0 < t ≤ t0

0 t ≥ t0

,

∂C

∂z
|z=+∞ = 0.

Ci (z) Cs,2,i (z)

Cs,2,i = (1− Fs)KdCi



Journal Pre-proof

0/L

Z =

s

Cs,2 (
 Jo
ur

na
l P

re
-p

ro
of

Aaw

Aaw Sw

Aaw Sw

Aaw = x2S
2
w + x1Sw + x0,

x2 x1 x0

Aaw

Aaw

T = vt/L T0 = vt

z/L P = vL/D ωs = αs (1− βs) (1 +Rs)L/v L

βs = (1 + FsRs)/(1 + Rs) ω

C (Z, T )

Cs,2 (Z, T )

C (Z, T ) = CBV P (Z, T ) +CIV P (Z, T )

Z, T ) = CBV P
s,2 (Z, T ) + CIV P

s,2 (Z, T )

CBV P (Z, T ) =

⎧
⎪⎨
⎪⎩
C0A (Z, T ) , 0 < T ≤ T0

C0A (Z, T )− C0A (Z, T − T0) . T > T0
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CBV P
s,2 (Z, T ) =

⎧
⎪⎨
⎪⎩
C0 (1− Fs)KdB (Z, T ) , 0 < T ≤ T0

C0 (1− Fs)KdB (Z, T )− C0 (1− Fs)KdB (Z, T − T0) . T > T0

A (Z, T ) =

∫ T

0

g(Z, τ)J(a1, b1)dτ,

B (Z, T ) =

∫ T

0

g(Z, τ) [1− J(b1, a1)] dτ,

J(a1, b1) = 1− e−b1

∫ a1

0

e−λI0

[
2
√

b1λ
]
dλ,

a1 =
ωsτ

βR
,

b1 =
ωs (T − τ)

(1− βs) (1 +Rs)
,

g (Z, τ) =

(
P

πβRτ

)1/2

e

[
−P (βRZ−τ)2

4βRτ

]

− P

2βR
ePZ erfc

[(
P

4βRτ

)1/2

(βRZ + τ)

]
.

C (Z, T )

g (Z, τ)

g (Z, τ) =
Z

τ

(
PβR

4πτ

)1/2

e

[
−P (βRZ−τ)2

4βRτ

]

.

J

CIV P (Z, T ) = e−
ωsT (1−Fs)Rs

(1−βs)(1+Rs)βRG(Z, T ) +
ωs

(1− βs) (1 +Rs)

∫ T

0

H(T, τ)G(Z, τ)dτ,

T ) =

∫ +∞

0

Ci(ξ)

⎧
⎨
⎩

e−
PβR
4T (Z−ξ−T/β/R)2 + e−ξP−PβR

4T (Z+ξ−T/β/R)2

2
√

πT
βRP

− P

2
ePZ erfc

⎛
⎝Z + ξ + T/β/R

2
√

T
βRP

⎞
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(T, τ) =
Rs (1− Fs)

βR
e−

ωs(T−τ)
(1−βs)(1+Rs)

− ωsτ(1−Fs)Rs
(1−βs)(1+Rs)βR

⎧
⎪⎪⎨
⎪⎪⎩
I0

[
2ωs

(1− βs) (1 +Rs)

√
Rs (1− Fs) (T − τ) τ

βR

]
+

τI1

[
2ωs

(1−βs)(1+Rs)

√
Rs(1−Fs)(T−τ)τ

βR

]

√
Rs (1− Fs) (T − τ) τ/β/R

⎫
⎪⎪⎬
⎪⎪⎭

.

IV P
s,2 (Z, T ) = Cs,2,i (Z) e−

ωsT
(1−βs)(1+Rs) +

ωs

(1− βs) (1 +Rs)

∫ T

0

(1− Fs)KdG(Z, τ)Hs,2 (T, τ) dτ,

,2 (T, τ) = e−
ωs(T−τ)

(1−βs)(1+Rs)
− ωsτ(1−Fs)Rs

(1−βs)(1+Rs)βR

2ωs

(1− βs) (1 +Rs)

√
Rs (1− Fs) (T − τ) τ

βR

]
+

√
Rs (1− Fs) (T − τ)

βRτ
I1

[
2ωs

(1− βs) (1 +Rs)

√
Rs (1−

Fs = 1 Cs,2

b1) = 1 A(Z, T )

Kd
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x2 = x1 = −1182.5 x0 = 633.96

σ0 = 71.4 dyn/cm.

a = 4702.6 mg/L b = 0

a = 502.1 mg/L b = 0.17 a = 78.6 mg/L b = 0.2 a = 5 mg/L b = 0.1

109 mg/L b = 0.1
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PFOA PFOS(a) (b) GenX(c)

PFOA PFOS(d) (e) GenX(f)
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Kf N Crep Kd Fs αs

(mg/kg)/(mg/L)N mg/L cm3/g 1/hour

Crep

KfC
N−1
rep

t ≤ 30

Kaw = 0

cm2 C = 0

Kaw = 0.038 cm3/cm2
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PFPeA PFHxS PFOA PFOS

full-model
analytical

Crep = 1

Kaw

Kaw
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C = 1μg/L

Kaw Crep Kaw Crep
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Kd cm3/g

Aaw =
φ

σ

∫ 1

Sw

pc (Sw) dSw,

φ σ pc

Aaw

Aaw

3.89 4.41 4.15

A

σ



Journal Pre-proof

n

Jo
ur

na
l P

re
-p

ro
of

Ks θs θr ρb α n αL

cm/day cm3/cm3 cm3/cm3 g/cm3 cm−1 cm

Ks θs θr α

αL
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Fs = 1 Cs,2 = 0

CBV P (Z, T ) =

⎧
⎪⎨
⎪⎩
C0A (Z, T ) , 0 < T ≤ T0

C0A (Z, T )− C0A (Z, T − T0) . T > T0
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A(Z, T ) = 1
2 erfc

[
RZ−T

2(TR/P )1/2

]
+
(
TP
πR

)1/2
e

−(RZ−T )2

4TR/P − 1
2

(
1 + PZ + PT

R

)
ePZ erfc

(
RZ+T

2(TR/P )1/2

)

V P (Z, T ) =

∫ ∞

0

Ci (ξ)

(RZ−Rξ−T )2/(4TR/P ) + e(
−Pξ−(RZ+Rξ−T )2/(4TR/P ))/

(
2
√

πT/P/R
)

2
√
πT/ (PR)

− P

2
ePZ erfc

(
RZ +Rξ + T

2
√
TR/P

)⎤
⎦ d

(Z, T ) = CBV P (Z, T ) + CIV P (Z, T )
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lights

e develop a simplified mathematical model representing the PFAS-specific transport and retention proces
ew analytical solutions are derived for the simplified model allowing for arbitrary initial conditions
alidations by miscible-displacement experiments and comparisons to a full-process model are presented
he analytical solution provides an efficient and accurate screening-type tool for quantifying vadose-zone 
FAS leaching
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