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Abstract—This paper considers a cache-aided network where
the users have access to helper-caches with heterogeneous sizes.
First, coded placement schemes are proposed that exploit the
heterogeneity in cache sizes when one user is connected to each
cache. In the proposed scheme, the unicast/multicast signals
intended to serve users connected to small memories are utilized
in decoding the contents of the larger memories. A reduction
in delivery load with coded placement is shown compared to
uncoded placement for three-user systems with arbitrary cache
sizes and larger systems in the small total memory regime. Next,
systems with equal-size caches where multiple users are asso-
ciated with each cache are considered. It is shown that coded
placement outperforms the best uncoded placement scheme. In
the proposed scheme, the unicast/multicast signals sent to the
overloaded helper-caches facilitate the decoding of the coded
subfiles stored at the underloaded helper-caches. The gain from
coded placement is explicitly characterized for two-cache systems.
For larger systems, the parameters of the coded placement
scheme are obtained by optimization. It is observed that the
gain from coded placement becomes more evident with increas-
ing asymmetry in users’ connectivity. Finally, a unified coded
placement scheme for two-cache systems that exploits the asym-
metry in both the cache sizes and the connectivity pattern is
presented.

Index Terms—Coded caching, coded placement, shared caches,
network load reduction, unequal cache sizes.

I. INTRODUCTION

N CODED caching [1], cache memories at the network
Iedge are utilized in reducing network congestion during
peak-traffic hours. Judicious design of the cache contents dur-
ing off-peak hours, known as the placement phase, facilitates
serving multiple users using coded multicast signals and in
turn reducing the delivery cost in peak-traffic hours, which is
known as the delivery phase. Extensive efforts have transpired
towards understanding the fundamental trade-off between the
delivery load and the cache sizes in several network topolo-
gies with different considerations in the recent years, see for
example [1]-[29] and many others. References [15], [18], [20],
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[22], [24], [25] in particular have considered users with uneven
storage capabilities and analyzed the impact of heterogeneity
in cache sizes on the delivery load. Optimal caching schemes
for such systems with uncoded placement have been studied
in our previous work [15], [16]. Next generation content deliv-
ery networks with cache-aided small-cells/access-points where
the users share the helper-caches have been considered for
uncoded placement in [26], and coded placement with mes-
sage exchange between caches in [27], [30].1 Caching with
multiple (same number of) file requests per user have been
investigated in [19], [31].

Coded caching schemes are classified according to whether
the files are encoded or not before being cached. In caching
with uncoded placement, cache memories are populated with
uncoded pieces of the files [1], [15], [18]. In caching with
coded placement, the server places coded pieces of the files
in the cache memories which are later decoded using the
transmissions in the delivery phase[6], [9], [24], [25], [27].
Coding over placed contents, in general, has the potential to
outperform caching with uncoded placement, if such coding is
feasible at the content distributor. For example, [6], [9] have
studied the benefits of coded placement in systems with more
users than files in the small memory regime. References [24],
[25], [27] have proposed coded placement schemes for systems
where a subset of users have no caches.

In this work, we investigate whether coded placement is
beneficial in systems where the users are connected to cache-
helpers. We consider that these helpers have heterogeneous
capabilities, with varying cache sizes or the number of users
they may be helping, see Fig. 1. First, we study systems with
one user per cache and demonstrate that coded placement out-
performs uncoded placement for unequal caches. We show
that coded placement increases both the users’ local caching
gains and the multicast gain in the system. For three-user
systems, we present a caching scheme with coded placement
that achieves a lower worst-case delivery load compared to
the best caching scheme with uncoded placement in [15]. The
proposed scheme makes use of the transmissions intended to
serve users associated with small cache memories in decod-
ing the cached coded pieces at the larger cache memories. We
observe that the gain from coded placement increases with the
heterogeneity in cache sizes, and decreases with the number of
files in the library. We extend the proposed scheme to systems

T As noted explicitly in [30] footnote 3, our work, first presented in Asilomar
2018 predates [27] and [30], which is independent work from ours. We would
like to thank the authors of [30] for this acknowledgement.
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Fig. 1. Caching system with L unequal caches connected to K end-users.

with more than three users and show the reduction in delivery
load with coded placement in the small total memory regime.

Motivated by this result, we next investigate systems with
more users than helper-caches, i.e., each user can connect
to one cache that it shares with multiple other users. We
study the benefits of coded placement when the number of
users connected to each helper-cache differ from one another.
The asymmetry in the user-to-cache assignment is exploited by
the proposed coded placement scheme. Based on the network
connectivity pattern, in the proposed scheme, uncoded pieces
of the files are placed in caches shared by a larger num-
ber of users, while storing coded pieces in the remaining
caches. We first explain the coded placement scheme for two-
cache systems with arbitrary number of users, then generalize
the caching scheme to larger systems. Finally, we consider
a system with two helper-caches which have different sizes.
We propose a unified coded placement scheme that utilize
the asymmetry in both the cache sizes and the number of users
connected to each cache. Though demonstrated by two shared
caches only, this part aims to close the loop towards estab-
lishing the benefit of coded placement in shared edge caches
with asymmetry.

The remainder of this paper is organized as follows. In
Section II, we describe the system model and the two
operational phases in cache-aided networks. Systems where
each helper-cache is connected to one user are analyzed in
Section III. In Section IV, we consider systems with shared
helper-caches. A unified coded placement scheme for hetero-
geneous helper-caches is presented in Section V. Finally, we
draw our conclusions, comment on the scope of the proposed
schemes and point to future directions in Section VI.

II. SYSTEM MODEL

Notation: Vectors are represented by boldface letters, &
refers to bitwise XOR operation, |W| denotes size of W,
A\ B denotes the set of elements in 4 and not in B,
[K] £ {1,...,K}, and ¢ denotes the empty set. UQ’ZI W,
denotes the union of the elements W,, interpreted as the
concatenation of the subfiles.

We consider a K-user system where a content server is con-
nected to L cache-helpers via a shared error-free multicast link
and each of the K end-users is connected to one of the L
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caches via an error-free link, as shown in Fig. 1. A library
of N files, {Wy, ..., Wy}, is stored at the server, each with
size F' symbols. We consider a heterogeneous network with
L < K caches of unequal size and the number of users con-
nected to each cache can be different. In particular, cache
i is of size M;F symbols and it is connected to the users
in the set U;, where U; = ;| and K = Z,‘L=1 U;. Without
loss of generality, we assume that M| < My < --- < Mg
and Uy = {1,...,U1},..., U, ={K—-UL+1,...,K}. We
also denote that fraction of the library stored at cache i by
m; = M;/N, i.e., m; € [0, 1] for M; € [0, N].

Next, we explain the two operational phases of the system,
namely, the placement phase and delivery phase.

A. Placement Phase

In the placement phase, the users’ demands are unknown
and the server populates the cache memories taking into
account the cache sizes m £ [my, ..., my] and the network
topology, i.e., the number of users connected to each cache
memory represented by U 2 [U,,...,UL]. More specifically,
for given U, and m the contents of cache i is defined as a
function of the files

Zi=piWi, ..., Wy U, m), ey

which satisfies the cache size constraint |Z;| < Nm;F.

B. Delivery Phase

In the delivery phase, user k requests file Wy, from the
server. The delivery signal allows each cache to serve its asso-
ciated users. The K users are served over Upax delivery rounds,
such that we choose one of the users in Uf;, Vi that have not
been served in each round, for example, for L = 2, K = 3,
Uy = {1,2}, and U = {3}, users 1 and 3 are served in the
first round and user 2 in the second round. More specifically,
in round r, the server sends a sequence of unicast/multicast
signals, X;r-) g o the caches in 7 in order to serve the users
considered in this round.

At the end of the delivery phase, user k must be able to
decode de reliably. Formally, for given cache sizes m, num-
ber of files N, and network connectivity U with Upax
max; U;, the worst-case total delivery load R(m, N, U)

szm'{“ > |X£,r-) 4!/ F is said to be achievable if for every € > 0
and large enough F, there exists a caching scheme such that
maxg re(k) PriWy, # Wy,) < e.

Remark 1: A caching scheme designed for the shared-
caches model in Fig. 1, can also be used in L-user systems
where user k requests Ui files and the number of files
requested by each user is known in advance. Caching systems
where the users request multiple files have been investigated
in [19], [31], where each user requests the same number of
files.

In our achievability scheme, we utilize maximum distance
separable (MDS) codes.

Definition 1 [32]: An (n, k) maximum distance separable
(MDS) code is an erasure code that allows recovering k initial
information symbols from any k out of the n coded symbols.

1> 1>
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Furthermore, in a systematic (n, k)-MDS code the first k sym-
bols in the output codeword is the information symbols. That
is, we have

it [Tk Prxn—k]
iks Ck+15 ...,Cn], 2)

[ila"-7ik]GkX}’l=[i17"'7
=[i1,...,

where Gy, is the code generator matrix and Iy is an identity
matrix.
For an (2N — j, N) MDS-code, we define

INIPNxN—j 3)

to denote the N — j parity symbols in the output codeword.
Note that oj([i1, ..., in]) represents N — j linearly indepen-
dent equations in the information symbols [iy, ..., iy]. For
example, o1([i1,...,iN]) =[i1 D i2, 2D i3,...,iNn—1 Din].

oi(lir, ..., iN]) = [i1, ...,

III. SYSTEMS WITH ONE USER PER CACHE

In this section, we focus on systems where only one user
is connected to each cache, i.e., U; = 1, Vi and K = L. Note
that Ryncoded represents the load with uncoded placement and
linear delivery.

A. Results

Next, we present two theorems of achievable loads. The
first theorem is specific to K = 3 and general to all memory
regimes. The goal is to contrast to previous results showing
the reduction in the delivery load when coded placement is
utilized. The second one is general in K, but is specific the
small memory regime defined therein.

Theorem 1: For a three-user system with N > 4 and m;| <
my < m3, the worst-case delivery load given by

Reoded(m, N)

3(my —my)  2(m3 —my)
=max{3—3m1—2m2—m3— — )
N-—-1 N-2
5 3my —2my—m3  mp—m
3 3 3AN-1)°
my —mj
2—2m1—m2—ﬁ,1—m1}7 4)

is achievable with coded placement.

Proof: The reduction in the delivery load in (4) compared
to (5) is achieved by placing coded pieces of the files at users
2 and 3, which are decoded in the delivery phase. For example,
in order to e.whievs: Recoded(m, N) = RY, code d.(r.n) — % part
of the multicast signal to users {1, 2} is utilized in decoding
the cached pieces at user 3. The proposed caching scheme is
detailed in the Appendix. |

Remark 2: The achievable delivery load in Theorem 1
is lower than the minimum worst-case delivery load under
uncoded placement and linear delivery, given by

Rﬁncoded(m)
5  3mp—2mp —
=max{3—3m1 —2m2—m3,——w,
3 3
2 —2my —ma, 1—m1}, (5)

which has been characterized in [15].
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Next theorem characterizes the gain achieved by coded
placement in the small memory regime, where the unicast sig-
nals intended for users {1, ..., k} are utilized in decoding the
cache content at users {k + 1, .., K}.

Theorem 2: For a K-user system with N > K + 1, m| <
my < --- <mg, and

XK: XK: (i — (K — i+ 1)(m; — mi_y)
i=1 =

<1,
N—i+1

the worst-case dehvery load
Reoded(m, N, K) = (m, K)
K

_Z (—DE—-i+ 1)K —i+2)(m —mi_1)
2N —i+1)

uncoded

. (6)
i=2
is achievable with coded placement, where

K
:K—Z(K—i+ Dm;, (7

i=1

R:ncoded (m ’ K)

is the minimum worst-case delivery load with uncoded place-
ment and linear delivery for Zlel m; <1 [15].

Proof (Placement Phase): File W, is divided into
K(K + 1)/2 + 1 subfiles, which we denote by W, 4, wih

n,1°

{Wr(ll% Wfl?;}, , {Wr(hll)(, e Wé{?}, such that

Wik =miF, vn, ®
. N(m; — mj;_

Wl = (1 XK: i — DK — i+ Do —min)
n| = L < N—i+1 ’

(10)

where W, 4 is available only at the server. User k caches sub-
files Wf},g, .. Wz(vl ¢ uncoded and the MDS encoded pieces

o1 (W), ...,Wg?k]) fori =2,...,
content of user k is defined as

(D])U(Ug, (Wi

k. In turn, the cache

W)
(11)

where O’o([WELZ, e, WI(\,I’)k]) ngl W,(lllz denotes the
uncoded cached subfiles. The placement is illustrated in Fig. 2
for K = 3.

Delivery Phase: The server sends the following unicast
signals

1
Zy = UQ(I:Wsz, -

Xikyd = Wag.¢ (12)
K K )
Xwa= U U Wf[;{j, Vk e [K — 1], (13)
i=k+1 j=i

where the unicast signals X1} .4, ..., X4 are used by users
{k +1,...,K} in decoding their cache contents. Next, the
server sends the pairwise multicast signals

k
() (1)
Xikjpd = (U Wd;,k) ® (U Wd’u)
i=1

i=1

(14)
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Fig. 2. Tllustration of the placement scheme in Theorem 2 for a three-user
system.
fork=1,...,Kand j=k+1,...,K. In turn, the delivery

load is given as

Reoded = Z|X{k}d|/F+ Z Z Xtk jy.al /F (15)
k=1 j=k+1
:K—Z(K—i—{—l)m,-
i=1
K . . .
_Z (—DE—-i+DH(K—i+4+2)(m; —m;_l)' (16)

4 2(N—-i+1)
i=2

Achievability: First, the cache size constraints are satisfied,
since

k
Zil = NmiF+ Y (N — i + 1)‘w,§f)k
i=2
k
= NmiF + ) N(m; —mi_1)F = NmF.
i=2

a7)

In the delivery phase, user k reconstructs Wy, by going through
the following steps.
o Subfile Wfll)k is uncoded and in turn can be directly
retrieved from the cache memory.
« Subfiles W(') Wé’)  are extracted from the unicast
signals X{]} d, v Xik—1).d-
o Subfile W )k is retrieved from o;_ 1([W](l)k, .. W(')k])
using W[(;)k,.. ng')_ &

o Subfiles thkjl), . W(Z)] where j € {k+1,...,K} and
Wy, are retrieved from the unicast signal X{k} d-

o Subfiles W(l) W( ). are retrieved from the multicast

signals X{k]} d,J € [K] \ {k}. ]

Remark 3: For given K and m, limy_, oo Reodea(m, N, K) =

R odea. K). That is, the gain due to coded placement

decreases with N and is negligible for N > K.

B. Numerical Results

In Fig. 3, we compare the worst-case delivery load
achieved by exploiting coded placement with the minimum
worst-case delivery load assuming uncoded placement in a
three-user system where N = 4 and my = o my4q. Fig. 3
shows that the gain achieved by coded placement increases
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Fig. 3. Comparing the achievable delivery load assuming coded placement
with the minimum delivery load under uncoded placement, for K = 3, N = 4,
and my = o my4 1.
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Fig. 4. Comparing the achievable delivery load assuming coded placement

with the minimum delivery load under uncoded placement, for K = 10, a« =

0.7, and my = o my .

with the heterogeneity in cache sizes. We also observe that the
gain is higher when the total memory is small and the gain
can be observed from the relative slopes of the two schemes.

The delivery load achieved by utilizing coded placement in
Theorem 2 is compared to the best uncoded placement scheme
in Fig. 4, for K = 10 and my = 0.7my4,. From Fig. 4, we
observe that the reduction in the delivery load due to coded
placement decreases with the number of files N. In turn, for
a system where N >> K, the delivery load achieved with
our coded placement scheme is approximately equal to the
minimum delivery load under uncoded placement. That is, the
coded placement gain is negligible when N >> K.

IV. SYSTEMS WITH EQUAL CACHES

In this section, we consider systems with shared caches of
equal size, i.e., M; = M, Vi and without loss of generality
we assume that Uy > U; > > Ur. We first pro-
vide two concrete examples for two and three-cache systems

Authorized licensed use limited to: The Ohio State University. Downloaded on January 17,2022 at 00:16:12 UTC from IEEE Xplore. Restrictions apply.
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Fig. 5. The coded placement scheme for Example 1.

respectively to clarify the main ideas of the proposed coded
placement and multi-round delivery, noting the relative sim-
plicity of the scheme in the two-cache case. We then formalize
the two-cache system moving on to the extension to L > 2.
Finally, we provide the remarks for further improvement via
placement through increased subpacketization for L = 2.

A. Example 1: Two-Cache System

Consider a system with K =3, N >3, L=2and M <1,
where U; = {1, 2} and U, = {3} as illustrated in Fig. 5.

1) The Uncoded Placement Scheme [26]: Each file is
divided into 3 subfiles, W, 1, W,2 and W, 4, such that
[Wyil = |Who| = %F bits and W, 4| = (1 — 27)F bits [1].
The cached contents are given by

Zy = U Wik,
n

Without loss of generality, we assume that user k requests
file k. The delivery phase consists of two rounds. In round 1,
the server sends the following signals to users 1 and 3:

(18)

Wi,0, W3,0, Wi2 ® W3 1. (19)

In round 2, the unicast signals W» o, Wz 2 are sent to user 2.
In turn, all the users recover their requested files using the
cached contents. The total delivery load is given by

R a1 2M 2M
uncoded = < N ) + N’
where the first term represents the unicast transmission of the
contents available only at the server, and the second term rep-
resents the multicast signal to users 1 and 3 in addition to the
unicast signal to user 2.

2) The Proposed Coded Placement Scheme: We divide

each file W, into three pieces W, i of size A% bits, W, » of

size ’% + % bits, and W,, ¢ of size; F— % — ]% bits.
The stored contents at the caches are given by

(20)

3

Z) = U Wat, 21
n=1

Zy = (W12 @® Wap) U(W2,2 ® W3 ), (22)
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which is illustrated in Fig. 5. Assuming that user k requests
file k, the server transmits the following signals over the two
rounds.

Wi,0, W20, W30, Wo 2, Wi 2 @ W3 1. (23)

Note that since W  is larger than W3 1, we append zeros to
the end of W3 ;1 to equalize their lengths before XORing them.
In order for the users to recover the requested files, first we
need to decode Z;. In particular, the unicast signal W5, along
with Z; enable cache 2 to recover Wi 2, W2 2, W3 2, which is
illustrated in Fig. 5. In turn, we have

Reioa(i M M\, oM oM
coded = N N-1)"NN-D) N
M
- Runcoded I ——) (24)
NN —1)

where ]% is the gain from coded placement.

B. Example 2: Three-Cache System

Consider a system with K = 6, N > 6, L = 3 and % <
M/N < %, where users 1, 2 and 3 are connected to cache 1,
users 4 and 5 are connected to cache 2 and user 6 is connected
to cache 3, i.e.,, U = {1, 2,3}, Ur = {4, 5} and U3 = {6}.

1) The Uncoded Placement Scheme [26]: Each file is
divided into 6 subfiles, W, 1, W, 2, W, 3 Wy, 12, Wy 13, and
Wiy,23. such that [Wy,i| = W2l = W3] = (3 — ¥)F bits
and [Wy,12| = W3] = [Wa2sl = (3 — F bits [1]. The
cached contents are given by

Z) = U(Wn,l UWar2J Wn,lS)v (25)
= J(Wa2 U War2 U W), (26)
zz = J(Was\J Wars U Was ). 27)

n

Suppose that user k requests file k during the delivery phase.
In this example, we have three delivery rounds. In round 1,
users {1, 4, 6} are served by sending the signals

Wi @ Wi, Wiz ® Ws i1, Wasz D Wep,

Wi23 @ Wi 13 @ W 12. (28)

In round 2, users {2, 5} are served by sending the signals

Wao @ Ws 1, Wa3, Ws 3, Wa o3 @ Ws 3. (29)
In round 3, user 3 receives the following signals
W3,03, W32, W3 3. (30)

With the help of the cached contents, all the users recover
their requested files. The delivery load is given by

13 5M
RuncodedF=3|Wn,23|+3|Wn,2|+5|Wn,3|: - - —|F

3 N
@31
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)
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W1 W2 W3 W4 W5 WG

Fig. 6. The coded placement scheme for Example 2.

2) The Proposed Coded Placement Scheme: Similarly, each
file is divided into 6 subfiles, W, 1, Wy, 2, W,.3 Wy 12, Wy 13,
and W, 23, such that |W, s| = agF bits that will be specified
later. The stored contents at the caches are given by

Z) = U(Wn,l U Wi, 12 U Wn,13)»

n

Z) = 01 ([lez, ce WNyz]) U 61([W1,23, e WN,23])
U(L’;J Wn,lz),

Z3 = U3([W1,3, ce WN,3]) UO’] ([W1,13, e WN)13])

(32)

(33)

Ual([W1,23,--~,WN,23]), (34)
i.e., we store N — 1 independent equations of Wy, ..., Wy 2
and N — 1 independent equations of Wj3,..., Wy 23 at

cache 2. At cache 3, we store N — 3 independent equa-
tions of Wi3,...,Wy3, N — 1 independent equations of
Wi13,..., Wni13, and N — 1 independent equations of
Wi23, ..., W23,

In the delivery phase, user k requests file k and the server
constructs the signals defined in (28)-(30); again, if the subfiles
forming a signal differ in size, then the server appends zeros to
equalize their length before XORing them. In order to decode
the subfiles stored at caches 2 and 3, we utilize the signals
W2.23 @ Ws,13, Wa 3, W5 3, W3 3, W3 2, W3 23. For instance, the
multicast signal W5 23@® W5, 13 can be used in decoding 2N — 1
equations in Wy 23 and W, 13. In our scheme, we assume that
the subfiles are decoded successively at the caches. In partic-
ular, first we decode W, 23, then the multicast signal can be
used in decoding W, 13. Fig. 6 depicts the scheme.

In order to minimize the total delivery load, we optimize
over the subfile sizes, as follows

min  Reoded = 3az + S5a3z + 3ax3 (35a)
as>0
subject to Z as =1, (35b)
SclL]
N(a1 + a2 +aiz) <M, (35¢0)
(N —1)(az + a13) + Najp <M, (35d)
(N =3)az + (N — (a3 +ax) <M, (35¢)
a) <ap <as, app < a3 < as. (35f)
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Fig. 7. The normalized delivery load for L = 3, N = K = 6, U} = 3,
U2=2and U3=1.

(35b) ensures the feasibility of the file partitioning. Assuming
that a123 = 0, conditions (35c)-(35¢e) ensure that the memory
capacity constraints are satisfied. We also assume a; < a; <
a3 and ayp < a1z < a3, since Uy > Up > Us. In Fig. 7, we
show that the proposed scheme achieves a lower total delivery
load compared with the uncoded placement scheme in [26].

C. Two-Cache System

In this section, we provide the proposed scheme for systems
with two caches, i.e., L = 2. Without loss of generality, assume
that the first U; users are connected to cache 1 and users
{U; + 1, ..., K} are connected to cache 2. Let ¢ = Uy — U..

1) Placement Phase: Divide each file into the subfiles:
Wi.¢» Wa1, Wno and W, 12. The cache contents are given by

Z) = U(Wn,l U Wn,lZ)a

n

Zy = oy([Wi2. ..., Wn2]) U(U Wn,lZ)- (37

2) Delivery Phase: Next, we describe the caching scheme
in three memory regimes.

Region (%I + le < I): In this case, we choose |W, 12| =0,
(W1l = FF, [Waol = g2 F, and Wyl = (1 = § — OF.
During the delivery phase, %rst we send U, multicast signal in
the form of Wy > @ Wd),,l each of which is intended to a pair
of users from the set {(1, Uy + 1), 2, Uy +2), ..., (U, K)}.
Second, we send ¢ unicast signals in the form of Wy > to
users x € {Ux+1, ..., Uy}. Additionally, the g unicast signals
facilitate decoding the coded cached contents in Z, i.e., cache
2 is able to retrieve W, 2, Vn. Finally, the server unicast the
subfiles {Wy, ¢ : Yk}, which are not cached in the network. By
the end of the delivery phase, each user is able to reconstruct
its requested file. The total delivery load is given by

(36)

Reoea = K(1- 4 M) a oM
coded = N N—q N—q N—q
qUaM
= Runcoded — N(N——q) (38)
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Fig. 8. The total delivery load for L=2, N=K =¢q+2, U =g+ 1 and
Uy =1.

Remark 4: The last term in (38) represents the gain of
coded placement. We observe that the gain from coded place-
ment increases with g, which is the difference between the
number of users connected to each of the two caches. In other
words, as the asymmetry in the system increases the gain from
the coded placement increases as well.

Region (2%*_‘2 <M < 0.5): We choose |W,, 4| = Wy 12| =
0, (Wil = %F, and [W, 2| = (1 — %)F. The delivery pro-
cedure is similar to the first case, and the delivery load is
given by

M
Reoded = Ui 1 — N . (39)
Region ( AN’I > 0.5): No gain from coded placement and the
total delivery load is given by

M
Rcoded = Runcoded = U1 1 — — . (40)

N

with respect to cut-set bound.

In Fig. 8, we show the achievable delivery load for two-
caches system. It is clear that the performance gap between
the proposed scheme and the uncoded placement scheme [26]
increases with ¢, as explained in Remark 4.

Remark 5: For AN/I > 2’;’\,;_(1‘], the proposed scheme is optimal

D. L-Cache System

In this section, we present our caching scheme for a general
L-cache system.

1) Placement Phase: Each file W, is divided into subfiles
Was,S C [L], where W, s is stored (coded or uncoded)
exclusively at the caches in & and |W, s| = asF,Vn. In
general, we assume that cache s € S stores (N — Ag)) inde-
pendent equations in subfiles W; s, ..., Wy s, i.e., Cache s is
defined as

2= |

UAE;)([WI»S’ e, WN,S]),
Sc[L]:seS

(41)
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where o¢(.) represents uncoded placement. In order to deter-
mine the coded placement parameters {Ag)}, we need to
analyze the unicast/multicast signals in the delivery procedure
in [26] and characterize the signals that can be utilized in
decoding the cached contents.
2) Delivery Phase: Our delivery scheme is based on the
delivery procedure in [26], where the delivery rounds are
grouped as follows:
1) Rounds (1 to Uyp): In each round, we serve L out of the
remaining users connected to the caches [L].

2) Rounds (U, + 1 to Ur_1): In each round, we serve L —
1 out of the remaining users connected to the caches
[L—1].

D) Rounds (Up—j+2+1 to Ur—;+1): In each round, we serve
L — [+ 1 out of the remaining users connected to the
caches [L — [+ 1].

L) Rounds (U +1 to Uj): In each round, we serve one out
of the remaining users connected to cache 1.
Different from [26], the XORed subfiles in a multicast signal
can have different size. In the /th group of rounds, a multicast
signal serving the users connected to the caches in 7 C [L],
where 7 N[L — [+ 1] # ¢, is defined as

X711 = ®keTrir—1+11Wa, T\l 42)

where dy is the file requested by the user connected to cache
k and |X7 | = maxierniz—i4+1] am\(xF. In turn, the total
delivery load is defined as

2

TCIL] : TNL—I+11#¢

L
R= Z(UL—H-I —UL—1+2) X7 .4|/F,
I=1

(43)

since the (Up—_j+1 — Ur—i42) delivery rounds in the /th group
of rounds have same delivery load.

Remark 6: 1If we have |T N[L—1[1+1]| < |7, the multicast
signal defined in (42) can be utilized in decoding the caches in
mkETﬁ[L—H-l] T\{k}, c.g., for L = 3, T = {1, 2, 3} and [ = 2,
Wa, 12,31 ® Wy, (1,3) can be utilized at cache 3 in decoding
2N — 1 equations in {Wn,{2,3}}2/:1 and {Wn,{1,3}}2’:1.

Coded placement parameters {Ag)} represent the overall
coded placement gain facilitated by all the signals satisfying
the condition [T N[L—1I1+1]| < |T].Given U; > Uy > --- >
Uy, we assume that the subfile sizes satisfy?

a{sl s S1—1 ,s,} = a{sl,...,s,_l ,s,+1} ’

a{S| eensSt—1 ,L} S a{S| ,.4.,s,_1+l,s,_|+2} ’ (44)

for § C [L] where S = {sy,...,s;} and s; < s;41Vi. That is,
ste{l,...,L—t+1}and s; € {si_1 +1,...,L—t+i} for
i > 1. In turn, we have

\X74| = ar\F. k=argminerny i, (45)

2This assumption is intuitive: The more users share the caches the smaller
the shares.
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and the total normalized delivery load can be expressed as

=Y Y

nsas, (46)
t=0 SC[L]:|S|=t
where s is defined as
L—s1+1
us = Z (s1 = DWr—141 — Ur—132)
I=1 )
+ Y L—1+D)Ui1 — Uri42)
I=L—s,+2
s1—1
=> U. (47)

The coded subfiles are decoded successively at the caches
starting with the subfile with the largest size. That is, the
multicast signal defined in (42) facilitates the decoding of
{Wn,T\{k}}ﬁ,V:p where k = arg max;crn ;1176 €8, for L =
3, 7T = {1,2,3} and | = 2, Wa,.12,3) @ Wy, (1,3) is used
in decoding {Wn,{1,3}}nN:1 at cache 3, since {Wn,{z’g}}’]:/:l are
decoded first. Based on the aforementioned decoding order,
the parameters {Ag)} are defined as follows

L—s;i—1

W+ Y @l sio D)W - U i),
I=L—si+2

(si) __
A =

(48)

where so = 0, A(O) 0, and Ur4+1 = 0.
Finally, the total delivery load is minimized by optimizing
over the subfile sizes.

Y Y

min usas (49a)
420 SCILIS|=t
subject to Z as =1, (49b)
SclL]
3 (N _ xfg”)ag <M, Vle[l] (49¢)
Sc[L]:leS
Asy,ossi—1.50) = As),oossi1,siH1)
a{s LSi—1, L} a{sl s,_|+l,s,_1+2}’
V{s1,..., s} C[L] with s; < sjy1. (49d)

Equation (49b) and (49c) above represent all feasible choices
for the subfile sizes which satisfy the cache size constraints.

In Fig. 9, we compare the achievable delivery loads with
uncoded and coded placement for L =4, N = 15, and U =
[8, 4, 2, 1], and observe the performance improvement due
to coded placement.

E. Remark: Gains With Coded Placement With Increased
Subpacketization

The caching schemes presented so far have the same sub-
packetization level as the uncoded placement scheme in [26],
i.e., the number of subfiles in the placement phase is the same.
Next, we show that a higher coded placement gain is achiev-
able at the expense of increasing the number of subfiles in the
placement phase.
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Fig. 9. The achievable delivery load for L =4 and N = 15.

In Section IV-C, we presented a caching scheme for a
two-cache system with U; > U,, where the multicast sig-
nal Wy 12y @ Wa, (1} is formed by zero-padding Wy, ) to
have the same length as Wy, o} before XORing them, since
|Wdy,{1}| < Wa, il Alternatlvely, if Wy 2y is split into
Wil W, such that (W, | = W), the multicast
signals Wy, (2) @ Wy, (1) can be decomposed into multicast
signals W{(ii’){z} ® Wa, (1} and unicast signals WL(Jf,){z}' The
unicast signals W‘(ii){z} can be utilized in increasing the
coded placement gain. In particular, at cache 2, we store

1 2 2
ou,—v, (W) {2},...,W1i,’){2}]) and oy, ((W{ ... Wy ){2}])
instead of 0U1 u, ([W

, Wn,i21]), and the Uj unicast
signals Wd (o) are used to decode UUI([WEZ{)z}, .. W(2)2}])
The details of the caching scheme is explained in Sectlon V-A
for the general case where the caches are of different size. For

equal caches, the improved delivery load is given as

e For M/N < ﬁ, we have
= U(Uy — Uo)M
Rcoded = Runcoded — W (50
That is, the coded placement gain is increased by the
multiplicative factor %
« For % < M/N, we have
- M
Rcoded = U1 1_N . (51

In Fig. 10, we compare the total delivery load achievable
with uncoded placement Rypcoded, the delivery load Rcoded
achievable with the coded placement scheme presented in
Section IV-C, and the delivery load Recoded achievable with the
improved coded placement scheme, for a two-cache system
with N=K =11, U; =8 and U = 3.

V. UNIFIED CODED PLACEMENT SCHEME FOR
ASYMMETRIC SYSTEMS

In this section, we consider a system with both unequal
caches and asymmetric user-to-cache connectivity. In partic-
ular, we consider a two-cache system with M| < M, and
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Fig. 10. The total delivery load for L = 2, N = K = 11, U} = 8 and
Uy =3.

investigate the gain achievable with coded placement when
Uy > U, and U; < U,.

A. Smaller Cache is Overloaded (U; > U>)

In the placement phase, each file is divided into subfiles:

Wie» Wa i1y, Wrgl{)z}, Wf{)z}, and W, 1,2). The cache contents
are defined as

Zy = U(Wn,{l} U Wn,{1,2}>,
n
(1
WN,{Z}])

Uets (9w U(U i) o0

where [W,, (1)| = W, -
In the delivery phase the server sends U; + U, unicast
signals Wy, ¢, U> multicast signals Wsi,){Z} & Wa,.q1y, U — Uz

(52)

1
Z) = O—U|—U2<|:W1(’{)2}s RN

unicast signals W(fzi){z}s and U; unicast signals Wg){z}-
More specifically, we have the following three memory
regions:

« Region (W= =Ua)m + 5 Nm2

< 1): We have |W,, ;12| =

N—-U;
0 and
) _ Nm2 — (N - U] + Uz)l’f’ll
W[ = o F,  (54)
|Wn,{1}| =mF (55)
In turn, the total delivery load is given by
Ux(Uymy — Upmy)
R =R — , 56
coded uncoded N—U, ( )
where Runcoded = (U1 + Uz) — (U1 + Ux)my — Uamy.
« Region (& U‘ UUZ)"” + ng}l > 1) and (m; +myp < 1):
We have |W,,¢,| [Wa,i1,2] =0, and
@)
(W {2}‘ — (1 —2m))F, (57)
|Wa1y| = miF, (53)
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In turn, the total delivery load is given by

Reoded = U1 (1 — m1) = Runcoded — Uz(1 —my — my).

(59)

e Region (m; + my > 1): No gain from coded placement
and the delivery load is given by

Reoded = Runcoded = Ur (1 —my). (60)

B. Larger Cache is Overloaded (U; < U;)

Next, we present two different coded placement schemes
depending on whether we have Nm; < (N — U + Uy)my or
Nmy > (N — Uy + Uy)my.

1) Case (Nm; < (N—Uz+U;)my): In the placement phase,
each file is divided into subfiles: Wy g, W (1), W'y, Wiy,
and W, (1,2). The cache contents are defined as

Z = ovp—u, ([(Wiys - W) U(U Wn,{l,2})s (61)
Z = U( Wontoy U W '2})UUU1([ Wiy - WA(JZ,){z}D’
(62)

1
where [W,, (1}| = Wy -

In the delivery phase, the server sends U; + U uni-
cast signals Wy, o, U; multicast signals Wd1 ) ® Wd‘ 1
U, — U unicast signals Wy, (1}, and Uy unicast signals Wd ){2}
Therefore, the delivery load is %wen as ReogedF = (U +
U)Wyl + U2|Wy (13| + UL |W {2}|

More specifically, we have the following three memory
regions:

* Region (g7 NL(/]V)(A%UIIZQU.) + 5 Nmz < 1): We have
|Wh.{1,2| = 0 and
Nm
W1y | = = _F, (63)
{2} N — U, + U

w )= - F. (64
‘ 12 (N—U1><m2 N—U2+U1m1> 9

In turn, the delivery load is given by

Rcoded = (Ul + UZ)
U»)

N U (2N=-2U,—
N — U N — U+ U

m1+U2m2>,
(65)

compared toNRK,ncoded = U + %2) —2Uym — Upymy.
+ Region (7= 151)(N oy T vy > D and (m +
N
N—U1 (m2

mp) < 1): The subfile sizes are obtained by
solving

2|W"{1}|+‘ {z}‘HW a2 =F (66)
(N = Uz + UD)| W1y | + N| W1 2] = Ny F, - (67)
N|Wa, ] + N = Ul)‘ {2}‘+N|Wn{12}|_Nsz

(63)

and the corresponding delivery load is given by
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UIN(N — U»)
Rcoded = (1
NN —-Uy) —Ui(Uy - Uy)
(U = UpDNWN = Uy)

NN —-Uy) —U(Uy - Uy)

—my)

(I — m2)(69)

« Region (m + 25 (my —my) > 1) : We have |Wf{>2}| -
(I —m)F, W, 1,21 = mF, and the delivery load is
given by

Reoded = Ur(1 —my), (70)

compared t0 Runcoded = U1(1 —my) + (U2 — Ur)(1 —ma).

2) Case (Nmj > (N—U+U;)my): In the placement phase,

each file is divided into subfiles: W5, W.',\. W Wi ),
and W, (1,2). The cache contents are defined as

) )
Z) = oy,-u, ([Wl {1y - WNU}])

UUUZ([WS{)U’ - WIi/Z){l}iD U(U Wn,{1,2}>, (71)
n
% = U(Wn,{Z} U Wn,{l,z}),
n

1
where |Wr(z,{)l}| = Wy, 1231
In the delivery phase, the server sends U; + U, uni-
cast signals Wy 4, U multicast signals Wy (2} @ Wg){l},

(72)

U, — U unicast signals W(Sl){l}, and U; unicast signals W‘f){l}.
Therefore, the delivery load is glven as ReodedF = (U +
U Wa gl + Ua| W) + Ua W }I

More specifically, we have the following three memory

regions:
o Region (5= N’"‘ -+ = %2 Um < 1): We have W, (1,2 =
0 and
D
W[ = [Wa | = moF, (73)
N N-U+U
@ | _ 2 1
‘Wn’{l}‘ = (N_ U2><m1 — Tmz)F. (74)

In turn, the delivery load is given by

Rcoded = (Ul + U2)

N Ui+ Ux)(N=Us)—U?
_<N—U2)<U1ml+( i 2)(N 2) 1m2>.

(75)

« Region (NN'"['/ + &= %{UU')”Q > 1) and (m +

%(m —my) < 1) : We have |W, 4| = 0, and
the subfile sizes satisfy

|Wn,{2}| + |Wn (1,2} | = mF, (76)

W]+ Wy | = A =mF, a7

where K= Uz + v= 2U m — ghgm < Wapl/F <
min{mz, 1— m2} That is, the caching scheme is not unique
and the delivery load is given by

Reoded = Ua(1 — mo). (78)

1249

o Region (m; + M(mz —myp) > 1) : We have
Wiat] =~ (1 = m)F. (79)
’ N+U, - U
N N —U, + U
w, = ———— | 2m — ——— | F,
Wrial = 57 U2—U1< = N )
(80)
and the delivery load is given by
R U N (1 ) (81)
= _ —my).
coded 2 N+ U — U, 1

VI. CONCLUSION

In this paper, we have studied the benefits of coded placement
in scenarios in heterogeneous caching systems. First, we have
demonstrated the benefits of coded placement in systems where
the helper-caches have different sizes and each helper-cache is
connected to one user. We have shown that coded placement
schemes outperform the best uncoded placement scheme for
three-user systems with arbitrary cache sizes and K-user systems
in the small total memory regime. In the proposed schemes,
some of the signals intended to serve the users with small
cache sizes are utilized in decoding the cache contents of users
with larger cache sizes. We have observed that the gain due
to coded placement increases with the heterogeneity in cache
sizes and decreases with the number of files.

Next, we have considered systems with L helper-caches
which are shared by K users. In particular, there are more users
than helper-caches in the system and each user has access to
only one helper-cache. We have demonstrated that the asym-
metry in users’ connectivity to the helper-caches can be
exploited in reducing the delivery load when coded placement
is utilized. That is, the proposed coded placement scheme out-
performs the best uncoded placement scheme [26], when the
helper-caches are associated with different number of users.
For a two-cache system, we have provided an explicit charac-
terization of the gain from coded placement. Then, we have
extended our scheme to L-cache systems, where the parameters
of the caching scheme are optimized by solving a linear pro-
gram. Finally, we have extended our coded placement scheme
to two-cache systems where the shared caches have hetero-
geneous sizes. Identifying efficient solutions in this general
setting to more than two caches remains open. Additional
future directions include overlapping demands, small libraries,
considering hierarchical cache-enabled networks and general
network and shared cache topologies.

As a final remark, coding over networks and coded caching
in general, and coded placement in particular, remain to be
of interest to the network design and research communities
alike, the latter evident from the independent and concurrent
work [27], [30] to this. Conference presentations of refer-
ence [27] appeared in ISIT 2019, and of this work in part [33]
in Asilomar 2018 and in part in ICC 2019 [34]. Reference [30]
already appeared in print (and was on ArXiv in May 2019).
A preliminary version of this manuscript in part appeared
in [35]. We encourage the reader who found their way to this
manuscript to also read and credit [30].
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APPENDIX
PROOF OF THEOREM 1

In this section, we present our caching schemes for there-
user systems. The achievable delivery load in Theorem 1
consists of the following regions

« Region I: If Z?Zl m; + 2(",’\?:{"1) + 2("113:5”2) < 1, then

3(my —my)
Reoded = 3 — 3my — 2mp —m3 — ?
_ 2(m3 —m») 82)
N—-2

o Region II: If 377 m;+ 20mmm) 4 20mm) o | Ny <
(N+3)my+3(N—2)ym — (N —1), and Nm3 < 2(N —
1) — (2N — 3)my, then

R 5 2m2 ms3
= - -m - — — —
coded 3 1 3 3
_ M' (83)
3N —1)
o Region III: If 33, mi+ 2(”1’\%__{”‘) +20m2m) S Nms >

(N+3)my~+3(N—2)m; —(N—1), and Nmo+(N—2)m; <

N — 1, then

np — mj
N—-1"

« Region IV: If Nmy + (N —2)m; > N — 1, and Nm3 >
2(N — 1) — 2N — 3)my, then

Reoded =2 —2my —mp — (84)

Reoded = 1 —my. (85)

Region [ is a special case of Theorem 2. Next, we consider
regions II to IV.

A. Region Il

1) Placement Phase: FEach file Wn 1s split into sub-

2
files Wn1, Wai2p, Wt Wait2), {W 1. ;},W( )1 3y} and

1) 2 (3) 4)
{Wn’{2)3}, Wn7{273}, Wn7{273}, Wn’{2,3}}, such that

2 N(m3 — my)
Way| =z -—m—-—~—|F 86
= (Gm Yo
(Wa2y| = |Wai)| = [Waiy| = ma —mp)F, (87
‘Wr(z?{)z,S} = Wr(f{)Z,S} = (my —m)F, (88)
) 6]
‘Wn,{l 2}’ = Wn’{1’3} = ‘Wn,{2,3}
N(m3 — my)
= - 13— ————|F, 89
(ml B~ 3wo ) (89)
N(m3z — mp)
) _ |lw® _ 3 2
‘Wn,{l,S}’ - Wn,{2,3} = WF 90)

where all subfiles are cached uncoded except for Wf)z 3 Vn
are encoded before being placed at user 3. More spemﬁcally,
the cache contents are given as

N
U U Uit Uwidis)

n=1

7 = U( Wa2) [ W1, z}U<U Wk, 3}))

Z)

€2y

92)
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N

2
z = J[ Wi U(U W;i?{lﬁ}) U
i=1

n=1
(2) (2)
Ual([WHw, . WN’{M}]).
The server sends

2) Delivery Phase:
multicast signals

U W)

i=1,i#2
93)

the following

X(1.23.0 = War.(1) ® (Wdl,{z} U ch?{zs})’ (94)
X133, = Way, (1) @ (Wd1,{3} U Wc(l??{z,S})’ (95)
X314 = Wiy, 121 © Wa,, (3}, (96)
X(1,2,3).d = Was (1,2) @ Wf,;){l 3 @ Wflll)){m}, G
X{121a = Wdz 11,3 @ W(Z) 2.3)" (98)

3) Achievability: The proposed placement scheme is valid
since the cache sizes constraints are satisfied. In the deliv-
ery phase, the users retrieve the requested pieces from the
multicast signals using the cached subfiles. Additionally, using
the multicast signal X[} ,, ; and the cached piece Wc(l?{lj}’ user

3 decodes Wf?{m}, which is used in retrieving ngi 2.3) from
(W3- Witz D
B. Region 111

1) Placement Phase: File W, is split into subfiles
W1, {Wil{)z}v r(z,z{)z}} {Wil{)3}7wr(z,2{)3}’ Wf{)3}}’ Wa.(1.3), and
{Wé}{)zj}, ,(172{)2’3}}, such that

|Woiy| + W13y | = ‘ {2}‘ + ‘W,(, {23}‘ =mF, (99)

Wa 1| = [ W )| = miF — | w! (100)

N(my —my)

N-—-1

{3}‘

@) ) 2)
‘Wn ) ‘ —‘ {3}‘ —‘Wn’{m}‘. (101)
In particular, we have the following three cases.

N-2 |, m QN-3(N—2)m
o Forms < 5%= + 577 — =DM :

2(mz - ml) 2(m3 — my)
@
‘W 23}‘_(2:’”’ + N—2 _1)F’
(102)
N(m3z — mp)
\w@g}\ ﬁp, Wff{g}‘ = mF. (103)
(2N—-3)(N-2) N=2
+ For 32 — =D Ho<my— S5 < g - (N—n?)(N)
N —
‘W(z{)2 3}‘ _ (mz rm)F, (104)
N —
| = ( oy — M)F
N-—-1
- ‘W(l) (105)
‘ (]) ‘_ N-—-2 (N—3)m1 _N(mz—ml)
{3} (N—-2) N-1
N —
_ M)p, (106)
N-—-2
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N—2
o For m3 > T—i_l%_(zv—”iw
N(my —my)
=(1-2m — ———|F, (107
‘ {3}‘ ( mi N_1 ) (107)
N(my —my)
a 2)
‘W {3}‘ =0, ‘Wn,{2,3} = ————F, (108)
N-—-1
The cache contents are defined as
N
Z = U(Wn,{l} UWn,{m}), (109)

M M @ @
Z = U(W b U 23})U01([Wu2}, ...,WN’{Z}D

@) )
U a1 ([Wl,{%}’ s WN,{z,s}])» (110)
N
1 (1)
%= U(W {3} {2 3})
l’l:
2 2)
Ua]( wy NOIRERE WN,B}])
@ @
UU‘( Wity WN{23}])
Ual (W3- Wiv,31])
[ 3
Uor([Wis--- Wi ])- (111)

2) Delivery Phase:
multicast signals

W
X(1.2).a = (Wdz,m UWdz,{l,S}) ( a2y U Wape, 3})
(112)

= (W, W W @
Xesna = (Wi U W) & (Wa s U Wi ) (13

X(1.3)a = st,{l} ® Wd],{3}' (114)

The server sends the following

The following unicast signals complete the requested files and
help users {2, 3} in decoding their cache contents.

W el ey o
X = Wa oy U War s U War iy U Wy (119)
Xpra = W5 3. (116)

3) Achievability:  User
(2) (2)
Warey Va2
its cache using Wfﬁ?{ 3
w)

25

2 decodes its cache using

from X{j)4. Similarly, user 3 decodes
2 3

Wsl){3} Wé’l?{3} from X{j4 and

3 from X3) 4.

C. Region IV

Next, we consider the case where m; + my < 1,
uncoded placement is optimal for m + my > 1 [15].
1) Placement Phase: W, is split into W, (1.2}, Wy (1,3}, and
1 2
(Wil ) Wil 5 Wil 5 ). such that

since

[Wa 1,21 = miF — [Wy, (117)
[Wa, 12| = ‘W,Ez{) W13 = ‘W,E‘{) (118)
Wb | = (1 = 2mpF. (119)

1251
In particular, we have
Nt (N-2)my _ I)F i e < (=D
(Wi 1,2 = ( N-1 ’ 3 e
0, otherwise.
(120)
The cache contents are defined as
N
Z = U(Wn,{l,z} U Wn,{l,g}), (121)
n=1
_ (1) (2)
Zz—U( n.{2,3} n{23}>
n=1
Ual([WL{l,Z}, W2y
(3) 3)
Ua ([Wl,{Z,S}’ e WN,{2,3}]>, (122)
N
(1) (2)
Z3:U( n,(2,3) n{2%})
Uc’l([Wl,{m}, s Wii3])
3) 3)
Ual([Wl,{zs}’ R WN,{2,3}])~ (123)

2) Delivery Phase: The server sends the following signals

1
X210 = Wap 11.3) © ngl?{z-s}’ (124)
2
X1.31.d = Waz 1,2y @ Wé.?{2,3}’ (125)
(3
X1ya = Wdl,{2,3}' (126)

3) Achievability: User 2 retrieves Wy, (1,2} from its cache
using Wy, 11,2y which is extracted from X{; 3; 4. Similarly, user
3 retrieves Wy, (1,3) by utilizing X1, 2} 4.
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