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Scanning laser melting was employed to investigate directional solidification in Al-Cu thin films, 200 and
500 nm thick. The Al-Cu alloy films, with both eutectic and hypoeutectic compositions, were co-deposited
on fused silica substrates by magnetron sputtering. Melting of the films was carried out in air using a CW
laser, as a function of the scan velocity, v, up to 5 cm/s. For eutectic films, regular lamellar microstructure
was observed over the entire range of velocities studied. Interlamellar spacings, A, below 50 nm were readily
produced. Results were found to be consistent with studies on bulk Al-Cu alloys, obeying the classic steady
state lamellar growth relationship, A%v = K. However, the value of the constant, K is significantly larger in
thin films when compared to bulk. This is attributed to constraints on mechanisms for spacing adjustment
in two-dimensional eutectic systems. In the hypoeutectic thin films, a complex lamellar structure was
observed as the scan velocity was reduced. Regions of straight lamellae, oscillatory lamellae, solitary tilt
waves, and recurring extreme lamellar branching events coexisted across the melt track. Fourier analysis
was used to quantify the chaotic area fraction of the films. The transition to chaos occurred as the G/v ratio
increased, attributed to approaching a re-entrant eutectic-to-dendritic transition from above. Approaches to
further refine laser melting in thin eutectic films in order to better control solidification processes are
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discussed.
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1. Introduction

Controlling heat flow during the solidification of a eutectic alloy
allows for direct control of microstructural length scales and mor-
phology. Electrical, mechanical, magnetic, and thermal properties
can be significantly modified by the periodicity of these features.
Typical eutectic microstructures can be categorized as irregular or
regular, with the latter having either a lamellar or rod-like structure
depending on volume fraction of each constituent phase, where, for
example, lamellar spacings down to the 10' nm scale have been
obtained in the Al-Cu system [1]. Eutectic solidification has been
investigated extensively in the context of mechanical properties [2]
and is now the subject of investigation in the context of additive
manufacturing of metals [3,4]. In addition, eutectic solidification
provides a relatively unexplored processing approach for nano-
composite materials and applications including exchange-coupled
ferromagnetism, thermoelectrics, [5,6] and photovoltaics. The ability
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to dictate the lengthscales of the interleaved eutectic microstructure
are relevant, for example, in controlling scattering of thermal and
electronic carriers, or determining the extent of magnetic exchange
interactions [7,8]. Of course, there is a strict limitation to this ap-
proach since material systems of relevance must be identified which
feature a useful eutectic point in the binary or ternary phase dia-
gram. Applications such as these often involve the use of thin films,
where less information exists on the behavior of eutectic solidifi-
cation. In addition, thin films are of fundamental interest in that they
offer new opportunities to examine the effect of fine-scale dimen-
sional constraints on the eutectic length scale and can provide in-
sight regarding how periodic perturbations affect the propagating
solidification front. These opportunities would take advantage of the
well-established approaches to patterning thin films with litho-
graphy and masked depositions, at lengthscales from tens of mi-
crometers down to tens of nanometers.

To lay the groundwork for exploring eutectic solidification in
more complex thin film systems, fundamental aspects of directional
hypo/eutectic solidification in metallic systems were first in-
vestigated with Al-Cu films less than 1 pm thick. While some work
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has already been done on metallic films [9-12] the vast majority of
experiments in metals have focused on bulk samples. In this paper,
the effects of scanning laser melting and subsequent solidification of
Al-Cu thin films with both eutectic and hypoeutectic compositions
were investigated. Directional solidification via scanning laser
melting allows straightforward control over the solidification velo-
city at speeds from 1072-10? cm/s. However, the peak temperature
and the thermal gradient are not controlled nor easy to determine in
laser-based experiments, and the macroscopic melt boundary will
have non-zero curvature, leading to lamellar bending over extended
lengthscales. This paper offers two primary scientific emphases. The
first emphasis establishes the regularity of the solidification beha-
vior in films at the eutectic composition. This model system has been
thoroughly studied throughout the years [1,13-21]. Regular, coupled,
lamellar growth is well known in the Al-17.1 at% Cu eutectic system,
including in films of order several micrometers in thickness [13]. In
this work, it is shown that eutectic thin film (200-500 nm thick)
samples follow the usual relationship, A?v = K derived by Jackson and
Hunt, where A is the interlamellar spacing (ideally measured at the
minimum undercooling, but more typically just an average value
from micrographs), v is the solidification velocity, and the constant
K depends on the alloy system [22]. However, the value of K is found
to be significantly larger in thin films than that for the equivalent
bulk alloys, and is line with values obtained in previous micron-thick
film work [ 13]. This is attributed to the two-dimensional (2D) nature
of films and lack of spacing adjustment mechanisms that three-
dimensional (3D) systems possess, such as lamellar faults. Having
established the behavior of eutectic thin films, the second emphasis
is on instabilities in hypoeutectic thin films. The simplified 2D
imaging geometry is useful in order to examine instabilities during
solidification, and a rich literature exists in this area for transparent
organic eutectics [23-25]. In this work, hypoeutectic Al-Cu thin
films are shown to exhibit standard instability modes observed in
both bulk Al-Cu [26] and organic eutectics. It is shown here that
Al-Cu hypoeutectic films also exhibit highly non-linear instabilities
consisting of interacting oscillatory instability modes, solitary tilt
waves, and recurring extreme lamellar branching. The formation of
these structures is found to depend on the reduced spacing A, and
these structures become more prevalent as the G/v ratio (the ratio of
the thermal gradient to the solidification velocity) increases. It is
hypothesized that the extreme lamellar branching events are due to
a re-entrant approach to dendritic growth, consistent with behavior
reported in Al-Cu solidification microstructure selection maps.

2. Material and methods

Al-Cu films were co-deposited using a high vacuum, direct cur-
rent magnetron sputtering system with a base pressure of 5.0 x 1078
Torr. Elemental Al and Cu targets 3” in diameter (purity > 99.9%)
were used for the experiments. Ultrahigh purity Ar was used as the
sputter gas, maintained at a pressure of 1 mTorr during deposition.
The films were deposited at room temperature, while the substrate
rotated at 8 RPM. Fused silica substrates were used in all experi-
ments with a single-side polish (JGS2 type, 20 mm x 20 mm X 1 mm)
and a roughness of < 5 nm. Fused silica was chosen due to its low
thermal conductivity (about 1 W/m-K), so that heat extraction
would primarily occur through the film and not the substrate, thus
allowing for temperature rises in the metal film from laser absorp-
tion [27] that are high enough to induce melting using readily
available laser systems [28]. Prior to deposition, the substrate was
rinsed in deionized (DI) water, ultrasonciated in acetone for 10 min,
rinsed again in DI water, ultrasonciated in isopropyl alcohol for
10 min, rinsed in running DI water for 2 min, and then dried with
bursts of N, gas.

Film composition was controlled by the power to the Al and Cu
sputter targets. Calibration of the relative powers was achieved
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Fig. 1. Schematic of the film laser irradiation experiments: a - resolidified film, b -
melt pool, ¢ - laser spot, d - as-deposited film, and e - substrate. The laser scan
direction is parallel to x, y is the transverse direction, and z is normal to the film plane.
The relative feature dimensions are not to scale.

through film thickness measurements obtained by weighing; the
duration of deposition was varied, and the mass of the deposited
film was measured with a balance to an accuracy of 0.01 mg. Given a
known area of the substrate (typically a 3” diameter wafer), and
assuming bulk density (valid for low melting point metals), de-
position rates were calculated and 200 and 500 nm thick films were
grown. Two film compositions will be discussed; the first is nom-
inally at the eutectic composition while the second was deliberately
deposited at a hypoeutectic composition.

The alloy films were melted in air ambient using a Spectra-
Physics Millennia eV CW solid-state laser, operating at 532 nm with
a 5 W maximum power. The circular beam was spread using a cy-
lindrical lens to form an ellipsoidal spot, with the long axis ortho-
gonal (along y in Fig. 1) to the direction of laser scan (along x in
Fig. 1). The final laser spot had a 1/e?> beam width of 180 pum by
100 pum in diameter from a Gaussian fit using a scanning-slit beam
profiler. For a laser power of 5 W, an incident power density of order
3.5 x 10° kW/m? could be obtained. The sample was secured to a
Newport M-ILS50PP translation stage, which provided a range of
scan speeds from 0.001 to 5 cm/s, and translated under a stationary
beam, which maintained normal incidence of the laser to the film.
Given that the substrate diameter was of order 200 times larger than
the width of a melt track, all experimental melting runs could be
performed on a single film with a given composition and thickness.

After melting, backscattered electron (BSE) imaging was per-
formed on the film’s surface, defined as the x-y plane in Fig. 1, using a
FEI Quanta 650 SEM. As 0 contains more Cu, the brighter lamellae
correspond to the 0 phase and the darker lamellae are the a phase. To
examine the lamellar morphology in the z-direction, 10 ptm wide cross
sections (y-z plane in Fig. 1) were milled using a FEI Helios DualBeam
Focused lon Beam (FIB). These were obtained from the central regions
of the melt track (see Fig. S1 in Supplementary materials).

Micrographs were processed using the open source Image] soft-
ware package to obtain measurements of phase area fractions and
interlamellar spacing measurements, and to further analyze the
chaotic behavior discovered in the hypoeutectic samples.

To determine the area fractions of each phase, BSE micrographs
were imported into Image] and thresholding was applied to create a
binary image, by which a direct measurement was made for the area
fractions of o and 0, based on Z-contrast. Local interlamellar spacing
distributions, A(y), were measured on BSE micrographs by counting
the number of lamellae intercepting an orthogonal line of known
length, typically spanning of order 50 lamellae. The lamellae are
assumed to be uniform in the direction normal to the image, which
was verified in select samples using FIB cross-sectioning. The
average interlamellar spacing over extended areas was obtained by
applying a 2-D Fast Fourier Transformation (FFT) to the micrographs
(see Fig. 2). Two prominent peaks in the Fourier power spectral
density are observed. The line connecting these peaks is perpendi-
cular to the average lamellar direction. We will refer to these as
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Fig. 2. Example of an interlamellar spacing measurement using FFT. (a) BSE micrograph of a 200 nm thick, eutectic film resolidified at 5W and 0.2 cm/s, from left to right; (b) FFT
of (a), where the center of the FFT is indicated by a yellow X and the first diffraction peak is indicated by the white arrow; and (c) is the integrated intensity profile along the

rectangular selection in (b).

lamellar diffraction peaks. The peak position can give the mean la-
mellar spacing as Aay =|Kmax| ', once the calibration of image dis-
tances is established from the image magnification. The peak
position, |Kmax/, is obtained from a rectangular selection that in-
tegrates intensities in the direction normal to Kyax, and the resulting
intensity profile was fit using a Gaussian function. The average in-
terlamellar spacing obtained from linear intercepts were in close
agreement with the FFT results.

Fourier analysis was also used to quantify the area fractions of
chaotic and highly-bent lamellae in the hypoeutectic samples (see
Fig. 3). Regions containing tortuous lamellae are associated with
frequencies in reciprocal space not included in the primary lamellar
diffraction peaks. Preferred lamellar tilt directions lead to additional
intensity arcs while solitary tilt waves [29] lead to formation of
streaks; both features are indicated in Fig. 3b. A mask was created to
only pass the intensity from the lamellar diffraction peak in the
Fourier space image. Using this mask, an inverse-FFT was applied to
recreate a real space image formed only from the pass frequencies.
The resulting real space image was then thresholded to form a
binary image, see Fig. 3c. In this image, the area fraction of the image
containing black pixels includes both the excluded frequencies, as-
sociated with chaotic lamellae, as well as the lamellae from the «
phase in the regions with parallel lamellae. It is readily shown that
the area fraction of the chaotic regions only, F., can be obtained by
Fc = (Fp - Fo)/(1-F,), where Fy, is the area fraction of black pixels, and
F, is the area fraction of the o lamellae, measured in adjacent regions
containing parallel lamellae.

Standard-less energy dispersive x-ray spectroscopy (EDS) mea-
surements, both area and line scans, were obtained in the SEM. In
general, the absolute accuracy is not considered to be reliable, but the
relative compositions of different specimens having the same film
thickness should be meaningful. These EDS measurements indicate
that the hypoeutectic film contained about 3 at% less Cu than the
nominal eutectic film (see Fig. S2). Measured area fractions of the hy-
poeutectic film determined that 6 made up 42.7 + 0.5% of the surface,
which corresponds to 15.3-15.6 at% Cu. Subsequently, the hypoeutectic
film will be assumed to be approximately 14-15 at% Cu.

3. Results

For this investigation, it is adopted that the resultant phases are
the equilibrium « and 6 phases, since the conditions herein are far
from a true rapid solidification regime where variants on the 6 phase
might form [1,30]. Phase identification using x-ray diffraction could
not be performed, as the transformed volume associated with rela-
tively narrow melt tracks in thin films yields too little signal. From
the contrast in BSE-SEM, and resultant EDS, a melt track contains
alternating phases that contain different Cu concentrations, which
nominally correspond to « and 0, and these lamellar phases have
compositions that are different than the mean composition of the
surrounding film. EDS linescans also indicated that the composition
was consistent across the melt track; there was no observable
macrosegregation of Al or Cu in the melt pool.

Nominally eutectic composition Al-Cu films were investigated
first to verify that well-characterized relationships for the depen-
dence of lamellar spacing on the velocity of the solid/liquid interface
are retained in very thin films. This also helps when interpreting
behavior observed in hypoeutectic films described after. Laser
melting scans of varying scan speeds and powers were performed on
the same film, so resultant eutectic structure and melt track width
could be directly compared at identical composition and film
thickness.

3.1. Eutectic films

In the eutectic films, all laser melting experiments resulted in
lamellar structure. The range of laser scan speeds, v, where melting
took place was from 0.01 cm/s to 5.0 cm/s. Across this range of ve-
locities, the laser output power was held constant at 5 W, hence the
effective fluence (incident optical energy/area) varied inversely with
v. As a result, for the 200 nm thick films, at any v<0.01 cm/s, the
films would overheat and ablate and/or spall, revealing a fractured
substrate interface region, indicative of thermal shock. For scan
speeds > 3.0 cm/s, melting did not occur. For the 500 nm thick film,
melting was observed up to and including 5.0 cm/s while processing
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Fig. 3. Example of measurement of the chaotic lamellar area fraction. (a) BSE micrograph from a 200 nm thick, hypoeutectic film resolidified at 5W and 0.2 cm/s; (b) FFT of (a),
where the center is indicated by a yellow X, the first diffraction peak is circled, the yellow arrow indicates the arcs associated with chaotic lamellae, and the white arrow points
along the streak associated with solitary tilt waves; (c) is the inverse FFT of the same region as (a) with only the frequencies inside of the dotted circle in (b) passed., i.e. excluding
the streaks associated with chaos, and the gray scale is binary. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

using a higher optical power density. Cross sections prepared using
the FIB on the 200 nm thick film confirmed that the film melted
through the entire thickness, with lamellae oriented perpendicularly
to the substrate and homogeneously spanning the entire film
thickness.

Fig. 4 shows typical micrographs of melt tracks on 500 nm thick
films for two laser scan speeds. The edges of the melt track are linear
and bounded by a heat-affected zone (HAZ) of constant width at a

X

given scan speed. The HAZ exhibits coarsened two-phase structure
on either side of the melt, and its width is always much smaller than
the molten track. In Fig. 4, the solidification fronts may be crudely
traced. In a system with purely isotropic interfacial energies, la-
mellae will act like streamlines, aligned perpendicular to the locally
advancing liquid/solid interface. The continuous curvature of la-
mellae from the HAZ to the center of the melt then indicates the
shape of the macroscopic solid-liquid interface growth direction, or

W)

Fig. 4. BSE micrographs from 500 nm thick, eutectic film laser melted from right to left at 5W. The darker regions are melted and resolidified, and the striations are from the
nanoscale eutectic. The surrounding film (light gray) was not melted. Scan speeds were (a) 0.2 cm/s and (b) 1.0 cm/s.

4
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Fig. 5. BSE micrographs from 200 nm thick, eutectic films resolidified at 5 W and: (a) 0.1 cm/s, A,y =290 nm; (b) 0.5 cm/s, A,y = 153 nm; (¢) 2.0 cm/s, A,y = 74 nm; and (d) 3.0 cm/s,

Aay =64 nm.

equivalently, the direction of heat extraction during solidification.
The strong curvature of the lamellae shows that heat conduction
through the adjacent unmelted film is significant, such that only the
center of the melt zone solidifies parallel to the laser scan direction.

Fig. 5 shows characteristic solidification structures in 200 nm thick
eutectic films, across a range of scan speeds. The lamellae in the
central region of the track are linear and correlated over large dis-
tances both in the transverse and longitudinal directions for
v 0.5 cm/s. For v> 1 cm/s, lamellar waviness becomes apparent, and,
in lower magnification images, grain boundaries become apparent. At
higher velocities, the grain size decreases, and the lamellar directions
become locally more divergent between adjacent grains. This wavi-
ness is not correlated, e.g., they are not in the form of periodic os-
cillations such as the 120 and 2A0 morphologies that are frequently
observed in organic eutectics [24,25] and also in Al-Cu [26]. In rare
instances, such oscillations were observed in the eutectic films, and
the implications of this, as well as the uncorrelated waviness, will be
discussed later. Across the range of velocities studied here, A de-
creased with increasing velocity, as expected.

3.2. Hypoeutectic films

A 200 nm thick, hypoeutectic film was investigated using an ab-
breviated range of laser scan velocities from 0.2 to 1.0 cm/s, where each
scan speed was performed at laser powers of 4 W and 5W. As with the
eutectic film, the energy absorbed for each melt track differed, and
consequently the thermal gradient G and thus G/v differed for each run
(see the Discussion, and Fig. S3 in Supplementary materials).

Fig. 6 depicts the melt tracks, where, as expected, increasing the
scan velocity at a constant power resulted in narrower tracks. Bor-
dering the melt track is a partially melted zone (PMZ), wherein the
temperature surpassed the eutectic temperature but not the liquidus
temperature, T;(C), C being the hypoeutectic film composition. As a
result, this region contains coarsened, unmelted « islands, and in re-
gions where the inter-island separation exceeds the local diffusion
length, eutectic lamellae grow in-between the islands. In the central
track region between the PMZ'’s, T(y) > Ty(C), and full melting occurs.
Right along the boundary where T=T;, some coarsened o grows
dendritically into the melt for a short distance before being occluded

Fig. 6. BSE micrographs showing melt tracks of a 200 nm thick, hypoeutectic film solidified from right to left at 4 W and (a) 0.2 cm/s and (b) 1.0 cm/s. Note the difference in
magnification. White arrows denote the partially melted zone (PMZ). (c) Magnified region of the PMZ on the top of the track in (b). The black specks seen on the surface are

residual contamination that was not present during the melting.
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Fig. 7. BSE micrographs from the center of the melt track of a 200 nm thick, hy-
poeutectic film resolidified at 5W at (a) 0.2 cm/s, (b) 0.5 cm/s, and (c) 1.0 cm/s.

by the more rapid lamellar growth. In the fully melted region of the

track the lamellar microstructure contains a volume fraction of the «
phase consistent with a hypoeutectic composition. In the hypoeutectic

Table 1
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experiments, small periodic fluctuations in laser power (< 1%) created
a detectable periodic variation in the width of the track. The width of
the PMZ was found to increase with velocity at constant laser power,
and for velocities in excess of 2.0 cm/s (not shown here), the entire
track is only partially melted (i.e., T never exceeds T;). As with the
eutectic films, at the edge of the track, heat is conducted to the sur-
rounding film, so that eutectic grains nucleate at the edge of the track
(really, the edge of the PMZ) and solidify inwards towards the center of
the track, forming lamellae that curve from edge to center.

In the fully melted regions where coupled «/6 growth occurs,
there are interesting variations in the lamellar morphologies (see
Fig. 7). Results for 4 W irradiation can be found in Fig. S4. Similar to
the eutectic samples, » decreased with increasing velocity. However,
as opposed to the mostly parallel, regular lamellae exhibited in eu-
tectic films at these solidification velocities, the hypoeutectic films
contain regions of periodically oscillating lamellae, solitary tilt
waves, and chaotic lamellae. These latter, more tortuous, regions
occurred more frequently at the slower scan speeds. Table 1 sum-
marizes the area fractions of chaotic lamellar regions, obtained using
FFT bandpass filtering as described in Section 2. Notably, there is a
rapid increase in the chaotic area fraction around 0.2 cm/s.

Fig. 8 further highlights the various morphologies that develop
across the range of growth conditions. At the lowest scan velocity
(v=0.2 cm/s), a frequently observed structure is what we will call an
extreme lamellar branching (ELB) event, highlighted by an arrow in
Fig. 8a. In all cases it is the primary o phase that splits into two
highly-tilted branches, and in many cases, there is subsequent
growth of a new lamellar region inside the branches whose peri-
odicity is much smaller than the surroundings. Many examples of
this structure can also be seen upon close examination of Fig. 7a. ELB
events were still present at 0.5 cm/s but less frequently, and none
were observed for v=1cm/s. Hook-like features were observed at
both 0.2 and 0.5cm/s. Very few hooks were observed at 1cm/s.
Patches of oscillatory lamellae were present at all velocities, tending
to increase in overall area fraction as the scan velocity increased.
Regions of relatively straight lamellae existed even in the most
chaotic samples. Overviews of the hypoeutectic melt tracks are in-
cluded in the Supplementary materials (Fig. S5) that show the full
morphological evolution from the PMZ boundary to track center.

4. Discussion

Scanning laser solidification in submicron Al-Cu thin films on
fused silica substrates produces eutectic lamellar growth at the eu-
tectic composition across a range of scan velocities. For hypoeutectic
compositions, partially melted zones containing unmelted « and
eutectic lamellae exist along the edge of fully melted regions, which
can exhibit a more complex morphology. Here we discuss these
results for eutectic and hypoeutectic thin films of Al-Cu, relative to
well-known results in bulk Al-Cu. We will also make frequent
comparisons to the results from experiments in transparent organic
eutectic systems, especially CBr4-C>Clg. A deep understanding of the
instability modes that occur when solidifying through the eutectic
isotherm comes from the extraordinarily well-controlled and

Measured and derived quantities obtained from the melt tracks of a 200 nm thick, hypoeutectic film. The upper and lower bounds on average Gy (thermal gradient along y) and G,

|v correspond to 14 and15 at% Cu, respectively.

Laser Power Scan speed Average lamellar spacing Reduced lamellar spacing Area fraction of chaotic lamellae Gy Gylv
[W] [cm/s] [nm] [%] [/10° K/m] [/10° K*sec/cm?]
5 0.2 2773 135 55.7 3.6-5.6 1.81-3.73
0.5 183.8 1.42 16.3 2.9-45 0.58-1.20
1.0 115.4 1.26 15 1.8-2.8 0.18-0.37
4 0.2 270.0 132 20.8 2.0-31 1.01-2.09
0.5 167.6 1.29 11.6 1.5-2.3 0.30-0.63
1.0 113.0 1.23 124 0.8-1.2 0.08-0.16
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Fig. 8. 200 nm thick, hypoeutectic film resolidified from right to left at 5 W and (a) 0.2 cm/s, (b) 0.5 cm/s, and (c) 1.0 cm/s. An extreme lamellar branching (ELB) event is indicated
by the yellow arrow in (a), where other ELBs are present in the micrograph. A hook-like feature is indicated by the yellow arrow in (b), and numerous similar features are present.
Inset in (b) includes white arrows that indicate solitary tilt waves converging, creating a possible proto-ELB event. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

analyzed experiments possible in this system; see, for example, a
comprehensive account from Ginibre, et al. [24]. Additionally, we
will draw significant insights from the work of Karma and Sarkissian
(K-S) [25], who used a boundary integral approach to predict the
appearance of different instability modes as a function of composi-
tion and local lamellar periodicity. Their modeling used parameters
specific to the CBry4-C,Clg system, as well as for a hypothetical system
with a symmetric eutectic phase diagram. The K-S theory is strictly
applicable in the quasistatic approximation, where the diffusion field
can adjust rapidly in response to changes in the interfacial shape.
This requires that the Peclet number, P=Av/2D, be << 1, where D is
the liquid phase diffusion coefficient. The hypoeutectic films herein
have P=0.1, at the upper limits of applicability. In addition, K-S used
much smaller values of G and v, appropriate to the experiments with
organic eutectics. Values for G and v here are both about 10° times
larger, such that the G/v ratio is similar. For the most part, our
comparisons with these works will be qualitative, emphasizing
similarities that can be ascribed to current understanding, and
where they occur, differences in the behaviors in thin metallic films
vis-a-vis the organics.

4.1. Eutectic results

Of key interest in eutectic systems is the relationship between
the interlamellar spacing, A, and the velocity of the solidification
front, v. Fig. 9 plots A (obtained by the FFT method) vs. v on log-log
axes for both 200nm and 500nm thick films. The data are

superimposed upon a compendium of results from other workers,
primarily obtained in bulk Al-Cu specimens [1,14-21]. Fig. 9 shows
that for films down to 200 nm thickness, the eutectic solidification
behavior is very similar to that observed in the bulk. Also shown in
Fig. 9 are the results of Cline for directional solidification in Al-Cu
eutectic films that were 2 um thick [13]. Cline noted that the mag-
nitude of the periodicity in films tends to exceed that which was
measured separately in bulk material over a similar range of velo-
cities. Our data behaves similarly. For the data set represented in
Fig. 9, separate fitting was performed to the bulk data vs. the thin
film data (this work and Cline’s) using the same expression. The fits
yield Kpui =88.8 pm’/s, whereas Kgim = 119 pm?/s.

The large difference between the measured values of Ky and
Kgim in Al-Cu can arise from two sources - actual differences in the
values of the thermophysical parameters that make up K, or the way
in which K is determined in experiments from measurements of
. The theoretical form of the constant K, here labeled as Ky, is well-
established from Jackson-Hunt theory, in the regime where the
Peclet number is small [22]. Values of the thermophysical para-
meters for Al-Cu have been continuously refined over the years,
leading to differing estimates for K. The most recent calculation, by
Senninger, et al.,, in 2018, employs updated thermodynamic data-
bases to predict Kjy =90 pum>/s at the eutectic composition [31]. This
value also uses D=2.4x 107 m?/[s, where D is the effective diffusion
coefficient. The importance of this is discussed next. Note also that
some solidification studies in the bulk Al-Cu eutectic system have
produced larger values of Kpy.
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It is not trivial to explain the large difference between the
measured values for Al-Cu thin films vs. measured bulk values, and
the predicted values, by manipulating the thermophysical para-
meters of Kjy [22]. It is unlikely to be a small-thickness (Gibbs-
Thomson capillary) effect on the thermodynamic equilibria, even in
the thinnest (200 nm) films examine here. The melting points of
metallic nanoparticles, for example, only show significant depres-
sion for particle radii <25 nm [32]. Furthermore, note that the fit to
the thin film data in Fig. 9 includes films ranging up to 2pm in
thickness. The value of K does have an explicit composition depen-
dence via the phase fractions [30]; however, the difference in Kgp
would require a hypoeutectic deviation in composition that is much
larger than is possible in these experiments. Lastly, as discussed by
Senninger, et al., the value of K}y is directly proportional to the ef-
fective diffusion coefficient. For solidification geometries where
convective mixing is significant, D values will be larger, leading to
larger Kj. For example, Tassa and Hunt obtained K = 127 pm?®/s for a
situation where they report D=3.6 x 107° m?/s [33]. Witusiewicz,
et al,, [34] obtained a fit value of 135 um?/s, even larger than found
here, where their fit relied heavily on data from Ourdjini, et al., [21]
which may also result from convection effects increasing the effec-
tive diffusion coefficient. The value of D =2.4x 107 m?fs is typical of
experiments in which convection is suppressed. In the thin films
used here, convection is unlikely to play any role. Hence it is con-
cluded that Kgim > Kjiy 2 Kpuik is not explained by the diffusion coef-
ficient [31].

Alternatively, the measured value of K can depend on how the
lamellar periodicity is quantified. Here, as is often done, the peri-
odicity is determined as an average value obtained from micro-
graphs. Walker, et al, performed directional solidification
experiments in Al-Cu in which the material was considered to be
fully 3D since the transverse dimension, t, obeyed t>> [35]. They
suppressed convective currents in the melt that could muddle in-
terpretation by melting in a microcapillary tube. They established
that in the 3D case, the range of stable lamellar periods was
(1-1.2)Amin, and Ayy = 1.1Amin, Where Ay is the smallest stable spa-
cing (nominally at the minimum undercooling) [36]. This is a much
narrower range, and lower mean value, than what is found in organic
thin films, such as those reported by Ginibre, et al. [24], where
maximum wavelengths >2A,;, were observed. Walker, et al., argued
that 3D systems have facile mechanisms for wavelength adjustment
that 2D systems lack, specifically through the presence and action of
lamellar faults [37].
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For a select range of solidification speeds, the distribution of
lamellar spacings were measured in 200 nm thick eutectic films,
typically encompassing at least 40 lamellar pairs. If these distribu-
tions are normalized by the minimum observed value as A =A/Amin,
then the distributions show an extended range (compared to Walker,
etal.) of A ~ 1-1.5, see Fig. S6. Hence, our determination of the value
of Kgm using average values of ) obtained from the FFT are likely
skewed larger by a broadened distribution of lamellar periods in the
films. The range of A is important to lamellar instabilities, which are
discussed below. However, since the value of Ay, has not been
obtained in every sample here, a proxy value, Ajy will be used,
Aju =A\u, where Ay is the Senninger, et al., value of 90 pm3/s.

There is no identifiable trend between our measured value of the
mean normalized lamellar spacing < Ajy >, obtained from FFT, and
the geometrical “2D"-ness, represented by the ratio T = t/A,,, where
T> > would nominally be 3D. For the eutectic films of thickness 200
and 500nm studied here, over the full range of scan speeds,
0.7<T<10.2. Cline’s films are also in this range of T [13]. Fig. 10a
shows that <Ay >~ 1.1-1.3, with no dependence on T, suggesting
that all the films are behaving as 2D entities. A parameter that would
have more value for defining 2D vs. 3D in the context of lamellar
spacing adjustment would be the ratio of the film thickness to the
lamellar fault spacing. While a systematic examination of transverse
cross-sections was not performed, it seems likely that even in
the thickest films, the presence of film free surface and interface
with the substrate would alloy faults to rapidly grow out of the film
as the solidification front propagates. Another consideration is that
Walker, et al., noted a need to assure that the system is truly in
steady state. This is an inherent limitation of a laser-based experi-
ment, and this will be further commented on below.

Small regions of lamellar oscillations were observed in the eu-
tectic films (see, for example, the lower portion of Fig. 2a). Based on
their random locations along the track length, they are not specifi-
cally related to any small variations in the scan speed or laser power.
Although the limited areas over which these oscillations occur in the
eutectic films makes identification difficult, the oscillations are best
assigned to the 120 mode [25]. This agrees with K-S, who predicted
that when the alloy composition is close to the eutectic (and only
when it is), 1.0 will be the first instability mode to manifest. Ex-
tended, essentially stable regimes of periodic oscillations occur
when the reduced lamellar spacing, A, exceeds ~2. In the limited
region in Fig. 2a, Ajy ~ 1.6, consistent with transient oscillations
occurring in regions of locally larger spacing. The variation in the
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Fig. 10. (a) The average reduced spacing A calculated from the FFT as a function of scan speed for eutectic films, where the scan speed is indicated next to each data point. (b) Area
fractions of chaotic regions as a function of G/v; data from the 200 nm thick, hypoeutectic film melted at 5 and 4 W.
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local lamellar period is known from careful work in the organic
eutectics to arise from effects at the boundaries between eutectic
grains, and the local variations in A(y) are effectively frozen in along
the subsequent length of the melt track. This occurs because so-
called phase diffusion, which is the diffusive relaxation of gradients
in A(y), is quite sluggish [38].

There is general waviness to the lamellae increasingly observed
at higher velocities (see for example, Fig. 5a as compared to Fig. 5c).
This is attributed to a decreasing G/v as the scan speed is increased
at a constant laser power. A similar result is obtained by decreasing
power at constant scan speed, see Fig. S7. This is further supported
by a preliminary experiment at v = 3.5 cm/s using a blue laser with a
higher power density on a 200 nm near-eutectic film that should
provide larger thermal gradients. Lamellae in this case are sig-
nificantly less wavy, even though the grain size is still relatively
small (see Fig. S8).

4.2. Hypoeutectic results

The hypoeutectic films reported here (14-15 at% Cu) all remain in
the coupled growth regime across the range of solidification speeds
from 0.2 to 1.0cm/s. As discussed by Jackson and Hunt, coupled
growth results from the formation of a compositional boundary
layer that allows the solid/liquid interface to attain the eutectic
temperature [22]. In steady state, the eutectic lamellae accom-
modate the deviation from eutectic composition by adjusting the
lamellar volume fractions appropriately. However, as discussed by
Karma and Sarkissian (K-S), the boundary layer can also play a role in
destabilizing the planar eutectic front. Relevant to this, there are four
key observations that warrant further discussion here:

i. The partially melted zone (PMZ) allows us to measure a com-
ponent of the thermal gradient.

ii. At the largest speed used here (1.0 cm/s), extensive patches of
(primarily) 200 oscillations and solitary tilt waves are present
throughout the melted film. Lamellae are also increasingly wavy
with an increase in scan speed, taken to be distinct from the
oscillatory instability, similar to observations in eutectic films.

iii. There is an increasing tendency to form chaotic lamellar struc-
tures as G/v increases, with a profusion of chaotic structure at
0.2 cm/s.

iv. In addition to oscillations and solitary tilt waves, tilt patches,
hooked lamellae, and extreme lamellar branching were char-
acteristic of the chaotic regions.

(i) The partially melted zone is a natural consequence of melting
and resolidification in off-eutectic compositions using a focused heat
source, since there must be a region of the thermal profile that never
exceeds the liquidus temperature, leading to retention of the pri-
mary phase. The thin film geometry presents an advantage over laser
melting of bulk specimens with regard to the ease of imaging of the
extent and morphology of the solidification microstructure. Note
that such a partially melted zone is not observed in steady-state
pulling experiments such as those conducted with off-eutectic
transparent organics. However, if pulling is stopped, then the pri-
mary phase forms in the thermal gradient region where Tg <T<Ty,
where Tg is the eutectic (liquidus) temperature [23].

The steady-state PMZ width allows us to approximate the
thermal gradient, G. Assuming that heat conduction is solely in-
plane, due to the thermally insulating fused silica substrate, this will
provide the value of G in the y direction, denoted here as Gy = [T(C) -
Te]/(PMZ width), where T (C) is the liquidus temperature at the
hypoeutectic composition, C. As an example, for the film melted at
5W laser power and 0.2 cm/s scan speed, the mean width of the PMZ
is 415 pm. This gives G, =4.6 + 1.0 x 10° K/m, where the uncertainty
primarily arises from the estimates on the hypoeutectic composition
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as discussed in the Experimental section. Table 1 lists the calculated
values for each sample.

Gy is larger for smaller laser scan speeds at constant power, and
larger for higher laser powers at constant speed, implying that Gy
increases with the peak temperature produced by the laser beam.
Note that for an elliptical beam moving along the positive x direc-
tion, Gy Gy, the gradient in the negative x direction along the
center of the melt track. The latter quantity is of more interest, since
most measurements of the lamellar spacing and morphology are
made near track center. Although G4 cannot be determined without
detailed modeling of the thermal profile, there will be two com-
peting effects on the magnitude of this component of gradient.
Elongation of the elliptical beam along the y direction will tend to
make Gy > Gy. On the other hand, translation along positive x will
tend to reduce Gy.. These effects will produce Gy. I Gy at most by
factors, not by orders of magnitude, hence we will use Gy as a proxy
value. While G for eutectic films cannot be measured in the same
way, the magnitude must be very close to the hypoeutectic films for
the same melting conditions. It is interesting that a 5W laser in-
cident on a thin film supported by a thermally insulating substrate
leads to thermal gradients similar to those produced using a kW
laser incident on bulk Al-Cu [39].

(ii) At the fastest laser scan speed reported here, 1.0 cm/s, the
microstructure is dominated by oscillatory lamellae, wavy lamellae,
and solitary tilt waves. In addition to the presence of 210 oscillatory
lamellae, as with the eutectic sample, the increase in velocity at a
given laser power yielded wavier lamellae. The presence of the 2,0
oscillatory mode in hypoeutectic Al-Cu has also been reported by
Zimmerman, Karma and Carrard [26]. In both that work and herein,
the 2210 oscillations occur only in localized patches, unlike in well-
prepared organic films, where regions of 2,0 can span hundreds of
adjacent lamellae [24]. However, K-S predicts that such behavior will
only occur in a narrow range of conditions in the composition/spa-
cing variable space [25]. It becomes easier to destabilize the ax-
isymmetric lamellar state (where “easier” implies that smaller
reduced lamellar lengthscales are required) when compositions are
further from the eutectic, due to the steeper compositional gradient
in the liquid associated with the boundary layer. This composition
gradient has a destabilizing effect on the interface akin to con-
stitutional supercooling of a single-phase alloy.

Both Karma [40] and Karma and Sarkissian [25] describe the
presence of periodic oscillations as a manifestation of the Mullins-
Sekerka (M-S) instability [41], at solidification velocities where the
M-S critical wavelength for instability becomes equal to 2A. An ap-
proximation for the critical wavelength is A, =2n{DI'/v(T,-Tg)]'/?,
where T is the Gibbs-Thomson capillarity coefficient [42]. Using
values appropriate to Al-Cu, D=2.4x10"° m?[s, I'=1.5x1077 K-m
(mole-weighted average of the values for a and A [35], v=1cm/s,
T-Tg =20K, gives A, =267 nm, whereas 2\ =230 nm was measured
for v=1cm/s (Table 1), which is in reasonable agreement.

The M-S instability approach is often used to describe the tran-
sition from planar interface propagation to cellular/dendritic
growth, associated with constitutional supercooling of single-phase
alloys. As a linear stability theory, it can only describe the earliest
stages of growth and should not readily predict the primary arm
spacing. An interface instability would typically be expected to ex-
hibit continuous and non-linear amplitude growth around the
fastest-growing Fourier component of the interface profile. But K-S
showed that in a narrow range of lamellar spacings there can be
“limit cycle” behavior that produces temporal periodicity in the in-
terface profile, leading to steady-state formation of extended regions
of uniform 220 oscillatory lamellae having constant oscillation am-
plitude and longitudinal oscillation period. However, for lamellar
spacings that fall above this narrow range, limit cycles are lost, and
the interface profile can become unstable, leading to more extreme
morphologies, discussed next.
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Fig. 11. (a) Schematic plot of the interfacial temperature vs. solidification velocity for
eutectic (solid) and cellular/dendritic (dashed) growth. Intersection points (i) - (iii)
determine where the competitive growth criterion implies a change in solidification
morphology. (b) Schematic representation of the Al-Cu solidification microstructure
selection map for hypoeutectic Al-Cu alloys, as developed by Gill et al., here only
meant to qualitatively represent boundaries for discussion purposes. Note that the
gradients in the color indicate structural lengthscales, where darker is coarser. The
three points represent our samples, 1.0 cm/s (triangle), 0.5 cm/s (square) and 0.2 cm/s
(circle), all at a single hypoeutectic composition (blue dashed line). Other structural
transitions, such as banding, are not shown. Note that the eutectic/cellular boundaries
will depend on the actual thermal gradient present in the experiments. In the coupled
eutectic region, a transition to oscillatory states is also indicated. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

(iii) As shown in Fig. 7, Table 1, and Fig. 10b, there is a profusion
of chaotic lamellae that occurs as G/v increases. This is especially true
at the scan speed of 0.2 cm/s, where for 5W laser power, the area
fraction of chaotic lamellae more than triples the value measured at
0.5 cm/s. It is usually posited that increasing G/v tends to stabilize
interfaces, based on considerations of constitutional supercooling as
applied to planar-to-cellular transitions in single-phase alloys. Using
the usual criterion of GD/v > mAC for stability, where m is the slope
of the liquidus and AC is the composition difference from the eu-
tectic, Al-14at%Cu with G ~ 1 x 10° K/m (see Table 1) would enter the
nominally unstable range for v>0.01cm/s. Our experiments are
therefore already well into this instability regime. However, calcu-
lations of the interface temperatures for cells and for eutectic la-
mellae in Al-Cu, in the context of the competitive growth criterion
[43], yield behavior schematically shown in Fig. 11a. This criterion
posits that the morphology with the smallest undercooling, or the
highest interfacial temperature T;, will be preferred. In Fig. 11a, the
first crossing point, (i), occurs at very low speeds and corresponds to
the interfacial breakdown into cells alluded to above. In Al-Cu, at
much higher speeds, there is a second crossover, where the dendrite
tip temperature rapidly declines due to capillarity as the tip radii
become small. As a result, planar eutectic growth can be re-estab-
lished. Similar considerations, as a function of alloy composition,
underlie the experimentally-determined microstructure selection
maps for Al-Cu [39,43]. Fig. 11b shows a portion of the map for
Al-Cu, again only schematically. Note the re-entrant eutectic “nose”
at higher values of v - the work reported here lies within this region.
Hence, we propose that the observation that there is a rapid pro-
liferation of chaotic behavior at 0.2 cm/s arises because we are ap-
proaching a eutectic-to-cellular transition from above. The location of
the 0.2 cm/s sample at just above the boundary to cellular is quan-
titatively consistent with the experimental map established for
Al-Cu, which puts the transition speed at 0.1 cm/s for a composition
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of 14 at% Cu [44]. As discussed by K-S, there is a rich range of un-
stable behavior possible before the interface fully breaks down into
cells or dendrites [25]. It is also important to note that this
re-entrant eutectic/cellular transition is present in numerous me-
tallic systems, and at least one ceramic system, so this result may
have more general implications [45-50].

Examination of large-area images at v =0.2 and 0.5 cm/s suggest
that chaotic regions are likely to be associated with specific eutectic
grains (see Figs. S4 and S5). The grain boundaries provide sources of
solitary tilt waves, as noted, for example, in Ref. [29], but do not
appear to be inherently responsible for the chaos itself, as the grain
size increases rapidly as v decreases. It is acknowledged, however,
that it was not established whether the grain size normalized by the
lamellar period also decreases with decreasing v. We hypothesize
that certain grains contain larger locked-in lamellar periods de-
termined at their nucleation stage (larger A), and these grains are
most susceptible to chaotic interface fluctuations [38]. Given the
large angles, and continuous curvatures of lamellae in the chaotic
regions, crystallographic anisotropy is not thought to play a de-
termining role in fostering chaotic behavior, that is, all grains are of
the “floating” type [24].

(iv). The morphologies that form in the chaotic regions may lend
some insights into the potential breakdown of the interface as ve-
locity is reduced towards the cellular transition. In addition to 200
oscillations, extended tilt waves, hook-shaped lamellae, and extreme
lamellar branching (ELB) are frequent components. Extended tilt
waves have larger widths and often cluster, produced larger regions
of tilt, albeit still smaller than those observed in well-conditioned
organic films, and the tilted lamellae are usually also undergoing
some form of oscillatory behavior as well. Stable regions of pure tilt
were not observed, in agreement with K-S predictions that for phase
diagrams with symmetric eutectic regions, tilt can occur at large
enough A(C), but the tilted lamellae are susceptible to perturbations
that will render them unstable across the entire parameter space.

Hook-shaped lamellae are shown in Fig. 8a and 8b, and in close
inspection of Fig. 7a. These have been predicted by Karma and Sar-
kissian as manifestations of instability occurring at large A. In their
modeling, the hooks result from large-amplitude oscillations su-
perimposed on tilted lamellae, leading to lamellar collisions, and the
hook itself always forms on the same side of the minority-phase
lamellae, presumably due to the symmetry breaking associated with
tilt. In our films, the hooks are often not associated with local tilt,
and as such the hooks frequently form on alternating sides of the
minority-phase (0) lamellae.

Extreme lamellar branching appears to be a new morphology,
although structures with a somewhat similar appearance were re-
ported by Akamatsu, et al. as “giant transitory oscillations” [23]. A
branching event occurs when a primary-phase («) lamellae suddenly
coarsens significantly and then splits in two, and the resulting
branches diverge from one another at angles that can approach 90°.
The branches do not outrun the surrounding lamellae and the cou-
pled /6 growth can recover as the branches reconverge. In the re-
gion between the branches, a fine-scale lamellar region forms that
resembles an interdendritic eutectic. This eutectic is occasionally
observed to propagate in a direction almost normal to the local
propagation of the macroscopic L/S interface. These observations
lend some credence to the connection of chaotic lamellae to the re-
entrant cellular-eutectic transition. Exactly how the ELB event
evolves in not known. It may form at a crossing point between two
extended tilt waves. The inset in Fig. 8b depicts a condition where
two smaller tilt waves cross, and the intersection produces a feature
that is similar to, but smaller than, an ELB event. These events also
occur frequently in the center of the melt track, i.e. where many tilt
waves converge.

In all the hypoeutectic melt tracks, we observed slight laser
power variations. For example, the width of the melt track for the



E.J. Sullivan, J.A. Tomko, J.M. Skelton et al.

5W, 1.0 cm/s scan oscillated between 172 and 175 pm every 8 ms. By
comparing the different track widths for the 5W and 4 W experi-
ments, we calibrated how the track width varies with laser power,
which was found to vary by about + 1%. This small variation in power
was briefly considered as a cause for the chaotic lamellae found in
the hypoeutectic samples, but it was eliminated as a possibility as
ELB events were found to occur on a smaller timescale than the
power fluctuations.

4.3. Improving laser directional solidification experiments in thin films

The results here represent the complex solidification behavior
that arises from a laser beam scanning across a continuous thin
film. Laser melting has an inherent advantage of being relatively
easy to set up and carry out. However, as should be clear by now,
laser melting of films is currently much less refined relative to the
types of experimental setups and degree of control that have been
developed for transparent organic eutectics. To simplify and better
understand the solidification behavior of hypoeutectic thin metal
films at these velocities, particularly at steady state, three aspects
of the methodology could be improved. The first improvement
relates to the heat loss to the adjacent unmelted film, which results
in curved lamellae that converge near the center of the melt track.
Instead of melting a track within a continuous film on the sub-
strate, lithography or masking could be used to create film stripes
with widths smaller than the laser beam’s diameter. Heat can then
only be removed antiparallel to the scan direction, which should
result in parallel lamellae across the entire track. The second area of
improvement relates to the uncontrolled nucleation of eutectic
grains, and the difficulty in assuring true steady state solidification
conditions. Especially in the hypoeutectic sample, there are no
consistent central lamellae; grains continuously nucleate on the
sides of the PMZ and then eventually converge in the center of the
track, pinching off other grains (refer to Fig. S9). As a result, al-
though micrographs are taken several millimeters beyond where
the laser melt track initiates, the lamellae observed may only ever
be a few hundred microns from their nucleation site at the track
edge. Consequently, we cannot consider our results as an outcome
of true steady state growth. This could potentially be solved with a
further modification to a deposition mask where a constriction
near the beginning of the strip could emulate a single grain se-
lector, akin to that in Ref. [51], to permit only the growth of a single
eutectic grain. The third means to improve laser-based directional
solidification of thin films relates to the laser fluence, where flu-
ence (the optical energy per area) depends on both laser power and
scan speed. Comparisons of solidification morphology at different
scan speeds should be done at constant fluence. For example, if the
fluence were to be held constant across all solidification velocities,
it is expected that the waviness, found at higher velocities due to a
lower G/v could be mitigated, see Fig. S8. If the effective fluence is
kept constant, the maximum temperature and approximate values
of G/v should remain consistent. This requires a larger dynamic
range of laser powers, which should scale with the range of scan
speeds of interest to the experimentalist. These modifications
would improve thin film laser solidification experiments for sci-
entific investigation of solidification morphologies where the
growth conditions could truly attain steady state, with controlled
G, and provide results that are not muddled by potential grain
boundary effects.

5. Conclusions

Directional solidification by laser scanning of eutectic and hy-
poeutectic Al-Cu alloys films as thin as 200 nm was investigated. For
eutectic films, well-ordered lamellae are obtained at lower velo-
cities, but with increasing velocity (at constant laser power) the
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lamellar regularity decreases. Small grains and lamellar waviness are
correlated with decreasing G/v. Overall, films of 200 and 500 nm
thickness (and thicker films from the literature) were found to obey
the relationship A%v=K, where the measured K for films is larger
than both the commonly accepted values obtained in bulk and the
expected theoretical value. This is thought to be related to the larger
distribution of lamellar spacings built into the eutectic grains and
inherent limitations on self-regulation of the long-period modes in
2D systems vis-a-vis bulk. Directional solidification of hypoeutectic
Al-Cu films produced a partially melted zone along the track
boundaries, and between these zones, a fully melted region where
lamellar instabilities were evident. In the regime of solidification
velocity studied here, chaotic lamellar instabilities became more
prevalent as G/v increased. This is attributed to the melts being
within a re-entrant eutectic region of the microstructure selection
map, wherein decreasing v approaches a cellular/dendritic transition
from above. Extreme lamellar branching events were a key char-
acteristic of the chaotic regions and may presage how the transition
to cellular/dendritic morphologies would occur at even lower
speeds. Finally, we have suggested improvements to laser directional
solidification experiments in thin films that permit better control
over the power inputs, heat flow, and grain size.
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