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ABSTRACT

A Lagrangian analysis approach is used to examine the effects of heat release on the dynamics of the enstrophy during highly turbulent
premixed combustion. The analysis is performed using data from a direct numerical simulation of a statistically planar premixed
methane–air flame at a Karlovitz number of 100. Through cumulative, conditional, and correlation analyses, we show, consistent with prior
studies, that vortex stretching and baroclinic torque both increase enstrophy at these highly turbulent conditions, while viscous transport and
dilatation both lead to enstrophy destruction. However, although vortex stretching and viscous transport are individually an order of
magnitude greater than all other terms in the enstrophy budget, the cumulative and combined effect of these two terms along Lagrangian
trajectories is roughly only twice as large as the combined cumulative effect of dilatation and baroclinic torque. Moreover, trajectories that
exhibit an increase in enstrophy through the flame are found to frequently have cumulative contributions from budget terms outside a single
standard deviation of the mean contribution, indicating that enstrophy production at such highly turbulent conditions is associated with
relatively infrequent but large values of dynamical terms. Lagged correlations further reveal a small but measurable contribution of baroclinic
torque in enstrophy production, but these increases are overwhelmed, on average, by concurrent decreases in enstrophy due to viscous
transport and dilatation. Taken together, these results provide further understanding of enstrophy dynamics in highly turbulent premixed
flames.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0042571

I. INTRODUCTION
The effects of turbulent premixed flames on the characteristics

and dynamics of the enstrophy, X ¼ xixi (where xi ¼ eijk@uk=@xj is
the vorticity vector, eijk is the cyclic permutation tensor, and uk is the
velocity vector) have received considerable attention over the past
decade. Because it is a gradient-based quantity, the enstrophy provides
a measure of turbulence properties at small scales, and the dynamical
effects of the flame on the turbulence appear explicitly in the enstro-
phy transport equation given by

1
2
DX
Dt
¼ xixjSij þ xieijk

@

@xj

1
q
@skl
@xl

! "
# XSkk þ xi

1
q2 eijk

@q
@xj

@p
@xk

:

(1)

Here, D=Dt ¼ @=@t þ uj@=@xj is the material (or Lagrangian)
derivative, Sij ¼ ð1=2Þð@ui=@xj þ @uj=@xiÞ is the strain rate tensor,
q is the density, p is the pressure, and skl is the viscous stress tensor
given by

skl ¼ 2l Skl #
1
3
Smmdkl

! "
þ lBSmmdkl; (2)

where l and lB are the dynamic and bulk viscosities, respectively, and
dkl is the Kronecker delta.

The first two terms on the right-hand side of Eq. (1) are generally
nonzero in both reacting and non-reacting three-dimensional (3D)
turbulent flows and represent vortex stretching and viscous transport
processes, respectively. The last two terms, representing dilatation and
baroclinic torque, are compressible flow effects that can be significant
in the overall dynamics of the enstrophy during premixed combustion
due to heat release from chemical reactions.

A number of recent computational and experimental studies
have documented the characteristics and dynamics of enstrophy across
a range of premixed flame conditions (e.g., spanning different
Karlovitz, Ka, and Damk€ohler, Da, numbers), configurations (e.g., sta-
tistically planar1–6 and jet7,8 flames, as well as bluff-body stabilized
flames9 and swirl burners10,11) and locations within the flame (e.g., in
the preheat and reaction zones). These studies have consistently
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demonstrated the importance of flame-induced dilatation, baroclinic
torque, and enhanced viscous transport (due to the increase in gas
phase viscosity with increasing temperature) on the dynamics of the
enstrophy during premixed combustion; the reviews by Lipatnikov
and Chomiak12 and Steinberg et al.13 provide comprehensive summa-
ries of these and other studies.

Although much has been learned about vorticity and enstrophy
dynamics in turbulent premixed combustion over the past decade, cer-
tain questions remain, including: (i) What is the cumulative effect
along fluid pathlines of different physical phenomena on the enstro-
phy?; (ii) When the creation or destruction of enstrophy is observed in
a flame, what is the dominant physical cause?; and (iii) What is the
temporal correspondence between different physical phenomena and
changes in the enstrophy? These questions are of particular interest for
the highly turbulent conditions (generally corresponding to high Ka)
found in many next-generation aerospace propulsion systems.14,15

Recent results from Geikie and Ahmed9 and Kazbekov et al.10,11 indi-
cate that, in realistic configurations where mean pressure gradients are
present (specifically, bluff-body stabilized flames and high-swirl burn-
ers, respectively), baroclinic torque can be a substantial contributor to
flame-induced turbulence at highly turbulent conditions. By contrast,
baroclinic torque has been found to contribute only weakly on average
to the enstrophy dynamics at high Ka in statistically planar flames,1,4,5

although Poludnenko16 showed that baroclinic torque can still lead to
intermittently large enstrophy production, even in statistically planar
configurations.

To address each of the questions noted above, the temporal his-
tory of the enstrophy evolution along fluid particle pathlines is
required, thereby suggesting a Lagrangian, as opposed to purely
Eulerian, analysis approach. There is a considerable historical prece-
dent for the use of a Lagrangian framework in the study of turbulent
premixed combustion, including the early application of the
Lagrangian direct interaction approximation by O’Brien17 to model
mixing of chemically reactive scalars. More recently, Lagrangian analy-
ses have been used to study the dynamical history of transient com-
bustion phenomena, such as extinction, auto-ignition, pocket
formation, and deflagration to detonation transition. Such analyses
have included the study of both flame features (described as flame
“particle” or “surface” tracking by Uranakara et al.,18 Dave et al.,19,20

and You and Yang21) as well as velocity and thermochemical proper-
ties within fluid particles, the latter being the more traditional defini-
tion of a “Lagrangian” analysis in a turbulent flow context.

With respect to fluid particle tracking, Day et al.22,23 found that
thermochemistry along fluid pathlines was complex and non-
monotonic (i.e., fuel consumption did not occur monotonically with
increasing time, as is the case in laminar flames). Subsequently,
Steinberg and collaborators24,25 performed an analysis of velocity gra-
dient dynamics and fluid particle residence times in premixed jet
flames, finding that residence times between reactant and product
temperatures decrease in turbulent flames, as compared to laminar
flames. Through an analysis of highly turbulent H2–air premixed com-
bustion in statistically planar configurations, Hamlington et al.26

showed that non-monotonicity and thermochemical complexity are
caused by enhanced molecular diffusion due to large turbulence-
induced gradients in thermochemical quantities. From the perspective
of turbulence characteristics, Geikie and Ahmed9 and Kazbekov
et al.10,11 used Lagrangian approaches to examine enstrophy dynamics

in bluff-body stabilized flames and swirl burners, respectively. To date,
however, a Lagrangian analysis of enstrophy dynamics in the physi-
cally simpler statistically planar configuration has yet to be performed.

In this study, we calculate enstrophy dynamics along Lagrangian
fluid particle pathlines using data from a direct numerical simulation
(DNS) of a statistically planar turbulent premixed methane–air flame.
We first briefly describe the numerical simulation and the Lagrangian
analysis approach used to calculate the enstrophy dynamics. We then
outline results and conclusions from the Lagrangian analysis, with a
particular focus on answering the three questions outlined above.
Finally, conclusions and important directions for future research are
provided at the end.

II. METHODS
A. Description of numerical simulations

The simulation performed here is identical in its configuration to
the simulation described and examined previously by Darragh et al.27

for the analysis of fluid particle dispersion in a turbulent premixed
flame. The simulation models a 3D statistically planar stoichiometric
methane–air premixed flame in a prismatic unconfined domain, with
an aspect ratio of 1& 1& 16. Additional details of the simulation are
provided by Darragh et al.,27 and here, we give a relatively brief over-
view of the simulation setup.

The simulation was performed using Athena-RFX,16,28,29 which
is a second-order-in-time, third-order-in-space code that solves the
compressible, reactive-flow Navier–Stokes equations30 using an unsplit
corner transport upwind scheme31,32 on a fixed, equispaced, 3D mesh
with a nonlinear HLLC Riemann solver and piecewise parabolic spatial
reconstruction. The bulk viscosity, lB, was set equal to the dynamic
viscosity, l, and an ideal gas equation of state was used to relate ther-
modynamic variables. Large-scale periodic forcing was used through-
out the domain to sustain turbulence during the simulation, as
described and validated by Poludnenko and Oran,29 resulting in statis-
tically stationary homogeneous isotropic turbulence that interacts with
the premixed flame. A 19-step reduced chemical mechanism33 was
used to model the stoichiometric methane–air reaction at atmospheric
conditions, and mixture averaging was used to compute molecular
transport coefficients. Despite the use of mixture averaging in this
study, it should be noted that individual chemical species will each
have different Lewis numbers. The effects of these different Lewis
numbers are of greater significance in studies of scalar and scalar gra-
dient dynamics, as well as in cases where the analysis is conditioned
on specific chemical species compositions. The present analysis of ens-
trophy dynamics conditioned on temperature is likely to be less depen-
dent on this variability in Lewis number between species, although this
topic does warrant further attention in future research, particularly
since the Lewis number has been shown by Dopazo et al.34 to affect
enstrophy dynamics in premixed combustion, resulting in an
increased contribution of baroclinic torque. Further details on the
computational setup of Athena-RFX for simulations of multi-species
chemically reacting systems are provided by Hamlington et al.26 and
Xu et al.35

A uniform 256& 256& 4096 grid with cell size 2:7& 10#3 cm
was used in the simulation, resulting in roughly half a grid cell per
Kolmogorov scale in the reactants and six grid cells per Kolmogorov
scale in the products. There are 16 grid cells per laminar flame thermal
width, dL ¼ ðTp # TrÞ=jrTjL;max, where Tr and Tp denote the
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reactant and product temperatures, and jrTjL;max is the maximum
gradient of temperature, T, in the laminar case. Given the resolution of
the turbulent Kolmogorov and flame scales in this simulation, it can
reasonably be described as a DNS, and physical characteristics of the
present DNS are summarized in Table I.

Periodic boundary conditions were used in the x and y direc-
tions for the duration of the DNS. Prior to initialization of the
flame, periodic boundaries were used in the z direction, with open
zeroth-order extrapolation boundaries used after ignition. The
domain was initialized with cold reactants at a temperature of
Tr ¼ 300 K, and turbulence was allowed to develop over one large-
scale eddy turnover time, sL ¼ L=UL, where L¼ 0.700 37 cm is the
width of the domain and UL is the turbulent velocity at the scale of
the domain width L. After the turbulence was fully developed, a
planar laminar flame was initialized near the center of the domain
with the flame normal in the z direction. The simulation was then
allowed to develop for an additional sL before 3D Eulerian fields of
velocity, density, pressure, and temperature were output at a high
rate for the Lagrangian analysis.

Given the relatively high turbulence intensity of U‘=SL ¼ 21 in
these simulations, the Karlovitz number, Ka ¼ sL=sgr ¼ 100, was
high and the corresponding Damk€ohler number, Da ' sL=sL ¼ 0:50,
was low, where sL ¼ dL=SL is the laminar flame characteristic time-
scale given in Table I. As a result, the small-scale turbulent fluctua-
tions occur on short timescales relative to the characteristic
timescale of the flame. These flame conditions place the present
simulation in the broken reaction zone regime.36 Although the tur-
bulence is intense, both the bulk flow and turbulent Mach numbers
were quite small, and there were subsequently no shocks or shock-
lets in the domain (recent research37 has, however, shown that
Lagrangian analyses can be accurately performed in flows with
such compressible features).

B. Description of Lagrangian analysis and trajectory
initialization

Fluid particle trajectories were calculated using the Lagrangian
algorithm described by Darragh et al.38 and Hamlington et al.,26 with
velocities obtained from the 3D Eulerian velocity field output from the
DNS. Fluid particles were independently evolved using fifth-order
Runge–Kutta time integration to solve the ordinary differential equa-
tion dxn=dt ¼ uðxnÞ, where xnðtÞ denotes the trajectory of the nth
particle and u is the 3D Eulerian velocity field from the DNS. Akima
splines were used for spatial and temporal interpolation during the
integration procedure, giving at least second-order interpolation accu-
racy for all variables. Verification and validation of this algorithm are
provided by Darragh et al.,38 and the first demonstration of this algo-
rithm for fluid particle trajectory calculations using Eulerian data from
Athena-RFX is outlined by Hamlington et al.26

In the present study, fluid particles were initialized in 256& 256
grids within x–y planes at 15 different z locations near the reactants,
roughly at the start of the preheat zone. Each of these 983 040 particles
were then evolved forward in time for one sL. Because this study is pri-
marily focused on the effects of heat release by the flame on enstrophy
dynamics, only particles that underwent complete combustion were
considered in the analysis. This was accomplished by restricting the
analysis to particles that reach a temperature of 500K (indicating that
reactions have begun to occur), followed at a later time by a tempera-
ture of 1800K. This resulted in a total of 239 068 particles considered
in this study.

Through this conditioning procedure, we ensured that all par-
ticles examined in the analysis were of a similar type, regardless of
their initial spatial location. In particular, each particle analyzed under-
went combustion with a corresponding temperature rise from 500 to
1800K, accomplished via heat release resulting from chemical reac-
tions. There are other particles that do not undergo combustion dur-
ing the analysis period, but these particles are of lesser interest here
since the corresponding enstrophy evolution would be similar to that
obtained for particles in homogeneous isotropic turbulence (the type
of turbulence in the reactants) in the absence of combustion.
Moreover, the requirement that the particles reach a temperature of
500K in order to be included in the analysis is equivalent, for this sta-
tistically stationary flame, to examining only particles initialized at
locations where the temperature is at 500K, that then subsequently
undergo combustion.

With the Lagrangian trajectories computed, terms in the enstro-
phy governing equation in Eq. (1) were calculated from the Eulerian
fields output by the DNS and then interpolated to the trajectories. This
allowed us to recover the dynamics of the enstrophy along fluid parti-
cle pathlines. Gradients were computed by using Akima splines to
interpolate quantities of interest to cell edges, followed by the cal-
culation of flux differences to obtain gradients. The time derivative
of X required to compute DX=Dt was calculated by first smoothing
the enstrophy and then using a first-order backward finite differ-
ence. Using this approach, we computed each of the four terms on
the right-hand side of Eq. (1) along each of the Lagrangian trajec-
tories, and the resulting normalized time-dependent quantities are
denoted here by

Vortex stretching : S ¼ 1
A

xixjSij; (3)

TABLE I. Physical model parameters of the highly turbulent premixed methane–air
flame simulated in the present study.

L 0.700 37 cm Domain width
Tr 300K Unburnt temperature
pr 1:013 25& 106 erg/cm3 Unburnt pressure
qr 1:12& 10#3 g/cm3 Unburnt density
dL 4:38& 10#2 cm Laminar thermal width
SL 37.2 cm/s Laminar flame speed
sL 1:18& 10#3 s Laminar flame timescale
‘ 2:05& 10#1 cm Unburnt integral scale
U‘ 785 cm/s Unburnt integral velocity
sL 5:922& 10#4 s Eddy turnover time
Da 0.50 Damk€ohler number
Ka 100 Karlovitz number
gr 1:382& 10#3 cm Unburnt Kolmogorov length
gp 1:734& 10#2 cm Burnt Kolmogorov length
sgr 1:174& 10#5 s Unburnt Kolmogorov time
sgp 6:340& 10#5 s Burnt Kolmogorov time
Rer 87 Unburnt Reynolds number
Rep 28 Burnt Reynolds number
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Viscous transport : D ¼ 1
A

xieijk
@

@xj

1
q
@skl
@xl

! "
; (4)

Dilatation : L ¼ # 1
A

XSkk; (5)

Baroclinic torque : B ¼ 1
A

xi
1
q2 eijk

@q
@xj

@p
@xk

; (6)

where A ¼ hðXSmnSmnÞ1=2i is a normalizing factor that accounts for
the intensity of the turbulence prior to its interaction with the flame. A
similar normalization was used by Hamlington et al.1 for an Eulerian
analysis of enstrophy dynamics in premixed flames, and this factor is
computed as an average over the portion of trajectories in the reactants
(i.e., for temperatures less than 310K). Although it is traditional in
studies of non-reacting flows to separate the viscous transport term in
Eq. (4) into separate diffusive and dissipative parts, an unambiguous
separation of this type is difficult in premixed flames where both the
density and viscosity are spatially and temporally varying, and the dila-
tation is non-zero. This results in a number of different terms when
expanding D from Eq. (4), including terms involving gradients of the
density and viscosity. Consequently, for simplicity in the present study
we examine the viscous transport term in Eq. (4) as a whole.

It should be noted that, as a result of the numerical forcing used
to maintain statistical stationarity of the DNS, as well as numerical dif-
fusion introduced by the computational algorithm, the transport equa-
tion for X in Eq. (1) should also, from a practical standpoint, include
an additional residual term. This term is obtained in the present analy-
sis from the Navier–Stokes momentum conservation equation, which
is given by

Dui
Dt
¼ # 1

q
@p
@xi
þ 1

q
@sij
@xj
þ Ni; (7)

where Ni represents the residual. This term is calculated in the present
study by using the 3D Eulerian field output by the DNS to subtract the
pressure gradient and viscous transport terms on the right-hand side
of Eq. (7) from the material derivative of velocity; this approach has
also previously been suggested by Schranner et al.39 as a method to
estimate numerical diffusion. The time derivative of velocity is com-
puted using a second-order centered finite difference, while the gra-
dients required in the material derivative are again computed by
interpolating quantities to cell interfaces using Akima splines and then
computing flux differences.

Given the resulting Eulerian fields of Ni, we then compute the
curl of these fields and construct the corresponding normalized resid-
ual term in the enstrophy transport equation, given by

Residual : N ¼ 1
A

xieijk
@Nk

@xj
: (8)

This time-dependent quantity is combined in the following analysis of
enstrophy dynamics along fluid particle pathlines with the other terms
in Eqs. (3)–(6).

III. RESULTS
A. Eulerian fields

Instantaneous two-dimensional (2D) Eulerian fields of tempera-
ture and enstrophy near the flame are shown in Fig. 1. Consistent with
prior studies of statistically planar premixed flames,1,4,5 there is more

spatial variability in the temperature field on the unburnt reactant side
of the flame, as compared to the burnt product side. This is also indi-
cated by the greater “wrinkling” of the T¼ 400K isocontour, corre-
sponding to higher values of the enstrophy, as compared to the
T¼ 2000K isocontour. In general, enstrophy is larger in the reactants
and decreases through the flame into the products, again consistent
with prior studies of enstrophy magnitude in turbulent premixed
flames.1,4,5 The enstrophy field also shows greater small-scale structure
in the reactants, which is destroyed as the temperature increases due
to the flame; this is indicative of the suppression of small-scale motions
that has been quantified in prior studies of the multi-scale structure of
turbulence during premixed combustion.30,40–42

Figure 2 shows corresponding 2D Eulerian fields for each of the
normalized budget terms from the right-hand side of Eq. (1), where
the definitions of each term are given in Eqs. (3)–(6) and (8). The pri-
mary balance indicated by the fields in Fig. 2 is between vortex stretch-
ing, S, which is generally positive throughout the flow, and viscous
transport, D, which is generally negative. This dominant balance is
consistent with previous studies of highly turbulent statistically planar
premixed flames.1,4,5

Dilatation, L, and baroclinic torque, B, shown in Figs. 2(c) and
2(d), are generally smaller than the vortex stretching and viscous
transport terms and have their largest magnitudes in the vicinity of the
flame. Although both of these fields exhibit both positive and negative
contributions to the enstrophy dynamics, the dilatation has more prev-
alent negative values, indicating enstrophy destruction, while the baro-
clinic torque is more generally positive, indicating enstrophy
generation. Additionally, the baroclinic torque and dilatation appear
to have opposite signs at each location; this correlation will be exam-
ined in more detail in Sec. IIID.

The magnitudes of each of the terms in Fig. 2 are smaller in the
products than in the reactants, and the characteristic sizes of the flow
features are larger in the products than in the reactants. Both of these
results are likely due to the associated changes in enstrophy through
the flame shown in Fig. 1(b), particularly given the dependence of
each of the budget terms on the vorticity magnitude. The connection
between the enstrophy and budget terms will be made more quantita-
tive in Sec. IIID, where temporal cross-correlations are used to

FIG. 1. Instantaneous 2D fields of (a) temperature and (b) enstrophy from the pre-
sent DNS of a statistically planar methane–air premixed flame. Both panels show
isocontours of T¼ 400 (blue lines), 1400 (black lines), and 2000 K (red lines).
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determine the relationship between changes in enstrophy and the bud-
get terms.

The residual field, N , shown in Fig. 2(e) qualitatively resembles
fields for the other budget terms, particularly with respect to the
change in magnitude and feature size across the flame. However, the
residual field also exhibits pixelated noise, which is most apparent in
the reactants where the spatial resolution of the DNS is lower relative
to the Kolmogorov scale and numerical diffusion is more pronounced.
The coherent large-scale structures in the products in Fig. 2(e) are
likely associated with the numerical forcing.

B. Lagrangian analysis of enstrophy dynamics
As noted in Sec. II B, in this study we only consider particles that

undergo combustion, determined to be particles that experience a

temperature of 500K followed by a temperature of 1800K. The par-
ticles that remain in the reactants or otherwise do not reach a tempera-
ture of 1800K will not be considered in the following analyses.
Additionally, all mentions of a particle reaching a specific temperature
are assumed to be the first time the particle reaches the given tempera-
ture, despite the fact that it is possible for the temperature of the parti-
cle to decrease and then increase at a later time. As will be seen in the
results, the temperature is frequently non-monotonic along fluid parti-
cle trajectories, and so there can be several time instances at which the
particle reaches a temperature of T¼ 500K, for instance. We thus
choose the first time at which the particle reaches a specified tempera-
ture in the analysis. The duration between 400 and 2000K will also
include trajectories that reach 400 and 1800K, but may not reach
2000K before the end of data collection.

Figure 3 shows the temperature, enstrophy, and normalized ens-
trophy budget terms along a single representative trajectory. At lower
temperatures, the particle is still in the reactants where the enstrophy
magnitude is larger than in the products, and thus the budget terms
are larger in magnitude than at later times and higher temperatures.
The rapid variations observed in the budget terms correspond to the
small-scale flow features evident in Figs. 1 and 2, which are more prev-
alent in the reactants. These variations are also characterized by time-
scales much smaller than the chemical timescale, due primarily to the
high Ka and low Da nature of this flame. In particular, Fig. 3(a) shows
that the fluid particle undergoes combustion (corresponding to a rapid
increase in temperature) over a timescale of roughly 0.1ms, but the
fluctuations in the total budget terms shown in Fig. 3(c) take place
over timescales that are over an order of magnitude smaller. Such a

FIG. 2. Instantaneous 2D fields from the present DNS showing the signed logarithm
of the normalized enstrophy budget terms S; D; L; B, and N defined in Eqs.
(3)–(6) and (8) (a)–(e). The T¼ 1400 K isocontour is shown by a black line in each
panel.

FIG. 3. Lagrangian time histories of (a) temperature, (b) normalized enstrophy bud-
get terms defined in Eqs. (3)–(6) and (8), and (c) the balance between the left- and
right-hand sides of Eq. (1) for a single representative fluid particle.
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wide disparity in chemical and turbulence timescales is characteristic
of highly turbulent flames where Ka is high. In the region of interme-
diate temperatures (i.e., between roughly T¼ 400 and 1800K), Fig.
3(b) shows that the baroclinic torque and dilatation become larger in
magnitude, with the baroclinic torque tending to have positive values
and the dilatation negative values. Additionally, all terms appear to
change magnitude together, indicating the presence of correlations
between budget terms, which are again examined further in Sec. IIID.

The balance between the left- and right-hand sides of Eq. (1) are
shown over the entire trajectory in Fig. 3(c), where the right-hand side
also includes the residual. There is good agreement between the two
resulting time histories, indicating that the enstrophy budgets are
accurately calculated using the procedure outlined in Sec. II B.

Temperature, enstrophy, and the normalized enstrophy budget
terms are shown for 25 randomly selected trajectories in Fig. 4, where

each trajectory is centered on the time at which the fluid particle first
reaches a temperature of 500K in Figs. 4(a)–4(g) and a temperature of
1400K in Figs. 4(h)–4(n). The centering on 500K in Figs. 4(a)–4(g)
provides an indication of the different particle evolutions from the
start of the analysis period, which begins for each trajectory when the
corresponding particle first reaches a temperature of 500K. These fig-
ures also indicate the nearly isothermal nature of the particles as they
travel through the reactants prior to the onset of combustion. The cen-
tering at 1400K in Figs. 4(h)–4(n) more clearly shows the particle evo-
lutions near the region of peak heat release in the flame, as determined
from the laminar flame profile. Although it is difficult from Fig. 4 to
discern the specific details of any individual trajectory, this figure does
give a sense of the range of values attained along the different trajecto-
ries, as well as the abrupt change in the magnitudes of the different
normalized budget terms across the flame.

FIG. 4. Twenty-five randomly selected Lagrangian trajectories centered at 500 K (a)–(g) and 1400 K (h)–(n), such that t¼ 0 at the specified temperature. The panels show tem-
perature (a) and (h), enstrophy (b) and (i), vortex stretching (c) and (j), viscous transport (d) and (k), dilatation (e) and (l), baroclinic torque (f) and (m), and residual terms (g)
and (n). Each of the enstrophy budget terms is normalized and defined in Eqs. (3)–(6) and (8).
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Figures 4(a) and 4(h) show that the temperature time histories
along the particle trajectories are frequently non-monotonic, which
has also been noted in previous studies of highly turbulent premixed
flames.22,23,26 In general, Figs. 4(b) and 4(i) show that enstrophy tends
to decrease through the flame; however, the decrease is once again not
monotonic, and some periods of enstrophy increase are observed as
different terms compete to increase and decrease the enstrophy
through the flame. A conditional analysis of only trajectories that
experience an increase in enstrophy while in the flame is presented in
Sec. III C.

Figures 4(c)–4(g) and 4(j)–4(n) show the normalized enstrophy
budget terms for each of the 25 trajectories. From the trajectories cen-
tered at 1400K, shown in Figs. 4(j)–4(n), the magnitudes of all budget
terms tend to be greater prior to peak heat release (which occurs close
to 1400K), with all terms reducing in magnitude at later times, corre-
sponding to higher temperatures. While all terms are capable of both
increasing and decreasing the enstrophy, these trajectories more often
have enstrophy increased by stretching and baroclinic torque, and
decreased by dilatation and viscous dissipation. The residual term
tends to be more evenly distributed in positive and negative
contributions.

To aggregate these Lagrangian results and develop an overall
understanding of the enstrophy characteristics and dynamics, each tra-
jectory is centered at the time when 1400K is first reached and aver-
ages over the temperature, enstrophy, and normalized budget terms
are taken over all burnt trajectories, as shown in Fig. 5. This method
results in fewer trajectories included in the averages at early or late

times because not all trajectories reach 1400K at the exact same time,
although at t¼ 0, all trajectories are included in the average.

In Fig. 5(a), the average enstrophy is largest at early times when
particles are in the reactants and decreases as the particles move
through the flame, with almost all of the decrease occurring prior to
t¼ 0 (corresponding to T¼ 1400K). At these early times, the average
vortex stretching is positive and the average viscous transport is nega-
tive, with both having similar magnitudes that decrease as t¼ 0 is
approached. The average baroclinic torque and average dilatation are
also mirrors of each other, with opposite values of similar magnitude
both peaking immediately prior to t¼ 0. Away from t¼ 0, both of
these terms make much smaller contributions to the overall enstrophy
dynamics. However, the contribution near t¼ 0 does not result in a
large average effect on the enstrophy, suggesting that these terms may
be more relevant for individual trajectories, rather than the average
evolution.

The range of values attained by each of the normalized enstrophy
budget terms is indicated by the probability density functions (pdfs)
shown in Fig. 6(a). The pdfs, which are calculated over all trajectories
during the period of time that each particle spends between 400 and
2000K, show that all terms tend to peak near a value of zero, although
the pdfs of stretching and baroclinic torque are skewed more toward
positive values, while the pdfs of viscous transport and dilatation are
skewed more toward negative values. It should be noted that the pdf of
the residual term is also skewed to negative values, reflecting its associ-
ation with numerical diffusion and the destruction of enstrophy.

The enstrophy budget along Lagrangian trajectories can also be
examined by considering the cumulative effect of each budget term on
the evolution of the enstrophy. This cumulative analysis is motivated
by the first of the three questions posed in Sec. I; namely, what is the
cumulative effect along fluid pathlines of different physical phenomena
on the enstrophy? This cumulative effect is determined by integrating
each budget term between 400 and 2000K along a trajectory, and Fig.
6(b) shows pdfs of the resulting cumulative effects aggregated over all
trajectories. As compared to the pdfs of the instantaneous budget
terms in Fig. 6(a), the cumulative effect pdfs in Fig. 6(b) more clearly
show the net positive contributions of vortex stretching and baroclinic
torque to enstrophy production, and the net negative contributions of
viscous transport and dilatation to enstrophy destruction. The cumula-
tive dilatation effect is the weakest of all effects, and the residual (asso-
ciated with numerical diffusion) provides the second largest
contribution to enstrophy destruction, after the viscous transport
effect.

From a more quantitative perspective, the mean of each of the
cumulative effects averaged over all trajectories between 400 and
2000K is shown in Table II. Both dilatation and baroclinic torque are
similar in magnitude and opposite in sign, and the same is true for
vortex stretching and viscous transport. The magnitude of both baro-
clinic torque and dilatation is roughly an order of magnitude below
the effects of stretching and viscous transport. In a similar type of
comparison, Bobbitt et al.5 and Hamlington et al.1 both found around
an order of magnitude difference when comparing baroclinic torque
and dilatation with stretching and viscous dissipation, consistent with
the present observations.

Several combinations of normalized budget terms are also shown
in Table II. These combinations (i.e., stretching and viscous dissipa-
tion, dilatation and baroclinic torque, and all five budget terms) are

FIG. 5. Average over all burnt trajectories of the (a) temperature, (b) enstrophy,
and (c) normalized enstrophy budget terms defined in Eqs. (3)–(6) and (8). Each
of the trajectories has been centered such that T¼ 1400 K at t¼ 0 s (see also
Fig. 4).
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added together before the integration and averaging are per-
formed. By combining the terms in this way, the combined cumu-
lative effect of stretching and viscous dissipation are found to be
similar to the combined cumulative effect of dilatation and baro-
clinic torque over this range of temperatures, with a difference of
slightly less than a factor of two, instead of an order of magnitude
when considering each of these terms alone. The combination of
baroclinic torque and dilatation represents both terms that are
non-zero due to the presence of the flame, and thus their net posi-
tive contribution can be considered a manifestation of flame-
generated vorticity. That is, the non-negligible, positive, average,
cumulative contribution to enstrophy confirms that enstrophy can
be enhanced by the flame.

C. Conditional analysis
In order to address the second question posed in Sec. I and deter-

mine the dominant physical cause when the creation or destruction of
enstrophy is observed in a flame, we perform a conditional analysis of
the trajectories based on whether the enstrophy increases or decreases
during combustion. While most trajectories decrease in enstrophy
through the flame due to the increasing temperature and correspond-
ing increase in viscosity, it is also possible for the enstrophy to increase
along a fluid particle pathline that passes through the flame. In partic-
ular, 28% of the trajectories that underwent combustion and had a
temperature range of 400 to 2000K experienced an enstrophy
increase, while 72% decreased in enstrophy. Consequently, despite the
overall average decrease in enstrophy indicated in Fig. 5, over a quarter
of the trajectories undergo an increase in enstrophy during the com-
bustion process, potentially suggesting the presence of flame generated
enstrophy. Figure 7 shows the distribution of ratios between the ens-
trophy at the end of the analysis period to the enstrophy at the start.
Trajectories that decrease in enstrophy are more likely than those that
increase, and the decrease is more likely to be large. Conversely,
increases in enstrophy are more likely to be small (i.e., the ratio is
more likely to be close to unity, with large increases being less
probable).

Table III separates the full set of trajectories into two cases: trajec-
tories that increase in enstrophy between 400 and 2000K, and trajecto-
ries that decrease in enstrophy over the same temperature range. The
fraction of trajectories with a positive cumulative effect from each bud-
get term for both cases is then given, along with the fraction of trajec-
tories outside a single standard deviation (std) of the mean of the
given budget term. These fractions are based on the total number of
trajectories that increase or decrease in enstrophy, not the total
number of trajectories in the study; however, the mean and standard
deviation are computed using the set of all trajectories. Additionally,
Table III also shows the fraction of trajectories with at least one budget
term outside one standard deviation.

Table III indicates that, among the trajectories that increase in
enstrophy, all show a greater fraction of positive cumulative budget
effects except for the viscous transport term, which is roughly

FIG. 6. Panel (a) shows a pdf of the values of normalized budget terms defined in
Eqs. (3)–(6) and (8) for all trajectories that pass through the flame for the period of
time they are between 400 and 2000 K. Panel (b) shows the cumulative effect of
each normalized budget term during this same period. The insets in both panels
show the same pdfs for smaller values of the normalized quantity magnitudes.

TABLE II. Mean cumulative effect of each normalized budget term defined in Eqs.
(3)–(6) and (8) and three combinations of budget terms, where the averaging is com-
puted over all trajectories.

Mean integrated quantity Effect

h
Ð T¼2000
T¼400 Si 2:62& 105

h
Ð T¼2000
T¼400 Di #2:41& 105

h
Ð T¼2000
T¼400 Li #3:67& 104

h
Ð T¼2000
T¼400 Bi 4:92& 104

#h
Ð T¼2000
T¼400 Ni #5:63& 104

h
Ð T¼2000
T¼400 ðS þDÞi 2:07& 104

h
Ð T¼2000
T¼400 ðLþ BÞi 1:26& 104

h
Ð T¼2000
T¼400 ðS þ Lþ B þD#N Þi #2:30& 104
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equivalent to the set of trajectories that decreased in enstrophy.
Additionally, for all budget terms, a greater fraction of cumulative
effects lie outside one standard deviation of the mean for trajectories
that increase in enstrophy when compared to those that decrease.
Furthermore, the fraction of trajectories with at least one term outside
a single standard deviation of the mean is roughly 1.6 times greater
than the fraction amongst trajectories with decreasing enstrophy. This
suggests that these less common but large contributions are associated
with increases in enstrophy along a trajectory during the combustion
process. The importance of these extreme values suggests a connection
between enstrophy production during combustion and turbulence
intermittency, whereby large values of velocity gradient quantities are
observed with increasing probability (as compared to Gaussian proba-
bilities) for increasing Reynolds number.43 Thus, although enstrophy
production is not observed on average, there are locally large instances

of enstrophy production during the combustion process, leading to an
overall increase in enstrophy in more than a quarter of the trajectories.

With respect to the probabilistic distributions of the different
normalized budget terms, Fig. 8 shows pdfs of both the raw value and
cumulative effect of each term for trajectories between 400 and
2000K. Trajectories that increased in enstrophy are separated from
those that decreased in enstrophy. Figure 8 shows that pdfs for both
the raw values and the cumulative effects have similar peaks, both in
height and location, for both sets of trajectories. The largest difference
between the two sets of trajectories is found in the tails of the pdfs,
again consistent with a connection between enstrophy production and
turbulence intermittency. In particular, pdfs for all budget terms show
that larger-in-magnitude values are more probable for trajectories that
increase in enstrophy than those that decrease in enstrophy. This,
along with the results shown in Table III, suggests that, in the highly
turbulent statistically planar premixed flame examined here, the great-
est increases in enstrophy are associated with relatively infrequent,
large magnitude enstrophy budget effects.

D. Cross-correlation analysis
Finally, to determine the temporal correspondence between dif-

ferent physical phenomena and changes in the enstrophy (thereby
addressing the third question posed in Sec. I), we examine here the
temporal cross-correlations between temperature, enstrophy, and the
normalized budget terms. For two generic time-dependent quantities
aðtnÞ and bðtnÞ defined along a Lagrangian trajectory, where tn
denotes the nth discretized time along the trajectory, the cross correla-
tion for a temporal separation of kDt, where k is the discrete number
of lagged time steps and Dt ¼ 1& 10#6 s is the time step between suc-
cessive values along the Lagrangian trajectories, is defined as44,45

cabðkDtÞ ¼
1

jjajj jjbjj
XN#k

n¼0
aðtn þ kDtÞbðtnÞ; (9)

where N is the total number of time steps in each series and jj ( jj
denotes the L2 norm. Using Eq. (9), we compute a temporal cross cor-
relation for each trajectory individually, spanning over all possible val-
ues of the number of lagged time steps k along the trajectory. Figure 9
shows the resulting average correlation, denoted hcabðkDtÞi, which is
determined by averaging the cross-correlations cabðkDtÞ from Eq. (9)
over all trajectories, giving an average that is itself a function of the
number of lagged time steps, k. This is done for several selected corre-
lations between pairs of normalized budget terms, temperature, and
enstrophy. The notation is such that a negative time shift implies that
the first subscript (e.g., a in cab) is large before the second subscript
(e.g., b), while a positive time shift implies the opposite. Correlations
between raw values are shown in Fig. 9(a), while Fig. 9(b) shows corre-
lations between the absolute value of quantities that are not strictly
positive.

The trajectory-averaged correlation between temperature and
dilatation, hcTLi, is found to be large with a positive time lag, indicat-
ing that large temperatures follow large dilatation (i.e., dilatation is
larger on the reactant side of the flame). This matches the results for
the time evolutions of the temperature and enstrophy budget terms
along trajectories shown in Figs. 3–5, where dilatation is large in mag-
nitude before the temperature becomes large. A similar result is found
for hcTjLji in Fig. 9(b).

FIG. 7. Ratio of enstrophy at the end of the analysis duration (corresponding to par-
ticle temperatures of 2000 K), compared to the start of analysis (corresponding to
temperature of 400 K).

TABLE III. Fraction of trajectories in each case of the trajectories that either
increased or decreased in enstrophy.

Enstrophy increase Enstrophy decrease

Fraction of trajectories 0.28 0.72
Positive cumulative S 0.99 0.98
Positive cumulative L 0.17 0.05
Positive cumulative B 0.82 0.79
Positive cumulative D 0.01 0.01
Positive cumulative N 0.44 0.27
Outside one std of S mean 0.17 0.05
Outside one std of L mean 0.16 0.10
Outside one std of B mean 0.19 0.13
Outside one std of D mean 0.17 0.06
Outside one std of N mean 0.11 0.05
At least one term outside
one std of mean

0.32 0.20
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For the correlation between the enstrophy and dilatation, hcXLi
in Fig. 9(a) is larger in magnitude and more negative at negative time
shifts, indicating that enstrophy tends to be larger in the reactants, as
expected, and that when it is destroyed, dilatation tends to be large. A

stronger correlation with zero time shift is found between enstrophy
and the absolute value of dilatation, hcXjLji, in Fig. 9(b).

The correlation between dilatation and baroclinic torque, hcLBi
in Fig. 9(a), is negative with little to no time shift, thus supporting the
findings in Fig. 5, where both terms peak at a similar time and work in
opposition, with baroclinic torque enhancing enstrophy while the dila-
tation diminishes it. With respect to the magnitudes of dilatation and
baroclinic torque, Fig. 9(b) further shows that hcjLjjBji is even greater
than hcLBi. These results indicate that enstrophy destruction by dilata-
tion and production by baroclinic torque are typically concurrently
large along trajectories, such that even when these two effects are large
individually, they oppose each other and result in little overall change
in the enstrophy. This corresponds to an overall reduction in the effect
of the flame on enstrophy, despite the fact that the dilatation and baro-
clinic torque may each be individually large in magnitude.

Figure 9(a) shows that there is a small negative peak with no time
shift in the correlation between the residual term and baroclinic tor-
que, hcNBi, indicating little to no correlation between the two terms.
However, when hcjN jjBji is considered in Fig. 9(b), the correlation
strengthens. This is explained by the fact that baroclinic torque is typi-
cally large where the pressure and density gradients are large. The
residual term also tends to be largest where large gradients are located,
since part of the residual term is due to numerical diffusion acting to
smooth out gradients. Density is one of the solution variables in
Athena-RFX, and thus gradients of density are attenuated such thatN
should be large wherever gradients of density are large (i.e., where bar-
oclinic torque is also large).

The correlation between temperature and baroclinic torque,
hcTBi in Fig. 9(a), is similar to the correlation between temperature
and dilatation, with a stronger correlation at positive time lags, indicat-
ing that baroclinic torque is large before increases in temperature
occur. Consequently, we find that baroclinic torque is most prominent
immediately prior to heat release from chemical reactions,

FIG. 8. Row (a) shows the tails of the pdfs of normalized enstrophy budget term values exhibited by each trajectory between 400 and 2000K. Row (b) shows the tails of the pdfs of the
cumulative effects of each normalized budget term. In blue are those trajectories that increased in enstrophy, and in red those that decreased in enstrophy over the same period of time.

FIG. 9. Panel (a) shows trajectory-averaged cross correlations between the given
normalized enstrophy budget terms, where the cross correlation is defined in Eq.
(9). Panel (b) shows trajectory-averaged cross correlation between the absolute
value of terms that can be negative.
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corresponding to flame locations roughly at the transition between the
preheat and reaction zones (close to T¼ 1400K in the present case).
The same conclusion is obtained from hcTjBji in Fig. 9(b), and is also
consistent with the observation in Hamlington et al.1 that the condi-
tional average of the baroclinic torque (where the conditioning is based
on the reactant mass fraction) is largest near the transition between
the preheat and reaction zones.

Finally, the correlation between enstrophy and baroclinic torque,
hcXBi in Fig. 9(a), is relatively weak, with a small peak at zero time lag.
When hcXjBji in Fig. 9(b) is instead considered, a stronger correlation
is found between enstrophy and the magnitude of baroclinic torque at
negative time lags, indicating that enstrophy is smaller after baroclinic
torque acts. However, despite the fact Fig. 9 shows that enstrophy
decreases after baroclinic torque acts, we cannot conclude that baro-
clinic torque is responsible for the decrease in enstrophy. Instead, the
observed decrease in enstrophy is more likely due to concurrently large
dilatation and enhanced viscous transport, both of which have large
negative magnitudes when the baroclinic torque has a large positive
magnitude; this conclusion is supported, for example, by the strongly
negative correlation between L and B shown in Fig. 9(a). Once more,
despite the fact that baroclinic torque does act to enhance enstrophy
through the flame, it is typically large and positive where other effects
(e.g., dilatation and viscous transport) are also large but negative,
thereby mitigating the overall enhancement of enstrophy by combus-
tion processes.

IV. CONCLUSIONS
Enstrophy dynamics in a highly turbulent statistically planar pre-

mixed methane–air flame have been examined using a Lagrangian
analysis approach. In addition to vortex stretching, viscous transport,
dilatation, and baroclinic torque terms in the enstrophy governing
equation, a residual term from the DNS was included in the analysis,
allowing for improved agreement between the left- and right-hand
sides of the governing equation and ensuring the accuracy of the
results. Through the resulting analysis, progress has been made in
addressing each of the three questions identified in Sec. I.

For the first question, related to the cumulative effects of dif-
ferent dynamical terms on the enstrophy along trajectories, we
found, as in previous studies of highly turbulent statistically planar
premixed flames, that the dominant terms in the enstrophy
dynamics were vortex stretching and viscous transport. In particu-
lar, the cumulative effects of each of these terms along Lagrangian
trajectories were roughly an order of magnitude greater than dila-
tation and baroclinic torque. Consistent with previous studies, the
average cumulative effect of stretching and baroclinic torque was
found to increase enstrophy, whereas viscous transport and dilata-
tion tended to decrease enstrophy along fluid pathlines. However,
although vortex stretching and viscous transport were found to be
the dominant individual terms in the enstrophy dynamics, when
considered together, the combined cumulative effects of these
terms were slightly less than a factor of two larger than the com-
bined effects of dilatation and baroclinic torque, which are both
nonzero primarily due to heat release from the flame. These results
are consistent with those found in previous studies of statistically
planar premixed flames,1,4,5 although they differ from results for
statistically planar flames with smaller Lewis numbers34 and for
more practical configurations with persistent mean pressure

gradients,9–11 both of which reveal a greater importance of baro-
clinic torque in the overall enstrophy dynamics. There is, however,
no inconsistency in any of these results, and the primary conclu-
sion gained is that care should be taken when generalizing results
for statistically planar flames with near-unity Lewis numbers to
other conditions and configurations.

To address the second question in Sec. I, we performed a condi-
tional analysis of the trajectories, where the conditioning was based on
whether each trajectory exhibited an increase or decrease in enstrophy
through the flame. This analysis showed that over a quarter of all tra-
jectories had an increase in enstrophy through the flame and that these
increases were due primarily to relatively infrequent, but quite large,
values of the enstrophy budget terms. Thus, while it is true that, on
average, enstrophy decreases through the present highly turbulent, sta-
tistically planar premixed flame, we have also shown that individual
trajectories are capable of increasing in enstrophy and that these
increases are not especially rare events, even in highly turbulent statis-
tically planar premixed flames. Moreover, the importance of extreme
events in the overall enstrophy budget suggests a connection to turbu-
lence intermittency, which is more pronounced at the high Reynolds
numbers characteristic of many highly turbulent combustion prob-
lems. By contrast, decreases in enstrophy were found to be less likely
the result of extreme values of enstrophy budget terms.

The observation that the baroclinic torque is large immediately
prior to increases in temperature suggest that this term is largest near
the preheat zone immediately prior to the transition to the reaction
zone. This observation is most likely due to the fact that large values of
the baroclinic torque require both large gradients in thermodynamic
properties, as well as substantial misalignment between these gra-
dients. These two conditions are approximately satisfied at the transi-
tion to the reaction zone where the turbulence, which leads to the
misaligned gradients, has not yet weakened appreciably due to viscous
transport and dilatation, but the thermodynamic gradients are begin-
ning to increase due to heat release by reactions.

Finally, to address the third question in Sec. I related to the tem-
poral correspondence between different physical phenomena, we per-
formed a temporal cross correlation analysis of temperature,
enstrophy, and normalized enstrophy budget terms along particle tra-
jectories. This analysis showed that baroclinic torque and dilatation
are strongly negatively correlated, and that smaller vorticity magni-
tudes are associated with large magnitudes of both the baroclinic
torque and dilatation. Correlations between baroclinic torque and ens-
trophy show that baroclinic torque has a small but measurable effect
in increasing enstrophy, although the simultaneously occurring reduc-
tions in enstrophy due to viscous transport and dilatation tend to over-
whelm the increases due to baroclinic torque, resulting in an average
net decrease in enstrophy through the flame.

This study suggests a number of directions for future research.
The importance of pressure and density gradients in setting the baro-
clinic torque, and the observation that the residual tends to be large
when the baroclinic torque is large, suggests the need for further
increases in spatial resolution to further reduce the residual and obtain
an even more accurate analysis of different dynamical effects on the
enstrophy. It is not expected, however, that the calculations of the bar-
oclinic torque have been substantially impacted in the present analysis,
but rather that further increases in resolution will reduce the contribu-
tion of numerical dissipation to the residual.
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With respect to other future directions, although we have
included viscous transport from Eq. (4) in the analysis, this term can
be further separated into contributions from viscous dissipation and
viscous diffusion, with and without viscosity and density gradients, for
both solenoidal and dilatational modes. This analysis would serve to
further elucidate the precise viscous effects on enstrophy through the
flame. The present Lagrangian enstrophy analysis should also be
extended to other statistically planar premixed flames occurring at
lower turbulence intensities and Karlovitz numbers, where effects due
to the flame are expected to be more pronounced.

The effects of different Lewis numbers, including flames where
species Lewis numbers vary considerably, as well as different fuels,
should also be considered, particularly given the dependence of vortic-
ity dynamics on Lewis number34 and of the turbulence kinetic energy
on fuel type46 noted in previous studies. It would also be beneficial to
repeat the cumulative, conditional, and correlation analyses outlined
here in more realistic configurations where mean pressure-gradients
are present and baroclinic torque is expected to be much stronger, par-
ticularly at high turbulence intensities. Recent research by Geikie and
Ahmed9 and Kazbekov and Steinberg,10,11 in particular, has shown
that baroclinic torque becomes an increasingly dominant contributor
to enstrophy production at highly turbulent conditions, potentially
resulting in a net increase in enstrophy through the flame, by contrast
to the reduction in enstrophy observed in statistically planar configu-
rations. The extension of the present analysis to these and other flows
would also enable more general statements to be made regarding the
importance of baroclinic torque and flame generated vorticity at highly
turbulent conditions, as well as provide insights for the development
of subgrid-scale models for large eddy simulations of practical com-
bustion problems involving high turbulence intensities.

ACKNOWLEDGMENTS

R.D. was supported by a National Defense Science and
Engineering Graduate Fellowship. M.A.M. was supported by a NSF
Graduate Research Fellowship. C.A.Z.T. and P.E.H. were supported,
in part, by AFOSR Award No. FA9550–17-1–0144 and NSF Award
No. 1847111. Helpful discussions with Dr. Alexei Poludnenko are
gratefully acknowledged.

DATA AVAILABILITY
The data that support the findings of this study are available

from the corresponding author upon reasonable request.

REFERENCES
1P. E. Hamlington, A. Y. Poludnenko, and E. S. Oran, “Interactions between turbu-
lence and flames in premixed reacting flows,” Phys. Fluids 23, 125111 (2011).

2N. Chakraborty, “Statistics of vorticity alignment with local strain rates in tur-
bulent premixed flames,” Eur. J. Mech. B 46, 201–220 (2014).

3A. N. Lipatnikov, S. Nishiki, and T. Hasegawa, “A direct numerical simulation
study of vorticity transformation in weakly turbulent premixed flames,” Phys.
Fluids 26, 105104 (2014).

4B. Bobbitt and G. Blanquart, “Vorticity isotropy in high Karlovitz number pre-
mixed flames,” Phys. Fluids 28, 105101 (2016).

5B. Bobbitt, S. Lapointe, and G. Blanquart, “Vorticity transformation in high
Karlovitz number premixed flames,” Phys. Fluids 28, 015101 (2016).

6V. Papapostolou, D. H. Wacks, N. Chakraborty, M. Klein, and H. G. Im,
“Enstrophy transport conditional on local flow topologies in different regimes
of premixed turbulent combustion,” Sci. Rep. 7, 11545 (2017).

7B. Coriton and J. H. Frank, “Experimental study of vorticity-strain rate interac-
tion in turbulent partially premixed jet flames using tomographic particle
image velocimetry,” Phys. Fluids 28, 025109 (2016).

8H. Wang, E. R. Hawkes, and J. H. Chen, “Turbulence-flame interactions in
DNS of a laboratory high Karlovitz premixed turbulent jet flame,” Phys. Fluids
28, 095107 (2016).

9M. K. Geikie and K. A. Ahmed, “Pressure-gradient tailoring effects on the tur-
bulent flame-vortex dynamics of bluff-body premixed flames,” Combust.
Flame 197, 227– 242 (2018).

10A. Kazbekov, K. Kumashiro, and A. M. Steinberg, “Enstrophy transport in swirl
combustion,” J. Fluid Mech. 876, 715–732 (2019).

11A. Kazbekov and A. M. Steinberg, “Flame- and flow-conditioned vorticity trans-
port in premixed swirl combustion,” Proc. Combust. Inst. 38, 2949 (2021).

12A. Lipatnikov and J. Chomiak, “Effects of premixed flames on turbulence and
turbulent scalar transport,” Prog. Energy Combust. Sci. 36, 1–102 (2010).

13A. M. Steinberg, P. E. Hamlington, and X. Zhao, “Structure and dynamics of
highly turbulent premixed combustion,” Prog. Energy Combust. Sci. 85,
100900 (2021).

14J. Urzay, “Supersonic combustion in air-breathing propulsion systems for
hypersonic flight,” Annu. Rev. Fluid Mech. 50, 593–627 (2018).

15J. F. Driscoll, J. H. Chen, A. W. Skiba, C. D. Carter, E. R. Hawkes, and H.
Wang, “Premixed flames subjected to extreme turbulence: Some questions and
recent answers,” Prog. Energy Combust. Sci. 76, 100802 (2020).

16A. Y. Poludnenko, “Pulsating instability and self-acceleration of fast turbulent
flames,” Phys. Fluids 27, 014106 (2015).

17E. E. O’Brien, “Lagrangian history direct interaction equations for isotropic turbu-
lent mixing under a second–order chemical reaction,” Phys. Fluids 11, 2328 (1968).

18H. A. Uranakara, S. Chaudhuri, H. L. Dave, P. G. Arias, and H. G. Im, “A flame
particle tracking analysis of turbulence–chemistry interaction in hydrogen–air
premixed flames,” Combust. Flame 163, 220 (2016).

19H. L. Dave, A. Mohan, and S. Chaudhuri, “Genesis and evolution of premixed
flames in turbulence,” Combust. Flame 196, 386–399 (2018).

20H. L. Dave and S. Chaudhuri, “Evolution of local flame displacement speeds in
turbulence,” J. Fluid Mech. 884, A46 (2020).

21J. You and Y. Yang, “Modelling of the turbulent burning velocity based on
Lagrangian statistics of propagating surfaces,” J. Fluid Mech. 887, A11 (2020).

22M. Day, S. Tachibana, J. Bell, M. Lijewski, V. Beckner, and R. K. Cheng, “A
combined computational and experimental characterization of lean premixed
turbulent low swirl laboratory flames: I. Methane flames,” Combust. Flame
159, 275–290 (2012).

23M. Day, S. Tachibana, J. Bell, M. Lijewski, V. Beckner, and R. K. Cheng, “A
combined computational and experimental characterization of lean premixed
turbulent low swirl laboratory flames: II. Hydrogen flames,” Combust. Flame
162, 2148–2165 (2015).

24A. Steinberg, B. Coriton, and J. Frank, “Influence of combustion on principal
strain-rate transport in turbulent premixed flames,” Proc. Combust. Inst. 35,
1287–1294 (2015).

25J. R. Osborne, S. A. Ramji, C. D. Carter, and A. M. Steinberg, “Relationship
between local reaction rate and flame structure in turbulent premixed flames
from simultaneous 10 kHz TPIV, OH PLIF, and CH2O PLIF,” Proc. Combust.
Inst. 36, 1835–1841 (2017).

26P. E. Hamlington, R. Darragh, C. A. Briner, C. A. Towery, B. D. Taylor, and A.
Y. Poludnenko, “Lagrangian analysis of high-speed turbulent premixed react-
ing flows: Thermochemical trajectories in hydrogen–air flames,” Combust.
Flame 186, 193–207 (2017).

27R. Darragh, C. A. Towery, A. Y. Poludnenko, and P. E. Hamlington, “Particle
pair dispersion and eddy diffusivity in a high-speed premixed flame,” Proc.
Combust. Inst. 38, 2845 (2021).

28J. M. Stone, T. A. Gardiner, P. Teuben, J. F. Hawley, and J. B. Simon, “Athena:
A new code for astrophysical MHD,” Astrophys. J. Suppl. Ser. 178, 137–177
(2008).

29A. Poludnenko and E. Oran, “The interaction of high-speed turbulence with
flames: Global properties and internal flame structure,” Combust. Flame 157,
995–1011 (2010).

30C. A. Z. Towery, A. Y. Poludnenko, J. Urzay, J. O’Brien, M. Ihme, and P. E.
Hamlington, “Spectral kinetic energy transfer in turbulent premixed reacting
flows,” Phys. Rev. E 93, 053115 (2016).

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 33, 055120 (2021); doi: 10.1063/5.0042571 33, 055120-12

Published under an exclusive license by AIP Publishing

https://doi.org/10.1063/1.3671736
https://doi.org/10.1016/j.euromechflu.2014.01.002
https://doi.org/10.1063/1.4898640
https://doi.org/10.1063/1.4898640
https://doi.org/10.1063/1.4962305
https://doi.org/10.1063/1.4937947
https://doi.org/10.1038/s41598-017-11650-x
https://doi.org/10.1063/1.4941528
https://doi.org/10.1063/1.4962501
https://doi.org/10.1016/j.combustflame.2018.08.001
https://doi.org/10.1016/j.combustflame.2018.08.001
https://doi.org/10.1017/jfm.2019.551
https://doi.org/10.1016/j.proci.2020.06.211
https://doi.org/10.1016/j.pecs.2009.07.001
https://doi.org/10.1016/j.pecs.2020.100900
https://doi.org/10.1146/annurev-fluid-122316-045217
https://doi.org/10.1016/j.pecs.2019.100802
https://doi.org/10.1063/1.4905298
https://doi.org/10.1063/1.1691822
https://doi.org/10.1016/j.combustflame.2015.09.033
https://doi.org/10.1016/j.combustflame.2018.06.030
https://doi.org/10.1017/jfm.2019.896
https://doi.org/10.1017/jfm.2019.1081
https://doi.org/10.1016/j.combustflame.2011.06.016
https://doi.org/10.1016/j.combustflame.2015.01.013
https://doi.org/10.1016/j.proci.2014.06.089
https://doi.org/10.1016/j.proci.2016.07.124
https://doi.org/10.1016/j.proci.2016.07.124
https://doi.org/10.1016/j.combustflame.2017.08.001
https://doi.org/10.1016/j.combustflame.2017.08.001
https://doi.org/10.1016/j.proci.2020.06.056
https://doi.org/10.1016/j.proci.2020.06.056
https://doi.org/10.1086/588755
https://doi.org/10.1016/j.combustflame.2009.11.018
https://doi.org/10.1103/PhysRevE.93.053115
https://scitation.org/journal/phf


31P. Colella, “Multidimensional upwind methods for hyperbolic conservation
laws,” J. Comput. Phys. 87, 171–200 (1990).

32J. Saltzman, “An unsplit 3D upwind method for hyperbolic conservation laws,”
J. Comput. Phys. 115, 153–168 (1994).

33A. Vi"e, B. Franzelli, Y. Gao, T. Lu, H. Wang, and M. Ihme, “Analysis of segre-
gation and bifurcation in turbulent spray flames: A 3D counterflow configu-
ration,” Proc. Combust. Inst. 35, 1675–1683 (2015).

34C. Dopazo, L. Cifuentes, and N. Chakraborty, “Vorticity budgets in premixed
combusting turbulent flows at different Lewis numbers,” Phys. Fluids 29,
045106 (2017).

35C. Xu, A. Y. Poludnenko, X. Zhao, H. Wang, and T. Lu, “Structure of strongly
turbulent premixed n-dodecane–air flames: Direct numerical simulations and
chemical explosive mode analysis,” Combust. Flame 209, 27–40 (2019).

36N. Peters, Turbulent Combustion (Cambridge University Press, Hochschule,
Aachen, Germany, 2000).

37Y. Kozak, S. Dammati, L. Bravo, P. Hamlington, and A. Poludnenko, “Weno
interpolation for Lagrangian particles in highly compressible flow regimes,”
J. Comput. Phys. 402, 109054 (2020).

38R. A. Darragh, C. A. Towery, P. E. Hamlington, and A. Poludnenko,
“Lagrangian analysis of vorticity dynamics in turbulent premixed flames,”
AIAA Paper No. 2017-3466, 2017.

39F. S. Schranner, J. A. Domaradzki, S. Hickel, and N. A. Adams, “Assessing the
numerical dissipation rate and viscosity in numerical simulations of fluid
flows,” Comput. Fluids 114, 84–97 (2015).

40J. O’Brien, C. A. Towery, P. E. Hamlington, M. Ihme, A. Y. Poludnenko, and J.
Urzay, “The cross-scale physical-space transfer of kinetic energy in turbulent
premixed flames,” Proc. Combust. Inst. 36, 1967–1975 (2017).

41J. Kim, M. Bassenne, C. A. Z. Towery, P. E. Hamlington, A. Y. Poludnenko,
and J. Urzay, “Spatially localized multi-scale energy transfer in turbulent pre-
mixed combustion,” J. Fluid Mech. 848, 78–116 (2018).

42S. H. Whitman, C. A. Towery, A. Y. Poludnenko, and P. E. Hamlington,
“Scaling and collapse of conditional velocity structure functions in turbulent
premixed flames,” Proc. Combust. Inst. 37, 2527–2535 (2019).

43P. E. Hamlington, A. Y. Poludnenko, and E. S. Oran, “Intermittency in pre-
mixed turbulent reacting flows,” Phys. Fluids 24, 075111 (2012).

44J. R. Buck, M. M. Daniel, and A. C. Singer, Computer Explorations in Signals and
Systems Using MATLAB, 2nd ed. (Prentice-Hall, Upper Saddle River, NJ, 2002).

45P. Stoica and R. Moses, Spectral Analysis of Signals (Prentice-Hall, Upper
Saddle River, NJ, 2005).

46L. Paxton, J. Smolke, and F. N. Egolfopoulos, “Effects of heat release and fuel
type on highly turbulent premixed jet flames,” Proc. Combust. Inst. 37,
2565–2572 (2019).

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 33, 055120 (2021); doi: 10.1063/5.0042571 33, 055120-13

Published under an exclusive license by AIP Publishing

https://doi.org/10.1016/0021-9991(90)90233-Q
https://doi.org/10.1006/jcph.1994.1184
https://doi.org/10.1016/j.proci.2014.06.083
https://doi.org/10.1063/1.4981219
https://doi.org/10.1016/j.combustflame.2019.07.027
https://doi.org/10.1016/j.jcp.2019.109054
https://doi.org/10.1016/j.compfluid.2015.02.011
https://doi.org/10.1016/j.proci.2016.05.005
https://doi.org/10.1017/jfm.2018.371
https://doi.org/10.1016/j.proci.2018.07.010
https://doi.org/10.1063/1.4729615
https://doi.org/10.1016/j.proci.2018.08.041
https://scitation.org/journal/phf

	l
	s1
	d1
	d2
	s2
	s2A
	s2B
	d3
	t1
	d4
	d5
	d6
	d7
	d8
	s3
	s3A
	f1
	s3B
	f2
	f3
	f4
	f5
	s3C
	f6
	t2
	s3D
	d9
	f7
	t3
	f8
	f9
	s4
	l
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34
	c35
	c36
	c37
	c38
	c39
	c40
	c41
	c42
	c43
	c44
	c45
	c46

