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Abstract—This paper investigates reluctance-based dynamic
models for multiphase coupled inductor buck converters. A
reluctance-based state-space model is derived based on the
inductance dual model of the coupled inductor. The physical core
geometry is explicitly related to the circuit’s dynamic properties
to provide useful insights for coupled inductor design, especially
if the number of phases is large. The transfer functions of
multiphase coupled inductor buck converters with an arbitrary
number of phases are derived based on the inductance dual
model. It is shown that a symmetric multiphase coupled inductor
buck converter can be modeled as a second-order dynamic system
when perturbed with a common-mode duty cycle change, and
the duty cycle to output voltage and output current transfer
functions are determined by the leakage flux path of the coupled
inductor. The differential-mode current balancing mechanisms of
the multiphase coupled inductor buck converter are decoupled
from other system dynamics and are determined only by the
winding resistance and magnetizing flux path. The applicability
of the model in cases with structural asymmetry are discussed,
with the results supporting the feasibility of scaling the coupled
inductor structure to a large number of phases with tolerance
for asymmetry. The dynamic models are verified by SPICE
simulations and experimental results.

Index Terms—coupled inductor, multiphase buck converter,
modeling and control, interphase transformer, inductance dual
model, current balancing, state-space model, transfer function.

I. INTRODUCTION

A fundamental trade-off in the design of point-of-load

converters is sizing the inductive elements to balance

steady state and transient performance [1]–[4]. A smaller

inductance is important to improve converter bandwidth and

ensure the output stays in regulation during load transients.

However, a larger inductance is also desired to reduce steady

state current ripple; reduced current ripple improves converter

efficiency, eases maximum current stress, reduces the required

output capacitor size, and relaxes saturation flux requirements

on the magnetic core.

One method of addressing this trade-off is the use of mul-

tiphase converters with coupled inductors. The frequency of

the output current ripple is multiplied and the ripple amplitude

is reduced by interleaving multiple parallel phases with a

coupled inductor [5]–[12]. The use of coupled inductors is also

attractive since they have reduced energy storage requirements,
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Fig. 1. (a) Schematic of a buck converter with a four-phase coupled inductor,
(b) drawing of a four-phase coupled inductor, and (c) reluctance model of a
four-phase coupled inductor.

allowing them to achieve similar transient and steady state

performance in less space than multiple discrete inductors

[13]–[17]. Designers can balance the efficiency, power density,

and transient performance across a wide range of operating

conditions by optimizing the magnetic structure and winding

geometry. Coupled inductors have numerous degrees of design

freedom and complex magnetic behaviors. This makes the de-

sign and optimization of high performance coupled inductors

challenging, especially at high switching frequencies.

A coupled inductor can be equivalently modeled by its self

and mutual inductances, magnetizing and leakage inductances,

or magnetic reluctances [1], [3]–[5]. These methods all de-

scribe the same mathematical relationships between coupled

inductor windings, making them functionally identical and

freely interchangeable. However, as presented in [3], the induc-

tance dual model is especially suitable for dynamic analysis

and informing physical core design.

Understanding the dynamic characteristics of point-of-load

converters is important for designing coupled inductors with

good transient performance. The dynamic models of many

single-phase and multiphase converters with coupled and un-

coupled inductors have been studied, including boost, buck,

and other PWM converters [18]–[26]. An additional concern

in multiphase converter design is current balancing. Ideally,
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Fig. 2. (a) Reluctance model and (b) inductance dual model describing the
coupled inductor in terms of side leg reluctances RL1 . . .RLM and the center
leg reluctance RC . The models are mathematically identical topological duals
[43]–[45]; one model describes the coupled inductor in the magnetic domain
and the other describes it in the circuit domain.

current should be equally shared between every phase to

minimize losses, reduce peak current stress, and prevent core

saturation [27]–[29]. Non-idealities in hardware and control

may cause large current imbalances [12] which must be

corrected with active current balancing. Typically, this problem

is approached by separating the total current control from the

first-order differential current control [30]–[42]. In particular,

[33] suggests a state transformation where the differences be-

tween individual phase currents and the average are controlled,

a technique which is rigorously shown to decouple the current

balancing and output voltage control problems. Studies on dy-

namic models for two-phase coupled inductor buck converters

based on the inductance matrix exist [5]. However, elements

of the inductance matrix are not explicit design parameters and

cannot be easily determined before the magnetic structure is

designed or fabricated. Experimental measurements or finite-

element-modeling (FEM) are needed to identify elements of

the inductance matrix. As a result, these dynamic models

provide limited guidance for practical design and they have

not been extended to cover cases with an arbitrary number of

phases or sophisticated magnetic structures.

This paper, for the first time, explicitly presents dynamic

models of the coupled inductor buck converter with an

arbitrary number of phases. This is enabled by using the

inductance dual model. The inductance dual model [3], [4]

elucidates the magnetic flux flow in each phase of the coupled

inductor, which helps relate the physical core design to the

converter’s dynamic performance. The inductance dual model

also reveals the key flux paths that dictate the converter’s

dynamic behavior. The models derived in this paper show that

the symmetric multiphase coupled inductor buck converter can

be modeled as a second-order dynamic system for common-

mode duty cycle perturbations. The dynamic models also show

that the duty cycle to output voltage and output current transfer

functions are entirely determined by the leakage flux path

of the coupled inductor. The current balancing dynamics of

the multiphase coupled inductor buck converter are decoupled

from other system dynamics and are determined only by the

magnetizing flux path of the coupled inductor. These key

findings are verified using SPICE simulations and experi-

mental results. Design guidelines to improve the dynamic

performance of coupled inductors are provided.
The remainder of this paper is arranged as follows: Sec-

tion II reviews the inductance dual model of the coupled

inductor and compares it to the self and mutual inductance

model. Section III derives a state-space model of the mul-

tiphase coupled inductor buck converter and reduces it to

several simpler forms for controlling the output voltage, total

current, and differential currents. Section IV introduces the

experimental setup. Section V verifies the theoretical pre-

dictions using SPICE simulations and experimental results.

Section VI discusses the applicability and limitations of the

dynamic models in cases with structural asymmetry. Finally,

we summarize our main conclusions in section VII.

II. MAGNETIC MODELS FOR THE COUPLED INDUCTOR

Figure 1a shows the schematic of a four-phase coupled

inductor buck converter. The coupled inductor structure shown

in Fig. 1b is selected to demonstrate the principles of coupled

inductor dynamics. There is one coil coupled to each of the

four side legs and a shared center leg carrying the returning

flux. The legs are connected by a top and bottom plate with

low reluctance. A coupled inductor with this structure and M
phases may be modeled with the reluctance model in Fig. 2a.

In this model, the center leg is represented with a reluctance

RC and the side legs have reluctances RL,1,RL,2, . . . ,RL,M .

A magneto-motive-force (MMF) source represents each coil

connection, with N1, N2, . . . , NM turns per phase. If the cen-

ter leg reluctance is much larger than the side leg reluctances,

most of the flux generated by one of the coils will travel

through the other legs (magnetizing flux) instead of the center

leg (leakage flux).
This reluctance model assumes that the top and bottom

plates have negligible reluctances, that is, plates having large

thickness or high permeability.Because the plate reluctances

are negligible, the reluctance paths between all the legs are

effectively shorted, regardless of the leg positions. Moreover,

the center leg can be repositioned around the plates without

introducing asymmetry or changing the schematic in Fig. 2a.

The leakage reluctance paths outside of the magnetic core

can be lumped together with the center leg reluctance. The

center leg may even be removed, and the RC term can

represent the distributed reluctance of air between the plates

that leakage flux can travel through. So, if the plate reluctances

are negligible, we may abstract the physical center leg to a

generalized flux path between the plates shared by all phases.
An equivalent model of the coupled inductor is the induc-

tance dual model in Fig. 2b. The inductance dual model is

the topological dual of the reluctance model and is func-

tionally identical [3], [4], [43]–[45]. This model is used



SUBMITTED TO IEEE TRANSACTIONS ON POWER ELECTRONICS

(a) (b)

Fig. 3. (a) Magnetizing flux flow through the side legs with no flux in the
center leg when two windings are perturbed differentially. (b) Leakage flux
flow when two windings are perturbed identically and the flux flows through
the center leg. If the center leg reluctance is high, the windings see a higher
inductance in differential-mode and a lower inductance in common-mode.

to derive the dynamic equations of the multiphase coupled

inductor buck converter. As we will show, this approach

greatly simplifies the analysis and highlights important dy-

namic properties of the circuit. Generally, the coupled inductor

may have a different number of turns and different side leg

reluctances for each phase. We first assume a symmetric

coupled inductor structure with the same number of turns

N1 = N2 = · · · = NM = N and the same side leg reluctance

RL,1 = RL,2 = · · · = RL,M = RL for every phase, then dis-

cuss the applicability and limitations of the model in asym-

metric cases. The insights and conclusions revealed by this

paper are applicable to general coupled inductor structures

with sophisticated coupling configurations.

The currents and voltages as labeled in the inductance dual

model in Fig. 2b are related by a reluctance matrix:

N2

⎡
⎢⎢⎢⎣

di1
dt
di2
dt
...

diM
dt

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
RL + RC RC · · · RC

RC RL + RC · · · RC

...
...

. . .
...

RC RC · · · RL + RC

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣
v1
v2
...

vM

⎤
⎥⎥⎥⎦ .

(1)

Alternatively, the coupled inductor may be parameterized in

terms of its magnetizing inductance Lμ and leakage inductance

Ll. Lμ and Ll are derived in Appendix I and are defined

analogously to a multiwinding transformer model [3]. In brief,

the magnetizing inductance Lμ describes the flux generated by

one phase that flows through the other legs:

Lμ =
N2(M − 1)RC

RL(MRC + RL)
. (2)

The magnetizing inductance is important to differential-mode

current balancing. When an equal and opposite current is

generated in two different phases, the differential flux only

travels through the two side legs and not the center leg, as

shown in Fig. 3a. For tightly coupled inductors with multiple

phases, the magnetizing inductance determines the dynamics

associated with differential current balancing. Therefore, dif-

ferential current balancing can be sped up by decreasing the

magnetizing inductance, which can be done by increasing RL.

The flux that flows through the center leg is the leakage flux

and is described by the leakage inductance:

Ll =
N2

MRC + RL
. (3)

TABLE I
KEY DESIGN PARAMETERS DESCRIBED BY RELUCTANCE PARAMETERS

AND INDUCTANCE PARAMETERS

Design Target by Reluctance
Parameters

by Inductance
Parameters [3]

Center Leg
Reluctance

RC
−N2LM

(LS−LM )(LS+(M−1)LM )

Side Leg
Reluctance

RL
N2

LS−LM

Common-Mode
Dynamics

N2

MRC+RL
≈ N2

MRC
LS + LM (M − 1)

Differential-Mode
Dynamics

N2

RL
LS − LM

While RC , RL, M and N are explicit design parameters, LM and LS can
only be obtained by experimental measurements or finite-element modeling.

TABLE II
TRANSFER FUNCTIONS DERIVED BASED ON RELUCTANCE PARAMETERS

Transfer Function by Reluctance Parameters

∗2-phase ṽo
d̃

2VINRo

CLlRos2+Lls+2Ro
[25]

†M -phase ṽo
d̃

MVINRo

CLlRos2+Lls+MRo

†M -phase Δĩ
Δd̃

VINRL
sN2

Simplified by assuming Rw = 0 and Rc = 0.
∗ The equation derived in [25] is reorganized in terms of Ll.† Contribution of this work.

TABLE III
TRANSFER FUNCTIONS DERIVED BASED ON INDUCTANCE PARAMETERS

Transfer Function by Inductance Parameters

‡2-phase ṽo
d̃

2VINRo

CRo(LS+LM )s2+(LS+LM )s+2Ro

‡M -phase ṽo
d̃

MVINRo

CRo(LS+LM (M−1))s2+(LS+LM (M−1))s+MRo

§M -phase Δĩ
Δd̃

VIN
s(LS−LM )

[34]

Simplified by assuming Rw = 0 and Rc = 0.
‡ Contribution of this work.

§The equation derived in [34] is reorganized in terms of LS and LM .

The leakage inductance is important to the common-mode

dynamic properties of the multiphase coupled inductor buck

converter. When the currents in all phases are increased or

decreased together, every side leg generates the same flux

and it must all pass through the center leg, as shown in

Fig. 3b. Therefore, the common-mode dynamics associated

with changing all the phase currents together depends on the

leakage inductance Ll. It follows that one can improve the

system bandwidth by decreasing the leakage inductance, which

can be achieved by increasing the number of phases M or

maximizing RC .

Modeling the coupled inductor in terms of reluctances RL

and RC is mathematically equivalent to modeling it in terms

of self and mutual inductances LS and LM ; the dynamic

equations are described either in terms of a reluctance matrix

or its inverse, a self and mutual inductance matrix. Although

these methods are functionally identical, the reluctance-based

approach presented in this paper enables the explicit derivation

of the dynamic models for an arbitrary number of phases,



SUBMITTED TO IEEE TRANSACTIONS ON POWER ELECTRONICS

which are not found in previous literature. As summarized

in Table I, the reluctance-based approach relates the coupled

inductor design to the dynamic behavior of the converter more

clearly than the inductance matrix approach. Furthermore, the

reluctance-based transfer functions depend on fewer physical

design parameters. Table II and Table III compare transfer

functions written with reluctance parameters and inductance

parameters; two transfer functions are presented in previous

literature and four transfer functions are contributions of this

work. A complete list of the transfer functions derived in this

work are included in Tables IV and V.

III. DYNAMIC MODELS FOR THE MULTIPHASE COUPLED

INDUCTOR BUCK CONVERTER

In this section, we derive dynamic models of the coupled

inductor buck converter with M phases. We assume the

converter has a load resistor Ro, a capacitor series resistance

Rc, a lumped winding resistance Rw for each phase, and

a constant input voltage VIN . The winding resistance Rw

includes trace and wire resistance between the switch node

and the output voltage node.

Figure 4 shows the switching waveforms of a four-phase

coupled inductor buck converter where the switching and

phase currents are interleaved. If the phases of an M -phase

converter are numbered as k = 1, 2, . . . ,M , phase k is

connected to VIN starting at time
(k−1)T

M . For the four-phase

example, one phase turns on at the time instances t = 0, T
4 ,

T
2 ,

and 3T
4 . Phase k remains connected to VIN for a duration dkT ,

where 0 < dk < 1 is the duty cycle of that phase.

A. Modeling the M -phase Coupled Inductor Buck Converter

The system shown in Fig 1a contains one capacitor and M
inductors, so there are M + 1 state variables. We select the

state vector x =
[
i1, i2, . . . , iM , vc

]T
. The capacitor voltage

vc is chosen as one of the states instead of the output

voltage vo to simplify the design equations. Each phase

has an independent duty cycle and so we select the input

vector u =
[
d1, d2, . . . , dM

]T
. The output vector is chosen as

y =
[
i1, i2, . . . , iM , vo

]T
, which includes the output voltage

vo. We seek a state-space model of the M -phase converter

with state matrix A, input matrix B, and output matrix E:

ẋ = Ax+Bu, (4)

y = Ex, (5)

where the output matrix is denoted E rather than the com-

monly used C to avoid confusion with the output capacitance.

The M + 1 by M + 1 matrix A, derived in Appendix II, is

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

α β · · · β β γ
β α · · · β β γ
...

...
. . .

...
...

...

β β · · · α β γ
β β · · · β α γ
δ δ · · · δ δ ρ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (6)

Fig. 4. Switching waveforms and phase currents of a four-phase coupled
inductor buck converter. The four phases are interleaved and the gate signals
g1, g2, g3, g4 are equally spaced in the period T . The ripple frequency of the
total current iT is multiplied by four due to interleaving.

with the constants

α =
−Rw(RL + RC)− (Rc||Ro)(MRC + RL)

N2
, (7)

β =
−RCRw − (Rc||Ro)(MRC + RL)

N2
, (8)

γ =
−(MRC + RL)Ro

N2(Rc +Ro)
, (9)

δ =
Ro

C(Ro +Rc)
, (10)

ρ = − 1

C(Ro +Rc)
, (11)

where (Rc||Ro) is the parallel combination of the capacitor

series resistance and output resistance. The M+1 by M input

matrix B is

B =
VIN

N2

⎡
⎢⎢⎢⎢⎢⎣

RC + RL RC · · · RC

RC RC + RL · · · RC

...
...

. . .
...

RC RC · · · RC + RL

0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦ , (12)

and the M + 1 by M + 1 output matrix E is

E =

⎡
⎢⎢⎢⎢⎢⎣

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0
Rc||Ro Rc||Ro · · · Rc||Ro

Ro

Ro+Rc

⎤
⎥⎥⎥⎥⎥⎦ . (13)

We write the state matrix A in terms of constants for com-

pactness and to highlight the symmetric upper-left submatrix

and the identical elements in the other blocks. These properties
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of the symmetric converter will allow us to simplify the full

state-space model in the proceeding subsections. A is time

invariant and no state-space averaging is needed. Since the

phases connected to VIN change over time, the state-space

averaging method [46] is used to find the input matrix B. The

frequency range of the dynamic model is thus constrained to be

much lower than the switching frequency. The bottom row of

the output matrix E relates the output voltage to the capacitor

voltage and phase currents.

B. Common-Mode Duty Cycle to Output Voltage Dynamics

We derive the transfer function from a common-mode duty

cycle perturbation to the output voltage by taking a common-

mode duty cycle input d = d1 = d2 = · · · = dM , and noting

that the state-space average of all phase currents are equal in

this case:

i1 = i2 = · · · = iM , (14)

iT =

j=M∑
j=1

ij = Mi1. (15)

There are now only two independent state variables which we

select as the capacitor output voltage vc and the total current

iT . Equations (57) and (58) in Appendix II can be re-written

in terms of the total output current iT and the common-mode

duty cycle input d as

diT
dt

∣∣∣∣
average

=vcMγ + iT (α+ (M − 1)β)

+
VINM(MRC + RL)

N2
d,

(16)

dvc
dt

= vcρ+ iT δ, (17)

leading to a reduced order two-state state-space model:[
˙iT
v̇c

]
=

[
α+ (M − 1)β Mγ

δ ρ

]
︸ ︷︷ ︸

A′

[
iT
vc

]

+
VIN

N2

[
M(MRC + RL)

0

]
︸ ︷︷ ︸

B′

d,

(18)

[
iT
vo

]
=

[
1 0

Rc||Ro
Ro

Ro+Rc

]
︸ ︷︷ ︸

E′

[
iT
vc

]
. (19)

The state matrix A′, input matrix B′, and output matrix E′

have been modified to reflect the reduction of system order and

single common-mode duty cycle input. We obtain the transfer

function from a small-signal perturbation of the common-

mode duty cycle d̃ to the output voltage ṽo by converting

the reduced order state-space model:

Gd̃→ṽo
(s) =

ṽo

d̃
(s) = (E′) row 2(sI−A′)−1B′

=
MVINRo(CRcs+ 1)

H(s)
, (20)

where

H(s) =CLl(Ro +Rc)s
2

+ [Ll + C(RwRo +Rc(MRo +Rw))] s

+ (MRo +Rw).

(21)

In equations (20) and (21), the reluctances are substituted with

the expression for leakage inductance (3). In designs where the

capacitor series resistance is negligible, the transfer function

from the common-mode duty cycle to the output voltage is

ṽo

d̃
(s)

∣∣∣∣
Rc=0

=
MVINRo

CLlRos2 + (Ll + CRwRo)s+ (MRo +Rw)
.

(22)

To the authors’ knowledge, this is the first time the duty cycle

to output voltage transfer function of the multiphase coupled

inductor buck converter has been explicitly presented with

reluctances, emphasizing the impact of the leakage inductance

Ll on the dynamic behavior. The common-mode duty cycle

to output voltage transfer function is second-order, regardless

of the number of phases M . This property arises from the

equal phase currents and resulting system order reduction in a

symmetric converter with common-mode duty cycle control.

Moreover, the leakage inductance Ll is a key element in

this transfer function and the magnetizing inductance Lμ has

no impact. When the duty cycles of all phases are changed

uniformly, flux must travel through the center leg as illustrated

in Fig. 3b, that is, the leakage path. If this path is low

inductance, the converter has a fast transient response. The

transfer function is equivalent to the duty cycle to output

voltage transfer function of a multiphase buck converter with

uncoupled inductors and Ll as the discrete inductance of each

phase. For non-negligible capacitor series resistance Rc, the

transfer function has a zero at ω = 1
RcC

. This zero may

occur in a frequency range of interest if the capacitance and/or

the series resistance are large. For negligible capacitor series

resistance, the bandwidth ωo of the second-order system is

ωo =

√
MRo +Rw

LlCRo
, (23)

which may be increased by increasing the number of phases or

reducing the leakage inductance Ll. The leakage inductance,

expressed in equation (3), may be reduced by increasing the

center leg reluctance RC . The bandwidth for converters with

small winding resistance, MRo � Rw, and high coupling

coefficient, MRC � RL, may be approximated as

ωo ≈ M

N

√
RC

C
. (24)

This indicates a linear dependence on the number of phases M
and a square root dependence on leakage reluctance RC . Using

many phases and a large reluctance RC , or even removing the

center leg entirely, will increase system bandwidth.

C. Common-Mode Duty Cycle to Output Current Dynamics

The common-mode duty cycle to output current transfer

function is useful for regulating the total converter current,

such as when using inner loop current control. The winding

current must also be regulated to avoid core saturation. We
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obtain the transfer function from a small-signal perturbation

of the common-mode duty cycle d̃ to the output current ĩT by

converting the reduced order state-space model:

Gd̃→ĩT
=

ĩT

d̃
(s) =

[
1 0

]
(sI−A′)−1B′

=
MVIN (C(Ro +Rc)s+ 1)

H(s)
, (25)

where H(s) is the same denominator defined in (21). This

transfer function has the same two poles as the output voltage

transfer function, having resulted from the same state-space

model. As expected, it is equivalent to the duty cycle to

output current transfer function of a multiphase buck converter

with Ll as the discrete inductance of each phase. Similar to

the output voltage dynamics, the leakage inductance Ll is

a key element in this transfer function and the magnetizing

inductance Lμ has no impact.

D. Differential Duty Cycle to Differential Current Dynamics

Individually controlling phase currents is challenging in

coupled inductor circuits since changing the current of one

phase will also affect the others. Individual control of phase

currents can be intentional, such as in active current balanc-

ing, or unintentional, such as imbalances introduced by duty

cycle offsets or input voltage variations in the middle of a

switching period. One way to analyze the dynamics of phase

current control is to divide the duty cycle control actions

into common-mode and differential control of phase currents.

Common-mode control refers to changing the total current by

changing all duty cycles equally as covered in section III-C;

differential control refers to controlling the difference between

two phase currents by changing the difference between their

duty cycles. Since the duty cycles of all phases are no longer

identical, we consider the full state-space model. The upper

left M by M submatrix of the state matrix A in equation (6),

denoted here as P, is

P :=

⎡
⎢⎢⎢⎢⎢⎣

α β β · · · β
β α β · · · β
β β α · · · β
...

...
...

. . .
...

β β β · · · α

⎤
⎥⎥⎥⎥⎥⎦ . (26)

The submatrix P represents the phase current subspace, that is,

it describes the evolution of phase currents with respect to each

other with the output voltage held constant. As proven in [33],

the output voltage remains constant when balancing the phase

currents to an average. Therefore, we study the eigenstructure

of P to find a natural basis for the phase currents states that

will simplify the dynamic equations of current balancing.

As shown in Appendix III, one set of eigenvectors of P is

p1 =
[
1, 1, 1, . . . , 1

]T
and pj =

[
1, 0, . . . , 0,−1, 0, . . . , 0

]T
for j = 2 . . .M , where element j of pj is −1. The p1

eigenvector represents the total current, i1+ i2+ · · ·+ iM , and

has associated eigenvalue λ1 = α+(M −1)β. Each of the pj

eigenvectors represents the difference between phase current

i1 and phase current ij , i1 − ij , with repeated eigenvalues

λj = α− β. If we write a matrix V with the eigenvectors as

the columns,

V :=

⎡
⎢⎢⎢⎢⎢⎣

1 1 1 · · · 1
1 −1 0 · · · 0
1 0 −1 · · · 0
...

...
...

. . .
...

1 0 0 · · · −1

⎤
⎥⎥⎥⎥⎥⎦ , (27)

we can use V to diagonalize P and and transform the phase

current states to total current and differential current compo-

nents. To transform the full state-space model that includes

the capacitor voltage state, we define a transform matrix

T =

[
V 0M×1

01×M 1

]
, (28)

and a transformed vector of states ξξξ:

ξξξ = Tx =

[
V 0M×1

01×M 1

]
⎡
⎢⎢⎢⎢⎢⎣

i1
i2
...

iM
vc

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

iT
i1 − i2

...

i1 − iM
vc

⎤
⎥⎥⎥⎥⎥⎦ . (29)

The T matrix transforms the original capacitor voltage and

M phase current states to a new set of states consisting of the

capacitor voltage, total current, and M−1 current differences.

To apply a similar transformation to the input matrix B, we

consider the upper M by M submatrix of B, denoted as R:

R :=
VIN

N2

⎡
⎢⎢⎢⎣
RC + RL RC · · · RC

RC RC + RL · · · RC

...
...

. . .
...

RC RC · · · RC + RL

⎤
⎥⎥⎥⎦ . (30)

R represents the effect of the input duty cycles on the phase

current states and has the same structure as P in equation (26),

so it can be diagonalized with the same matrix of eigenvectors

V. The duty cycle input vector is transformed into a new input

vector q which consists of the sum of all duty cycles and the

duty cycle differences:

q = Vu = V

⎡
⎢⎢⎢⎣
d1
d2
...

dM

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
d1 + d2 + · · ·+ dM

d1 − d2
...

d1 − dM

⎤
⎥⎥⎥⎦ . (31)

Substituting the new state and input vectors x = T−1ξξξ and

u = V−1q in the original state equation (4), we obtain a

transformed state-space model with equations in terms of the

differential currents and differential duty cycles

ξ̇̇ξ̇ξ = TAT−1ξξξ +TBV−1q, (32)

where

TAT−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

λ1 0 · · · 0 0 Mγ
0 λ2 · · · 0 0 0
...

...
. . .

...
...

...

0 0 · · · λM−1 0 0
0 0 · · · 0 λM 0
δ 0 · · · 0 0 ρ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(33)
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TABLE IV
RELUCTANCE-BASED TRANSFER FUNCTIONS OF THE MULTIPHASE

COUPLED INDUCTOR BUCK CONVERTER

Common-Mode Transfer Function

ṽo
d̃

MVINRo(CRcs+1)

CLl(Ro+Rc)s2+[Ll+C(RwRo+Rc(MRo+Rw))]s+(MRo+Rw)

ĩT
d̃

MVIN (C(Ro+Rc)s+1)

CLl(Ro+Rc)s2+[Ll+C(RwRo+Rc(MRo+Rw))]s+(MRo+Rw)

Differential-Mode Transfer Function

Δĩ
Δd̃

VINRL
sN2+RwRL

TABLE V
SIMPLIFIED TRANSFER FUNCTIONS OF THE MULTIPHASE COUPLED

INDUCTOR BUCK CONVERTER ASSUMING Rc = 0 AND Rw = 0

Simplified Common-Mode Transfer Function
ṽo
d̃

MVINRo

CLlRos2+Lls+MRo

ĩT
d̃

MVIN (CRos+1)

CLlRos2+Lls+MRo

Simplified Differential-Mode Transfer Function

Δĩ
Δd̃

VINRL
sN2

and

TBV−1 =
VIN

N2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

MRC + RL 0 · · · 0 0
0 RL · · · 0 0
...

...
. . .

...
...

0 0 · · · RL 0
0 0 · · · 0 RL

0 0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

(34)

Extended derivations for (33) and (34) are provided in Ap-

pendix III.

Inspecting the rows and columns of (33) and (34) relating

to the differential current states ξ2, . . . , ξM , we can see that

the dynamic equations of each of the differential currents

are independent from the equations of the total current ξ1
and capacitor voltage ξM+1. Moreover, the differential current

equations are decoupled from each other. For example, if the

differential duty cycle q2 = d1−d2 is changed, the differential

current ξ2 = i1 − i2 will be affected independent of all

other states. One can control the differential current states

ξ2, . . . , ξM to zero to balance the phase currents.

All the eigenvalues associated with the differential currents

are equal to λj = α − β = −RLRw

N2 . As a result, all the

differential currents can be described by the same differential

equation

ξ̇j =
d(i1 − ij)

dt
= −RLRw

N2
(i1 − ij) +

VINRL

N2
(d1 − dj),

(35)

for any j = 2, . . . ,M . This is a first-order equation and the

transfer function is

ξ̃j
q̃j
(s) =

ĩ1 − ĩj

d̃1 − d̃j
(s) =

VINRL

N2

s+ RwRL

N2

=
VINRL

sN2 +RwRL
, (36)

which depends only on the winding resistance Rw, side leg

reluctance RL (magnetizing flux path), input voltage VIN , and

(a) (b)

Fig. 5. Equivalent (a) common-mode dynamic model and (b) differential
mode dynamic model for the multiphase coupled inductor buck converter.
Circuit averaging is used to simplify the dynamic models [46].

number of turns N . It is independent of center leg reluctance

(leakage flux path), capacitance, capacitor series resistance,

and load resistance. Any purely differential current generates

equal and opposite flux in two legs that does not flow through

the leakage path and is not affected by the leakage inductance

or center leg reluctance. There is a pole at ω = −RwRL

N2 , so

differential currents decay faster for higher winding resistance

Rw or side leg reluctance RL, analogous to a first-order

system. For tightly coupled inductors (MRC � RL) with

a high number of phases M , the magnetizing inductance Lμ

is approximately N2

RL
. The magnetizing inductance determines

the differential current dynamics.

Equation (36) reveals a design tradeoff between the am-

plitude and settling time of differential currents in response

to a disturbance. If RL is increased, current imbalances will

settle faster, but they will be of greater initial amplitude. For

example, if the duty cycles are constant but the input voltage

amplitude is perturbed, one phase may be driven with a higher

average voltage than the other and cause a current imbalance,

as shown in [34]. This is an important design consideration to

avoid core saturation during transient events. The reluctance-

based transfer functions for all common-mode and differential-

mode control cases are summarized in Table IV, with simpli-

fied versions assuming Rc = Rw = 0 listed in Table V.

E. Equivalent Models with Discrete Inductors

The common-mode dynamic model of a multiphase coupled

inductor buck converter as shown in Fig. 5a can be interpreted

as a single-phase buck converter with a discrete equivalent

inductance

Lcm =
Ll

M
=

N2

M(MRC + RL)
, (37)

assuming Rw = Rc = 0. The transfer function is similar to

that of a single-phase buck converter [47]:

ṽo

d̃
=

VINRo

CLcmRos2 + Lcms+Ro
(38)

Therefore, the common-mode dynamics of the multiphase

coupled inductor buck converter may be designed the same

way as a single-phase buck with equivalent inductance Lcm.

The differential-mode dynamic model of the multiphase cou-

pled inductor buck converter as shown in Fig. 5b can be

interpreted as multiphase uncoupled buck converter with a

discrete equivalent inductance
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Fig. 6. Schematic of a four-phase coupled inductor buck converter used to
verify the predicted common-mode and differential-mode dynamics. The cou-
pled inductor is represented with the inductance dual model. The component
values of this design are listed in Table VI.

Ldm =
N2

RL
≈ Lμ (39)

for each phase, assuming tight coupling and a high number of

phases. The transfer function is similar to that of a multiphase

uncoupled buck converter:

Δĩ

Δd̃
=

VIN

sLdm
. (40)

Therefore, the differential-mode dynamics of the multiphase

coupled inductor buck converter may be designed the same

way as a multiphase uncoupled inductor buck converter with

equivalent inductance Ldm.

We apply the inductance dual model to reveal the dynamic

behavior of the multiphase coupled inductor buck converter,

but the same approach is also applicable to other basic circuits

such as boost or buck-boost converters. The dynamic equations

still originate from the inductance dual model in equation (1),

though a new state-space model must be derived for other

converters; for example, a boost converter has a different state

matrix A that is time varying, unlike the buck converter.

Assuming the converter is also symmetric, the new state-space

model can be similarly simplified to find the transfer functions.

IV. TEST PLATFORM FOR THE RELUCTANCE-BASED

DYNAMIC MODELS

A four-phase buck converter with the schematic shown in

Fig. 6 is used to verify the theoretical results. 3D renders

and images of the converter assembly implementing a vertical

coupled inductor structure are shown in Fig. 7. The vertical

structure is especially suitable for vertical power delivery in

point-of-load converters [5], [14], [48], [49] where the load is

on a board above the switching stage. The coupled inductor

with four windings wrapped around the side legs is interposed

between two boards and the windings are soldered to both

boards. Four Infineon TDA Series DrMOS are used for the

switching stage on the bottom board. The output capacitors

and load resistors are placed on the top board.

A custom four-phase core is fabricated with Ferroxcube 3F4

material [50], which has a saturation flux density of 410 mT

at 25 °C and a relative permeability of approximately 900.

One turn (N = 1) is used for every phase. The custom-made

symmetric core is pictured and dimensioned in Fig. 8.

Figure 9 shows the ripple current of each phase with the

circuit operating at a 1 MHz switching frequency, 12 V input

(a)

(b)

Fig. 7. (a) Exploded view and (b) image of the four-phase coupled inductor
buck converter. The core is interposed between the two boards with a 20 AWG
winding wrapped around each of the side legs.

Fig. 8. Top and isometric view of the core illustrating four winding paths
with one turn each. Two identical halves are put together to form the core.
The side legs have an area of 14.9 mm2 and the center leg has an area of
6.61 mm2. Based on the measured reluctances, the effective path lengths of
the side and center legs are 9.54 mm and 6.09 mm respectively.

voltage, and 1.5 V output voltage. The ripple frequency is

multiplied to 4 MHz due to the coupling between phases.

The center leg reluctance, side leg reluctance, and leakage

inductance are determined from the slope of the current ripple.

From equation (1), it may be shown that when phase k is

connected to VIN while the others are off, its current ramps

up with slope

dik
dt

∣∣∣∣
up

= (RC + RL)VIN − (MRC + RL)vo, (41)
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Fig. 9. Phase current ripple measured by a current probe with input voltage
VIN = 12 V, output voltage vo = 1.5 V, and switching frequency fsw = 1
MHz. The coupling effect multiplies the phase current ripple frequency to 4
MHz. The measured phase current slopes are used to experimentally determine
the core reluctances.

and when all phases are off, its current ramps down with slope

dik
dt

∣∣∣∣
down

= −(MRC + RL)vo, (42)

for k = 1 . . .M . The phase current slopes of all four phases

are recorded as illustrated in Fig. 9 and the reluctances RC ,

RL are determined with (41) and (42). The average RC

and RL are computed and the leakage inductance is found

using equation (3). Table VI lists the measured center leg

reluctance RC , side leg reluctance RL, capacitance C, capac-

itor series resistance Rc, winding resistance Rw, and other

circuit parameters. 4, 8, or 16 Murata 220 μF X5R ceramic

capacitors are put in parallel for the output capacitance. The

capacitance and series resistance are measured using an HP

4192A impedance analyzer with the capacitors soldered in-

circuit under a 1.5 V dc bias. The capacitor series resistance

Rc varies significantly with frequency. Therefore, we measure

Rc across the frequency sweep range, as shown in Fig. 10, and

change the values in the computation of theoretical curves as

the frequency changes. The series resistance values recorded

in Table VI are the minimum values in the frequency range.

The measurement includes PCB trace resistance, which is

highest when 16 capacitors are connected. While this higher

resistance will impact converter performance, it serves as a

useful example for model verification. The winding resistance

Rw is similarly measured in-circuit and includes all trace resis-

tance and wire resistance between the switch node and output

capacitors. The efficiency is recorded for various operating

conditions in Fig. 11.

V. SIMULATIONS AND EXPERIMENTAL VERIFICATIONS

To verify the theoretical transfer functions, we compare

them to simulated results from PSIM and experimental results.

The frequency response is experimentally measured using

the setup illustrated in Fig. 12. An oscilloscope (Tektronix

TABLE VI
CIRCUIT PARAMETERS OF THE TEST PLATFORM

Parameter Value

Input Voltage VIN 12 V
Output Voltage vo 1.5 V

Switching Frequency fsw 1 MHz
Output Load Resistance Ro 0.375 Ω

Center Leg Reluctance RC 814×103 H−1

Side Leg Reluctance RL 566×103 H−1

Leakage Inductance Ll 262 nH

4 Parallel Cout Capacitance C 491 μF
8 Parallel Cout Capacitance C 976 μF

16 Parallel Cout Capacitance C 2020 μF

4 Parallel Cout Series Resistance Rc 0.9 mΩ
8 Parallel Cout Series Resistance Rc 0.9 mΩ

16 Parallel Cout Series Resistance Rc 2.3 mΩ

Winding Resistance Rw 8.9 mΩ

Fig. 10. Measured capacitor series resistance Rc for 4, 8, and 16 parallel
output capacitors intended for model verification. The capacitors are soldered
in circuit and a 1.5 V dc bias is applied when the series resistance is measured.
PCB trace resistances are included in these measurements.

MSO58) generates a sinusoidal perturbation which is mea-

sured by the microcontroller (TI TMS320F28069M). The duty

cycles of the 1 MHz PWM signals are perturbed ±1% at this

frequency. The switch node of phase 1, which has a 1 MHz

PWM component and a small signal duty cycle perturbation, is

put through an analog band-pass filter. This removes the high

frequency PWM component and the dc component, isolating

the duty cycle perturbation to be measured by channel 1 of the

oscilloscope. Depending on which transfer function is being

verified, the output voltage vo, total current iT , or differential

current i1 − i3 is measured by channel 2 of the oscilloscope.

The gain and phase between channels 1 and 2 are computed for

perturbation frequencies from 10 Hz to 100 kHz to generate

a bode plot of the chosen transfer function.

The switches are operated at 1 MHz and the duty cycle

refresh rate is about 450 kHz. The duty cycle update of

each phase occupies the bulk of the control loop time in the

microcontroller. Since we measure only switch node 1 and

phase 1 is updated before the other three, an effective time

delay is introduced to the phase measurements. To capture

this delay, an exponential time delay term of 1.7 μs (the

duration of the duty cycle update) is added to the theoretical
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Fig. 11. Measured efficiency of the experimental setup with VIN = 12 V.
Better efficiency is achieved for lower step-down ratios and lower switching
frequencies.

Fig. 12. Block diagram illustrating the frequency response measurement
technique. After analog filtering, the switch node of phase 1 is measured
as the small signal duty cycle perturbation. The differential current i1 − i3,
total current iT , or output voltage vo is measured depending on the transfer
function being verified.

transfer functions when a common-mode duty cycle input is

used. When the duty cycles of phase 1 and 3 are perturbed

deferentially and switch node 1 is measured as the input, the

gain is corrected with a factor of 2 because only half of the

total perturbation is measured.

A. Common-Mode Duty Cycle to Output Voltage Dynamics

Figure 13 shows the measured, simulated, and theoretical

frequency response from a common-mode duty cycle pertur-

bation to the output voltage with 4, 8, and 16 parallel output

capacitors. All four duty cycles are perturbed identically and

synchronously to verify the dynamic response predicted in

equation (20). Figure 14 shows the measured output voltage

response to a step change in the duty cycle with 8 parallel

output capacitors. The zoomed-in figure shows the output

voltage ripple.

B. Common-Mode Duty Cycle to Output Current Dynamics

Figure 15 compares the measured, simulated, and theoretical

frequency response from a common-mode duty cycle to the

total output current transfer function with 4, 8, and 16 parallel

output capacitors. Figure 16 shows the output current response

to a step change in the duty cycle with 8 parallel output

capacitors. The high gain for rapid changes in the duty cycle

Fig. 13. Comparison of measured, simulated, and theoretical transfer func-
tions from a common-mode duty cycle perturbation to the output voltage with
4, 8, and 16 parallel output capacitors.

Fig. 14. Measured output voltage response to a step change of the duty cycle
lasting for 0.5 ms with 8 parallel output capacitors.

(high frequencies) and low dc gain are reflected in the transient

response. The zoomed-in figure shows the total current ripple.

C. Differential Duty Cycle to Differential Current Dynamics

Figure 17 compares the measured, simulated, and theoretical

frequency response from a differential duty cycle input to the

differential current. The experiments are performed with the

winding resistance recorded in Table VI and with a 50 mΩ or

100 mΩ resistor added in series with every winding.

Figure 18 shows the measured phase current responses to

a differential step change in the duty cycles of phases 1 and

3 while the duty cycles of phases 2 and 4 are held constant.

Phase currents 2 and 4 do not change while phase currents 1

and 3 exhibit an exponential response in equal and opposite

directions, which is characteristic of a first-order system. The

zoomed-in figure shows the phase 1 current ripple.
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Fig. 15. Comparison of measured, simulated, and theoretical transfer func-
tions from a common-mode duty cycle perturbation to the total output current
with 4, 8, and 16 parallel output capacitors.

Fig. 16. Measured output current response to a step change of the duty cycle
lasting for 0.5 ms with 8 parallel output capacitors.

D. Differential Current Imbalance after an Input Voltage Step

To illustrate the tradeoff between current imbalance ampli-

tude and settling time, we consider a transient phase current

imbalance caused by a change in the input voltage. Assuming

the input voltage changes during time t ∈ [dT, T
M ] for d < 1

M ,

phase 1 is driven with the old voltage, VIN,OLD, and phase

2 is driven with the new voltage, VIN,NEW . For an M phase

design, a current imbalance of initial amplitude

Δ(i1 − i2) =
dTRL(M − 1)

M
(VIN,OLD − VIN,NEW ) (43)

will be generated, as derived in Appendix IV. The amplitude

scales linearly with RL and the settling time is inversely

related to RL, illustrating the trade-off between imbalance

Fig. 17. Comparison of measured, simulated, and theoretical transfer func-
tions from a differential duty cycle perturbation d̃1 − d̃3 to the differential
current ĩ1 − ĩ3. The results agree when the base winding resistance Rw is
used and when series resistors are added to the windings.

TABLE VII
CURRENT IMBALANCE AMPLITUDE AND DECAY TIME CONSTANT

Side Leg Imbalance Decay Time
Reluctance RL Amplitude Constant

283× 103 H−1 0.955 A 0.397 ms
566× 103 H−1 1.91 A 0.199 ms
1132× 103 H−1 3.82 A 0.099 ms

amplitude and settling time. In Fig. 19, the differential current

imbalance Δ(i1 − i2) is plotted after an input voltage step

from VIN,OLD = 48 V to VIN,NEW = 12 V in between

phases 1 and 2 for a four-phase converter. For the side leg

reluctances analyzed, the expected decay time constants and

imbalance amplitudes are listed in Table VII, which have good

agreement with the simulated results. Increasing RL decreases

the magnetizing inductance Lμ, which increases ripple and the

initial imbalance, but it also reduces the time taken for the

imbalance to decay. If one needs to limit the amplitude of

imbalance, for example, to avoid saturation of one phase, a

smaller RL may be chosen. Or, if the imbalance must decay

faster, a larger RL may be selected instead.

VI. APPLICABILITY AND LIMITATIONS

The dynamic models presented in this paper are derived

by assuming the magnetic structure is symmetric such that

all windings have uniform coupling relationships with other

windings. Variations in the side and center leg reluctances

may arise from manufacturing variations, magnetic material
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Fig. 18. Phase current response to a differential step in the duty cycles d1
and d3. Phase currents i1 and i3 are perturbed in opposite directions and
exhibit an exponential response. The duty cycles of phases 2 and 4 are held
constant and their phase currents remain constant.

Fig. 19. Simulated settling of differential current imbalance generated by
an input voltage step in between switching of the first and second phases
of a four-phase converter. The differential current decays exponentially, with
higher initial amplitude and faster settling for higher side leg reluctance RL.
The time constants are denoted by dotted vertical lines.

variations, thermal expansion, or physical damage to the core.

We discuss the applicability and limitations of the dynamic

models by analyzing the sensitivity of the transfer functions

to reluctance asymmetry.

Figures 20a and 20b plot the frequency response from a

common-mode duty cycle input to the output voltage for varia-

tions in one of the four side leg reluctances RL1 and variations

in the center leg reluctance RC . All other reluctances are kept

the same. The transfer function is not significantly affected by

large variations in RL1, but it varies significantly with changes

in RC . A larger RC leads to higher system bandwidth. The

differential-mode transfer function is independent of RC but

varies significantly with RL1, as shown in Fig. 20c.

The common-mode dynamic models require a precise value

of the center leg reluctance RC since the leakage flux path is

primarily determined by RC , but these models are robust to

asymmetries in side leg reluctances (magnetizing reluctance

paths). The differential-mode dynamic model is independent

of RC but is sensitive to variations in the side leg reluctances

RL, which determine the magnetizing flux path.

In summary, asymmetries of the side leg reluctances (mag-

netizing path) have a negligible impact on the common-mode

dynamics of a multiphase coupled inductor buck converter and

have a major impact on the differential mode dynamics. Vari-

ations in the center leg reluctance (leakage path) significantly

affect the common-mode dynamics and do not impact on the

differential mode behavior of the multiphase coupled inductor

buck converter. These results support the feasibility of scaling

coupled inductor structures to a large number of phases and

side legs with tolerance for asymmetry.

VII. CONCLUSION

This paper investigates dynamic models for multiphase cou-

pled inductor buck converters based on magnetic reluctances

and the inductance dual model. This approach connects the

dynamic characteristics of a multiphase coupled inductor in

the circuit domain and magnetic domain and offers key design

insights for coupled inductor design. A complete state-space

model and transfer functions are derived for the first time for

an M -phase coupled inductor buck converter for common-

mode and differential-mode transfer function analysis. For

common-mode duty cycle control, it is shown that the control

to output voltage and total current transfer functions are

second-order, regardless of the number of phases, and that

the transfer functions are determined by the leakage flux path

and the leakage inductance Ll. We explore the dynamics

of current balancing controlled by differential duty cycles,

which simplifies the current balancing problem to a decoupled

first-order system determined only by winding resistance and

magnetizing flux path. The applicability and limitations of

these dynamic models are discussed. The models are verified

by SPICE simulations and experimental measurements.

APPENDIX I

RELATION BETWEEN CORE RELUCTANCES AND

MAGNETIZING AND LEAKAGE INDUCTANCES

The magnetizing inductance Lμ describes the flux generated

in one leg that passes through the other side legs. The leakage

inductance Ll describes the remaining flux that leaks through

other reluctance paths. We consider the schematic in Fig. 21a,

where all but one of the coils are open-circuited such that the

currents are zero and the MMF sources are shorted. This may

be reduced to Fig. 21b, where the magnetizing flux Φ1 and
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(a) (b) (c)

Fig. 20. Theoretical transfer function from (a) common-mode duty cycle to output voltage for varying values of one of the four side leg reluctances RL1,
(b) common-mode duty cycle to output voltage for varying values of the center leg reluctance RC , and (c) differential-mode duty cycle to phase current
difference for varying values of one of the four side leg reluctances RL1. In this experiment, RL=566×103 H−1 and RC=814×103 H−1.

leakage flux Φ2 are denoted. The total flux induced by coil 1

is

Φ1 +Φ2 =
Ni1

RL + RC || RL

M−1

=
Ni1(RL + (M − 1)RC)

RL(MRC + RL)
. (44)

Applying the current divider rule, we find

Φ1 =
Ni1(RL + (M − 1)RC)

RL(MRC + RL)
× RC

RC + RL

M−1

=
Ni1(M − 1)RC

RL(MRC + RL)
, (45)

and

Φ2 =
Ni1(RL + (M − 1)RC)

RL(MRC + RL)
×

RL

M−1

RC + RL

M−1

=
Ni1

MRC + RL
. (46)

Taking the derivative of equations (45) and (46), we find the

magnetizing and leakage inductances in terms of reluctances:

dΦ1

dt
=

v1
N

=
di1
dt

N(M − 1)RC

RL(MRC + RL)
=

Lμ

N

di1
dt

→ Lμ =
N2(M − 1)RC

RL(MRC + RL)
, (47)

and
dΦ2

dt
=

v1
N

=
di1
dt

N

MRC + RL
=

Ll

N

di1
dt

→ Ll =
N2

MRC + RL
. (48)

As discussed in Section III-E, in a symmetric multiphase

coupled inductor buck converter design, Ll determines the

common-mode dynamics of the system, and Lμ determines

the differential-mode dynamics of the system.

APPENDIX II

DERIVATION OF A STATE-SPACE MODEL OF THE

MULTIPHASE COUPLED INDUCTOR BUCK CONVERTER

Equation (1) yields the dynamic equation of each phase

current. For example, the equation for the current of phase 1

is:

N2 di1
dt

= (RL + RC)v1 + RCv2 + · · ·+ RCvM

= (RL + RC)v1 + RC

j=M∑
j=2

vj . (49)

When a phase k is connected to the input voltage,

vk = VIN − ikRw − vo. When it is connected to ground,

vk = −ikRw − vo. Only the VIN term changes depending on

the phase connection to input or ground; the terms relating to

the internal system states are constant. Therefore, we can write

a zero-input dynamic equation with no switching dependence,

that is, no time dependence and no requirement for state-space

averaging; then, we can superimpose the zero-input equation

with the time averaged effect of the inputs using the procedure

introduced in [46]. The zero-input dynamic equation with all

phases grounded is

N2 di1
dt

∣∣∣∣
zero-input

=(RL + RC)(−i1Rw − vo)

+ RC

j=M∑
j=2

(−ijRw − vo).

(50)

Next, we must replace vo with an expression for the capacitor

voltage:

vo =vc +Rc

⎛
⎝j=M∑

j=1

ij − vo
Ro

⎞
⎠

=
Ro

Ro +Rc
vc + (Rc||Ro)

j=M∑
j=1

ij , (51)
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(a)

(b)

Fig. 21. (a) Reluctance model of the coupled inductor for determining leakage
and magnetizing inductance of one phase with other phases open circuited. (b)
Simplification of equivalent reluctances and separation of fluxes into leakage
flux Φ2 and magnetizing flux Φ1.

where (Rc||Ro) is the parallel combination of the capacitor

series resistance Rc and output resistance Ro. Substituting (51)

into (50), the zero-input dynamic equation of phase 1 written

in terms of internal states is:

N2 di1
dt

∣∣∣∣
zero-input

= vc

[
−(RL +MRC)

Ro

Rc +Ro

]

+ i1[−Rw(RL + RC)− (Rc||Ro)(MRC + RL)]

+

j=M∑
j=2

ij [−RCRw − (Rc||Ro)(MRC + RL)] .

(52)

Equation (52) can be extended to a general zero-input dynamic

equation for any phase k = 1, 2, . . . ,M .

dik
dt

∣∣∣∣
zero-input

= vcγ + ikα+

j=M∑
j=1
j �=k

ijβ (53)

where

α =
−Rw(RL + RC)− (Rc||Ro)(MRC + RL)

N2
, (54)

β =
−RCRw − (Rc||Ro)(MRC + RL)

N2
, (55)

γ =
−(MRC + RL)Ro

N2(Rc +Ro)
. (56)

Each phase k is connected to VIN for a duration dkT during

every switching period. The time averaged input contribution

is therefore dkVIN for every phase. Multiplying these input

contributions by their respective coefficients from (1) and

superimposing with the zero-input dynamic equation (53), we

find the state-space averaged dynamic equation:

dik
dt

∣∣∣∣
average

=vcγ + ikα+

j=M∑
j=1
j �=k

ijβ

+
VIN

N2

⎡
⎢⎢⎣(RC + RL)dk + RC

j=M∑
j=1
j �=k

dj

⎤
⎥⎥⎦ .

(57)

The capacitor voltage equation is obtained from the capacitor

discharge through the output resistance and capacitor series

resistance superimposed with the total output current being

split between the series resistance and output resistance:

dvc
dt

=
1

C

⎛
⎝− vc

Ro+Rc
+

Ro

Ro+Rc

j=M∑
j=1

ij

⎞
⎠ . (58)

Similarly, we define the constants δ and ρ to simplify this

expression:

δ =
Ro

C(Ro+Rc)
, (59)

ρ = − 1

C(Ro+Rc)
. (60)

From the equations (57), (58), and the constants α, β, γ, δ, ρ,

we can directly write the state-space matrices in section III-A.

APPENDIX III

SIMILARITY TRANSFORM OF THE PHASE CURRENTS

Here, we show the vectors p1 and pj given in section III-D

are eigenvectors of P and find their associated eigenvalues.

First, we consider the eigenvalue equation satisfied by p1,

Pp1 = λ1p1: ⎡
⎢⎢⎢⎣
α+ (M − 1)β
α+ (M − 1)β

...

α+ (M − 1)β

⎤
⎥⎥⎥⎦ = λ1

⎡
⎢⎢⎢⎣
1
1
...

1

⎤
⎥⎥⎥⎦ . (61)

Therefore, p1 is an eigenvector of P with associated eigen-

value λ1 = α+ (M − 1)β.

For any j = 2 . . .M , pj satisfies the eigenvalue equation

Ppj = λ1pj: ⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

α− β
...

0
β − α
0
...

= λj

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

1
...

0
−1 row j

0
...

. (62)

Therefore, pj is an eigenvector of P with repeated eigenvalue

λj = α− β for j = 2 . . .M .

Since we defined V as a matrix of the eigenvectors, we can

use it to diagonalize P:

ΛP := VPV−1 =

⎡
⎢⎢⎢⎣
λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λM

⎤
⎥⎥⎥⎦ . (63)
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Since the upper M by M submatrix of B has the same

structure as P, it may be diagonalized with the same matrix

of eigenvectors V:

ΛR := VRV−1 =
VIN

N2

⎡
⎢⎢⎢⎣
MRC + RL 0 · · · 0

0 RL · · · 0
...

...
. . .

...

0 0 · · · RL

⎤
⎥⎥⎥⎦ .

(64)

Here, the eigenvalues on the diagonals of ΛR have been

found by substituting the appropriate elements of R in the

expressions for λ1 and λj .

To obtain the transformed state equation (32), we derive the

expression for TAT−1

TAT−1 =

[
V 0M×1

01×M 1

] [
P γγγM×1

δδδ1×M ρ

] [
V−1 0M×1

01×M 1

]

=

[
VPV−1 VγγγM×1

δδδ1×MV−1 ρ

]

=

⎡
⎣ ΛP

Mγ
0M−1×1

δ 01×M−1 ρ

⎤
⎦ .

(65)

where γγγM×1 and δδδ1×M are blocks of all γ or δ elements,

as seen in the original A matrix formulation in (6). We

have also substituted the relations (63) and (64). VγγγM×1 is

computed by inspection, as all elements cancel except in the

first row. δδδ1×MV−1 is computed by recognizing that δδδ1×M

is proportional to the first row of V and that VV−1 = I:

δδδ1×MV−1 = δ(V)row 1V
−1 = δ(VV−1)row 1

[
δ 01×M−1

]
.

(66)

The expression for TBV−1 is

TBV−1 =

[
V 0M×1

01×M 1

] [
R

01×M

]
V−1

=

[
VRV−1

01×M

]

=

[
ΛR

01×M

]
. (67)

APPENDIX IV

AMPLITUDE OF CURRENT IMBALANCE CAUSED BY INPUT

VOLTAGE STEP

Figure 22 illustrates an input voltage step for a four-

phase system occurring between phase 1 and phase 2 being

connected to the input voltage with d < 1
4 . Phase currents 3

and 4 are not shown. Since VIN,NEW is lower than VIN,OLD

as drawn, i2 ramps up less than it normally would in steady

state. For this discussion, we take the current imbalance caused

by the voltage step as i1−i2 at the time phase 2 is disconnected

from VIN,NEW , that is, at t = T
M +dT in an M -phase system.

After this time, phase 1 and phase 2 see the same input voltage

and current balancing occurs.

To find the current imbalance (i1 − i2)|t= T
M +dT resulting

from this input voltage step, we must compute Δia, Δib,

Δic, and Δid as shown in Fig. 22. Δia +Δib is the current

imbalance at the start of phase 2, where phase current 2 is

Fig. 22. Input voltage step occurring between two phases being driven causing
a transient current imbalance. The dotted lines show the currents after they
deviate from their original levels due to the new input voltage VIN,NEW .

at a minimum. Δib is negative as drawn in Fig. 22. Δic and

Δid are the increases in phase currents i1 and i2 respectively

during driving phase 2. Δia+Δib+Δic−Δid is the current

imbalance caused by the step. To simplify our analysis, we

assume the winding resistance Rw is zero and the output

voltage is constant while the imbalance is being generated.

From equation (1), we can find Δia as

Δia =
dT

N2
[(RC + RL)v1 + RC(v2 + v3 + · · ·+ vM )], (68)

where v1 = VIN,OLD − vo, v2 = v3 = · · · = vM = −vo, and

vo = dVIN,OLD. The output voltage is at steady state based

on the constant duty cycle d and old output voltage. Δib may

be found similarly to (68) as

Δib =
T
M − dT

N2
[(RC+RL)v1+RC(v2+v3+· · ·+vM )], (69)

where v1 = v2 = · · · = v4 = −vo. The current ramps Δic
and Δid occur after the input voltage step. They can be found

like equation (68) as well:

Δic =
dT

N2
[(RC + RL)v1 + RC(v2 + v3 + · · ·+ vM )], (70)

Δid =
dT

N2
[(RC + RL)v2 + RC(v1 + v3 + · · ·+ vM )], (71)

where v2 = VIN,NEW − vo and v1 = v3 = v4 = −vo.

The output voltage is still vo = dVIN,OLD, as it does not

change instantaneously with the input voltage. Combining all

the current ramps, the differential current generated by the

voltage step is

(i1 − i2)|t= T
M +dT = Δia +Δib +Δic −Δid

=
dTRL

M
[(M − 1)VIN,OLD −MVIN,NEW ].

(72)

For constant a input voltage VIN,OLD = VIN,NEW , equa-

tion (72) indicates there is still a nonzero current imbalance.

This is correct, as phase 1 and 2 are interleaved and i1 and
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i2 are not equal at t = T
M + dt. As equation (72) suggests,

the current imbalance if the input voltage was constant at

VIN,NEW would be −dTRLVIN,NEW

M . This is the normal

imbalance existing due to interleaving and the value that any

additional current imbalance will settle towards. Since we are

interested in the additional imbalance caused by the input

voltage step, we subtract the imbalance due to interleaving

and obtain

Δ(i1 − i2) :=
dTRL(M − 1)

M
(VIN,OLD − VIN,NEW ), (73)

the additional current imbalance caused by an input voltage

step. This imbalance decays to zero due to the current balanc-

ing mechanism.
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