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A bosonic topological order on d-dimensional closed space ¢ may have degenerate ground states.
The space 3¢ with different shapes (different metrics) form a moduli space Mya. Thus the degen-
erate ground states on every point in the moduli space Mya form a complex vector bundle over
Msa. It was suggested that the collection of such vector bundles for d-dimensional closed spaces of
all topologies completely characterizes the topological order. Using such a point of view, we propose
a direct relation between two seemingly unrelated properties of 241-dimensional topological orders:
(1) the chiral central charge ¢ that describes the many-body density of states for edge excitations
(or more precisely the thermal Hall conductance of the edge), (2) the ground state degeneracy Dy
on closed genus-g surface. We show that ¢Dy/2 € Z, g > 3 for bosonic topological orders. We
explicitly checked the validity of this relation for over 140 simple topological orders. For fermionic
topological orders, let Dy , (Djg ,) be the degeneracy with even (odd) number of fermions on genus-g
surface with spin structure o. Then we have 2cDg , € Z and 2cDg , € Z for g > 3.

I. INTRODUCTION

In 1989, through a theoretical study of chiral spin
liquid,[1, 2] we realized that there exists a new kind of
order — topological order[3-5] — beyond Landau sym-
metry breaking theory. Topological order cannot be
characterized by the local order parameters associated
with the symmetry breaking. However, topological or-
der can be characterized/defined by the following macro-
scopic properties: (a) the topology-dependent ground
state degeneracy[3, 4] and (b) the non-Abelian geomet-
ric phases of the degenerate ground states as we deform
the metrics of the space.[5, 6] Both of the above macro-
scopic properties are robust against any local perturba-
tions that can break any symmetries.[4] This is just like
superfluid order which is characterized/defined by zero-
viscosity and quantized vorticity that are robust against
any local perturbations that preserve the U(1) symmetry.

For topological orders in 2+1-dimensional (2+41D)
spacetime, the non-Abelian geometric phases of the de-
generate ground states encode the chiral central charge
¢ of the topological order via the gravitational Chern-
Simons term in the effective action.[7-9] (The edge of
a topological order contains right-movers with central
charge cg, and left-movers with central charge c,. The
chiral central charge ¢ = cgr — ¢1.[10, 11]) In this paper,
we propose a direct relation between the ground state
degeneracy D, on a genus-g space and the chiral central
charge ¢ of the edge states, for 241D topological orders
in bosonic systems:

1
§CD9 €Z forg>3. (1)

For 241D topological orders in fermionic systems, we
propose

2¢D;y , €2, 2¢Dy,€Z for g >3, (2)

where D . (Djy ,) is the degeneracy with even (odd)
number of fermions on genus-g surface with spin struc-
ture o. This result can be derived from the characteriza-
tion of a topological order in terms of a complex vector
bundle on the moduli space Msa of a closed space L4,
where the fiber is the degenerate ground states on %%
For an introduction on vector bundle, as well as Chern
and Pontryagin classes, see Ref. 12. In Appendix, we
also discuss how to use the partition function on arbi-
trary closed spacetime MP and the resulting complex
function on M ,,p, the moduli space of MP, to charac-
terize topological orders.

In this paper, we will use d or 1d, 2d, etc to denote the
space dimension and D or 14+1D, 2+1D, etc to denote
the spacetime dimension. We will only consider anomaly-
free topological orders, i.e. the topological orders that
can be realized by local lattice models in the same di-
mension. In contrast, an anomalous topological order
can only be realized as a boundary of the local lattice
model in one higher dimension.[13, 14]

II. PROBE AND MEASURE THE
TOPOLOGICAL ORDERS - HAMILTONIAN
APPROACH

The main issue that we are going to discuss in this
paper is how to probe and measure different topological
orders using macroscopic properties. Here “probe and
measure” means the methods in experiments and/or nu-
merical calculations that allow us to distinguish different
topological orders.



A. Complex vector bundle on moduli space of
space manifold

In Hamiltonian approach, an anomaly-free topological
order is described by a local bosonic Hamiltonian acting
on a Hilbert space Vot with a tensor product decompo-
sition

Vit = ® Vi (3)

where V; is the finite-dimensional Hilbert space for site-
i. The Hamiltonian is required to be well defined for
arbitrary space ¢ with arbitrary triangulation. Since
anomaly-free topological orders are gapped, we require
the Hamiltonian on a closed space ©% to be gapped,
whose degenerate ground states form a finite dimen-
sional vector space Vymd, which is a subspace of the total
Hilbert space Vit of the boson system. Let Msa be the
moduli space for closed space ©¢ with different metrics
and M the disjoint union of these moduli spaces. We see
that there is a ground-state vector space Vgrna for every
point in Mya. Therefore, for each ¥¢, an anomaly-free
topological order gives rise to a complex vector bundle
Esa with fiber Vying and base space Mga. It was pro-
pose in Ref. 5 that

Claim 1: the complex vector bundle
pt — Vgrnd — (c/'Ed — Mgd — pt (4)

of degenerate ground states on My (for all ¥%’s) fully
characterize an anomaly-free topological order in Hamil-
tonian formalism.

To understand the vector bundle Esa, let us use
Ghomeo(2%) to denote the orientation preserving homeo-
morphism group of the space X% Note that Gpomeo(X?)
only depends on the topology of £¢ and is the same for
every point ¢ € Mya. Let us use G2 (%9) to denote
the subgroup of Gromeo(X?) which is the connected com-
ponent of Ghomeo(X?) that contain identity. The map-
ping class group is formed by the discrete components of
the homeomorphism group:

Definition 1. mapping class group
MCG(2?) = GhomeO(Zd)/Ggomeo(Ed) = 70[Ghomeo(X7)]-

We note that every homeomorphism ¢ : £¢ — ¢ in
MCG(X?) defines a mapping torus ¢ X, S that de-
scribes how 2% deform around a loop S*, and corresponds
to an element in 7; (Msya). Thus m (Mya) = MCG(X9).

Along a loop g in 7 (Msxa), the fiber bundle gives us
a monodromy U (g) which is a unitary matrix acting on
the ground state vector space Vgmg. We may view g
as an element in the group MCG(X?). So U(g) gives a
projective representation of MCG (X4).[7]

To understand why we only get a projective represen-
tation, we note that the topological robustness of the
ground state degeneracy implies that the unitary matrix
U(id) for a contractible loop g = id in the moduli space

Msa must be a pure over-all phase (which can be path
dependent), so that U(id) cannot distinguish (or split)
the degenerate ground states. This is because the peri-
odic time evolution along a contractable loop over and
over again can be simulated by a local Hamiltonian. If
U(id) can distinguish the degenerate ground states, then
there is a local Hamiltonian that can distinguish and split
the degenerate ground states. This contradicts with the
fact that the topological degeneracy of ground states can-
not be lifted by any local Hamiltonian. Similarly, U(g)
may also depend on paths, but the path-dependent part
must be an over-all phase. This leads to the projective
representation of MCG(X4). We also like to mention
that the trace of U(g) is the volume-independent parti-
tion function (see Section A1 for details) on the corre-
sponding mapping torus:

TrU(g) = Z*°P(24 %, SY). (5)
As a result, we obtain
|Z%P (24 x §1)| = ground state degeneracy on X%, (6)

For spaces with different topologies, we get differ-
ent projective representations. Those finite dimensional
projective representations are the non-Abelian geomet-
ric phases of the degenerate ground states introduced
in Ref. 5 and 6. Certainly, the non-Abelian geometric
phases contain more information than the projective rep-
resentations. They contain all the information about the
vector bundle £x¢ on Msa. Therefore, we believe that
such geometric phases for closed d-dimensional spaces 3¢
of all topologies fully characterize the topological order.

We like to remark that for a generic system, its vec-
tor bundle Esyq is generaly not flat. The curvature of the
vector bundle can change as we deform the Hamiltonian
locally. However, for some topological orders, its vector
bundle £xa cannot be made flat no matter how we fine
tune the Hamiltonian. In this case, the vector bundle
Exa is topologically different from a flat bundle. In this
case, the volume-independent partition function on map-
ping torus Z*P(X9x, S') cannot be topological (i.e. the
volume-independent partition function cannot be a con-
stant on a connected piece of the moduli space Mxua). It
must depend on the metrics of the space-time %¢ Ng St

It is very strange since the bosonic system has short
range correlation and a finite energy gap. In the ther-
modynamical limit, the space-time becomes flat, and the
bosonic system should not be able to sense the geome-
try of the space-time. The fact that the partition func-
tion does depend on the metrics of the space-time means
that the entanglement in the ground state can still sense
the geometry of the space in the flat limit. We like to
link such a geometric sensitivity to the gapless nature of
boundary excitations and entanglement spectrum:

Claim 2: The ground state vector bundle Es;a over Msa
can be deformed into a flat bundle if and only if the
boundary of the corresponding anomaly-free topological
order is gappable.



What is the obstruction that prevent the vector bundle
to be flat? First, for a contractible loop g = id, U(id) is
a pure U(1) phase. So the non-flat part is only contained
in the U(1) phase of the complex vector bundle. We can
examine it by considering the determinant line bundle
5;‘3} of the vector bundle £xa, which is a complex line
bundle over Msua.

To connect the determinant line bundle to the parti-
tion fuction of the system, let us consider a contractable
loop S in Mya. We have mentioned that the partition
function for the spacetime ©¢ x S! is given by the mon-
odromy U (id) = e!? along the loop (see eqn. (5) and re-
member that U(id) is pure phase factor). Therefore the
partition function of the system on spacetime %¢ x S!
(see eqn. (13) for an example) is given by

z'P(%4 x §1) = Dyael?
or [Z'P(24 x §1)|Pxt = (Dga)P=DetU(id),  (7)

where Dsa = DimU (id) is the ground state degeneracy
on the closed space ¥¢, and DetU (id) is the monodromy
of the determinant line bundle around the loop S*. Now,
let us assume that the loop S! is the boundary of a 2-
dimension submanifold B C Myxa: S' = 9B. We can
rewrite that above as (for the U(1) phase factor)

[ZtP(24 x §1)]P=t o DetU(id) = €'27 /5 ¢

= i2™Dxsa [ranp P, (8)

where C'is the curvature tensor on the moduli space My
for the determinant line bundle. The next expression
¢127Pxa Jxas 5 P is motivated by noticing that Z*P (%9 x
S1) is given by a gravitational Chern-Simon term w

Ztop(zd % Sl) o ei27rf2d><slw (9)

In Appendix A 1, we discussed how to define the volume-
independent partition function Z%*P. A key character of
Z*P is that it is invariant under the scaling transforma-
tion of spacetime (t,z,y,---) — (ct,cx,cy,---). Since
the low energy effective action for gapped liquid state is
local and does not contain operators like g—z, the above

isotropic scale invariance implies an invariance of Z'"P
under a more general non-isotropic scaling transforma-
tion (t,x,y,---) — (ct, ez, ¢cyy, - -+ ). The gravitational
Chern-Simon term w is believed to be the only term that
is invariant under the non-isotropic scaling transforma-
tion, and at the same time depends on the spacetime
metrics. There are other topological terms that are in-
variant under the non-isotropic scaling transformation.
But those terms are invariant under any local deforma-
tion of the spacetime metrics. Here we ignore such lo-
cal constant terms, because they do not contribute to
Jss. g P ineqn. (8). In 2+1D, some explicit calculations
have been done,[7-9] which confirm the above picture.

We can rewrite eqn. (9) in term of a linear combination
of Pontryagin class on £¢ X\ B

7P (x4 x §1) o e 2T Inixst @ = 12T s P (10)

since (XX B) = %% x S1. Here L4 X B is a fiber bundle
with the space 2¢ as the fiber and B as the base manifold.
Also P = dw is a linear combination of Pontryagin class
on ¥4 X B:

P= E EningPring--

n1,mn2,

PTL17L2"- = DPnyPny Kning- € Q, (11)
and p, is the n'® Pontryagin class. This leads to the
expression eqn. (8). This is a key assumption in this
paper.

Now, let us shrink the loop S' to a point and B
becomes a closed 2-dimensional submanifold in Msxa.
Then, f p C becomes the Chern number of the line bundle

£3t on B, which always is an integer. We obtain

Dy / P = integer. (12)
SINB

This expression gives us a constraint between the ground
state degeneracy Dsa and the gravitational Chern-
Simons term in the effective theory. It is the main re-
sult of this paper. We remark that the above result is
obtained with an assumption that the ground states of
topological order can be put the closed space ¢ without
the need to create some topological excitations. Other-
wise, the above can still be valid if we set Ds,« = 0 when
we have to create topological excitations. We also like to
point out the first Chern class C (i.e. the collection Chern
numbers || g C for all closed 2-dimensional subspaces of

Msa) completely classify the line boundle Sg‘f}.

Let us consider an example of 2d theory whose gravita-
tional response contains the gravitational Chern-Simons
term:[7-9]

Zo(s2 0 §Y) = o FE et dug = pr,  (13)
where ¢ is the chiral central charge of the edge states.
For such a theory, eqn. (12) becomes

c

D, p1 = integer, (14)
24 »2> B2

for any surface bundle X2 X B2, where Dy is the ground
state degeneracy on X2, and g is the genus of 2.

Since [so g2 1 # 0 for some surface bundle, [, C' #
0 for some B and the vector bundle £sa is not flat if
¢ # 0. So the appearance of the gravitational Chern-
Simons term implies that the vector bundle Esa is not
flat.

It was shown that f22>\32 p1 = 0 mod 12 for any ori-
entable surface bundles.[15, 16] If the genus of the fiber
Y2 is equal or less than 2, then fEZXBQ p1 = 0.[15, 17, 18]
If the genus of the fiber X2 is equal or greater than 3,
then we can always find a base manifold B? with a genus
equal or less than 111, such that there is a surface bundle



2N B? with [52y o p1 = £12.[18] Therefore,'

Claim 3: for a 2d bosonic topological orders, the chiral
central charge of the edge state is quantized as cDy/2 € 7
for g > 3, where D, is the ground state degeneracy on
genus-g space.

The above result implies that the chiral central charge ¢
is a rational number, which was proven via some other
motheds.[19, 20]

Let us give some non-trivial checks for Claim 3.

Application 1. For a bosonic quantum Hall state with
one branch of edge mode (i.e. ¢ = 1), the ground state
degeneracy D, must be even for g > 3.

Application 2. For a 2d bosonic topological order, we
can use 1, j, k to label the topological excitations. The
fusion rule is given by i ® j = @kNikjk. The ground state
degeneracy D, is then given by[21]

Dg = TT(ZNiNg)g_l = Z Sl_i2(g_1)
_ (Zd?)g_lzdiz(gil) (15)

where 7 is the antiparticle of 4, the matrix N; is given
by (Nl);c = Ni’}, and d; is the quantum dimension (the
largest eigenvalue of N;). Also S;; is the matrix ele-
ments of the S-matrix that characterizes the topological

order.[5, 6] We have Sy; = \/;7

For filling fraction v = 1 bosonic Pfaffian quantum Hall
state, we have (d;) = (1,1,v/2). We find that D; = 3,
Dy =10, D3 = 36, Dy = 136, D5 = 528, etc . Therefore
the chiral central charge must be quantized as ¢ = 0
mod 1/2, which agrees with ¢ = 3/2. We also see that
c¢D,/2 = integer is not valid for g = 2.

For the Fibonacci topological order with (d;) =
(1,551) and ¢ = 14/5, we find that Dy = 2, Dy = 5,
D3 =15, Dy = 50, D5 = 175, etc . Indeed, cDy/2 =
integer for g > 3. We explicitly checked over 140 simple
topological orders listed in Ref. 22, and find that Claim
3 is valid for those bosonic topological orders.

Application 3. The chiral central charge of 2d invertible
anomaly-free topological order is quantized as ¢ = 0 mod
2, since Dy, = 1. A known 2d invertible anomaly-free
topological order is the Eg state, which has ¢ = 8. At
the moment, we do not know if the minimal chiral central
charge ¢ = 2 can be realized by a 2d invertible anomaly-
free topological order.

If we have a fermionic system, both £ and %¢ X\ B?
should be chosen to be spin manifolds. In this case 3¢
can have a spin structure, denoted as o, which can be

1 Claim 3 was first obtained in our long unpublished paper Ref. 14.
This paper simplifies and extendeds the result to get it published.

4

extended to X4 X\ B2. The ground states on £¢ can carry
even or odd numbers of fermions. We denote the ground
state degeneracy with even fermions as ngﬂ7 and that
with odd fermions as D%dﬁ. We note that the even and
odd sectors do not mix due to the conservation of fermion
number parity. Therefore, we have two vector bundles on
the modular space Msxua.

In 2-dimensional space (d = 2), when %2 X B2 is spin,
we have f22>\ gzP1 = 0 mod 48 for any spin surface
bundles.[15, 17] Assuming that f22>\32 p1 = £48 can be
realized for some surface bundle X2 X B? if the genus of
%2 is greater than 2, we find that

Claim 4: For fermionic topological orders, the chiral
central charge is quantized as

2¢D; , €2, 2Dy,€Z, g2>3, (16)
where Dg , (Dj ;) is the ground state degeneracy on
closed genus-g surface with spin structure o and even
(odd) number of fermions.

For fermionic invertible topological orders, we have
Dg , + Dy, = 1 and the chiral central charge is quan-
tized as ¢ = 0 mod 1/2. The minimal chiral central
charge ¢ = 1/2 for fermionic invertible topological orders
can be realized by p + ip superconductor, which indeed
contain no non-trivial topological excitations.

For a 2d fermionic topological order, the quantum
dimensions of excitations appear pairs of equal values:
da; = do;+1[23]. Many 2d fermionic topological orders
are stacking of a fermionic trivial product state and
bosonic topological orders with quantum dimensions dZ.
In this case, we either have Dy , # 0, Dy, = 0 or
D; , =0, Dy, # 0. The total ground state degernacy
Dy, = Dg, + Dy, is indenpendent of spin structure.
To compute Dy ,, we note that the quantum dimensions
for the resulting fermion topological order are given by
do; = dojy1 = df, and the ground state degeneracies are
the same as the corresponding bosonic topological order:

g—1
Dyo = Dy + Dgy = (Si(dP)?) y(dP) 26D,
and we obtain

. . 1 2\911 —2(g—1)
Dya =Dy + D5 = (320 d) 532407
i i

(17)

Amazingly, when we apply the above formula to more
general fermionic topological orders obtained in [23], the
above expression always give us integers which satisfy
2¢Dgy s € Z for g > 3.

We like to remark that for fermionic topological orders,
ngﬂ and D%dﬂ may depend on spin structure o (see
Ref. 24 and 25). It is not clear whether ngﬂ + D%dﬁ
depends on spin structure or not. For the examples ex-
amined in Ref. 24 and 25, D;d70+ng70 does not depend
on spin structure.



B. No non-trivial bosonic topological order in 1d
space

Next let us consider bosonic 1d topological orders.
Since MCG(S?!) is trivial, Msy: is simply connected.
Since the Pontryagin classes for circle bundle S' X B all
vanishes, the determinant bundle of the vector bundle
Egﬁ’t over My can always be deformed into a flat one.
Thus the vector bundle £s1 can be flat. Such a vector
bundle is always trivial since My is simply connected.
Therefore, all bosonic anomaly-free 1d topological orders
are trivial.

It appears that the vector bundle Es;¢ on My.q is a high
resolution characterization of the anomaly-free topologi-
cal order. The non-trivial anomaly-free topological order
should lead to a non-trivial vector bundle £sa. On the
other hand, since the structure of the vector bundle can
be so rich, it is very likely that not every allowed vec-
tor bundle £s;¢ on Msua can be realized by anomaly-free
topological orders.

C. How to probe and measure the
boundary-gappable topological orders

For a boundary-gappable topological order, the vector
bundle on Msa can always be deformed into a flat one.
In fact, the boundary-gappable topological orders can be
realized by renormalization-group fixed-point Hamiltoni-
ans, which are formed by commuting projectors[26], or
by renormalization-group fixed-point Lagrangians which
are re-triangulation invariant[27, 28] (see next Section).
The vector bundles on My obtained from those fixed-
point systems are always flat, and the partition functions
on mapping torus are always topological (which are the
state-sum topological invariants[27, 28]). For a flat vector
bundle, the unitary matrices U(g) (the monodromies for
non-contractible loops) form a representation (instead of
a projective representation) of the mapping class group
MCG(%4) which fully characterize the flat bundle:[5]

Claim 5: A boundary-gappable topological order is
fully characterized by a collection of representations of
the mapping class groups MCG(X?) for various spatial
topologies.

In particular, the representations of MCG(X4) can be
computed via the universal wave function overlap[29-31]
or tensor network calculations.[32-35]

For 2d boundary-gappable topological orders, the rep-
resentations of the mapping class group MCG(X;) for
genus-1 torus are called the modular data, which al-
ready carry a lot of information about the topological
orders[6, 22, 36]. However, recently in Ref. 37, Mignard
and Schauenburg found some different topological or-
ders that have the same modular data and chiral central
charge. Thus, modular data and chiral central charge
are not enough to fully characterize topological order.
In Ref. 38, its was shown that if we include the rep-

resentations of the mapping class group MCG(X,) for
genus-2 surface, then those topological orders can be dis-
tinguished. This supports the conjecture proposed in
Ref. 5, that the representations of the mapping class
groups MCG(X,) for all genus-g surfaces, plus the chi-
ral central charge, can fully characterize 2d topological
orders.
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Appendix A: Probe and measure topological orders
— path integral approach

In this appendix, we will only consider bosonic sys-
tems. Bosonic topological orders can also be realized by
path integral on triangulated spacetime MP. Here, we
will discuss how to characterize topological orders using
path integral approach and the resulting partition func-
tions.

1. Topological partition function

If the path integral is described by a well defined quan-
tum field theory (such as those that can be regularized
by a tensor network path integral) that has no long range
correlations, it will describe an anomaly-free topological
order. But how to determine which anomaly-free topo-
logical order that the path integral produces? How to
determine whether two path integrals give rise to the
same anomaly-free topological order or not?

One universal way to characterize all the topological
orders is via the partition function of the system. In
general, a partition function on a closed spacetime MP
may have a form

Z(MD) _ e—cDLD—cD,lLDfl—---—coLU—c,lLfl—»--7 (Al)

where L is the linear size of MP. If the ground state does

not contain point-like defects, then ¢; = 0 since there is

no worldline in spacetime. Similarly, if the ground state

does not contain string-like, membrane-like etc defects,

then co = ¢3 = -+ = ¢4_1 = 0. In this case, we can
define a volume-independent partition function via
D

ZtOP(MD) = lim L(M ) =e

L—oo e—¢pLP

—coLU

(A2)

When the calculated volume-independent partition func-
tion vanishes, it does not mean the partition function



vanishes. It just means that ¢; > 0, for some 0 < i < D.
This implies that the given space-time topology MP
must contain point-like, string-like, etc topological ex-
citations.

We like to remark that it is not yet proven that using
the above procedure to define volume-independent par-
tition function Z'°P(MP) always works. The assump-
tion that Z'*P(MP) can be well defined equivalent to
the assumption that the partition function of a topologi-
cal quantum field theory can be defined via a microscopic
path integral calculation. However, in Ref. 39, it is shown
that only some ratios of Z'*P(MP) are well defined. For
example we may choose triangulated manifold which con-
tain four disjoint pieces: M = My U Mp U Ny U Np,
where the boundaries of My, Mp, Ny, and Np are sim-
plicial complexes all isomorphic to B. Gluing the bound-

aries in different ways gives rise to M; = B B and
My = B B. The ratio of Z*P(MP)’s is given by

Ztop(.g ) / Ztop(s )
(2 (0 /-

_ MUUMD NUUND (A3)
Z(NUUMD)Z(MUUND)

since the volume term cancel exactly. Such ratios are
topological invariants.

2. The gravitational Chern-Simons term and
winding numbers

To use partition function to characterize topological or-
der, we consider volume-independent partition function
Z*P(MP) on closed space-time manifolds M. To un-
derstand the universal structures in the partition func-
tions, let us use Mj;p to denote the moduli space of
the closed space-time M P with different metrics but the
same topology. Then the partition function Z*P(—) can
be viewed as a map from M ;b to C.

Claim 6: If a path integral describes a short-range cor-
related systems, then its volume-independent partition
function on the moduli space M ;o of a closed space-
time MP is either always non-zero: Z'P(MP) # 0, or
always zero: Z™P(MP) = 0.

Proof. If a volume-independent partition function is zero
at some isolated points (or regions) of the moduli space
Mo, then a small local perturbation will make it non-
zero. This will represent a diverging response, which

should not occur for short-range correlated systems.
Therefore, Z°P(MP) is either always non-zero or always
Z€ro. O

So the non-zero volume-independent partition function
Z'™P(-) is actually a map Z*P : My»p — C— {0} ~
U(1). If my(Mprp) # 0, such map may have a non-trivial
winding number.

Since 71 (Myp) = MCG(MP), the winding number
is a group homomorphism MCG(MP) — Z = m;(U(1)).
So the winding numbers (i.e. the group homomorphisms)
always form integer classes Z. This leads us to be-
lieve that the winding numbers (or the group homomor-
phism MCG(MP) — Z) are always realized by the par-
tition function Z*P(MP) that contains the gravitational
Chern-Simons term wp

Ztop(MD)N eifMDwD (A4)
where the gravitation Chern-Simnons term wp is given
by

dwp = g Rnping--- n1n2

and P, n,... is a combination of Pontryagin classes which
are the only integer characteristic classes of oriented man-

(A5)

ifolds. Noticing that the winding numbers are given by
% fMD>\f51 de, we have
Claim 7:
K
/ _ Z nyng- / Pn1n2--- cZ
MDx ;51 27r Y

(A6)

for any mapping torus MP X ; S* where Z*°P(MP) is non
zero.

Such type of winding numbers and the partition func-
tion exist only when the spacetime dimension D = 4k+3,
since the gravitational Chern-Simons term exists only in
D = 4k + 3 spacetime dimensions. We also note that
there is always one combination of Pontryagin classes
for each D = 4k + 3 (corresponding to the signature
o of the manifold), whose value on mapping torus is al-
ways zero (see Corollary 1.0.6. in Ref. 40). For such
Pontryagin class, the corresponding gravitational Chern-
Simons term wf?, can have an unquantized coefficient.
For example, in 241D, the naive consideration of diffeo-
morphism invariance appear to require the gravitational
Chern-Simons term ws to have a coefficient that is quan-
tized as kK = %, ¢ = 0 mod 8. However, the above more
careful consideration indicates that ¢ does not have to be
quantized as ¢ = 0 mod 8. This is consistent with the
well known fact that there are many 2+1D anomaly-free
topological orders with ¢ different from 0 mod 8, despite
¢ must satisfy certain conditions (see Claim 3 and 4).

Clearly, two bosonic systems that give rise to partition
functions with different winding numbers must belong to
two different phases. So the winding numbers of partition
functions are a type of topological invariants that can be
used to probe and measure the anomaly-free topological
orders.



3. Beyond winding numbers

To have an example of topological orders with non-
zero winding numbers, we note that invertible topologi-
cal order are described by volume-independent partition
functions that are pure U(1) phase.

Claim 8: Since it has only trivial excitations, the
volume-independent partition function of an invertible
topological order is non-zero for any closed spacetime
manifold MP.

In particular the Z-class of invertible topological order
(such as the Es quantum Hall state in D = 3) are de-
scribed by

Ztop(MD): eiQTrf]quD. (A?)
We have shown that Ky, ,... is quantized (see eqn. (A5))
if Py, n,... is non zero on some mapping torus.

However, for invertible topological orders, Ky, n,... can
be quantized even if P, ,,... is zero on any mapping torus.
To see this, we need to consider more general “loop”,
i.e. more general “mapping torus”, where the topology of
the fiber M¢ can change as we go along the loop. In this
case, the more general “mapping torus” can be any closed
D +1-dimensional manifold M P+, Thus we require that

Claim 9: for invertible bosonic topological orders

ei27TfMD+1 de

— 2 S fon Paa 1 (AS)

for any closed MP*1, which leads to a quantization of
Knyng.- -
We note that even wf, is required to have a quantize
coefficient. For example, for 241D invertible topological
orders

ZP(MP) = e o @0 = 35 Juo o

=l F har oMt = M (A9)
where ¢ = 12x/7m must be quantized as 0 mod 8, since
fN4 p1 = 0 mod 3 for closed 4-manifold N*. In fact ¢
is the chiral central charge of the edge states and the
above partition function describes the stacking of ¢/8 Eg

quantum Hall states.

4. Probe and measure the anomaly-free topological
orders

In the last section, we have discussed the quantiza-
tion of Ky, n,... for invertible topological orders. For non-
invertible topological orders, we also have gravitational
Chern-Simons terms, and have non-zero Ky, n,.... In this
case, Kn,n,... are also quantized. However, the quantiza-
tion condition are weaker, since the volume-independent
partition function is non-zero only on some sub-class of
closed manifolds. For example, for bosonic topological
orders with emergent fermions, the volume-independent

partition function vanishes on spacetime that is not spin.
The volume-independent partition function can be non-
zero only on spin-manifolds. Only the spin-manifolds can
impose the the quantization conditions on Knn,....

Also for non-invertible topological orders, the volume-
independent partition function is not just a phase factor.

Claim 10: The non-invertible topological orders are
characterized by the following topological invariants:

(1) Quantized gravitational Chern-Simons terms
(i.e. quantized Ky, n,...’s)

(2) The absolution values of volume-independent parti-
tion function |Z'*°P(MP)|, on spacetime MP with van-
ishing Euler and Pontryagin numbers (i.e. |Z%P(MP)|
is a constant on moduli space M yp ).

5. How to probe and measure the
boundary-gappable topological orders

We know that a boundary-gappable topological or-
der can be described by a topological path integral that
is independent of retriangulation of space-time and in-
dependent of local change of space-time metrics. The
topological path integral directly give rise to the volume-
independent partition function Z'*°P(MP), which is con-
stant on M ;o locally. Such a topological path integral
is a fixed-point of the renormalization group transforma-
tion. We propose that

Claim 11: For boundary-gappable topological orders,
we can use the volume-independent partition function
ZtP(MP) of topological path integral to probe and mea-
sure them.

This conjecture has lead to some related researches and
is confirmed for simple boundary-gappable topological
orders.[29-31] Since the topological path integral is re-
triangulation invariant, we see that Z*P(MP) is not only
independent of volume, it is also independent of shape.
It only depends on the topology of MP. Therefore, the
volume-independent partition function Z'°P(MP) is a
topological invariant for D-manifold MP. It might be
even true that different boundary-gappable topological
orders give different topological invariants for at least
some MP’s. In 2+1D, the topological invariants from
boundary-gappable topological orders are the Turaev-
Viro invariants for 3-manifolds.[27]

We like to remark that the relation between
volume-independent partition functions Zi,(MP) and
boundary-gappable topological orders is not one-to-one.
Two volume-independent partition functions Zyo,(MP)
differ by a factor WXMP) g1 Xy Srama Jarp Pranaes g
tually describe the same topological order. Here
W is a constant. This is because the factor
WXMP) ot Xognyy Onanas Jaap Primaes cap e produced by
local counter terms, which are deformations within the
same phase.



6. Applications

For bosonic 241D invertible topological orders, its
volume-independent partitions is non-zero in any closed
orientable manifold M?. From the quantization || ;2 p1 =
0 mod 3, we find that the chiral central charge ¢ = 0 mod
8. For 241D non-invertible topological orders with emer-
gent fermions, its volume-independent partitions must be
zero on any closed orientable manifold M3 that is not
spin. From the quantization f a4 P1 =0 mod 48 for any
spin manifold M*, we see that ¢ only need to satisfy
2cn = 0 mod 1 for a certain set of integers n. Since the
partition function may not non-zero for all spin manifold,
we cannot conclude 2cn = 0 mod 1 for all integers.

The simplest class of 241D bosonic topological or-
ders with emergent fermion has quantum dimensions
(d;) = (1,1,4/2). Their chiral central charge is given by

c= 2%—“, k € Z. We believe that the partition functions

for those topological orders are non-zero for any 241D
spin manifolds since those topological orders can be ob-
tained by gauging the fermion-number-parity in p + ip
superconductors in 24+1D. So the chiral central charge
for those bosonic topological orders must satisfy 2cn = 0
mod 1 for all integers n, i.e. 2¢ = 0 mod 1. This is
consistent with ¢ = L;l

There is a 241D topological order whose edge states
are described SU(2) level 6 conformal field theory with
chiral central charge ¢ = %. Such a topological order also
has an emergent fermion. Since the chiral central charge
does not satisfy 2¢c = 0 mod 1, the volume-independent
partition functions for such a topological order cannot be
non-zero on all spin manifolds. It is an open problem to
understand on which class of manifolds that the volume-

independent partition functions are non-zero.
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