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Categorical symmetry and non-invertible anomaly
in symmetry-breaking and topological phase transitions

Wenjie Ji! and Xiao-Gang Wen!

For a zero-temperature Landau symmetry breaking transition in n-dimensional space that com-
pletely breaks a finite symmetry G, the critical point at the transition has the symmetry G. In this
paper, we show that the critical point also has a dual symmetry — a (n — 1)-symmetry described by
a higher group when G is Abelian or an algebraic (n — 1)-symmetry beyond higher group when G
is non-Abelian. In fact, any G-symmetric system, when restricted to symmetric sub-Hilbert space,
can be viewed as a boundary of G-gauge theory in one higher dimension. The conservation of
gauge charge and gauge flux in the bulk G-gauge theory gives rise to the symmetry and the dual
symmetry respectively. So any G-symmetric system actually has a larger symmetry called cate-
gorical symmetry, which is a combination of the symmetry and the dual symmetry. However, part
(and only part) of the categorical symmetry must be spontaneously broken in any gapped phase of
the system, but there exists a gapless state where the categorical symmetry is not spontaneously
broken. Such a gapless state corresponds to the usual critical point of Landau symmetry breaking
transition. The above results remain valid even if we expand the notion of symmetry to include
higher symmetries and algebraic higher symmetries. Thus our result also applies to critical points
for transitions between topological phases of matter. In particular, we show that there can be sev-
eral critical points for the transition from the 3+1D Z3 gauge theory to a trivial phase. The critical
point from Higgs condensation has a categorical symmetry formed by a Z3 0-symmetry and its dual
—a Za 2-symmetry, while the critical point of the confinement transition has a categorical symmetry

formed by a Zs 1-symmetry and its dual — another Zs 1-symmetry.
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In general, the quantum critical point always connects
two nd phases: a symmetric phase with no ground state
degeneracy and a symmetry breaking phase with |G| de-
generate ground states. The symmetric phase is charac-
terized by its point-like excitations that carry irreducible
representations of G. The collection of those point-like
excitations, plus their trivial braiding and non-trivial fu-
sion properties, give us a local fusion n-category denoted
by nRep(G) (see, for example, Ref. 5-8 and Appendix
A). The conservation of those point-like excitations is
encoded by the non-trivial fusion of the irreducible rep-
resentations R,’s

Ry, @ Ry, = EBN;I;*@ (1)

which reflects the G-symmetry. In fact, due to Tannaka
duality, the local fusion n-category nRep(G) completely
characterizes the symmetry group G. Since the critical
point touches the symmetric phase, the ground state at
the critical point is also symmetric under G.

The symmetry breaking phase has ground states la-
beled by the group elements g € G, |¥,), that is not
invariant under the symmetry transformation: U, |¥,) =
|Whe), g,h € G. We can always consider a symmetrized
ground state [Wo) = >° |¥,) that is invariant under the
symmetry transformation: Up|¥o) = [¥(). The symme-
try breaking phase has domain wall excitations and we
only consider the symmetrized states with domain walls.
The domain walls can also fuse in a non-trivial way, which
form a local fusion n-category, denoted by nVecs (see
Ref. 7 and 8 and Appendix A). The non-trivial fusion
also leads to a “conservation” of domain-wall excitations.

It turns out that the “conservation” of (n — 1)-
dimensional domain-wall excitations can be viewed as a
result of algebraic higher symmetry[7, 8] generated by
closed string operators W,(S') that commute with the
lattice Hamiltonian

Wo (S H = HW,(S"), (2)

for all the closed loops S! (see Section V). Ref. 8 con-
jectured that there is a generalization of Tannaka du-
ality: a local fusion n-category R (such as nVecq) com-
pletely characterizes an algebraic higher symmetry (in the
present case, an algebraic (n — 1)-symmetry). When the
symmetry group is Abelian, such an algebraic (n — 1)-
symmetry is a (n — 1)-symmetry described by a higher
group. This special case was discussed in Ref. 9. When
the symmetry group is non-Abelian, such an algebraic
(n—1)-symmetry is beyond higher group description and
is not a (n — 1)-symmetry.

To contrast higher symmetry (described by higher
group) and algebraic higher symmetry (beyond higher
group), we note that for group-like higher symmetry, the
string operators satisfy a group-like algebra

Wlh (Sl)Wth (Sl) = quQz(Sl)v (3)

while for algebraic higher symmetry, the string operators
satisfy a more general algebra

Wa, (S, Z N, Was (S1). (4)

The notion of algebraic higher symmetry has appeared
in Ref. 10-14 for 141D conformal field theory (CFT) via
non-invertible defect lines and for lattice models in gen-
eral dimensions in Ref. 7 and 8. This generalizes the no-
tion of higher form symmetry [9, 15-22] (or higher sym-
metry [23-29]).! A higher symmetry is described by a
higher group, while an algebraic higher symmetry is be-
yond higher groups. The charged excitations (the charge
objects) of an algebraic higher symmetry is in general
characterized by a local fusion higher category (see Ref. 8
and Appendix A).

We see that the G-symmetry breaking phase, with do-
main wall excitations forming n)Vecg, actually has an
algebraic (n — 1)-symmetry, denoted as G(*~1). Since
the critical point touches the symmetry breaking phase,
the critical point also has the algebraic (n— 1)-symmetry
G(=1)_ Therefore, the gapless state, at the critical point
of G-symmetry breaking transition, has both the G 0-
symmetry and the algebraic (n — 1)-symmetry G~
We call this combined symmetry a categorical symmetry.
In fact, the categorical symmetry even appears off the
critical point, but in a spontaneously broken form.

There is a holographic way to see the appearance of
categorical symmetry in any G-symmetric system. We
note that when restricted to the symmetric sub-Hilbert
space, a nd G-symmetric system can be viewed as a
system that has a non-invertible gravitational anomaly,
i.e. can be viewed as the boundary of the G-gauge the-
ory in one higher dimension[30, 31]. The bulk gauge
charges, when brought to the boundary, are the excita-
tions of the G O-symmetry, and the gauge fluxes, brought
to the boundary, are excitations of the algebraic (n — 1)-
symmetry. The conservation of the gauge charges and
gauge fluxes in G-gauge theory in the bulk leads to the
G 0-symmetry and algebraic (n—1)-symmetry G(™~1 re-
spectively, in our G-symmetric system that corresponds
to the boundary (for details, see Section II D). Therefore,
the G-symmetric system actually has a larger symmetry
— the categorical symmetry, which is a combination of the
symmetry (from the conservation of gauge charges) and
the algebraic (n — 1)-symmetry (from the conservation
of gauge flux), with non-trivial mutual statistics between

1 Higher form symmetry and higher symmetry are similar. They
have only a small difference: The action of higher form symmetry
becomes an identity when acts on contractable closed subspaces,
while the action of higher symmetry may not be an identity when
acts on contractable closed subspaces. Higher symmetry is a
symmetry in a lattice model. Higher symmetry reduces to higher
form symmetry in gapped ground state subspaces (s.e. in the low
energy effective topological quantum field theory).



gauge charges and gauge flux. Such a categorical sym-
metry is fully characterized by the G-gauge theory in one
higher dimension.

Since the gapped boundaries of G-gauge theory al-
ways come from the condensation of the gauge charges
and/or the gauge flux, the gapped ground state of G-
symmetric system always breaks the categorical symme-
try partially, either the G-symmetry, or the algebraic
(n — 1)-symmetry, or some other mixtures of the two
symmetries. A state with the full categorical symmetry
(i.e. both the G-symmetry and the algebraic (n — 1)-
symmetry) must be gapless. We show that such a gapless
state describes the critical point of the Landau symmetry
breaking transition.

More generally, all possible gapless states in a G-
symmetric system are classified by gapless boundaries of
G-gauge theory in one higher dimension. This univer-
sal emergence of categorical symmetry at critical point,
and its origin from non-invertible gravitational anomaly
(i.e. topological order in one higher dimension), may help
us to systematically understand gapless states of matter.

It is worthwhile to point out that a structure sim-
ilar to categorical symmetry was found previously
in Anti-de Sitter/Conformal field theory (AdS/CFT)
correspondence[32-35], where a global symmetry G in a
conformal field theory (CFT) at the boundary is related
to an appearance of a gauge theory of group G in the
bulk. In this paper, we stress that the categorical sym-
metry encoded by the bulk is actually a bigger symme-
try than the usual symmetry at the boundary. We point
out that the G-symmetric gapless critical theory at the
(n+1)D boundary actually have both the 0-symmetry G
and the dual algebraic (n — 1)-symmetry, which together
form the categorical symmetry. For a more detailed dis-
cussion, see Section VIII.

In the following, we begin with studying a few concrete
examples, to show the appearance of categorical sym-
metries in Landau symmetry breaking transitions and
in topological phase transitions, as well as neighboring
gapped states that partially break the categorical sym-
metries spontaneously. In Section II, III and IV, we dis-
cuss the example of models associated with the Z5 group,
in 141D, 241D, without and with 't Hooft anomaly. We
introduce the patch operators, as a main tool to detect lo-
cal charges in sub-Hilbert space that is symmetric under
global symmetries. We show how to use the patch oper-
ators to describe categorical symmetry. In Section V, we
discuss the categorical symmetries in the lattice models
with general finite group G in any n spacial dimension. In
Section VI, we discuss the emergence of algebraic higher
symmetry. In Section VII, we discuss the emergence of
categorical symmetry for a set of low energy excitations,
and how the categorical symmetry can constrain on the
possible phases and phase transitions induced by those
low energy excitations. In particular, we discuss how the
emergent categorical symmetry determines the duality
relations between low energy effective field theories. In
Section VIII, we summarize our results and point out its

implication for a particular AdS/CFT dual.

II. Z, AND DUAL Z, SYMMETRIES IN 1+1D
ISING MODEL

A. Duality transformation in 141D Ising model

A common scenario happening at the critical point be-
tween the symmetric phase and the symmetry breaking
phase is the emergent symmetry. The example we know
the best is the Ising transition in one dimension. The
paramagnetic phase is Z5 symmetric, and the ferromag-
netic phase spontaneously breaks the Z, symmetry. The
critical point is Zs symmetric. More than that, it also
has an additional Zs symmetry [12, 36-39].

To see both Zs symmetries, we consider Ising model on
a ring of L sites, where on each site i there are spin-up
and spin-down state in the Pauli-Z; basis. So the Hilbert
space is V = @~ {| 1), | Li)}. Each state in the Hilbert
space can be also labeled in an alternative way, that is
via the absence or presence of a domain wall (DW) in the
dual lattice of L links. On each link 7 + %, a domain wall
means the spins on ¢ and i+ 1 are anti-parallel. It follows
that each basis state 1)) of V and its Z, partner [¢') are
labeled by the same kink variable on the dual lattice. So
the Z symmetric state in V is labeled uniquely by the
DW variable. Moreover, a configuration of odd number
of domain walls on links cannot be mapped to any config-
uration of spins on sites. Thus each DW variable with an
even number of DW’s labels a unique Zs symmetric state.
Therefore, we say that the Z symmetric Hilbert space
of spins on the sites is in one-to-one correspondence with
the Hilbert space of even number of DWs on the links.
Each of the Hilbert space is of dimension 271,

Next, we demonstrate an isomorphism between a set
of operators on sites and that on links.

Xilivi = X 1 X1, ZiZign— 11 Z . (5)

2

Here, we use the following notation,

X_<o 1)7 Z_<1 0)7 I_(l 0>' ©)
10 0 -1 01

Physically, the spin-flipping X; is the same as creat-
ing two DW’s on i — % and i + % links, represented by
X 1 X1 The Ising coupling term Z;Z;;1 also mea-
sures the energy cost of a domain wall, which is rep-

resented by Z; 41 Formally, the two sets of operators
{X;,Z;Zi+1} and {)?i_%)zi+%,z+%} are two represen-
tations of the same set of operators {W;, W, 1} defined
by the operator algebra, for ¢ = %, 1,---,L,

(i) Wi2 =1,
(i) WiWip1 = =W Wy, (7)
(i) (Wi, W;] =0, [i —j] > 1.



We also have a further global condition,

Uz, = [ Wi=1,
i=1,2,---,L
(8)
U22 = H W, =1.
i=4.4-L-4

We have two 21 dimensional representations of W;’s,
satisfying these relations (7) and (8). In particular, the
following Hamiltonian,

H=— Y (BWi+JW,y), (9)

i=1,2-,L

has the same spectrum independent of the representa-
tion. In the “spin representation”, the Hamiltonian re-
duces to

HIS — _ 2
i=1,2,--

L
Uz, = ] Xi=1 Uz =21z =1
i=1,2,---L

(BXi+ JZiZiy1),
(10)

In the “DW representation”, the Hamiltonian reduces to

)

HPW _ Z (B)? 1521‘-;—%"_‘]21'-&-%)7

- (11)
UZ2=XL+%X%:1, UZ = H ZZ;%:l.
i=1,2,---L

The unitary transformation (5) between the “spin rep-
resentation” and “DW representation” is also known as
Zo gauging. In the current case, it is also the same as
Kramers-Wannier duality.

The Ising model has two exact Zy symmetries. How-
ever, in our spin and DW representations, we do not see
them simultaneously. In the spin representation, we see
one Zs symmetry generated by

Uz = [ Xi (12)
i=1 L

which is denoted as Z5. In the DW representation, we
see the other Z5 symmetry generated by

UZZ = H Zi+%7 (13)
i=0,- L

which is denoted as 22. Z9 and Zg are two different Zo
symmetries, as one can see from their different charge
excitations. Despite we only see one symmetry in one
formulation, the Ising model actually have both symme-
tries. The combination of the two symmetries is the so-
called categorical symmetry, which is denoted as Z3 V Zs.
Certainly, the critical model at |J| = |B| also have the
Zo N Zs categorical symmetry (see Fig. 1). It is interest-
ing to note that, in the ground state of the Ising model,

I
H” Z, SSB Z, Symmetric

%/2 Symmetric %2 SSB B/

D
HIW

FIG. 1. The same Ising model can be describe by H™ or by
HPW. The Z» symmetry is explicit in the H™ description,
while the Z> dual symmetry is explicit in the HPW descrip-
tion. The Ising model has both the Z3 symmetry and Z» dual
symmetry. The ground state usually spontaneously breaks
one of the symmetries, except at the B = J critical point,
where both the symmetry and the dual symmetry (i.e. the full
ZaN Zo categorical symmetry) are not spontaneously broken.

either ZgVZg categorical symmetry is spontaneously bro-
ken partially (for example, one of the Z is spontaneously
broken) or the ground state is gapless[40]. This indicates
that Z; symmetry and the dual Zg symmetry are not
independent. There must be a special relation between
them. To reveal it, we need to discuss the charge excita-
tions of the symmetries.

B. Patch symmetry transformation

In the above, we argue that the lattice model eqn. (9)
(or eqn. (10) or eqn. (11)) in the symmetric sub-Hilbert
space has two Z; symmetries generated by Uz, and U A
But in the symmetric sub-Hilbert space, the two oper-
ators are identity operator Uz, = U z, = L. The two
Z5 transformations are do-nothing transformations. So
what does it mean that the lattice model in symmetric
sub-Hilbert space has two Z; symmetries? In this sec-
tion, we are going to solve this problem by introducing
patch symmetry transformations. This is a new and bet-
ter way to view symmetries in local quantum systems.
Such kind of operators have been studied mostly for con-
tinuous global symmetries, known in the literature [41]
as splittable symmetry operators, dating back to 1980s
[42-44]. Tts one dimensional version also appears in [40].

We notice that even though Uz, and U, act as identity
in the symmetric sub-Hilbert space, the sub-Hilbert space
is not consisted of only a vacuum state. Rather, spin flip
as well as domain wall excitations are still present, and
they are subject to mod-2 conservations. So the effect
of two Z symmetries is still there within the symmetric
sub-Hilbert space. For example, there exists a state on
the ring containing two well-separated spin excitations,
each carrying the Ugz,-charge 1 while the total Uz,-charge
is 0 mod 2. How to measure the local Ugz,-charge via a
symmetry transformation operator?

To diagnose the conserved local charges of Uz, and
UZ symmetries, subjective to conservation laws, we now

introduce two sets of patch symmetry operators® for the

2 We hope the name is intuitive even when generalized to higher
dimensions.



simple model eqn. (10) or eqn. (11).
The first patch symmetry is generated by the following
transformations,

Uz, (i,7) HXZ’ for j—i>0, (14)

=1

which are required to act within the symmetric sub-
Hilbert space. They also have the properties that for
any j —i > 1,7 —i >0,

UZ2(i7k> = UZz(i7j)UZ2(j + 17k)7
UZz(iaj)z =1, [Uzz(i?j)>UZ2(i/aj/)} =0.

In condensed matter physics, a symmetry is simply a
constraint on the lattice Hamiltonian H. We usually de-
scribe such a constraint as a constraint on the Hamilto-
nian H as a whole. Under such constraint, the Hamilto-
nian H is allowed to be local or non-local. This actually
is a drawback of the standard formulation of the sym-
metry, since its does not care about the locality of the
Hamiltonian. In our new description of symmetry, us-
ing patch operators, we assume the Hamiltonian H to
be sum of local operators H = ) O,. Then the con-
straint on the Hamiltonian H is expressed in terms of
the constraint on the local terms O,. In other words, a
system is said to have the patch symmetry, if it has the
following properties: each local term in the Hamiltonian
commutes with all the patch symmetry operators, as long
as the local term is far away from the boundary of the
patch operator. For example, if H; is a term on [,1 + 1,
and if it commutes with all patch symmetry operators
Ugz,(i,7) with 4, j # [,1+1, this term is symmetric under
the patch symmetry. If every term in the Hamiltonian
has this property, we say the Hamiltonian has the patch
Symimetry.

Each patch symmetry operator Uz, (i, j) measures the
Z9 spin excitations in its “bulk”, the sites covered by
the patch, from site i to site j. More precisely, a local
operator ¥, carries Zs-charge 1 if it satisfies

U22 (Za j)wk = _wk:UZQ (27.7)7

Pr; creates two Zs-charges at k and [ within the sym-
metric sub-Hilbert space.

In eqn. (14), the patch symmetry operator is given in
the spin-representation. In the DW representation, it will
has a form

(15)

i< k<. (16)

UZz(ivj) :Xz Xj+%v (17)

3
which has a trivial “body of the string” but only two
end points. By the definition given above about a sys-
tem symmetric under the patch symmetry, and due to
the trivial bulk, any local Hamiltonian in the DW rep-
resentation is symmetric under Uy, (i,7). We may also
take the patch operators Ug,(i,7) as creating a pair of
Za-charged excitations (i.e. a pair of Z5 domain walls)
at the ending links 7 — % and j + %

The second patch symmetry is generated by the fol-
lowing operators, in the spin- and DW-representations

Uz, (i, j§) = Z:Z;, H Ziy1s (18)

ZQZ']

which have the properties that they act within the sym-
metric sub-Hilbert space, for any j —i > 1,5 — i > 1,

U22 (Z>k) = UZ2 (%J)UZZ (J7 k)a
Uz, (6,5 =1, [Ug,(i,5),Ug(i',5)] = 0.

We see that any local Hamiltonian in spin-
representation has the Uz symmetry. However, for
the Hamiltonian in the “DW representation”, the sec-
ond patch symmetry gives rise to a non-trivial constraint
on the Hamiltonian. These symmetry operators serve to
measure local domain wall excitations. We can see this
in the spin representation, i.e. when Z; and Z; have op-
posite sign, i.e. there is domain between ¢ and j, then
UZQ(i,j) =7Z;Z; = —1.

In summary, we identify two patch symmetries, each
is generated by a set of commuting operators. The two
kinds of patch symmetries act non-trivially even in the
symmetric sub-Hilbert space, and can impose constraints
on Hamiltonians. The symmetric Hamiltonians ensure
the mod-2 conservation of the Zs-charges and domain
walls.

The patch symmetry transformations also allow us to
identify a special new property — the “mutual statistics”
between charges of the two global symmetries (or patch
symmetries), given by the following relation, for i < i’ <
J<y,

UZ2 (Za j)UZz (ilv.j/) = —U§2 (i/a j,)UZz (17.7) (20)

In other ways, a local charge under the Z; global symme-
try is created at each end point~0f a Zo patch operator.
If a Z5 symmetry patch and a Z; symmetry patch par-
tially overlap, the single charge at one end point can be
measured by the Z; patch symmetry operator. All such
statements remain true if exchanging Z5 and Z5. We call
such properties the “mutual statistics” between charges
of the two patch symmetries. The collection of all patch
symmetries is nothing but the categorical symmetry. The
property (20) justifies the symmetry to be Z3V Zs, rather
than Z2 X ZQ.

We see that the categorical symmetry in a system can
be fully described by a set of patch operators, without the
need to go to one higher dimension. Alternatively, later
in section II D, we describe the categorical symmetry in
terms of the topological order and the associated long-
range entanglement, by viewing the system as a bound-
ary of a topological order in one higher dimension. The
above result confirms that the categorical symmetry is
indeed a property of the system itself.

Note that (Uz, (i,7)) also turns out to be the corre-
lation of order parameters of the Z;-symmetry, while

(19)



(Ugz,(i,7)) happens to be the correlation of order pa-
rameters of the Zg—symmetry. If there is a state, where
both the Zs-symmetry and the Zg—symmetry are sponta-
neously broken, then Uz, (i,4) and Uy, (¢, ) behave like ¢-
numbers for the state. This will contradict with eqn. (20).
Therefore, the Zs-symmetry and the Zg—symmetry can-
not be both spontaneously broken. A more rigorous proof
was given in Ref. 40.

C. A model where both Z; symmetry and dual Zs
symmetry are explicit

The Ising model in its spin representation eqn. (10) or
in its DW representation eqn. (11) only shows one of the
Z5 and dual Zg symmetries explicitly. In this section, we
will discuss the third representation of the Ising model,
where both the Z; and dual Z; symmetries appear ex-
plicitly.

Consider a model with spin-up and down states defined
on N sites as well as on N links. So we begin with 22V
states. The model has the following Hamiltonian,

H=-%" (BXi_%XiXH% + JZH%)
K3

+U(1 —ZZ-ZH%ZiH). (21)
We only consider the low energy limit U — oo limit, as
well as under the projection Uz, = [[, X; = 1. (Note
that the B-term and the J-term commute with the con-
straint U-term and Ug,.) In the restricted low energy
sector, we are left with 2V—1 states. The above Hamil-
tonian is conventionally known as describing Z; matter
field coupled to Z5 gauge field in 141D dual lattice.> The
Ising model (10) with the Z5 symmetric sub-Hilbert space
turns out to be equivalent as the low energy effective the-
ory of the above model with B, J > 0 and U — +oo0.
There are more than one way to proof this. In Appendix
B, we give a proof using the stabilizer formalism in quan-
tum information. In the next subsection, we will show
the same Hamiltonian together with the same projected
sub-Hilbert space arises as the boundary theory of the
Z3 topological order.

The Zs X Z5 symmetry (or more precisely, the Zs V Zs
categorical symmetry) is explicit in the above model,
which is generated by Uz, in eqn. (12) and Uz in
eqn. (13) as an on-site symmetry of the model.

though the Z; X Z5 symmetry is on site in the model (21),
it is anomalous when restricted in the low energy sector
in the sense that in U = +o0o limit, the model cannot

Even

3 Here, ZiJr; and )Z'Prl are matter field and momenta on the
2 2

sites of dual lattice. Z; and X; are gauge field and momenta
on the links of dual lattice. The Gauss law Z,-ZiJr;ZH_l =1is
2

imposed as a dynamical constraint.

have gapped ground state that breaks the full Z; x Zg
symmetry. (Certainly, when U < J, B, the model can
have a gapped ground state that breaks the full Zs x Zg
symmetry, such as when J = B=1,U=0.) InU = 400
limit, only the gapless state at J = B has the full Z5 x Zg
symmetry that is not spontaneously broken.

What are the patch symmetry transformations for the

Zs and Zo symmetry? The first guess are

Hka

But Uy, (i,j) = [[}_,; X& does not act within the low
energy sub-Hilbert space (in U = +4oo limit). To get
around, we modify it at the boundary, which leads to

%o ()%,
)= (Il___[igmg)-

The two sets of patch symmetry transformations still
satisfy the algebras eqn. (15) and eqn. (19) as previ-
ously. Most importantly, the two sets of patch symmetry
transformations have a m “mutual statistics” described by
eqn. (20). It is this property of the patch operators that

Uz, (i,7) UZQ ,7) HZkJrl' (22)

UZz (Z ]
(23)

we mean the symmetry we consider is Zy V Z, but not
Zo X Z5. One can also easily check that the local terms in
the Hamiltonian (21) commute with the patch symmetry
transformations when far away from the boundary. So
the Hamiltonian (21) has the Z3 and Z5 patch symme-
tries. In short, although the global symmetry transfor-
mation of Zy and Z5 commute, yet the patch operators,
which create charges at their end points, do not commute
in the low energy sub-Hilbert space limit when U — oc.

We would like to remark that the same symmetry can
be described by different yet equivalent choices of patch
symmetry transformations. Two sets of patch symme-
try transformations are equivalent if the patch symmetry
transformations only differ by “local neutral operators”
at the boundary of the patches. Here a “local neutral op-
erator” is a local operator that commutes with all patch
symmetry transformations whose boundary is far away
from the operator. The “mutual statistics” of the patch
symmetry transformations is not affected by those local
neutral operators. For example, we may instead choose
UZ2 (’Lv]) = Y;— ?c:i Xk) ij+% in (23)

1
2

D. Symmetric sector of 141D Ising model as
boundary of 2+1D Z, topological order

In the previous section, we discuss the anomaly prop-
erty of Z5V Zs categorical symmetry, the mutual statistics
of Z5 and Z, charges in the low energy limit. This forbids



a symmetric gapped ground state within the low energy
sector. In this section, we will show that the anomaly
property of the Zy V Zy categorical symmetry is actu-
ally an effect of non-invertible gravitational anomaly [31].
More precisely, the theory with the categorical symme-
try can be a boundary theory of a Zs topological order
in one higher dimension. The charges and their mutual
statistics eqn. (20) of the symmetry is determined by the
bulk topological order. To see the non-invertible gravita-
tional anomaly in the 1+1D Ising model, we concentrate
on the so-called symmetric sub-Hilbert space Vsymm that
is invariant under the Uy, transformation. The space
Veymm of a L-site system does not have tensor product
expansion of the form ®% ,V;

Veymm # S V. (24)

Thus the symmetric sector of the Ising model can be
viewed as having a non-invertible gravitational anomaly
[31]. Indeed, the symmetric sector of the Ising model
can be viewed as a boundary of 2+1D Z, topological
order (the topological order characterized by Zy gauge
theory), and thus has a 141D non-invertible gravita-
tional anomaly characterized by 241D Z5 topological or-
der [31].

A 241D Z, topological order has four types of exci-
tations 1,e,m, f. Here 1 is the trivial excitation, and
e, m, [ are topological excitation with mutual 7-statistics
between any two different ones. 1, e, m are bosons and f
is a fermion. They satisfy the following fusion relations,

ee=1, mem=1, ff=1 exdm=f (25)

Let us construct the boundary effective theory for the
m condensed boundary of Zy topological order. Such a
boundary contains a gapped excitation that corresponds
to the e-type particle. One might expect a second bound-
ary excitation corresponding to the f-type particle. How-
ever, since m is condensed on the boundary, the e-type
particle and the f-type particle are actual equivalent on
the boundary. The simplest boundary effective lattice
Hamiltonian that describes the gapped e-type particles
has a form (on a ring)

H=-B) X, B>0. (26)

Here a spin X; = 1 corresponds to an empty site and
a spin X; = —1 corresponds to a site occupied with an
e-type particle (with 2B as its energy gap). However, the
boundary Hilbert space does not have a direct product
decomposition ®;V;, due to the constraint

HXZ- =1, (27)

since the number of the e-type particles on the boundary
must be even (assume the bulk has no topological excita-
tions). This is a reflection of non-invertible gravitational

anomaly. A more general boundary effective theory may
have a form

L L
HS =-B Z X; — JZ ZiZii1, (28)
=1 i=1

where Zp 1 = Z; and Z;Z;1 creates a pair of the e-
type particles, or move an e-type particle from one site
to another.

In the above, we have shown that a boundary of 2+1D
Z5 topological order can be described by eqn. (28). The
low energy sector of the model eqn. (21) also describes the
boundary of the 241D Z5 gauge theory with Zs-charge
e and Zy-vortex m, where e and m particle has low en-
ergies on the boundary. An e particle on the boundary
corresponds to X; = —1 and a m particle corresponds to
Ziy1 = —lin eqn. (21). The Z3 x Z; symmetry is the
mod-2 conservation of e and m particles. This explains
the Zy x Zy symmetry in the symmetric sector of the
Ising model. Note that, on the boundary, we may have
a e or m condensation. The condensations may sponta-
neously break the Z5 X Zs symmetry in the ground state.
However, the model itself (given by the Hamiltonian and
the sub-Hilbert space) always has Z x Zs symmetry.

It is more precise to refer the Zp x Zs symmetry as
Zy N Zy categorical symmetry. This is because the Z;
and Z, symmetries are not independent. The Z;-charge
(the e particle) and the Zs-charge (the m particle) have
a m mutual statistics, when viewed as particles in one
higher dimension. This gives rise to eqn. (20). The term
Zy N 22 categorical symmetry includes such non-trivial
“mutual statistics” between the Zs and Z symmetry.

The mutual 7-statistics between e and m in the 2+1D
bulk is encoded at boundary by requiring the Z; domain
wall to carry Zs charge and the Zs domain wall to carry
Z5 charge. This non-trivial mutual statistics has a highly
non-trivial effect: in a gapped ground state, one and only
one of Z5 and Z5 symmetries must be spontaneously bro-
ken [40]. Thus, a symmetric state that does not break
the Zy Vv 22 categorical symmetry must be gapless. This
is a consequence of 1+1D non-invertible gravitational
anomaly [31] characterized by 2+1D Z; topological order
(i.e. Zy gauge theory).

To summarize, in the above, we considered the bound-
ary of 241D Zs topological order. We argued that a
boundary (gapped or gapless), as a system (with the
symmetric sub-Hilbert space), always has a Z5 V Zg cat-
egorical symmetry. In contrast, a gapped boundary, as a
state, has a partially spontaneous broken categorical sym-
metry, while one of the gapless boundaries, as a state, has
the full categorical symmetry. Next, let us discuss patch
symmetry transformations for the boundary of 2+1D Z
topological order, that describe the Zs V Z5 categorical
symmetry.

We start with the bulk Hamiltonian for the Z5 topo-
logical order on a square lattice, where spin-% degrees of



i+1/2 (a) (b)

FIG. 2. The reduced lattice, where spin—% degrees of freedom
live on the links.

freedom live on the links:

a=—uN [[x-v> [ 2 (9

s sCOl p lCOp

where s labels the sites, [ the links, and p the plaque-
ttes. D, sums over all the sites in the bulk (i.e. off the
boundary), and }_ sums over all the plaquettes. On

the boundary, we can have any local Hamiltonian HP%.
The boundary Hamiltonian remains finite as we take the
U — oo limit. HPY¥ in U — oo limit is a fixed-point
Hamiltonian, and we can simplify it via tensor network
renormalization [45-48]. In the end, the model eqn. (29)
can be reduced to the one on the lattice in Fig. 2a [49].
And the Hamiltonian is still given by eqn. (29), which
describes the dynamics of boundary degrees of freedom.

Now we will show that the wheel model with the
Hamiltonian in eqn. (29) on lattice Fig. 2a (plus extra
boundary terms) and the sub-Hilbert space with no bulk
excitations is the same as the minimally coupled model
with the Hamiltonian in the symmetric sub-Hilbert space
satisfying [[, X; = 1.

We consider the Zs topological order on the wheel, the
fixed-point lattice of a disk. There are in total 2V links,
N on the boundary, and N inside. That is in total 22N
states to start with. We consider the subspace that has
no bulk excitations. That means the star and plaquette
term satisfy

N
HX]. =1, Zi2i+% ir1 =1, (30)
Jj=1

for ¢ = 1,--- N. These reduce the Hilbert space we con-
sider to be of dimension 2¥~1'. Now we consider the
boundary Hamiltonian. Any term in it should first com-
mute with eqn. (30). Second, it describes the dynamics
of e and m excitations on the boundary. In particular,
we have

Hbdy — _BZX27%X121+% - JZZM (31)

where the first term create pairs of m-particles, and the
second term create pairs of e-particles. We may as well

write the no bulk flux excitation as a dynamical con-
straint, and the boundary Hamiltonian is

HPdy — *BZXi—%XiXH% - JZZi
+ UZ(l - Zi2i+% i+1)- (32)
i

And this is the same as eqn. (21).

The upshot is the Zs minimally coupled model with a
global Z5 constraint is equivalent to a boundary Hamil-
tonian of Z5 topological order when the bulk has no topo-
logical excitations. The ground state subspace projection
from the bulk to the boundary Hamiltonian is the same
as the gauge and global constraint to the 1d minimally
coupled model.*

Furthermore, one could see that the patch symmetry
transformation Ug, (4, j) (see eqn. (23)) is the same as the
string operator that creates a pair of e-type excitations
at string ends (see Fig. 2b), and the patch symmetry
transformation Uz (4, j) (see eqn. (23)) is the same as the
string operator that creates a pair of m-type excitations
at string ends (see Fig. 2b). The excitations are only on
the boundary of the wheel. This explains the non-trivial
mutual statistics between Z, and Z5 patch symmetries,
since the two string operators in Fig. 2b intersect at one
point.

To summarize, a theory with non-invertible gravita-
tional anomaly has emergent symmetries (i.e. the cat-
egorical symmetry), which come from the conservation
of topological excitations in one-higher-dimension bulk.
Thus the categorical symmetry is fully characterized by
the bulk topological order. Part of the categorical sym-
metry must be broken in any gapped phase, and the sym-
metric phase must be gapless. There is a gapless phase
that respects the full categorical symmetry.

E. How categorical symmetry determines gapless
state

Eqn. (28) is a m-condensed boundary of 2+1D
Zy topological order. Its partition function has four-
components. For such m-condensed boundary (with
|J| < B), the four-component partition function is given
by (after shifting the ground state energy density to

4 In fact, take the J = 0 limit of either the model eqn. (21) or the
wheel model restricted to the boundary eqn. (32). The ground
state is a symmetry protected topological (SPT) state protected
by Za X Zs. However, under the Z2 V Z2 symmetry specified by
the patch operators eqn. (23), the ground state is in the same
time a m condensed state. This is because the patch operator
Uz, takes a constant value in the ground state. This is the string
operator creating a pair of m, as illustrated in Fig. 2. Thus, the
phase spontaneously breaks Zs V Zs symmetry.



zero)[31]
71 1
Ze 0
Z. = ) (33)
Zy 0
Here
Zl = TI'UZ2:1 e_ﬁH}DS = 1, (34)

in the large 3, L limit and in Uz, = [[, X; = 1 sector.
Also

Z, = TrUZQZ_le_ﬁHAIS =0, (35)

in the large §, L limit and in Uz, =[], Z; = —1 sector.
Similarly

Is
L = TI‘UZ2:1 e PHA — 1

Zf = TTU22:_1 e_’@H}AS = O, (36)

where HY is the model eqn. (28) with an “anti-periodic
boundary condition”:

L L-1
HS’:—BZXZ_JZZZZH‘l_FJZLZl’ (37)
i=1 i=1

i.e. the e-type particle moving around the ring see a 7-
flux.

The above partition functions describe a Z5 symmet-
ric gapped state. Z. = 0 implies the excitation carrying
Zs charge to have a finite energy gap. Z,, = 1 implies
that the Z5 symmetry is not spontaneously broken, since
the Zs-symmetry twist has no effect on the ground state.
Also Z,, = 1 means that the excitation carrying Z, flux
has no energy gap. It also means that the patch symme-
try operator Ug, (i, j) (creating a pair of Z5 flux excita-
tions) have a non-zero average, i.e. the 22 symmetry is
spontaneously broken.

When J > B, we obtain the second gapped boundary:

Zl(T, 77') 1
Zo(r,7) | |1
Zm(r,7) | |0 (38)
Zf(T, ?) 0

This corresponds to the Z; symmetry breaking phase of
the Ising model, which is also Zs symmetric. We see that,
indeed, the critical point of Ising transition, plus its two
neighboring gapped states, can be described by a gapless
edge, and its neighbors, of 2 4+ 1D Z5 topological order.
When J = B, the boundary effective theory is gapp-
less. From HY and H%, we can obtain the gapless par-

tition functions [31, 50-53]:

Z1(r,7) IXC(T) + X ()

Zo(r,7) | X5 (7)1

Zn(,7) N ()P -3
Zs(r.7) XE (X () + X5 ()X (7)

where x15(7) are characters of Ising CFT. This corre-
sponds to the critical point at the Z5 symmetry breaking
transition.

Since Z,,, has the Z; symmetry twist, Z,, # 0 implies
that the Zy symmetry is not spontaneously broken. Also
Z. has the 22 symmetry twist. Thus Z. # 0 implies that
the Zo symmetry is not spontaneously broken. This is
why we say the gapless critical point to have full Z5 Vv Zg
categorical symmetry.

To see how the patch symmetry transformations for
the Zo V Zo categorical symmetry act in the symmetric
gapless point, we note that the patch symmetry operators
have the following form at the symmetric gapless point

UZz (7’7.7) = Xi—%X]—&-% ~ l’[’(l)u/(j)a
Uz, (i,5) = ZiZj ~ o(i)o(j). (40)

Here o and p are two primary fields with scaling dimen-
sions (15, 1) and (35, 15) of non-chiral Ising CFT. The
operator product expansion with the fermion primary
field ¢ in the Ising CFT is given byl[4]
Yo~ Yo, op~Y A+, (41)
The monodromy between p and o is —1. This reflects
that Uz, (i, j) and Uz _(i’,j') have mutually m-statistics.
Therefore, the averages of the patch symmetry opera-
tors (i.e. the Zs and Z, order parameters) have a form

(Uza(,9)) = (u(@)u(y) ~ o —y| =/,

42
<U22 (xz,y)) = {o(x)o(y)) ~ |z — y|*1/4, (42)

They vanish when |z — y| — co. Thus the Ising critical
point has the full Z5 V Zs categorical symmetry.

That in the modular invariant partition function in
the Ising CFT there is only one excitation with scaling
dimension (%, %) is consistent with the fact that in this
low energy theory, only either Uz, (z,y) or Uz (z,y) is
the correlator of the local excitation, while the other is
the patch symmetry operator acting on the local excita-
tion.

The above partition functions are essentially deter-
mined by the Zy V Z categorical symmetry. Remenber
that the Z,V Z, categorical symmetry is characterized by
2+1D Z5 topological order, which in turn is characterized



by the following S, T matrices

100 0 i 4 11
- - 1 1 1 1
TZQ\/ZZ — 0 1 0 0 SZZVZZ — 2 2 2 T2
) 1 1 1 1
001 0 i -1 1
1 1 1 1
000 —1 i1 11
(43)

Through S, T matrices, the categorical symmetry can
determine the partition functions for low energy fixed
points via the following relation[31]

Zi(r+ 1) =T?V%27,(r),  Z(—1/7) = S22V %2 7,(r).
(44)

For the gapped states in a system with Z5 Vv 22 cat-
egorical symmetry, the partition functions Z; are 7 in-
dependent positive integers with Z; = 1. We find that
eqn. (33) and eqn. (38) are the only two gapped solu-
tions of eqn. (44). This confirms the result in Ref. 40:
gapped states must partially break categorical symmetry
spontaneously.

Eqn. (39) is a gapless solution of eqn. (44) that has
the full Z5V Z5 categorical symmetry. Eqn. (44) also has

other solutions with the full ZsV Z, categorical symmetry,
such as

5,4 5,4 5,4 5,4
7 ™+ DCEP A+ I+ I
Z. P+ P

= "164 2 5804 2 )
Zm Ixjiﬁ +Ix3 |

5,4_5,4 5,4_5,4 5,4 _5,4 5,4 _5,4
Zf Xo X% +X%X3 + X3 XT10 + X35 Xo
(45)

where x;*(7) are characters of (5,4) minimal model CFT

(with cenral charge ¢ = {&).

We see that categorical symmetry can largely deter-
mine the gapless states where the categorical symmetry
is not spontaneously broken, but not uniquely. However,
the gapless states with larger heat capacity may have ad-
ditional emergent categorical symmetry. Therefore, we
consider minimal gapless states (i.e. with minimal cen-
tral charge ¢) with the full categorical symmetry. For
Zo N Zy categorical symmetry, there is only one minimal
gapless state equ. (39). For categorical symmetry char-
acterized by 2+1D S3 = Z3 x Zy gauge theory there is
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also only one minimal gapless state (see Table T)[31]

_1.6,5(2 6,52 6,52 6,52
Zy = Ixo” 1"+ D17+ I+ I
6,5-6,5 6,5-6,5 6,5-6,5 6,5-6,5
Zar = X0 X" T X3 X0 TXZXT FXT Xz
1.6,5(2 6,52
Zg2 = |X% I© + |X%
_1.6,512 6,52
Zy = |X% I* + |XT15 | (46)
6,5-6,5 6,5-6,5 6,5.-6,5 6,5-6,5
Zpr = X0 X2t X3 X2 X2 Xi X7 XA
3 3 5 15 5 15
6,5-6,5 6,5-6,5 6,5.-6,5 6,5-6,5
Zy2 = X2 "X F X2 X3 FXi X2 tXi Xz
3 3 15 5 15 5
6,52 6,52 6,52 6,52
Ze=IX2717 + IXaE 17+ XD+ G
8 8 40 40
6,5-6,5 6,5-6,5 6,5-6,5 6,5-6,5
Zet = X1 Xas X3 X1 T X1 X21 + X2 X4
8 8 8 8 40 0 0 40

where xp°(7) are characters of (6,5) minimal model
(with central charge ¢ = 2).

The above examples strongly suggest that categorical
symmetry characterized by 2 + 1D Zs topological order
allows us to determine one or a few of minimal gapless
states via eqn. (44). This points to a direction that gap-
less states are largely (might even uniquely) determined
by categorical symmetries, i.e. by topological order in one
higher dimension.

III. Z; SYMMETRY AND Z2(1> 1-SYMMETRY IN
2+1D ISING MODEL

In two dimensions, it is well known that the critical
point for Z symmetry breaking transition has the Zj
symmetry. In this section, we show that the critical point
also has a 1-symmetry.

Let us consider the following two models: Z5 Ising
model and Z, gauge model on the square lattice. We
will demonstrate that the Z5 Ising model restricted to Zo
even (chargeless) sector is exactly dual to the lattice Zo-
link model in the limit where the Z5 vortex has infinity
gap.

The Z5 Ising model is given by

H= _JZZil(l)ZiQ(l) - BZXi) (47)
1 7

where ), sums over all links, ), sums over all vertices,
11(l) and i9(l) are two vertices connected by the link [.
The lattice Zs gauge model is given by

H=-JY"2z-BY [[X+U0> (1-]][2). (48)
l

i 1Di s les

where ), sums over all sites, ) sums over all squares,
[I,5; is a product over all the four links that contain
vertex i, and [],., is a product over all the four link on
the boundary of square s. We consider the limit U —
+00.



The two models can be mapped into each other via the
map that preserves the operator algebra
X; — H)’Zl’ Zil(l)Ziz(l) — Zvl. (49)
D3

We will refer such a map as the “duality” map, or “gaug-
ing” in a looser sense, from a pure matter theory to a
pure gauge theory.

The Ising model H has a global Zs symmetry gener-
ated by

Uz, = HXi- (50)

After duality, it is mapped into an identity operator 1.

The lattice Z5 gauge model has a Zél) 1-symmetry gener-
ated by the Wilson-line operators along any closed path
C

U, (C =[] 2. (51)

leC

It corresponds to an identity operator in the Ising model
under the duality map.

Next we compare the low energy sub-Hilbert space of
the two models. Assume the space to be a torus with N =
L x L vertices. The Hilbert space of the Ising model has
a dimension 2VV. The subspace of Z, symmetric states,

Vidng » has a dimension 2N=1 The Hilbert space of the

Zo gauge model has a dimension 22V. In U — 400 limit,
the low energy subspace has a dimension 2% -2, The extra
factor 2 is due to the operator identity [], [[,c, Z1 = 1.

In the low energy sub-Hilbert space, we have [],., Z1 =1
and

U,n(C)=

2 Uy (C), (52)

ZQ

if C' can be deformed into C’. Now we consider the
subspace, Vgiiye » of the low energy Hilbert space where
UZS)(S;) = UZ<1)(S ) = 1, where S} and S} are the
two non—contractlble loops wrapping around the system
in 2- and y-directions. VY™™ has a dimension 2V 1. H

gauge
Symm Symim
in Vg, and H in Venuge are equivalent via an unitary

transformation. In this sense, the Ising model eqn. (47)
is exactly dual to the Zs gauge model eqn. (48).

Now let us consider the ground states. Let us assume
J,B > 0. It is interesting to note that, for B > J, the
trivial phase of the Ising model is mapped to the topo-
logically ordered phase (the Zél) 1-symmetry breaking
phase) of the Z; gauge model, while for B <« J, the Z,
symmetry breaking phase of the Ising model is mapped
to the trivial phase (the symmetric phase of the Z2(1)
1-symmetry) of the Zs gauge model. At the gapless crit-
ical point of the 2+1D Z5 symmetry breaking transition
(also the Zél) 1-symmetry breaking transition), we have

the Zy Vv Zél) symmetry which is not spontaneously bro-
ken. Therefore, we show the appearance of 1-symmetry

11

of the ground state at the 24+1D Z; symmetry breaking
transition.

Now we discuss the charges of the categorical sym-
metry Zs V Zél). We will find that in the sub-Hilbert
space, we can only create charges that the total of them
is neutral, as measured by the global symmetry opera-
tors, while the charge in a finite region is not neutral and
can be measured by patch operators. We may call this
kind of charge excitations are neutral charges.

A single charge of Z; symmetry is a e particle on a
site (Z; = —1 in the Ising model eqn. (47)). The neutral
charge of Zs symmetry, however, is two e particles, living
on two sites, or rather S°. The charge of the Zél) symme-
try is an open Z, vortex string, living on D'. The neutral

charge of the Zg(l) symmetry is a closed contractible Zs
vortex loop living on S*, let us call it a s string. In the
sub-Hilbert space, we can only create neutral charges,
excitations on S° and S'. The operator for a pair of e-
particles at site ¢ and site j is Z;Z;. In the Z3 gauge

HleC Zl7

where C; is any path from ¢-site to j-site. It is also the
patch (or part) of the generators of the Zs 1-symmetry.
A s string is created by

Uz, [(SYY]= T] X (53)

le(sh)v

theory, the operator is dual to U (1)( )

where (S1)Y is a contractible loop on the dual lattice.
It corresponds to create Z = —1 along the loop in the
Zy gauge model eqn. (48). In the Ising model, the s
string operator is dualed from the patch operator of the
Z5 global symmetry,

Uz (CY) =[] X (54)

i€D?

where D? is the disk whose boundary is C'V. This charge,
when measured by 22(1) symmetry generator equ. (51), is
neutral. Yet, when measured by part of the generator
Uz,(Cij ), it has charge —1 when there C'V circles around
a single end point of Cj;, either 7 or j.

That is to say, the two kinds of patch operators satisfy
the following relation,

UZS)(CZ-]-)U%(CV) = —UZ2(CV)UZél)(Cij), (55)

when only one e particle on either i or j-site is circled by
the loop excitation along CV. This reveals the mutual 7
statistics between the e and s excitation.

In summary, in the sub-Hilbert space, there are states
with both conserved e charges and conserved s string,
either the Ising model description, or the Z5 gauge theory
description. They are created by patch operators. And
one kind of patch operator can measure the existence of
the other. In other words, the charge of Z; and that
of 22(1) have mutual statistics. The Zy V Z2(1) symmetry

(or more precisely, the Z5 V Zél) categorical symmetry)



is the conservation of e particles and s strings, together
with the mutual statistics.

The above theory with sub-Hilbert space also describes
the boundary of the 3+1D Z5 gauge theory with Zs-
charge e and Zs-vortex string s, where e particles and
s strings have low energies only at the boundary. In
3+1D Z; topological gauge theory, the e excitations (liv-
ing on SY, composed of two points) and s string (living
on (SY)V is created by the following operators defined
on the open string C' on the lattice and a contractible
membrane (D?)Y on the dual lattice,

UZz (C) = H Zla (56)
leC
Uy [(D*)Y] = I x. (57)
le(D2)V

The s vortex loop on the boundary of U, brought to
2

the boundary of the 3d spacial lattice, is the neutral Zél)
charge in the 2d either Ising model eqn. (47) or Zs-link
model eqn. (48) with a sub-Hilbert space respectively.
It is neutral in the sense that the membrane eqn. (57)

creating it commute with any Uz, (S!) on a closed string
St

FIG. 3. A Zém neutral charge, a s string on the 2d bound-
ary (red dashed loop) is created by a Z> membrane operator
eqn. (57) in the 3d bulk (red surface). It is only neutral when
on the boundary. If we translate this membrane to the bulk,
there are Uz, (S*) operators in the bulk that anticommute the
membrane operator, justifying it as the Z> vortex topological
excitation.

Furthermore, the 3+1D bulk has a highly non-trivial
effect on the boundary: in a gapped ground state of the
241D model (47), one and only one of the Z5 and Zél)
symmetries must be spontaneously broken. Pictorially
speaking, this is because the two topological excitations
with mutual statistics cannot condense simultaneously.
Thus, a ground state of model (47) with the full ZQ\/Zél)
categorical symmetry must be gapless. This is a conse-
quence of 2+1D non-invertible gravitational anomaly [31]

and the Zs VvV Zél) categorical symmetry characterized by
3+1D Z, topological order (i.e. Z5 gauge theory).
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IV. THE MODEL WITH ANOMALOUS
SYMMETRY AS THE BOUNDARY OF
TOPOLOGICAL ORDER IN ONE HIGHER
DIMENSION

Through the examples above, we have shown that a
model with a finite symmetry G, when restricted in the
symmetric sector, can be viewed as the boundary of G-
gauge theory in one higher dimension. The conserva-
tion (the fusion rules) of the point-like gauge charge, and
codimension-2 gauge flux give rise to the symmetry and
algebraic higher symmetry (whose combination becomes
the so-called categorical symmetry) of the G-symmetric
model, The categorical symmetry is not spontaneously
broken at the critical point of the symmetry breaking
transition (see Section V for more details).

We know that a G-gauge theory can be twisted and
becomes Dijkgraaf-Witten theory [54]. We will show
that boundary of such twisted G-gauge theory has an
anomalous G-symmetry. This implies that a system
with anomalous G-symmetry[55, 56] also has an algebraic
higher symmetry. The combination of the two symme-
tries corresponds to the categorical symmetry described
by the twisted G-gauge theory in one higher dimension.
Such a system has a gapless state, where the categori-
cal symmetry is not spontaneously broken. Also, a state
with the unbroken categorical symmetry must be gapless.
And the gapped states of the system must spontaneously
break the anomalous G-symmetry.

A. Boundary of double-semion model

In this section, we will study the boundary of double-
semion (DS) model (i.e. the twisted Z2 gauge theory in
2+1D) to illustrate the above result.

A 2+1D double-semion (DS) topological order has four
types of excitations 1, s, s*,b. Here s, s*, f are topological
excitations s, s* are semions with statistics £i, and b is
a boson. They satisfy the following fusion relation

s®s=1, s =1, bb=1, s®s* =0>b. (58)
s and s have a mutual m statistics and s and s* have
a mutual boson statistics. As a result, s and b have a
mutual 7 statistics.

We consider a gapped boundary from condensing b ex-
citations. Since b ® b = 1 and b particles have mod-2
conservation, we assume the b condensation gives rise to
two degenerate ground states, one with Z; = 1 and the
other with Z; = —1. The domain wall between Z; = 1
and Z; = —1 regions corresponds a s particle.

We would like to point out that, on the boundary,
although s-type particle and e-type particle (in the Zs
gauge theory discussed before) have the same fusion rule
s®s =1 and e®Re = 1, their fusion F-tensor are different
[57, 58]. In particular, fusing three s-type particles into
one s-type particle in two different ways differ by a phase



—1:
[sss = 11s — 1s1] = (—)[sss — s11 — 1s1].  (59)

In contrast, fusing three e-type particles (described by
X; = —1) into one e-type particle in two different ways
have the same phase:

[eee — 11e — lel] = [eee — €11 — lel] (60)

For the boundary of Z5 topological order, the above
two processes of fusing e particles are induced, respec-
tively, by a pair-annihilation operator Xf X;—l and a
hopping operator X;FXZ»;_1 + X X;:_l, where

1
X+ = SV £iZ). (61)
Indeed, we have
(X4 X7+ X XXX )|eee)

it1
= (X" X + X7 X)) (XD X0 feee). (62)

The pair-annihilation operator ZZ»Jr Z;g_l and hopping op-
erator Z; Zig t 247 Z;g_l are allowed local operations,
and we can use them to construct effective boundary

Hamiltonian

L
HE ==Y J(Z}Z;\ + Z; Z4) + Ja(Z} 2, + hee)
i=1
L
~-BY 7 (63)
=1

which describes the boundary of 2+1D Z, topological
order.

For the boundary of DS topological order, the two pro-
cesses for fusing s particles eqn. (59) are also induced by a
pair-annihilation operator and a hopping operator. Here
we choose the hopping operator to be X; — Z; 1 X,7Z;41,
which shift a domain wall from i — % to i + %, or i + %

toi— 1.

5- The pair-annihilation or pair-creation opera-
tor is given by Z;_1(X; + Z;—1X;Z;+1), which creates or
annihilates a pair of domain walls at 7 + % and ¢ — %

For three s-type particles (the domain walls) at i —

%,i + %,i + %, we indeed have

— (Xit1 — ZiXit1Zi42) Zi 1 (Xi + Z;_1 X Zi1)|885)
= (Xi - Zi—lXiZi+1)Zi(Xi+1 + ZiXi+1Zi+2)|553>7
(64)

where [sss) = | Ti—1diTip1dit2)-

Now we can construct the boundary effective theory
for the b condensed boundary of DS topological order.
We note that such a boundary contains a gapped excita-
tion that corresponds to the s-type particle. One might
expect a second boundary excitation corresponding to
the s*-type particle. However, since b is condensed on
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the boundary, the s-type particle and the s*-type parti-
cle are actually equivalent on the boundary. The simplest
boundary effective lattice Hamiltonian that describes the
gapped s particles has a form

H=-BY ZZi, B>, (65)

which has two degenerate ground states and the s parti-
cles correspond to domain walls.

Using the above allowed local operations X; —
ZileiZH»l and Zifl(Xi + ZileiZiJrl)’ we can con-
struct a more general boundary effective theory

L L
H" =-BY ZiZign— 1Y (Xi— Zio1XiZin)
i=1 i=1

L
+ J3 Z ZiA(Xi + ZiaXiZir), (66)

=1

where site-i and site-(i + L) are identified.

We note that the above Hamiltonian is not invariant
under the spin-flip transformation [, X;. In fact, it is
invariant under a non-on-site transformation [59]:

Uz, = HXiHSi,i—‘rl; (67)

%

where s;; acts on two spins as

DT T+ DA T = DT+ DAL

1
=5 (= Zi+ Z; + Z:Z). (68)

Sij

The transformation has a simple picture: it flips all the
spins and include a (—)™t—+ phase, where Ny, is the
number of 1—] domain wall. We see that the transfor-
mation is a Zy transformation (i.e. square to 1). From
Appendix C, the Z5 transformation has the following ac-
tion,

i > —ZZ',
Xi e 7Z1'_1XZ‘Z¢+1. (69)

We find that eqn. (66) is invariant under the Z, trans-
formation.

From the above discussion, we see that the different
fusion properties lead to different local operators. The
boundary effective theories for Zs topological order and
for the double semion topological order are different. In
particular, the boundary effective theory for Z5 topologi-
cal order has an on-site Z5 symmetry, while the boundary
effective theory for the double semion topological order
has a non-on-site Z, symmetry. The non-on-site Zy sym-
metry Uz, implies that the model (66) cannot have a
gapped Zs symmetric ground state [59].



B. Z, dual symmetry

We have seen that a 1+1D lattice model (66) with an
anomalous Z symmetry (non-on-site symmetry[56, 59])
can be viewed as a boundary of twisted 2+1D Z5 gauge
theory (i.e. DS topological order). The anomalous Zs
symmetry comes from the mod-2 conserved b particles.
The mod-2 conserved s particles will give rise to another

symmetry, which will be referred as dual 22 symmetry.
In other words, we claim that the model (66) has both

the Z; symmetry and the Zy symmetry.
To see the Zs symmetry explicitly, we do a dual trans-
formation on the model (66):

ZiZi+1 — Zi+%’

Zi=1[%;-1- (70)

ZH—%
Yi—i—%v (71)

ZH—%
Yi+%~ (72)

The duality transformation changes the Hamiltonian (66)
into:

We see that the dual Zg symmetry is generated by
Uz, = [1 Ziss- (74)

This way, we obtain the explicit expression of the dual
ZQ symmetry. The on-site 52 symmetry U 7 implies that
the model (66) can have a gapped Zs symmetric ground
state, which correspond to a Zs symmetry breaking state.

In the dual model, ZH = 1 describes a site with

1
- 2
no semion s, while Z;, 1 =

—1 describes a site occu-
pied with a semion s. The term )?F%)Z'H% + 571-7% ~i+%
is the hopping term for the s particle, while the term
Ilci 21 (X1 X1 — V1Y, 1) creates a pair of s
particles.
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V. APPEARANCE OF ALGEBRAIC HIGHER
SYMMETRY AT THE SYMMETRY BREAKING
TRANSITION FOR GENERAL FINITE
SYMMETRY

In the previous section, we show the categorical sym-
metry in 141D and 2+1D models with a local degrees
of freedom taking values in Z. In this section, we gen-
eralize the discussion to any (n 4+ 1)D dimensional lat-
tice models with local degrees of freedoms taking values
in any finite group G. Same as above, we discuss the
lattice model in terms of two descriptions, generalizing
the Ising model and the Z,-link model to the G-matter
model and the G-link model. A major distinction is that
when G is non-Abelian, the O-symmetry in the G-link
model is a global symmetry that is not reduced to speci-
fying boundary conditions. We will show the emergence
of categorical symmetry at and off the critical point of
Landau symmetry breaking transition in these models.

A. A duality point of view

We consider two lattice models defined on the triangu-
lation of n-dimensional space. The vertices of the trian-
gulation are labeled by %, the links labeled by 7, etc .

In the first model, we may call it G-matter model,
the physical degrees of freedom live on the vertices and
are labeled by group elements g of a finite group G. The
many-body Hilbert space is spanned in the following local
basis

{gi})

The Hamiltonian is given by

Hy = _JZ(S(gigj_l) —BY > Lu(i), (76)

i heG

gi € G. (75)

where

6<g>={é’ AR (77)

otherwise
Also, the operator Ly (%) is given by

Lh(z)|gla s Gis 7gN> = ‘gla"' 7hgi7"' 7gN> (78)

The Hamiltonian H; has an on-site G 0-symmetry

UnHy = H\Uy, Uy =[] LZa(i). (79)

We see that when J > B, H; is in the symmetry breaking
phase, and when J < B, H; is in the symmetric phase.

Our second bosonic lattice model, which we may call
the G-link model, has degrees of freedom living on the
links. On an oriented link ij pointing from i-site to j
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d,s | 1,0 1,0 2,0 2,0 2,3 2,—% 3,0 3,1

® 1 al a? b bt b? c ct

1 1 a' a? b b b? c ct

at at 1 a? b b b2 ct c

a? a? a> | 1®ad ®a® bt b2 b®b? b bt c®ct c®ct

b b b bl b’ 1ead @b | b ®d b' @ a® cdc! cdc!

bt bt | b b b® Vea | 1@a @b bda® cdct cde!

b? b? b? bt bt @ a? b a® 1®a' b coct codct

c c ct c®ct c®ct c®ct c®ct 102 0bpb @b | d'®d®0babd Db’
ct ct ¢ c®ct c®ct c®ct c®ct APV O | 10 0bDb Ob?

TABLE I. The point-like excitations and their fusion rules in 2+1D S5 topological order. Here b and ¢ correspond to pure Ss
flux excitations, a' and a? pure S3 charge excitations, 1 the trivial excitation, while b', b?, and ¢! are charge-flux composites.
d, s are the quantum dimension and the topological spin of an excitation.

site, the degrees of freedom are labeled by g;; € G. The
many-body Hilbert space has the following local basis

{g:})

Here, g;;’s on links with opposite orientations satisfy

gij € G. (80)

9ij = g;il. (81)

The second model is related to the first model. A state

lg1, - ,gi, -+ ,gn) in the first model is mapped to a
state |---,gij,---) in the second model where g;; =
9i9; -

This connection allows us to design the Hamiltonian
of the second model as

H2 = — JZ(S(Q,]) — BZ Z Qh(z)
tj i heq
~ U 8(gi39093.): (82)
ijk

where the star term @, (7) acts on all the links that con-
nect to the vertex i:

Qh(l)| © 5 95, 9kiy Gk >
= |- hgij, gk ™" Giks ), (83)
and the plaquette term acts as a projection to zero-flux

configurations, The second model has an algebraic (n —
1)-symmetry, denoted as G~V [g],

W(S") =Tr [ Rylg:),

ijeSt

Wo (ST Hy = HaW,(S1),
(84)

for any loop S! formed by links, where R, is an irre-
ducible representation of G. We see that the algebraic

(n—1)-symmetry G("=1 is generated by the Wilson loop
operators W, (S1), for all loops S* and all irreducible rep-
resentations gq. We note that the algebraic 0-symmetry
GO is different from the usual O-symmetry character-
ized by a group G, when G is non-Abelian. But when
G is Abelian the algebraic 0-symmetry G(©) happen to
be the usual O-symmetry G. Also, for Abelian G, G
is a m-symmetry described by a higher group. But, for
non-Abelian G, G is an algebraic n-symmetry beyond
higher group.

The Hamiltonian H, has the algebraic (n — 1)-
symmetry, because Qp(¢) term in the Hamiltonian can
be viewed as a “gauge” transformation and the Wilson
loop operator W,(S') is gauge invariant, and hence

Wo(SHQn(i) = Qn(d)

W, (S') commutes with other terms in Hj since they are
all diagonal in the |{g;;}) basis.

In the limit |B| <« J < U, the ground state of Hs is a
trivial product state

W, (5%). (85)

{gi; = 1}), (86)

which is symmetric under the algebraic (n—1) symmetry
G™=1. In the other limit |J| < B < U, the ground
state of Hy is a topologically ordered state (described
by the G-gauge theory), breaking the algebraic (n — 1)
symmetry G~1 spontaneously.

What is the global G symmetry operator in the first
model eqn. (79) mapped to? It is mapped to a global
0-symmetry operator,

UpHy = Hyly, Uy =[] Qn(). (87)

In particular, when the model has periodic boundary
condition, this O-symmetry acts as Up|gi;) = |hgi;h ™).



Thus the global symmetry is an inner automorphism of
G, denoted as Inn(G). When the centralizer of G is triv-
ial, Inn(G) = G.

Only when G is Abelian, the global symmetry action in
(87) reduces to claiming the boundary conditions or the
twisted sectors of the model. For example, when G = Z;
and d = 1, it reduces to Uz in (11).

Furthermore, the symmetry generators of the algebraic
(n — 1)-symmetry G~ and the 0-symmetry Inn(G)
commute,

W, (SY Uy, = U W, (SY). (88)

In the limit U — +o00, the low energy part of Hs can
be mapped to H; via the following duality and inverse
duality map,

—1 -1 —1

9ij = 9i9; »  (Gio)  9i = (Giojgjk - qui) ~  (89)
where g is a fixed base point. Note that to map a config-
uration g; to a configuration g;;, we need to pick a base
point ip and a value g;,. Therefore, the above map is a
|G|-to-one map. It maps the following |G| configurations
of Hy (label by h € G), |{hg;}), into the same configura-
tion configuration of Hs, [{g;;}). Thus the spectrum of
H, formed by G invariant states, |¥) = Up|V), is identi-
cal to the low energy spectrum of Hy below U. H; and
Hj have the same G-symmetric low energy dynamics. In
particular they have the same phase transition and crit-
ical point.

The G-symmetry breaking phase of H; corresponds to
the trivial phase of Hy (which is the symmetric phase
of the algebraic (n — 1)-symmetry G("~1) and the G-
symmetric phase of H; corresponds to the topologically
ordered phase of Hy (which is the symmetry breaking
phase of the algebraic (n — 1)-symmetry G(~1) [8, 9].
Now we see that the critical point at the symmetry break-
ing transition neighbors a phase with G 0-symmetry and
a phase with algebraic (n — 1)-symmetry. Heuristically,
the emergent symmetry at the critical point is the same
or larger than the neighboring gapped phases. Thus the
critical point has both the G 0-symmetry and the alge-
braic (n— 1)-symmetry G~ In other words, the criti-
cal point has a categorical symmetry GV G~ which is
the combination of the G 0-symmetry and the algebraic
(n — 1)-symmetry G(=1),

B. Patch symmetry operators

Now let us discuss the charges of the categorical sym-
metry in the model given by the previous two descrip-
tions. Just as the case G = Z; discussed before, we can
only create neutral charges, by patch operators. The 0-
symmetry patch operator creates conserved charges of
(n — 1)-symmetry, part of the conserved charges can be
measured by the (n — 1)-symmetry patch operator, and
vice versa.
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We start with the simple case that n = 1. For a generic
group, one set of patch operators, from site iy to site is,
acting on a state |{g;;}), are

Wq,aﬂ 7/1712 <H R gz] ) ) (90)
af

1=11

where «, 8 runs from 1 to ng, the dimension of the irre-
ducible representation R, of G. The other set of patch
operators are

Zla 22

H Qn (i) (91)

7,7,1

They satisfy the following commutation relations with
the ordering i; < is < i3 < 44, and a simplified no-
tation Wq(il,ig) = Wq713, uh(i27i4) = Z/{h,247 (Wlth the
subscript «, 5 of Wy (l1,12) suppressed),

Tr [Wy13 Un2a (We13)T] = x4 (A" ) Un2a

Tr [(Wyas)' Uga Woas] = x4(h) Un,2a

Tr [(Wy,24) Un,13 (Wy24)'] = x4(h) Un 13,
Tr [(Wo24)" Unis Wopa] =x9(h™ ) Un 3.

where x?(h) is the character of h in the ¢ representation.
The character represents that the 0O-symmetry charge and
the algebraic (n — 1)-symmetry charge are mutually non-
local.

More generally, for any n, the patch operator that cre-
ates the neutral charge for dual (n — 1)-symmetry G(—1
is defined on a n-dimensional patch (disk), D™, and is
given by the product of star terms,”

D" = [T @u(®. (93)

icDn

(92)

The G~V neutral charge lives on the boundary of D",
denoted as (S™71)V, living on the dual lattice. Let us
call it s. In particular, when G is Abelian, U (D™) acts
trivially inside D™. That is U}, is in fact defined on the
boundary of D" 67

Ul = ] TwGid), (94)
ije(Sn—1)Vv
; |hgij) 1€ D"
Th(ij)|gi5) = {Lq” ey e Dn (95)

5 In the low energy sub-Hilbert space symmetric under the Inn(G)
symmetry, Uy = 1. It follows that the patch operator is
defined up to a conjugacy class of a representative h € G,
U, —1Up (D™)Uy =Uyy, 1(D™).

6 Note that in the case G is Abelian, we can take Up[(S"~1)V] as
the generator of a 1-symmetry.

7 In the case that G is Abelian, Zheca U}, where the sum is over
a conjugacy class of a € G, has codimension-2, relative to the
spacetime dimension. They are the Gukov-Witten operators[60].



For G = Z5 and d = 2, we recover the s string operator
eqn. (53).

The other patch operator that creates conserved
charges for the O-symmetry G is W, (C;;) defined on any
open string Cj;. The O-symmetry charges are at the end
points ¢ and j sites of the open string. Let us call them
e particles.

These charges can be thought of as the topological ex-
citations in (n 4+ 1)D topological order[5, 6, 30, 61, 62].
The e particle corresponds to the point-like topological
excitations, and the s corresponds to the other topologi-
cal excitations on the closed (S™ 1)V surface. For exam-
ple, when d = 2, and G = Z, Uy, [(S*)V] is the closed Z»
vortex string operator. This conserved charge of 22(1) can
be thought of as coming from the topological string ex-
citation in 3 4+ 1-dimensional Z5 topological field theory,
as discussed in section III and illustrated in Fig. 3.

C. An example of algebraic 1-symmetry Sgl) in
2+ 1D theories

The simplest example where the algebraic symmetry
is beyond a higher symmetry is in the (n + 1)D model
(82) with d = 2 and G = S3. Here, S3 = (s,7[s® =12 =
1,rsr = s%) is the permutation group on 3 elements.
The topologically ordered phase of (82) is described by
S3 gauge theory. There are 8 types of anyonic excitations
in the model. Their fusion rules are shown in Table I.

The model (82) has an algebraic 1-symmetry, which

denoted as Sél). The generators are two Wilson line op-
erators (see eqn. (84)), labeled by the two non-trivial
irreducible representations a' and a? of S3. The end of
Wilson line operators create anyons a' and a? whose fu-
sion is descrined in Table I. The product of Wilson line
operators is given by the fusion of irreducible represen-
tations (i.e. the fusion of the anyons a' and a?):

1

we (SHwe (sh) =1,
W (SHW (S =1+ W (S + W (SY),  (96)
we' (SHW (SY) = W (S1).

The product of two wea* (S1)’s reveals that the symmetry
is an algebraic (n — 1)-symmetry beyond higher group.
In general, if G is non-Abelian, G(1) is an algebraic
(n — 1)-symmetry beyond higher group.

D. A holographic point of view

Let us start with the lattice model H; (76) with a finite
0-symmetry G. We would like to study the G-symmetry
within the restricted symmetric sub-Hilbert space. In the
symmetric sub-Hilbert space, the G-symmetry transfor-
mation (79) will be trivial. It appears that we cannot
see the G-symmetry. But we can see the G-symmetry
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K

e : Zy point-like charge

S Zél) loop-like flux

FIG. 4. The conservation (the fusion rule) of the Z point-
like charge and Zél) loop-like flux in the 3+1D Z, gauge the-
ory give rise to the categorical symmetry of the 2+1D lattice
model H; (76). The mod-2 conservation of Z, charge e gives
rise to the Zz O-symmetry. The mod-2 conservation of Zél)
flux s gives rise to the ZS) 1-symmetry. e and s has a mutual
m statistics between them.

via point-like excitations in a finite region, which carry
non-trivial representations of G. The non-trivial fusion
of G-representations (in particular, the fusion channel of
nontrivial representations into a trivial representation)
signifies the G 0-symmetry in the symmetric sub-Hilbert
space. Thus, restricting to the symmetric sub-Hilbert
space forces us to view the G-symmetry via the fusion
category of the symmetry charges. This is the categori-
cal view of symmetry.[63]

The lattice model H; (76), when restricted to the sym-
metric sub-Hilbert space, has a gravitational anomaly.
This is because the symmetric sub-Hilbert space Vsymm
does not have a tensor product decomposition Vsymm 7#
®;V;, in terms of the local Hilbert space V; on each site.
This suggests that the fusion category of the symmetry
charges is anomalous, [30, 56] i.e. the fusion category can
only be realized at a boundary of a topological order
in one higher dimension. Indeed, the model H; (76),
when restricted to the symmetric sub-Hilbert space, can
be viewed as a boundary of G-gauge theory in one higher
dimension, where a simple example is discussed in Sec-
tion IID.[31] The gauge charges in the G-gauge theory
also carry representations of (G. The non-trivial fusion
of G-representations give rise to the G 0-symmetry both
in the bulk and at the boundary. This is how the fi-
nite 0-symmetry G in the model H; (76) appears via the
G-gauge theory in one higher dimension.

But the G-gauge theory also has other excitations
(such as the gauge flux — codimension-2 excitations),
which also fuse in a non-trivial way and give rise to ad-
ditional symmetry to the lattice model H; (76). So the
complete symmetry of the lattice model H; (76) is given
by the non-trivial fusion of all the excitations (see Fig.
4). Such a complete symmetry is called categorical sym-
metry of the lattice model H; (76) (when restricted to
the symmetric sub-Hilbert space). The categorical sym-
metry is fully characterized by the G-gauge theory in
one higher dimension. The data in one higher dimen-
sion includes gauge charges, gauge fluxes, their fusion
rules, and the mutually non-local property. The set of
data realizes on the boundary as the global symmetry
charges, the global algebraic higher symmetry charges,
their fusion as well as their mutual statistics. This is



the holographic understanding of the categorical symme-
try. Compare to our patch-operator understanding of the
categorical symmetry discussed in Sections II B and V B,
holographic view reveals the essence of the categorical
symmetry more clearly.

Let us rephase the above holographic point of view
using a categorical language (for details see Ref. 8 and
Appendix A). The braiding and fusion of the particles
carrying G representations is described by the fusion n-
category nRep(G). Every fusion higher category can be
mapped into a braided fusion higher category by a Z;
functor, called Z; center in this paper (see eqn. (102),
and, for a physical description, see for example Ref. 8).
The Z; center of the fusion n-category nRep(G) is de-
noted as Z;(nRep(G)), which is a braided fusion n-
category. In fact, Z; (nRep(G)) describes the excitations
in the G-gauge theory in one higher dimension (i.e. in
(d + 2)-dimensional spacetime) and is denoted as G%. In
other words, §& = Z;(nRep(G))[8, 64].

Therefore, for a system with symmetry described by a
fusion n-category nRep(G) (which is nothing but the G
O-symmetry), to find its categorical symmetry is to find
the Z; center of nRep(G): Z1(nRep(Q)). Z1(nRep(G))
describes the excitations in the G-gauge theory in one
higher dimension. This is the holographic point of view
of the categorical symmetry.

We stress that the lattice model Hy (76) (when re-
stricted to the symmetric sub-Hilbert space) has the full
categorical symmetry, but its ground states may sponta-
neously break part of the categorical symmetry. Those
different ground states correspond to different boundaries
of the G-gauge theory. Since a gapped boundary of G-
gauge theory always comes from condensation of gauge
charges, or gauge flux, or some combinations of them,
a gapped boundary always spontaneously breaks some
part of the categorical symmetry. Therefore, the gapped
ground states of H; always spontaneously break some
part of the categorical symmetry. Because the gauge
charge and gauge flux have non-trivial mutual statis-
tics between them, we cannot condense all gauge charges
and gauge fluxes simultaneously. Therefore, any ground
states of the lattice model H; (76) cannot break the cat-
egorical symmetry completely.

The G-gauge theory has a gapless boundary if none of
the gauge charges and gauge flux is condensed. Such
a boundary does not break the categorical symmetry.
Thus the lattice model Hy (76) has a gapless ground state
where the categorical symmetry is not spontaneously bro-
ken. This gapless state should correspond to the criti-
cal point of the Landau G-symmetry breaking transition.
The above discussions also apply to the dual model Ho
(82).
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VI. THE EMERGENCE OF ALGEBRAIC
HIGHER SYMMETRY

We have seen that a G O-symmetry in n-dimensional
space can be fully characterized by a fusion n-category
nRep(G), describing the fusion of the charge objects of
the G-symmetry. In fact, the charge objects described
by nRep(G) are nothing but the excitations on top of
a product state with the G-symmetry. To be precise,
nRep(G) describes the types of the excitations, which are
the equivalence classes under the G-symmetry preserving
deformations (i.e. two excitations are equivalent if they
can deform into each other smoothly without breaking
the symmetry). This is why nRep(G) depends on the
symmetry G, despite it describes excitations in a trivial
product state.

Similarly, the algebraic (n—1)-symmetry G(~1 in the
lattice model eqn. (82) is fully characterized by a fusion
n-category nVecg, describing the fusion of the charge ob-
jects of the G~V -symmetry. Again, nVecq describe the
types of the excitations on top of a product state with the
G=D_symmetry. Now types are the equivalence classes
under the G"~Y-symmetry preserving deformations.

This result can be generalized. @ Consider a lat-
tice model with an algebraic higher symmetry in n-
dimensional space, which has a symmetric product state
as its ground state (such as eqn. (86)). The types of the
excitations on top of the product state is described by a
fusion n-category R, and the algebraic higher symmetry
is fully characterized by R. So we will refer an algebraic
higher symmetry as R.

We would like to remark that the fusion higher cate-
gory R describe excitations on top of a product state is a
special class of fusion higher category , called the local fu-
sion higher category. Actually, describing types of excita-
tions on top of a symmetric product state is the defining
property of local fusion higher category. We believe that
local fusion n-categories classify algebraic higher symme-
tries in n-dimensional space.[8]

Now, let us consider a lattice theory or a field theory in
n-dimensional space, whose low energy excitations hap-
pen to be described by a local fusion n-category R. If
we ignore all the high energy excitations and pretend R
are only excitations, then we can pretend R to be the
excitations in a product state with the algebraic higher
symmetry R. In this way, we say that the theory has
an emergent algebraic higher symmetry R, and we can
regard the system to be in a trivial R-symmetric phase.

Let us elaborate with some examples of emergent al-
gebraic higher symmetries. The first is the model with
a finite 0-symmetry G in n-dimensional space, which we
now discuss using the point of view of local fusion higher
category. If the ground state of the model is a prod-
uct state with G symmetry, then the excitations will be
point-like and are labeled by the irreducible representa-
tions of G. Those excitations are described by a local fu-
sion n-category nRep(G). Thus the G 0-symmetry can
also be denoted as nRep(G) symmetry. If the model



is in the spontaneous symmetry breaking phase, the
ground states will be degenerate and are labeled by the
ground elements g € G. The excitations will be (n — 1)-
dimensional domain walls between different degenerate
ground states. Those domain wall excitations are la-
beled by pairs (g1, g2) if the domain wall connect the
ground state g; and the ground state g. Under a sym-
metry transformation g € G, the domain wall transform
as (91,92) — (991,991). We say (g1,92) and (g91,991)
are equivalent. The equivalent classes of domain walls
(i.e. symmetrized domain walls) are labeled by a sin-
gle group element h = g 1go. Those excitations are
described by a fusion n-category mVecg. It turns out
that nVecq is also a local fusion n-category.[8] The al-
gebraic higher symmetry n)ecq is nothing but the alge-
braic (n— 1)-symmetry G(~1) generated by Wilson loop
operators that we discussed before.

The second example of 2d lattice model has S3 = Z3 %
Zy 0-symmetry. We have a phase with S3 O-symmetry.
We have another phase that spontaneously breaks the S3
0-symmetry. This phase has an emergent Sél) algebraic
1-symmetry. We also have some other phases that break
different symmetries, and thus have different emergent
algebraic higher symmetries. All those phases and their
emergent algebraic higher symmetries are listed below:

e S3 symmetric phase, whose point-like charges are
RSg = 2Rep(53) = {15p13p2}' (97)

e 75 (charge conjugation) spontaneous symmetry
breaking phase with Z3 symmetry, whose point-like
and string-like excitations are

RZg,Zél) ={1,p,p,s}. (98)

which include Z3 charges p,p (point-like) and Zs
domain wall s (string-like).

e 73 spontaneous symmetry breaking phase with Z5
symmetry:

RZg,Zé” = {17pasv§}' (99)

which include Z5 charge p (point-like) and Z3 do-
main wall s, 5 (string-like).
e S5 spontaneous symmetry breaking phase, whose

string-like excitations are labeled by group ele-
ments

Rsél) = 2Vecg, = {snlh € G}. (100)
RS3 = 2Rep(5'3) and RS(l

3
categories, since they describe excitations on top of sym-

metric product states, as explicilty shown in Section V.
They correspond to algebraic higher symmetries: the 0-

y = 2Vecg, are local fusion 2-

symmetry S3 and the algebraic 1-symmetry Sél). Using

the results in Ref. 8, we find that RZ%ZS) and RZ&ZS)
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are also local fusion 2-categories, and they also corre-
spond to two algebraic higher symmetries. The algebraic

higher symmetry R Zo.2D contains a 0-symmetry Zs (the
343

conservation of the Zs charges) and a l-symmetry 23(1)

(the conservation of the Z3 domain walls). The algebraic

higher symmetry R Za.2D contains a O-symmetry Z3 (the
s 4o

conservation of the Z3 charges) and a 1-symmetry Z2(1)
(the conservation of the Z; domain walls).

Those four algebraic higher symmetries form two
dual pairs: (2Rep(Ss),2Vecs,) and (RZ27Z:EI)7RZ37Z§1)).
Moreover, the Z; center of all above R’s is the same
Z1(R) = 9?93, the same category that describes the topo-
logical data of 3d S5 topological order, which character-
izes the S3 V Sél) categorical symmetry.

In fact, all the four phases discussed above have the
same emergent categorical symmetry Sz V S’?()l). But
in different phases, the categorical symmetry is sponta-
neously broken in different ways. It turns out that, to
understand the emergent algebraic higher symmetry, it
is better to understand the emergent categorical symme-
try first. Then, the emergent algebraic higher symme-
try is just the unbroken part of the emergent categorical
symmetry. In the next section, we use this point of view
to understand the emergent categorical symmetry and
emergent algebraic higher symmetry in a more general
setting.

VII. THE EMERGENCE OF CATEGORICAL
SYMMETRY (AND ALGEBRAIC HIGHER
SYMMETRY)

In this section, we consider a lattice theory or a field
theory in n-dimensional space, whose low energy excita-
tions are described by a fusion n-category C. Some exci-
tations in C may correspond to charge objects of a certain
symmetry, and other excitations correspond topological
excitations not associated with symmetry. Here we ig-
nore all the high energy excitations and pretend C are the
only excitations. Moreover, we use the categorical point
of view of symmetry, i.e. we view all the charge objects
as topological excitations, and ignore their symmetry ori-
gin. This is possible since the symmetry is fully encoded
in the fusion of the charge objects. Now, we would like to
ask: what is the emergent algebraic higher symmetry in
a theory with low energy excitations C? First we would
like to understand what is the emergent categorical sym-
metry in a theory with low energy excitations C.

Let us consider an example of 2+1D product state
with a Zs-symmetry. The state has point-like excita-
tions Cz,-sym = {1,e}, where 1 has Z, charge-0, and e
has Z; charge-1. Since the Hamiltonian has Z; symme-
try, Cz,-sym = {1, e} should give rise to the Z, sym-
metry. The second example is the Z5 topological or-
der (described by Z5 gauge theory) without any sym-
metry. The topological phase has point-like excitations
Czy-top = {1,€,m, f}. Since the Hamiltonian has no sym-



metry, Cz,-top = {1,e,m, f} should not give rise to any
symimetry.

When viewed as two fusion 2-categories describing
topological excitations in 2d topological orders, why
Cz,-sym give rise to symmetry while Cz, ¢op gives rise to
no symmetry? To see their difference, here we would like
to introduce the notion of gravitational anomaly. Con-
ventionally, the gravitational anomaly refers to a non-
invariance of the path integral measure under the diffeo-
morphism transformations of spacetime manifold. Here,
following Ref. 30 and 56, we define gravitational anomaly
differently, as the obstruction to regularize the theory
by a local lattice bosonic model without symmetry in
the same dimension. We ask whether there exists a lo-
cal lattice bosonic model without symmetry in the same
dimension, whose complete excitations reproduce the fu-
sion category C. If such a lattice model exist, then the
fusion category C is free of gravitational anomaly. If the
lattice regularization without symmetry does not exist,
then the fusion category C has a gravitational anomaly. It
turns out that Cz,_top, has no gravitational anomaly, while
Cz,-sym has a gravitational anomaly. One may say that
Cz,-sym can be realize as excitations in a lattice model,
and should be anomaly-free. However, the lattice regu-
larization of Cz,_¢ym Tequires a Z3 symmetry. Cz,_¢ym has
no lattice regularization without symmetry, and thus has
a gravitational anomaly.

The above examples reveals a general property: if the
excitations are described by anomaly-free fusion higher
category C, then there is no emergent symmetry. Here,
the emergent symmetries are global symmetries that can
be beyond group-like.® If C is anomalous, then there is
an emergent symmetry. © We see that emergent symme-
try ~ gravitational anomaly. So to understand emergent
symmetry, we need to understand gravitational anomaly.

But in the above, we just defined what is “no gravi-
tational anomaly” as the existence of lattice regulariza-
tion in the same dimension. We did not define what is
gravitational anomaly. To define what is gravitational
anomaly, we rely on the following conjecture, the holo-
graphic principle of topological order:[30, 65, 66]
The excitations in n-dimensional space described by a fu-
sion n-category C can always be realized at a boundary of
an anomaly-free topological order (denoted as M) in one
higher dimensions. Moreover, the topological order M is
uniquely determined by C, we denote this map from C
and M as M = bulk(C). Using the holographic principle,
we can rephrase the anomaly-free condition for a fusion

8 By “beyond group-like”, we allow at least the following two kinds
of generalizations, first the multiplication of symmetry genera-
tors is given by an algebra that is not group-like, second the
charges of the symmetry can be mutually non-local.

9 When the emergent symmetry is a global symmetry of a (finite)
group G, the theory is a low energy theory of either a symmetry
protected phase or a spontaneously symmetry breaking phase on
a local lattice bosonic model with a global symmetry G.
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higher category C as

bulk(C) =1, (101)
where 1 denotes the trivial topological order (i.e. a prod-
uct state with no symmetry). This is because if C can
be realized by a boundary of a product state in a lattice
model in one higher dimension, we can always remove
the bulk product state, and conclude that C can be re-
alized by a lattice model in the same dimension. Thus
the holographic principle can tell us when there exists
a gravitational anomaly. Furthermore, the holographic
principle gives a way to regularize the anomalous theory
C on a n + 1 dimensional lattice, C is realized as one low
energy phase of a boundary of the lattice model. Thus
the holographic principle tells us what is gravitational
anomaly: a gravitational anomaly is a topological order
in one higher dimension.[30, 65, 66]

Should we view the bulk topological order M (the grav-
itational anomaly) as the emergent symmetry? May be
not. The emergent symmetry should be related to con-
servation laws encoded by fusion rules, or more precisely
a fusion higher category. In fact, from the bulk topo-
logical order M in (n + 1)-dimensional space, we can get
a fusion (n + 1)-category M describing its excitations.
Since the bulk topological order M is anomaly-free all the
codimension-1 excitations are descendent (i.e. formed by
codimension-2 and higher excitations). We can drop the
codimension-1 excitations, which turns the fusion (n+1)-
category M into a braided fusion n-category M. This
turns the map from C to M; M = bulk(C), into a map
from C to M:

M= Z1(C). (102)
So we should view the braided fusion n-category M as the
emergent symmetry C. Since M describes the excitations
in a topological order in one higher dimension where C
is realized as a boundary, we see that M is actually the
emergent categorical symmetry.

Now, we can say that the fusion 2-category Cz,-top =
{1,e,m, f} that describes the excitations in the 241D
Z5 topological order has no emergent categorical sym-
metry since Z1(Cz,-top) = {1}. Similarly, the fusion 2-
category Cop = {1} that describes the excitations in the
2+1D product state with no symmetry has no emergent
categorical symmetry since Z1(Co) = {1}. Since the both
phases have no categorical symmetry. We can find a lat-
tice model with no symmetry in which the above two
phases can transform into each other via phase transi-
tions. As there is no global symmetry to be concerned,
we just turn off the Hamiltonian for Z, topological order
and turn on another for the product state.

On the other hand, the fusion 2-category Cz,.sym =
{1,e} that describes the excitations in the 2+1D Zs-
symmetric product state has an emergent categorical
symmetry described by Z31(Cz,-sym)- In fact, Z1(Cz,-sym)
is the braided fusion 2-category (denoted as §%_ ) describ-
ing the excitations in a 3+1D Z5 gauge theory. Therefore,



Cz,-sym = {1,e} has an emergent categorical symmetry

222 = Z1(Cz,-sym)- In this case, we cannot connect a
phase described by the fusion 2-category Cz,-¢ym = {1, €}
to a phase described by the fusion 2-category Cy = {1}.

The above result sounds counter-intuitive, since
Cz,-sym = {1, e} can be realized by a Z,-symmetric prod-
uct state and Cy = {1} can be realized by a product state
with no symmetry. Two product states should be in the
same phase and are connected by phase transitions (ac-
tually connected by zero phase transition). When we say
Zs-symmetric product state, we also specify the deforma-
tion class of the Hamiltonians, which are all required to
have the Zs-symmetry. In the phase diagram of the Zs-
symmetric Hamiltonians, there is no phase whose excita-
tions are given by Cp = {1}, but there is a phase whose
excitations are given by Cz,.sym = {1,e}. This is what
we mean by “a phase described by the fusion 2-category
Cz,-sym = {1,e} is not connected to a phase described
by the fusion 2-category Cy = {1}”. In general, if low
energy excitations C has non-trivial categorical symme-
try Z1(C), then any gapped phase formed by condensing
those low energy excitations cannot be a trivial phase
with excitation {1}. This comes from the knowledge that
Z1(C) # Z1({1}).

We see that the emergent categorical symmetry can
constrain the possible phases and phase transitions, just
like the usual symmetry does. This represents one of the
most important application of categorical symmetry (see
Section VIT A).

Let us discuss more examples of emergent categorical
symmetry using the 2+1D Z5 topological order.[67, 68]
The Zs-topological order has a trivial excitation 1 and
three non-trivial excitations e, m, f with mod 2 conser-
vation. e, m are bosons and f is a fermion, and they fuse
as e®@m = f. If the low energy excitations are R = {1, e}
(and m, f are assume to have very high energies), then
R is a local fusion 2-category R = 2Rep(Zs), which
describes an anomaly-free Z; O-symmetry. The system
also has an emergent categorical symmetry described by
Z1(R) = Z1(2Rep(Z2)) = G%,, which is the braided fu-
sion category describing the excitations in 3 + 1D Zs-

gauge theory. Such a categorical symmetry contains a

Z5 0-symmetry and a Zél)

1-symmetry and is denoted as
Za NV Zél). We may also say that the low energy physics

of {1,e} is controlled by the emergent categorical sym-

metry Zs V Z;l). For example, the e excitations may
condense and drive the system to another gapped phase
the spontaneously break the Z; symmetry but has the
Z2(1) 1-symmetry. The excitations in the new phase are
described by {1, s} = 2Vecy,, where s is a string-like ex-
citation with Zs fusion s ® s = 1. Such a gapped phase
is possible since its has the same categorical symmetry
Z1(2Vecyz,) = Z1(2Rep(Z2)). At the transition between
the phases, we have a gapless critical point formed by

{1, e} (or equvalently, formed by {1,s}). which has the
unbroken categorical symmetry Zs V Zél). It requires

that both the Z5 charges e and Z2(1) charges s are not
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condensed at the critical point.
If the low energy excitations are C = {1, f}, (which

is a fusion 2-category denoted as 2Rep (Zg ))7 then C is
not a local fusion higher category. The emergent categor-
ical symmetry is described by Z;(C) = Z; (2Rep (Zg)),
which is the braided fusion category describing the exci-
tations in a twisted 3 + 1D Z2f -gauge theory where the
Z] charge is a fermion.[25] Such a categorical symmetry
contains a Z{ 0-symmetry (the fermion number parity)

and a Zél) 1-symmetry, and is denoted as Zg \Y% Zél). The
categorical symmetry controls the low energy dynamics
of {1, f}, which can be simulated by the boundary of the

twisted 341D Zg -gauge theory. For example, we cannot
have a phase that spontaneously breaks the fermionic Z'2f
symmetry. Also, the categorical symmetry Zg \/Zz(l) is an
example that no corresponding algebraic higher symme-
try R, i.e. there is no local fusion 2-category R and sat-
isfies Z1(R) = 74 (2Rep (sz)) Physically, this implies
that there is no 2+1D bosonic systems, with or without
symmetry, whose gapped state gives rise the excitations
described C = {1, f}.

In summary, for a system with low energy excitations
described by a fusion category C, when C is a local one,
the system has an emergent algebraic higher symmetry.
In general, the largest emergent symmetry is the cat-
egorical symmetry given by Z7(C). Phases that have
the same categorical symmetries are connected through
phase transitions. Since each of them is a phase sponta-
neously breaking part of the same categorical symmetry.
Starting from the critical point that has the full cate-
gory symmetry, the system can break different part of
the category symmetry and drive a transition to those
spontaneous symmetry breaking phases.

A. Categorical symmetry, anomaly, and duality

Let us consider two field theories'® whose low energy
excitations are described by two fusion higher categories
Cy and Cy respectively. The two field theories may have
different algebraic higher symmetries, and C;,Cy may
contain the charge objects of those algebraic higher sym-
metries. We would like to ask the following questions.
Can the two theories be connected through phase tran-
sitions? Can we use one theory to simulate the other
theory? Are the two theories dual to each other? In fact,

10 Here by field theory, we mean that the UV regularization is not
specified. In particular, when we say two phases in two field theo-
ries are connected by phase transitions, we mean that there exist
UV regularizations (such as lattice models) for each field theo-
ries, and for such regularized field theories, the two phases are
connected by phase transitions. (There are may be other differ-
ent UV regularizations where the two phases are not connected
by phase transitions.)



the above three questions are the same question, since
the following five statements are equivalent:'!

(1) The two theories describing phases which are con-
nected through phase transitions and other phases.

2

) The two theories can simulate each other.
3) The two theories are dual to each other.
)
)

(
(
(4) The two theories have the same anomaly.

(5) The two theories have the same categorical symme-
try Z1(C1) = Z1(C2).

Ref. 30 and 56 pointed out that anomaly is simply topo-
logical/SPT order in one higher dimension. In light of
this view of anomaly, Z;(C;) and Z;(Cq) simply corre-
spond to the anomalies of the two theories, and Z;(C;) =
Z1(Cq) is simply the anomaly matching condition. We
would like to remark that Z;(C1) and Z;(Cz) are in gen-
eral non-invertible anomalies.[31]

However, to be more precise, we should replace Z;(C)
and Z;(Cz) in the above by the bulk topological orders
of C; and Cq, which are denoted as bulk(C;) and bulk(Cz)
respectively. The anomaly matching condition is really
bulk(C1) = bulk(C2). Such a condition implies that C;
and C> can be viewed as two boundaries of the same
bulk topological order. We know that two theories that
are boundary theories of the same bulk topological order
can simulate each other.

We remark that Z;(C;) describes the excitations in the
bulk topological order bulk(Cy). Z1(C1) contains a little
less information than the bulk topological order bulk(Cy):
two topological orders differ by an invertible topological
order has the same excitations.

We know that symmetry breaking transitions are in-
duced by the condensation of charge objects of the sym-
metry, while topological phase transitions are induced
by condensing topological excitations. But in our setup ,
the charge objects and topological excitations are treated
at equal footing, and thus symmetry breaking transi-
tions and topological transitions are treated at equal foot-
ing. So the emergence of categorical symmetry happens
at both symmetry breaking transitions and topological
transitions, as well as their mixtures.

As an application, we may consider a 2+1D field the-
ory with a Z5 0-symmetry and another 241D field theory
with a Zél) 1-symmetry. Both symmetries give rise to the
same categorical symmetry (i.e. the same bulk topolog-
ical order), which is described by the 341D Z, gauge
theory. As a result, the two theories have the same grav-
itational anomaly. Then, the two theories can be con-
nected by phase transitions, can simulate each other, and
are dual to each other, even if we do not explicitly break
the two symmetries (i.e. under the constraint of the two
symmetries).

11 See for example[69], for the recent development of simulating
lattice gauge theories in dual variables with defects included.
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B. An example: Higgs and confinement transition
in 341D Z, gauge theory

Let us discuss the simple example of 3+1D Z5 topo-
logical order to illustrate the above general results. In
the first case, we choose the low energy subcategory R,
to be the one formed by all the point-like excitations,
i.e. the Zy charges (which is denoted as 3Rep(Zs)). We
assume all other excitations (such as gauge flux) to have
infinite energy. In this case, we can focus only on ex-
citations described by R, = 3Rep(Z2), and our system
can be viewed as a system with Z O-symmetry. Our
previous discussions on G-symmetric system will apply.
In particular, we have an (emergent) categorical symme-
try characterized by Z1(R,) = G%,, which is a Z»-gauge
theory in 4+1D. The categorical symmetry contains Zs
0-symmetry from the fusion of the point-like Zs charges
in the 4+1D Zs-gauge theory. The categorical symme-
try also contains ZSQ) 2-symmetry from the fusion of the
membrane-like Z5 flux in the 44+1D Z5-gauge theory. The
condensation of the Zs charge induces a Higgs transition
from the 341D Z5 topological order to trivial order. The
critical point of the Higgs transition has the Z; V 22(2)
categorical symmetry. In fact, such a critical point is
the same as the Z5 symmetry breaking critical point dis-
cussed before.

In the second case, we choose the low energy subcat-
egory Rs to be the one formed by the pure string-like
excitations, i.e. the Z; flux lines. We assume all other
excitations (such as gauge charges) to have infinite en-
ergy. After ignoring other excitations, the only excita-
tions are described by R, and our system can be viewed
as a system with 22(1) 1-symmetry. Such a system has
a categorical symmetry given by Z;(R) = 93Z(1)7 which

2

is a Zél) 2-gauge theory in 441D.[15, 17, 70-75] The
categorical symmetry contains Zs 1-symmetry from the

fusion of the string-like Zél) charges in the 441D 22(1)
2-gauge theory. The categorical symmetry also contains

Zél) 1-symmetry. The charge of Zél) symmetry is the
string-like 22(1) flux in the 4+1D Z2(1) 2-gauge theory.
The condensation of the string-like Zél) charges induces

a confinement transition from the Z5 topological order
to trivial order. The critical point of the confinement
transition has the Zél) \% Zél) categorical symmetry.
Such a critical point with Zél) \Y Zél) categorical sym-
metry can be realized by a model on a cubic lattice with
a spin-1/2 living on each link. We label the sites by 7 and
links by ¢j. The Hamiltonian of our model is given by

H= _BZZij —J Z Xij Xjp X Xui
(i5) (i kL)

+UZ 1-— H Zij | »

J next to ¢

(103)

where ). sums over all sites, ) (i) over all links, and
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FIG. 5. The phase diagram of eqn. (108).

3 (ijkl) OVer all squares of the cubic lattice. We also
assume U — +o0 and B, J > 0.

When B = 0 and J > 0, the above model H has ground
state with a Zs topological order. When B > 0 and
J =0, the model has a trivial product state |[{Z;; = 1})
as its ground state and is in the trivial phase (the confined
phase). Changing from (B =0,J > 0) to (B > 0,J =0)
induces a confinement transition.

The model explicitly has a Zél) 1l-symmetry generated
by the following membrane operator

C = [ 2

(ij)eM?

(104)

The membrane operator C ) (M?) acts on a membrane

zY
M? in the dual cubic lattice, where the membrane M?
is formed by the squares of the dual lattice. Since the
squares of the dual lattice one-to-one correspond to the
links in the original cubic lattice, thus the membrane M?
is formed by the links of the original lattice. [] (i) ENr2
is a product over all the links from M?2. Such a Zél)
1-symmetry is spontaneously broken in the phase with
Z5 topological order, and is unbroken in the trivial phase
(the confined phase).

To see the 22(1) 1-symmetry explicitly, we need to do
a duality transformation to obtain a new model with a
spin-1/2 living on each square face (ijkl) of the cubic lat-
tice. Let )?ijkl, f’ijkl, Z-jkl be the Pauli operators acting
on the spin-1/2 on face (ijkl). The duality mapping is
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given by

Xii X XXy — )Zz'jkl:

I Xiu=1

(ijkl)yce

Zij —

H Zijk'la

k,l next to ,j

(105)

where [] ;1. is the product over all the six faces of a
cube c. The dual Hamiltonian is given by

H= —BZ Zijig — J Z Xijh
(ig) k,l next to 4,j (ijkl)

Jrsz 1-— H )?ijkl ) (106)

(ijkl)€ec

where U — oc. B

When B > 0 and J = 0, the above dual model H
has ground state with a dual Z5 topological order (which
corresponds to the confined phase with the trivial Zs
topological order in the original model (103)). When
B =0 and J > 0, the model has trivial product state
{Xiji = 1}) as its ground state and is in the dual trivial
phase (which corresponds to the phase with the Z5 topo-
logical order in the original model (103)). Changing from
(B>0,J=0)to (B=0,J >0) induces a dual confine-
ment transition, while changing from (B = 0,J > 0) to
(B >0,J =0) induces a confinement transition.

The dual model H explicitly has a FZgl) 1-symmetry
generated by the following membrane operator

H Xijhi-

(ijkl)ye M?

CZ;U(M?) = (107)

The membrane operator C ) (M 2) acts on a membrane
2

M? which is formed by the squares of the lattice. Such
a fZg” 1-symmetry is spontaneously broken in the phase
with dual 22 topological order (the confined phase with
the trivial Z, topological order), and is unbroken in the
dual trivial phase (the phase with the Z5 topological or-
der). If the confinement transition from the Zs topologi-
cal order to the trivial order is given by a single critical
point, then such a gapless critical state will have the full
Zél) \Y 22(1) categorical symmetry which is not sponta-
neously broken.

It is well known that there are two ways to go from
341D Z; topological order (i.e. Z5 gauge theory) to triv-
ial order, either via Higgs condensation or via confine-
ment. Ref. 76 studied a model defined by the 34+1D path
integral for the following action

K B
S = 5 ;k:l) 0ij0k0kIOL; + 5 %: ‘szUij‘bj
ij



The model has Z; topological order when S ~ 0 and
K ~ 400. The model has trivial order when 8 ~ +oo or
K ~ 0 (see Figure 5).

When K = +oo, as we change 8 from 0 to —+oo,
the model goes through a second-order Ising transition
(i.e. Higgs transition) described by a critical point. When
B8 = 0, as we change K from 0 to 400, the model
goes through a first-order confinement transition[77]. Let
us assume that we can modify the model to make the
confinement transition to be a continuous transition de-
scribed by a critical point. One may wonder whether the
two critical points for the two transitions are the same or
not.

Our above discussions suggest that the two critical

points to be different since they have different categori-

)

cal symmetries. One has Z, V Zéz categorical symmetry

and the other has ZQ(U \Y 22(1) categorical symmetry, and
Z1(3Rep(Zs)) are different from Z, (3VecZ(1)). Thus

categorical symmetries deepen our understanding of the
Higgs transition and the confinement transition, as well
as their relation.

C. The emergent maximal categorical symmetry

We know that the 141D critical point of Zs symmetry
breaking transition has the following modular invariant
partition function:

2(r) = DB + P + 1 ()

Such a CFT and its modular invariant partition func-
tion has no gravitational anomaly and can be realized
by a 141D lattice model. In other words, such a CFT
can be realized on the boundary of a trivial 241D topo-
logical order. Since the 1+1D categorical symmetry is
just another name for 141D non-invertible gravitational
anomaly, which is another name for 241D topological or-
der, we say the above formulation of the Zj-symmetry-
breaking critical point does not expose any categorical
symmetry.

We know that the critical point actually has a Zs sym-
metry. To expose the Zs symmetry, we consider systems
with Zs-symmetry twisted boundary condition, as well as
even-odd Z, charges. This gives us a 4-component par-
tition function as in eqn. (39). The modular covariance
of the 4-component partition function implies that the
CFT have a non-invertible gravitational anomaly, which
is characterized by the 241D Z, gauge theory. In other
words, the CFT (39) has the Z5 V Z5 categorical symme-
try.

We see that the different formulation of the Zs-
symmetry-breaking critical point reveal or expose differ-
ent emergent symmetries. The first modular invariant
formulation (109) does not reveal any categorical sym-
metry. The second formulation (39) exposes the Z V Zs
categorical symmetry. In particular, it exposes both the
Z5 symmetry and the Z5 dual symmetry.

(109)
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Here, we would like to ask whether the Z3-symmetry-
breaking critical point has additional emergent symme-
tries. What is the maximal categorical symmetry of the
Zs-symmetry-breaking critical point? In fact, the ZoV Z5
categorical symmetry is not maximal. The Zy-symmetry-
breaking critical point has even larger categorical sym-
metry.

One way to find large emergent categorical symme-
try of a CFT, is to choose a smaller set of conformal
characters as the trivial component of the partition func-
tion. For the example of the Zs-symmetry-breaking crit-
ical point, we may choose the trivial component of the
partition function to be

Zy(7) = Ixg (1) (110)

Such a partition function is a part of a 9-component mod-
ular covariant partition function

o 1
Zh,h’ = X%(T)X}v/ (T)a hvh‘/ =0, ’Tﬁ’ (111)

where Z1(7) = |x&(7)|?> = Zo,0(7). The modular covari-
ance of the 9-component partition function implies that
the CFT have a non-invertible gravitational anomaly,
which is characterized by 2+1D double-Ising 3{3/2 X35 1/2
topological order (using the notation in Ref. 78 where
nB represents a bosonic topological other with n super-
selection sectors and chiral central charge ¢, and X is
the stacking operation). In other words, the CFT (111)
has a double-Ising 3119/2 X 35, /o categorical symmetry.
In particular, eqn. (111) exposes both the Zs symme-

try and the Z3 dual symmetry, as well as the Zs sym-
metry from the Kramers-Wannier duality. We believe
that the double-Ising categorical symmetry 3113/2 X 3131 /2
is the maximal emergent categorical symmetry of the Zs-
symmetry-breaking critical point.[79]

There is another way to obtain the larger emergent
categorical symmetry. We know that the 1+1D Z,-
symmetry-breaking critical point can be viewed as a
boundary of 241D Z5 topological order, which has four
types of topological excitations 1,e,m, f. This point of
view reveals the emergent Z5 V Z5 categorical symme-
try of the critical point. We can fine-tune the 2+1D
Z5 topological order to make it to have a e, m exchange
symmetry. We can then gauge such a e, m exchange
symmetry.[80, 81] The resulting 2+1D topological order
is the double-Ising topological order 3’13/2 X 3?1/2. This
corresponds to the large double-Ising 3{3/2 X 3§1/2 cate-
gorical symmetry.

Next, let us consider another example of ¢ = ¢ = =

CFT. The 4-component partition function (45) reveal tlll?e
emergent ZsV Z5 categorical symmetry of the CFT. How-
ever,thec=c= 1—70 CFT has a larger emergent categori-
cal symmetry, as exposed by the following 36-component



(b)
G gauge theory
in n+1-dim. space

G-symmetric CFT in n—dim. space ~ G-symm. breaking trans. CFT in n—dim.

withG V G mf”categorical symmetry

FIG. 6. (a) A CFT with O-symmetry G is described by a
AdS/CFT dual that contains a G gauge theory in the AdS
space in one higher dimension. (b) The CFT at the transition
of spontaneously G-symmetry breaking has a categorical sym-
metry 5 =GV G~V described by excitations in a G-gauge
theory in one higher dimension.

partition function

Zhn =X2’4(7’)>7<i’/4(7')7
(112)

Such a maximal emergent categorical symmetry is char-

acterized by the 241D topological order 6175/10 X 6?7/10

(again using the notation in Ref. 78). In fact, 6?7/10 =
2'134/5®3]f7/2, where 2{34/5 is the Fibonacci topological or-
der, and 3?7 /2 is a twisted Ising topological order, whose

o anyon has a topological spin e~i27 76,

The above two examples suggest that a CF'T can have a
maximal categorical symmetry. We hope that the max-
imal categorical symmetry carries a lot of information
about the corresponding CFT. It may be possible that
we can use the maximal categorical symmetry to char-
acterize or even classify the CFTs. Thus maximal cat-
egorical symmetry represents a research direction that
may allow us to develop a systematic theory of gapless
CFTs, via mapping class group representations for vari-
ous spacetime topologies. We also note that the maximal
categorical symmetry of a 1+1D CFT has a form C X C,
where C is a 241D topological order and C is the time-
reversal conjugate of C. This structure was referred to
as naturality principle of maximally extended CFT in
Ref. 79. In fact, modular tensor category — the math-
ematical description of bosonic topological orders, has
been used to classify all rational modular invariant con-
formal field theories [82-91] Such classification has also
been interpretated physically in terms of surface opera-
tors of 2 + 1D topological order [92].

VIII. SUMMARY

In this paper, we show that a quantum system in n-
dimensional space with a 0-symmetry G actually has a
larger symmetry, which includes both the O-symmetry G
and an algebraic (n — 1)-symmetry, denoted as G("~1)
whose transformations are given by Wilson loop opera-
tors. In fact, the G-symmetric quantum system actu-
ally has a larger categorical symmetry characterized by a
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G gauge theory

CFT of G symmetry
breaking trans. in n dim.
with G vV G
categorical symmetry

FIG. 7. A combination of the holographic picture for
AdS/CFT duality and the holographic picture for emergent
categorical symmetry in the CFT for the G-symmetry break-
ing transition.

braided fusion n-category Gg. We also denote the cate-
gorical symmetry G¢ as G VG since it includes both
th(e O—;Q,ymmetry G and the algebraic (n — 1)-symmetry
Gn-b,

We find that any gapped state in a system with a
categorical symmetry must partially (and only partially)
break the categorical symmetry spontaneously. However,
for the gapless critical state at the transition of the spon-
taneous G-symmetry breaking, the categorical symmetry
GV GV is not broken. In particular, the critical state
has both the O-symmetry G and the algebraic (n — 1)-
symmetry G("—1,

It was proposed that a CFT in n-dimensional space
with O-symmetry G has a AdS/CFT dual that contain
a G-gauge theory in the (n + 1)d AdS space (see Fig.
6a).[32-35] If the AdS/CFT dual contains only a G-gauge
theory (with the fluctuations of both gauge charges and
gauge flux) and gravity in the (n + 1)d AdS space (see
Fig. 6a), then the corresponding CFT in n-dimensional
space must be a particular one with 0-symmetry G. But
there are many CFT’s with O-symmetry G. Which is the
right one? The result in this paper (see Fig. 6b) suggests
that: It is the CFT at the transition of the spontaneous
G-symmetry breaking that is dual to a theory that con-
tains only a G-gauge theory and gravity in the (n + 1)d
AdS space. This is because the specific CF'T has the cat-
egorical symmetry GVG("~1) | whose excitations matches
that of the dual theory in the AdS bulk. In other words,
the whole Fig. 6a corresponds to the CFT boundary in
Fig. 6b. This is demonstrated in Fig. 7. The categorical
symmetry of a CFT can help us to select the AdS/CFT
dual of the CFT, which is an important application of
the categorical symmetry.

We would like to mention that the close relation be-
tween topological order and its canonical gapless CFT
boundary has been discussed extensively in Ref. 51-53,
for the case of 241D topological order and 141D gapless
boundary. A notion of topological Wick-rotation is in-
troduced to describe how a 241D topological order can
determine a canonical 1+1D CFT boundary.

We would like to thank Liang Kong, Tian Lan, Shu-
heng Shao, Hao Zheng for many helpful discussions.
This research was partially supported by NSF DMS-
1664412. This work was also partially supported by the
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Appendix A: List of terminologies

Here, we explain some mathematical terminologies
used in this paper, at the level of physical rigorous-
ness. An ordinary category has objects and mor-
phisms (also called 1-morphisms), and it is also called
1-category. A 2-category generalizes this by also includ-
ing 2-morphisms between the 1-morphisms. Continuing
this up to n-morphisms between (n— 1)-morphisms gives
an n-category.

In condensed matter physics, a n-category can corre-
spond to a collection of topological orders in nD space-
time. The topological orders in the collection correspond
to the simple objects in the category. The composite ob-
jects correspond to degenerate states where several dif-
ferent topological orders happen to have the same energy.
The gapped domain walls between different topological
orders correspond to 1-morphisms between different sim-
ple objects. The gapped domain walls within the same
topological order correspond to 1-morphisms between the
same simple object. The domain walls (1-morphisms)
can also have domain walls with one lower dimension be-
tween them, which correspond to 2-morphisms, etc . In
general, a m-morphism that connects the trivial m — 1
morphism to itself corresponds to a codimension-m exci-
tation. A m-morphism that connects a non-trivial m — 1
morphism to itself corresponds to a domain wall on the
codimension-m — 1 excitation. A m-morphism that con-
nects two m — 1 morphisms corresponds to a domain
wall between the two codimension-m — 1 excitations. A
n-morphism corresponds to an “instanton” in spacetime
(i.e. an insertion of a local operator in spacetime). A
(n — 1)-morphism corresponds a point-like excitation.

Two topological orders can be stacked to form the third
topological order. Under the stacking operation, topolog-
ical orders form a monoid (which is similar to a group,
but no need for an inverse operation) [30]. If we include
the stacking operation in the n-category, the n-category
will become a fusion n-category. Thus a collection of
topological orders in n-dimensional spacetime is actually
described by a monoidal n-category.

The excitations in a single topological order in nD
spacetime is described by a fusion (n — 1)-category.
Now the objects in the fusion (n — 1)-category corre-
spond codimension-1 excitations (domain walls). The
1-morphisms correspond codimension-2 excitations (do-
main walls on domain walls), etc .

An example of fusion 1-category is Vec. The objects
in Vec are the vector spaces. The simple objects are the
(equivalent classes of) 1-dimensional vector spaces and
composite objects are multi-dimensional vector spaces.
There is only one simple object. We see that compos-
ite objects are direct sums of simple objects. The mor-
phisms (the 1-morphisms) correspond to the linear oper-
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ators acting on the vector spaces. The tensor product
of the vector spaces defines the fusion of the objects.
We see that 1-dimensional vector space is the unit of
the tensor product, and hence the simple object is the
unit of the fusion. We also call such a fusion unit as
the trivial object. The 1-morphisms that connect the
simple object to itself is proportional to the one-by-one
identity operator, and thus are also trivial. So we re-
fer fusion 1-category Vec as trivial category. We also
have trivial higher category, which has only one sim-
ple non-descendant morphism (which are not condensa-
tion of other excitations[7, 8, 61, 62]) at every level. We
denote the trivial higher category as n)ec.

Another example of fusion n-category is Rep(G). The
(n — 1)-morphisms in Rep(G) are the representations
of the group G which correspond to point-like excita-
tions in m-dimensional space. The tensor product of
the G-representations defines the fusion of the (n — 1)-
morphisms. The simple (n—1)-morphisms are the (equiv-
alent classes of) irreducible representations and compos-
ite objects are the reducible representations. The re-
ducible representations are direct sums of irreducible rep-
resentations, and thus composite morphisms are direct
sums of simple morphisms. The n-morphisms correspond
the symmetric operators acting one on group representa-
tions.

All the 1-morphisms, 2-morphisms on the trivial object
in a fusion n-category form a braided fusion (n — 1)-
category. It can be used to describe codimension-2 and
higher excitations in an anomaly-free topological order
(after dropping the codimension-1 excitations which are
always descendent for anomaly-free topological orders).

We also need a notion of local fusion n-category:
A fusion n-category F is local if we can add morphisms
in a consistent way, such that all the resulting simple
morphisms are isomorphic to the trivial one. Physically,
the process of “adding morphisms” corresponds to ex-
plicit breaking of the (algebraic higher) symmetry. This
is because, F only has morphisms that correspond to
symmetric operators. Adding morphisms means include
morphisms that correspond to symmetry breaking oper-
ators. If after breaking all the symmetry, F becomes a
trivial product phase of bosons or fermions, then F is a
local fusion n-category.

Appendix B: Proof of equivalence of the 1d
(projected) Z; minimally coupled model and the
(projected) Ising model

We are going to prove that the (projected) minimally
coupled model eqn. (21), the (projected) Ising model
eqn. (10) and the (projected) dual Ising model eqn. (11)
are all equivalent. In this subsection, we always consider
the projected sub-Hilbert space respectively.

The strategy is to show that in the minimally coupled
model, the Hamiltonian is built from the logical operators
within a stabilized subspace. We begin with 2N physical



qubits on 2N sites. We take those states stabilized by
Zgi_1Z2iZ2i+1, for i = 1, s ,N. This is to constraint
ourselves to states Zo;_129; 722,41 = 1.

We first show that the minimally coupled model is
equivalent to the Ising model. The proof uses the sta-
bilized code formalism in quantum information (QI).

For simplicity, we switch the notation in the minimal
coupled model to that in QI, X; — Xgi_l,XH_% — X,
and similarly for the Pauli Z’s. In this way, the low
energy constraints in the limit U — oo are mapped to
the stabilizers. And the Hamiltonian becomes

H = _BZXZiX2i+1X2i+2 — JZ L%, (B1)

acting on the 2N number of physical qubits. And there
are then in total 2%V logical qubits.

First, we show

X = X9 Xoi1 Xoir2, Zi = Zojta, (B2)
are the Pauli-X and Pauli-Z operators on the logical
qubits. (And Xy = XonX1X9,Zy = Z;.) Obviously,
they satisfy the algebra of the Pauli matrices, and each
of them commute with the stabilizers. Since there are
N Pauli-Z operators we find, their eigenvalues labels
are in one-to-one correspond to the states in the sta-
bilized space. Therefore, these logical Pauli operators
{X;, Zili =1,--+ , N} form a complete basis for all oper-
ators acting on the logic qubits.

Then we find that ZiZi-i-l = Z2i+2 (and ZNzl = Zg)
are the same as a pair of Pauli-Z operators on the
logical qubits. It follows from (B2) that Z;Z,4; =
Z2i+1Z2i+3(Z2i+1Zgi+2Z2i+3), where it is a stabilizer
that we multiply on in the bracket. The model'? in terms
of logical operators becomes

H= fBZXZ- — JZzi_lzi.

Finally, the global symmetry operator [[, X2;11 in the
minimally coupled model also maps to ], &j, the global
Z5 symmetry operator on the logical qubits. We may, of
course, add this operator initially to the set of stabilizers

(B3)
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and the analysis remains the same but with 2V ! logical
qubits.

There is a caveat in this proof. If different models can
be mapped to the same Hamiltonian on the same set of
logical qubits defined in a stabilized space, they are in-
deed the same at the algebraic level. However, we need to
further check if they have the same “locality property”.
Even though it is hard to define the property generically,
for the one-dimensional models we study here, they all
have the properties that neighboring logical Pauli op-
erators come from neighboring local terms composed of
physical Pauli operators.

Appendix C: Non-on-site Z; symmetry
transformations

The non-on-site Z; symmetry transformation

U =TI XiIl;si—141 (where s;; is given in eqn. (68))
transforms X; in the following way:

11X I s | X (T T 85
j j j j

1-Zia+Zi+Zi 1 Zi 1 = Zi + Zin + ZiZiq

2 2
1-Zi a+Zi+ 2 12 1 — Zi + Ziy + ZiZiga

2 2
V- Zi+Zi+ 2 1 Zi N = 2+ Ziy + ZiZi
B 2 2

1 - Zs 1~ 2 — 23 1 Zi 1+ 23 + Zi — ZiZi+1Xl
2 2 !
_ (1 — LA+ L+ Zi 21— 2y — 2 — ZzelZi>
B 2 2
(1 —Zi+ Zigpr + ZiZipn 1+ Zs + Zip — ZiZy )X‘
2 2 ¢
_(1-Zi) - (A+Ziy) A+ Zip1) — (1= Zin)

2 2 !
=—Z; 1 XiZiy1. (C1)
In other words

X; & _ZileiZi+1~ (02)
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