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In this paper we study gapless fermionic and bosonic systems in d-dimensional continuum space
with U(1) particle-number conservation and R

d translation symmetry. We write down low energy
effective field theories for several gapless phases with the U(1) × R

d symmetry. The U(1) × R
d

symmetry has a property that a U(1) symmetry twist will induce a non-zero momentum proportional
to the U(1) charge density ρ̄, which will be referred to as a mixed anomaly. The different effective
field theories for different phases of the same system must have the same mixed anomaly. As a
result, all the low energy effective field theories must have fields with non-zero momenta of order
ρ̄1/d. In particular, we write down low energy effective field theory with infinite number of fields
for Fermi liquid. We also write down the Fermi-liquid effective field theory in the presence of real
space magnetic field and k-space “magnetic” field, as well as in the presence of interaction described
by Landau parameters. Our effective field theory correctly captures the mixed anomaly, which
constraints the low energy dynamics, such as determines the volume of Fermi surface in terms
of the mixed anomaly (i.e. in terms of the U(1) charge density). This is another formulation of
Luttinger-Ward-Oshikawa theorem.
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I. INTRODUCTION

A. Integrated Boltzmann equation as a theory for

Fermi liquid and beyond

Fermi liquid is one of the most important states of
matter since it describes most metals. Usually, a Fermi
liquid theory is based on the non-interacting fermionic
quasi-particles. However, there is also a bosonized ver-
sion of Fermi liquid theory.[1–4] For example, a Fermi
liquid for spinless fermions in d-dimensional (dD) space
is described by the following integrated Boltzmann equa-

tion (if we ignore the collision term that is irrelevant
under the renormalization group scaling) [5]

u̇(x,kF , t) + ∂x ·
(
vF (kF )u(x,kF , t)

)

+ ∂kF
·
(
f(x)u(x,kF , t)

)
= 0, (1)

where u(x,kF , t) is the dynamic field describing the
Fermi surface fluctuations. Here kF parametrizes the
Fermi surface, vF is the Fermi velocity, u(x,kF , t) de-
scribes the Fermi surface displacement at Fermi momen-
tum kF and spacial location x, and f is the force acting
on a fermion. The Fermi surface displacement u(x,kF )
describes the fluctuations of the integrated fermion occu-
pation g(k) along a line normal to Fermi surface. This is
why we call the above equation as integrated Boltzmann
equation.
We can view the integrated Boltzmann equation as the

equation of motion for the bosonized Fermi liquid.[1–5]
Together with the total energy (assuming f = 0)

E =

∫
ddx

dd−1kF

(2π)d
|vF (kF )|

2
u2(x,kF ), (2)

we obtain a phase-space low energy effective Lagrangian
for Fermi liquid (see eqn. (39)). Such a low energy ef-
fective field theory contains infinite number of fields la-
beled by kF . Or alternatively, the low energy effective
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field theory can be viewed as having a single scaler field
in (d + d − 1)D space, but the interaction in the d − 1
dimensions (parametrized by kF ) is allowed to be non-
local.
The bosonized description of Fermi liquid is more gen-

eral than Fermi liquid theory. It may be used to describe
gapless state without well defined quasiparticle (but with
well defined Fermi surface), as demonstrated in 1+1D
and in Ref. 5 and 6 for higher dimensions.
However, such a bosonized low energy effective theory

fails to capture one of the most important properties of
Fermi liquid: the volume enclosed by the Fermi surface
is (2π)dρ̄ where ρ̄ is the density of the fermion in the
ground state,[7, 8]. In fact, the fermion density ρ̄ does
not even appear in the above bosonized formulation.
In recent years, it was realized that the Lieb-Schultz-

Mattis (LSM) theorem[9] and its higher-dimensional gen-
eralizations by Oshikawa[8] and Hastings[10] can be un-
derstood in term of a mixed anomaly between translation
symmetry and an internal symmetry.[11–17] For a 1D
system with U(1) symmetry and translation symmetry,
there is a similar theorem when the U(1) charge per site
is not an integer.[18] This suggests that such a 1D sys-
tem also has a mixed anomaly when the U(1) charge per
site is not an integer. Similarly, for continuum systems
with U(1) and translation R

d symmetries, there should
also be a mixed anomaly, whenever the U(1) charge den-
sity is non-zero. The low energy effective field theory for
systems with U(1) × R

d symmetry should capture this
mixed U(1)× R

d anomaly.

B. Emergent symmetry and mixed anomaly

To explain what is mixed anomaly, we need to first
explain emergent symmetry. Let us consider an 1D non-
interacting spinless fermions c(x) in continuum space
with two Fermi points, one at k = kLF and the other
at k = kRF . The 1D system has a U(1) fermion number
conservation symmetry and R translation symmetry.
The low energy effective field theory of the above model

is described by the Lagrangian

L = ψ†
L i (∂t − ∂x)ψL + ψ†

R i (∂t + ∂x)ψR. (3)

for right-moving and left-moving fermions near the two
Fermi points. The original exact symmetry of the model,
U(1)×R, is enlarged to a bigger symmetry U(1)×R×Rtrn

of the effective field theory:

U(1) : ψL → e iθψL, ψR → e iθψR; (4)

R : ψL → e iδxk
L
FψL, ψR → e iδxk

R
F ψR;

Rtrn : ψL(x) → ψL(x+∆x), ψR(x) → ψR(x+∆x).

Rtrn is the translation symmetry in the effective field the-
ory. U(1)×R is regarded as the internal symmetry of the
effective field theory, despite R come from the translation
symmetry of the original model.

We note that the “charges” of both R and Rtrn symme-
try are momenta. The charge of the Rtrn symmetry are
momenta of order 1/L, while the charge of the R symme-
try are momenta of order ρ̄. In the limit where L → ∞
and ρ̄ → constant 6= 0, the range of momenta are well
separated, and are conserved separately. This is why we
have a larger emergent symmetry.

The emergent internal symmetry U(1)×R has a prop-
erty that the U(1) symmetry twist around the 1D ring
of the space induces a non-zero R-charge (i.e. a non-zero
momentum). Similarly, the anomaly also means that the
R symmetry twist around the 1D ring induces a non-zero
U(1)-charge (i.e. a non-zero fermion number).

This is similar to the ’t Hooft anomaly.[19] Usually,
the presence of ’t Hooft anomaly means that if we gauge
the symmetry U(1)×R, the resulting gauge theory is not
gauge invariant. Such a gauge non-invariance (i.e. mixed
anomaly) for the U(1) × R symmetry is related to the
above phenomenon that a U(1) symmetry twist can in-
duce the R-charge (i.e. the momentum).

Indeed, the U(1) symmetry twist around the 1D ring
of size L is given by a change of boundary condition of
the fermion operator

c(x+ L) = e iθc(x). (5)

Such a symmetry twist shifts the momentum of each
fermion by δk = θ/L. Thus the total momentum (i.e. the
R charge) is changed by ∆k = Lρ̄δk = θρ̄, where ρ̄ is the
fermion density.

The R symmetry twist around the 1D ring of size L is
given by changing the ring size by δx. Such a symmetry
twist shifts the total fermion number by δxρ̄.

We see that the so called mixed anomaly of U(1) × R

is a just a fancy way to say that our fermion system has
a non-zero density ρ̄. However, here we stress two as-
pects that are hidden or unclear when we just say the
system has a non-zero density: (1) the density is associ-
ated to a conserved quantity (i.e. a U(1) symmetry), (2)
the uniform density implies a translation symmetry.

After realizing the presence of the mixed anomaly, we
conclude that all the different low energy effective field
theories for various phases of the system must have the
same mixed anomaly. This constraints the possible low
energy dynamics of the system, which will be discuss in
more details in the paper. In particular a low energy
effective theory must have fields with non-zero R-charges,
i.e. with momenta of order ρ̄.

In higher dimensions, the exact U(1) × R
d symmetry

of the original model may give rise to emergent U(1) ×
R
d × R

d
trn symmetry in low energy effective field theory.

The emergent internal symmetry U(1)× R
d has a mixed

anomaly when the U(1) charge density is non-zero. This
is the so called mixed anomaly discussed in this paper
and in Ref. 11–17
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C. A summary of results

In this paper, we will carefully write down the low
energy effective field theories for some gapless phases
of bosons and fermions. The low energy effective field
theories contain a proper topological term that captures
the mixed U(1) × R

d anomaly. Such a mixed U(1) × R
d

anomaly ensures that the system must be gapless.

In particular, the low energy effective field theory (44)
for Fermi liquid is obtained, that contains the proper
mixed U(1) × R

d anomaly. Such a mixed U(1) × R
d

anomaly determines the volume enclosed by the Fermi
surface in terms of U(1) charge density, within the low
energy effective field theory. We also write down the low
energy effective field theory (89) for Fermi liquid with real
space magnetic field and k-space “magnetic” field,[20–22]
as well as with interaction described by Fermi liquid pa-
rameters. Those are the main results of this paper.

The equation of motion of our low energy effective
theory for Fermi liquid is just the (integrated) quantum
Boltzmann equation for transport after including the col-
lision term. We write down such quantum Boltzmann
equation in the presence of both real space magnetic field
and k-space “magnetic” field, as well as in the presence
of interaction described by Fermi liquid parameters (see
eqn. (97)). Our quantum Boltzmann equation can be
used to study transport properties in such general situa-
tions.

We will also discuss the universal low energy proper-
ties of the gapless phases for systems with U(1) × R

d

symmetry. Some of the features in the universal low en-
ergy properties are determined by the mixed U(1) × R

d

anomaly, and we identify those features.

The results in this paper also apply to some lattice
systems with U(1) × Z

d
trn symmetry. If the U(1) charge

per unit cell is not a rational number, the low energy
emergent symmetry will be U(1)×R

d×Z
d
trn. The results

in this paper are still valid, if we replace the U(1) density
ρ̄ by ρ̄+lρcell, where ρcell is the density of the unit cells of
the lattice and l is an integer. If the U(1) charge per unit
cell is a rational number, then the low energy emergent
symmetry may not be U(1) × R

d × Z
d
trn. The results in

this paper may not apply.

In section II, we will first discuss low energy effective
field theory of 1d weakly interacting bosons. Then in sec-
tion III, we will consider 1d weakly interacting fermions.
In section IV, we will obtain a low energy effective field
theory for Fermi liquid in a general dimension. Section V
discusses another gapless phase of fermions – a fermion-
pair liquid, and its low energy effective field theory. All
those effective field theories capture the mixed U(1)×R

d

anomaly.

In this paper, we will use the natural unit where ~ =
e = c = 1.

D. Some remarks

We like to remark that a Fermi liquid at low ener-
gies also has many emergent symmetries. In particular,
the U(1) fermion-number-conservation symmetry is en-
larged to U∞(1) emergent symmetry.[1–4] Recently, it
was pointed out that such an emergent U∞(1) symme-
try also has an anomaly in the presence of U(1) flux.[23]
Using such an U∞(1) anomaly, one can also derive the re-
lation between the volume enclosed by the Fermi surface
and the density of the fermion.

We also like to remark that the mixed U(1) × R
d

anomaly discussed above is not the usual ’t Hooft
anomaly.[19] Usually, an anomaly corresponds to a SPT
order or a topological order in one higher dimension.[24,
25] This kind of anomalies are labeled by a discrete index.
However, for continuous symmetries, Ref. 24 pointed out
that there can be a special kind of anomalies labeled by
a continuous index, and will be referred to as contin-

uous anomaly. Ref. 24 gave an example of continuous
anomaly: a 2+1D system with an U(1) symmetry and
an unquantized Hall conductance. (This example may be
closely related to a recent work on the anomaly of emer-
gent loop-U(1) symmetry[23]). The mixed U(1) × R

d

anomaly discussed in this paper is another example of
continuous anomaly that is labeled by the continuous
particle density ρ̄.

Continuous anomalies also correspond to gapped states
in one higher dimension with topological terms. But now
the topological terms have continuous coefficients.[24]
For example, the 2+1D continuous U(1) anomaly of un-
quantized Hall conductance is characterized by a 3+1D
gapped state with a topological term θ

∫
F∧F
8π2 . Had the

coefficient been discrete, the bulk gapped state with the
topological term would correspond to a SPT order or
a topological order, and the anomaly would correspond
to a SPT order or a topological order in one higher di-
mension. However, for continuous anomalies (such as
the 2+1D U(1) continuous anomaly), the coefficient of
the topological term is continuous and can be smoothly
tuned to zero. So the bulk gapped state with this kind
of topological term does not correspond to non-trivial
phase, and continuous anomalies does not correspond to
a SPT phase in one higher dimension, but rather corre-
spond to a bulk gapped state with a unquantized topo-
logical term, which can be viewed as a pseudo SPT state.
We stress that a continuous anomaly for a symmetry is
not robust against all symmetry preserving deformations
of the Hamiltonian. For example, the mixed U(1) × R

d

anomaly is robust only against all symmetry preserving
deformations that keep the particle density of the ground
state unchanged (i.e. keep the U(1) representation of the
ground state unchanged). This may be a general feature
of continuous anomaly.
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II. 1D BOSON LIQUID WITH U(1)× R

SYMMETRY

A. Gapless phase of weakly interacting bosons

In this section, we are going to consider 1d gapless
systems in continuum space with U(1) particle-number-
conservation symmetry and R translation symmetry. The
systems are formed by bosons with weak interaction,
which gives rise to a gapless state: a “superfluid” state
for bosons. We assume the system to have a size L with
a periodic boundary condition. We will compute distri-
bution of the total momentum for many-body low energy
excitations, and how such a distribution depends on the
U(1) symmetry twist described by a constant U(1) back-
ground vector potential a. We will see that such a de-
pendence directly measure a mixed anomaly in U(1)×R

symmetry, if we view U(1)× R as an internal symmetry
in the effective field theory (or more precisely, if we view
U(1)×R as the internal symmetry in the emergent sym-
metry U(1) × R × Rtrn of the low energy effective field
theory).
Using the results from a careful calculation in Ap-

pendix A, we find the following low energy effective field
theory for the gapless phase of bosons

Lph =

∫
dx

(
ρ̄φ̇(x, t) + δρ(x, t)φ̇(x, t) (6)

−
ρ̄

2Mb
|∂φ|2 −

g

2
δρ2 + · · ·

)
,

Lco =

∫
dx

(
ρ̄φ̇(x, t)−

ρ̄

2Mb
|∂φ|2 +

1

2g
(φ̇)2 + · · ·

)
,

where δρ is the boson density fluctuation, ρ̄ = N̄/L the
boson density in the ground state, and φ an angular field
φ(x, t) ∼ φ(x, t)+2π. Lph is the phase-space Lagrangian
and Lco is the coordinate-space Lagrangian. They both
describe the system at low energies. People usually drop
the total derivative term (also called topological term)

ρ̄φ̇(x, t), since it does not affect the classical equation of
motion of the fields. We will see that the topological term
affects the dynamics in quantized theory and should not
be dropped. In fact, the topological term capture the
mixed anomaly in U(1)× R.
From the low energy effective field theory, we find that

the low energy excitations are labeled by (N ∈ N,m ∈
Z, nk ∈ N). The total energy and total momentum of
those excitations are given by (in the presendence a con-
stant U(1) connection a describing the U(1) symmetry
twist)

E =
N

2Mb
(
2πm

L
+ a)2 +

g

2
(N − N̄)2 +

∑

k 6=0

(nk +
1

2
)v|k|,

ktot =

∫
dx ρ(∂x + a)φ = N(

2πm

L
+ a) +

∑

k 6=0

nkk, (7)

where N = N̄ + δN is the total number of bosons in the

2N  /L

2N  /L

−2  2  0

0

0

E

−2N  /L θ

k

ktot

tot

(b)(a)

π

π

π ππ

k0

FIG. 1. (a) The distribution of the total energies and total
momenta for low energy states of 1d weakly interacting boson
liquid. (b) The distribution of the total momenta ktot for low
energy many-body states, and its dependence on the U(1)
symmetry twist θ. The red lines mark the total momenta,
ktot’s, for many-body states near the ground state energy

excited state. When N = N̄ and a = 0, the possible
values of (E, ktot) are plotted in Fig. 1a.
After quantization, we have the following operator al-

gebra

[φ(x), δρ(y)] = iδ(x− y), (8)

where δρ(x) is the boson density operator. Since

[δρ(y), e iφ(x)] = δ(x− y)e iφ(x), (9)

e iφ(x) is the boson creation operator.
Let ϕ(x) = 2π

∫ x
dx′δρ(x′). We find that

[ϕ(x), φ(y)] = −2π iΘ(x− y),

Θ(x) =

{
1 for x > 0,

0 for x < 0,
(10)

or

e iαϕ(x) e iβφ(y) = e iβφ(y) e iαϕ(x) eαβ[φ(y),ϕ(x)]

= e iβφ(y) e iαϕ(x) e2π iαβΘ(x−y) (11)

which can also be rewritten as

e− iαϕ(x) e− iβφ(y) e iαϕ(x) e iβφ(y) = e2π iαβΘ(x−y),

e− iβφ(y) e− iαϕ(x) e iβφ(y) e iαϕ(x) = e−2π iαβΘ(x−y). (12)

The above expression tells us that that the operator
e iαϕ(x) cause a e−2π iα phase shift for the operator e iφ(y)

for y < x, and keep e iφ(y) unchanged for y > x. So the
operator e iϕ(x) increases m by 1, i.e. increase the total
momentum by 2πρ̄. Similarly, the operator e iβφ(x) cause
a e2π iβ phase shift for the operator e iϕ(y) for y < x, and
keep e iϕ(y) unchanged for y > x. So the operator e iφ(x)

increases N = 1
2π

∫
dx ∂xϕ =

∫
dx δρ by 1.

From the above results, we see that under the U(1)
transformation θ

φ(x) → φ(x) + θ, ϕ(x) → ϕ(x). (13)

Under the R translation transformation δx

φ(x) → φ(x+ δx), ϕ(x) → ϕ(x+ δx) + 2πρ̄δx. (14)
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At low energies, we can rewrite the above translation
transformation as two transformations: Rtrn translation
transformation

φ(x) → φ(x+ δx), ϕ(x) → ϕ(x+ δx). (15)

and R transformation

φ(x) → φ(x), ϕ(x) → ϕ(x) + 2πρ̄δx. (16)

We see that the above R symmetry is an emergent in-
ternal symmetry in the low energy effective field theory
(6). We will see that U(1) × R, as an emeregnt internal
symmetry, has a mixed anomaly.
We note that e iϕ(x) is a local operator and

∫
dx δρ =

1
2π

∫
dx ∂xϕ is an integer. Both imply that ϕ is also

an angular variable ϕ(x, t) ∼ ϕ(x, t) + 2π. Using the
two angular fields φ1 := φ and φ2 := ϕ, the low energy
effective theory can be written as

Lph =

∫
dx

(
ρ̄∂tφ1 +

KIJ

4π
∂xφI∂tφJ −

VIJ
2
∂xφI∂xφJ

)

(17)

where I, J = 1, 2 and

K =

(
0 1
1 0

)
. (18)

and V is a positive definite symmetric matrix (from the
ρ̄

2Mb
|∂φ|2 + g

2δρ
2 terms in eqn. (6)).

B. The universal properties of the gapless phase

From eqn. (7), we see that the total momentum of the
ground state, ktot, depends on the U(1) symmetry twist

ktot = ρθ, where θ =

∫
dx a = aL, ρ =

N

L
, (19)

where we have set nk = m = 0 in eqn. (7). In other
words, if we can following a particular low energy state
as we change the U(1) symmetry twist, we will see a
change of the total momentum of the state. Such a rela-
tion between U(1) symmetry twist and total momentum,
ktot = ρθ, is a universal property.
However, since the state is gapless, it is hard to follow-

ing a particular low energy state. So to make our state-
ment meaningful, we consider the distribution of ktot’s.
Such a distribution is plotted in Fig. 1b. We consider
how the distribution depends on the U(1) symmetry twist
θ.
From the distribution pattern in Fig. 1, we see two

universal properties: the period in the distribution and
the θ = aL dependence of the distribution

k0 = 2πρ̄,
dktot
dθ

= ρ̄, (20)

which do not depend on the small changes in the inter-
actions and the dispersion of the bosons, unless those
changes cause a phase transition. Thus we say they
are universal properties that characterize the gapless
phase. The two universal properties are closely related
(2π)−1k0 = dktot

dθ = ρ̄. We call ρ̄ an index for the gapless
phase. Physically, ρ̄ is nothing but the density of the
U(1) charges in the ground state.
Let us give a argument why dktot

dθ is universal. Let
us assume the U(1) symmetry twist is described by a
boundary condition on single-particle wave function at
x0: ψ(x0 + 0+) = e iθψ(x0 − 0+). A usual translation
x → x + ∆x will shift the symmetry twist from x0 to
x0 + ∆x. So the symmetry twist breaks the translation
symmetry. But we can redefine the translation operator
to be the usual translation plus a U(1) transformation
ψ(x) → e iθψ(x) for x ∈ [x0, x0 +∆x]. The new transla-
tion operator generates the translation symmetry in the
presence of the U(1) symmetry twist. Due to the U(1)
transformation ψ(x) → e iθψ(x) for x ∈ [x0, x0 + ∆x],
the eigenvalue of the new translation operator has a θ de-
pendence given by (e iθ)ρ̄∆x, where ρ̄∆x is the total U(1)
charges in the interval [x0, x0 +∆x]. In other words the
total momentum has a θ dependence given by θρ̄. This
is the reason why dktot

dθ = ρ̄. Since θ = 0 and θ = 2π are

equivalent, therefore dktot

dθ = ρ̄ implies the periodicy in
Fig. 1, with the period k0 = 2πρ̄. The above discussion
does not depend on interactions and boson dispersion.
So the results (20) are universal properties.

C. Mixed anomaly for U(1)× R symmetry

From the above argument, we also see that the shift of
the low energy momentum distribution by the U(1) sym-
metry twist, dktot

dθ = ρ̄, is an invariant not only against
small perturbations that preserve the U(1) × R symme-
try, but is also an invariant against large symmetry-
preserving perturbations that can drive through a phase
transition. The invariant for large perturbations is actu-
ally an anomaly.[19] This is because, under a new point
of view,[24, 25] an anomaly corresponds to a symmetry
protected trivial (SPT) order or a topological order in
one higher dimension.[24, 25] An anomalous theory can
be viewed as a boundary theory of the corresponding
SPT or topological order in one higher dimension. Any
large perturbations and phase transitions on the bound-
ary cannot change the SPT or topological order in one
higher dimension, and thus cannot change the anomaly.
In our case, we can view dktot

dθ = ρ̄ as an anomaly in the
low energy effective field theories (6) and (17). We see

that the topological term ρ̄(x, t)φ̇(x, t) in the low energy
effective field theory determine the anomaly. In fact, such
an anomaly is a mixed anomaly between U(1) symmetry
and the translation R symmetry, which describe how an
U(1) symmetry twist can change the total momentum
(i.e. dktot

dθ 6= 0).
The presence of the anomaly implies that the ground
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state of the system must be either gapless or have a non-
trivial topological order. Since there is no non-trivial
topological order in 1d, the ground state must be gapless.
In other words,

the field theories in eqn. (6) and eqn. (17) with ρ̄ 6= 0
must be gapless regardless the interaction term de-
scribed by · · · , as long as the U(1) × R symmetry is
preserved. On the other hand, when ρ̄ = 0, the field
theories in eqn. (6) and eqn. (17) allow a gapped phase
with U(1)× R symmetry.

The mixed anomaly between the U(1) symmetry and
the R symmetry can also be detected via the patch sym-
metry transformations studied in Ref. 26. The U(1)
patch symmetry transformations are given by

WU(1)(x, y) = e i 2πα
∫

y

x
dxρ = e iα(ϕ(y)−ϕ(x)) e i 2παρ̄(y−x),

(21)

which perform the U(1) transformation, φ → φ + α, on
the segment [x, y]. The R patch symmetry transforma-
tions are given by

WR(x, y) = e i ρ̄∆x(φ(y)−φ(x)). (22)

which perform the R transformation (the translation ∆x)
on the segment [x, y]. In the low energy limit, k → 0. So
for a finite ∆x the translation is trivial for the phonon
modes. The translation ∆x has a non-trivial actions only
on sector labeled by different N ’s and m’s. For a trans-
lation ∆x that acts on a segment [x, y], its effect is to
transfer U(1) charge-ρ̄∆x from x to y. This is why the R

patch symmetry transformations are given by eqn. (22).
In the low energy effective theories (6) and (17), the

U(1) transformation is given by φ→ φ+ θ. The term ρ̄φ̇
implies ρ̄ is the background U(1) charge density. There-
fore, the patch translation transformation has a form
eqn. (22).

Assume x2 > x1. We have shown that WU(1)(x1, x2)

shifts e iβφ(y) by a phase e− i 2παβ , if x1 < y < x2. There-
fore

WU(1)(x1, x2)WR(y1, y2)

=WR(y1, y2)WU(1)(x1, x2)e
i 2παρ̄∆x, (23)

for x1 < y1 < x2 < y2. The extra phase factor e i 2παρ̄∆x

indicates the appearance of the mixed U(1)×R anomaly.
Using the terminology of Ref. 26, we say, the U(1) sym-
metry and the R symmetry have a “mutual statistics”
between them, as a consequence of the mixed anomaly.
So, according to Ref. 26, the U(1) symmetry and the R

are not independent, and we may denote the combined
symmetry as U(1) ∨ R to stress the mixed anomaly.
We like to remark that φ and ϕ fields are cannonial

conjugate to each other. We see that the symmetries
that shift φ and ϕ have a mixed anomaly, as captured
by non-trivial commutation relation between the patch
operators for the symmetry transformations.

−2  2  −2  2  

2N  /L 2N  /L

0 θ0 θ

0 0

k
F

k

k

kktot tot

0

0

(b)(a)

π ππ π

π π

FIG. 2. The distribution of the total momenta ∆ktot and its
dependence on the U(1) symmetry twist, for a weakly inter-
acting 1d fermion liquid.

III. 1D FERMION LIQUID WITH U(1)× R

SYMMETRY

A. Weakly interacting 1d gapless fermionic systems

1d gapless fermionic systems with U(1)× R symmetry
and weak repulsive interaction are also in a gapless phase
– a Tomonaga-Luttinger liquid for fermions. The low
energy effective theory also has a form

Lph =

∫
dx

(
ρ̄φ̇(x, t) + δρ(x, t)φ̇(x, t)

−
ρ̄

2Mf
|∂φ|2 +

1

2g
(φ̇)2 + · · ·

)
. (24)

Considering non-interacting fermions in a system with
periodic boundary condition on a ring of size L, we find
that the low energy excitations are also labeled by (N ∈
N,m ∈ Z, nk ∈ N). However, the total energies and total
momenta of those excitations are given by, for N = odd,

E =
N

2Mf
(2π

m

L
+ a)2 +

g

2
δN2 +

∑

k 6=0

(nk +
1

2
)v|k|,

ktot = N(2π
m

L
+ a) +

∑

k 6=0

nkk, (25)

and for N = even,

E =
N

2Mf
(2π

m+ 1
2

L
+ a)2 +

g

2
δN2 +

∑

k 6=0

(nk +
1

2
)v|k|,

ktot = N(2π
m+ 1

2

L
+ a) +

∑

k 6=0

nkk, (26)

where N(2πm
L +a) or N(2π

m+ 1

2

L +a) are the momentum
of center of mass.
Again, we consider low energy states |ΨN 〉 of N

fermions. Let ktot be the total momenta of |ΨN 〉. Since
there are many different low energy states |ΨN 〉’s, we
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have a distribution of ktot’s. Such a distribution is plot-
ted in Fig. 2a for N= odd case, and in Fig. 2b for N =
even case. We see that N = odd case and N = even case
have different distributions for ktot’s.

The shift of the distribution of ktot by the U(1) sym-
metry twist (see Fig. 2) can be interpreted as U(1) sym-
metry twist producing or pumping momentum. This di-
rectly measures the mixed U(1)× R anomaly.

We also see that a local operator that create a fermion
(i.e. change N by 1) must also change m by 1

2 . Those op-

erators have a form e i (φ±
1

2
ϕ), where ∂xϕ = 2πδρ. Since

the allowed operators are generated by e i (φ±
1

2
ϕ), the fol-

lowing fields

φ1 = φ+
1

2
ϕ, φ2 = φ−

1

2
ϕ (27)

are angular fields: φi ∼ φi + 2π. Using

φ =
1

2
(φ1 + φ2), ϕ = φ1 − φ2, (28)

we find the low energy effective theory to be

L =

∫
dx

( ρ̄
2
∂t(φ1 + φ2)

+
1

4π
∂x(φ1 − φ2)∂t(φ1 + φ2)−

VIJ
2
∂xφI∂xφJ

)

=

∫
dx

( ρ̄
2
∂t(φ1 + φ2) +

1

4π
(∂xφ1∂tφ2 − ∂xφ2∂tφ1)

+
KIJ

4π
∂xφI∂tφJ −

VIJ
2
∂xφI∂xφJ

)
,

K =

(
1 0
0 −1

)
, V = positive definite. (29)

Here, we have been careful to keep the total derivative
terms ρ̄

2∂t(φ1+φ2)+
1
4π (∂xφ1∂tφ2−∂xφ2∂tφ1). Those are

topological terms that do not affect the classical equation
of motion, but have effects in quantum theory.

Effective theory similar to the above form has been
obtained before for edge state of fractional quantum Hall
states.[27, 28] But here we have to be more careful in
keeping the topological term ρ̄∂tφ1, which describes the
mixed anomaly of U(1) × R symmetry for the fermionic
system.

We like to mention that the patch symmetry trans-
formations are determined from the low energy effective
theories (24) or (29), and are still given by eqn. (21) and
eqn. (22). So the mixed anomaly can still be detected
via commutation relation of the patch symmetry trans-
formations (23).

In fact, eqn. (29) is the low energy effective theory
for a fermion system with Fermi momentum kF = πρ̄.
1
2π∂xφ1 describes the density of right-moving fermions

and 1
2π∂xφ2 describes the density of left-moving fermions.

For example, the low energy effective theory for right-

moving fermions is given by

L =

∫
dx

(kF
2π
∂tφ1 +

1

4π
∂xφ1∂tφ1 −

V11
2
∂xφ1∂xφ1

)
,

=

∫
dx

(
ρ̄1∂tφ1 +

1

4π
∂xφ1∂tφ1 −

V11
2
∂xφ1∂xφ1

)
. (30)

In the above expression, we stress the direction connec-
tion between the topological term and the Fermi mo-
mentum kF , as well as the direction connection between
the topological term and the density of the right-moving
fermions: ρ̄1 = kF

2π = 1
2 ρ̄.

We see that the mixed anomaly of U(1)×R symmetry
is nothing but a non-zero Fermi momentum kF . When
kF = 0, i.e. when mixed anomaly vanishes, the fermion
system can have a gapped ground state that does not
break the U(1)× R symmetry. But when kF 6= 0, i.e. in
the presence of mixed anomaly, the fermion system can-
not have a gapped ground state that does not break the
U(1)× R symmetry. This is a well known result, but re-
stated in terms of mixed anomaly of U(1)×R symmetry.

IV. LOW ENERGY EFFECTIVE THEORY OF

d-DIMENSIONAL FERMI LIQUID AND THE

MIXED U(1)× R
d ANOMALY

A. Effective theory for the Fermi surface dynamics

In the last section, we discussed the low energy effective
theory of 1d Fermi liquid, which contains a proper topo-
logical term that reflects the mixed U(1) × R anomaly.
In this section, we are going to generalize this result to
higher dimensions. The generalization is possible since
the higher dimensional Fermi liquid can be viewed as a
collection of 1d Fermi liquids.
Let us use kF to parametrize the Fermi surface. We

introduce u(x,kF ) to describe the shift of the Fermi sur-
face. Thus the total fermion number is given by

N = N̄ +

∫
ddx

dd−1kF

(2π)d
u(x,kF ). (31)

The total energy is

E = Ē +

∫
ddx

dd−1kF

(2π)d
|vF (kF )|

2
u2(x,kF ), (32)

where

vF := ∂kH(k), (33)

is the Fermi velocity and H(k) is the single fermion en-
ergy.
The equation of motion for the field u(x,kF ) is given

by

(∂t + vF · ∂x)u(x,kF ) = 0 (34)
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Let us introduce a field φ(x,kF ) via

−nF · ∂xφ(x,kF ) = u(x,kF ), (35)

where

nF :=
vF

|vF |
. (36)

The equation of motion for φ becomes

(∂t + vF · ∂x)
(
nF · ∂xφ(x,kF )

)
= 0 (37)

and the total energy becomes

E = Ē +

∫
ddx

dd−1kF

(2π)d
|vF (kF )|

2
nF · ∂xφ(x,kF )]

2.

(38)

The phase-space Lagrangian that produces the above
equation of motion and total energy is given by

Lph =

∫
ddx

dd−1kF

(2π)d

(
−

1

2
∂tφ(x,kF )nF · ∂xφ(x,kF )

−
|vF (kF )|

2
[nF · ∂xφ(x,kF )]

2
)

(39)

Repeating a calculation similar to 1d chiral Luttinger
liquid,[27, 28] we find that after quantization, the opera-
tor φ(x,kF ) has the following commutation relation

[φ(x′,k′
F ),nF · ∂xφ(x,kF )]

= −[φ(x′,k′
F ), u(x,kF )]

= − i (2π)dδd(x− x′)δd−1(kF − k′
F ) (40)

which reproduce the equation of motion

∂tφ(x,kF , t) = i[H,φ(x,kF , t)] = −vF · ∂xφ(x,kF , t),

H =

∫
ddx

dd−1kF

(2π)d
|vF (kF )|

2
[nF · ∂xφ(x,kF )]

2 (41)

We also see that

[N,φ(x,kF )] = − i , [N, e iφ(x,kF )] = e iφ(x,kF ). (42)

Thus e iφ(x,kF ,t) is the operator that increases N by 1,
and the U(1) symmetry transformation is given by

e iθNφ(x,kF )e
− iθN = φ(x,kF ) + θ. (43)

We see that φ(x,kF ) is an angular field φ(x,kF ) ∼
φ(x,kF ) + 2π.
However, in eqn. (39) we only have terms that φ(x,kF )

couples to δN . In a compete Lagrangian, φ(x,kF ) must
also couple to ρ̄ – the density of the U(1) charge in the
ground state. This consideration motivates us to propose
the complete phase-space Lagrangian to be

Lph =

∫
ddx

dd−1kF

(2π)d

( ρ̄

AF
φ̇(x,kF )

−
1

2
φ̇(x,−kF )nF · ∂xφ(x,kF )

−
1

2
φ̇(x,kF )nF · ∂xφ(x,kF )

−
|vF (kF )|

2
[nF · ∂xφ(x,kF )]

2
)

(44)

where

AF :=

∫
dd−1kF

(2π)d
. (45)

and we have assumed a central reflection symmetry
kF → −kF , i.e. vF (kF ) = −vF (−kF ) and nF (kF ) =

−nF (−kF ). The two terms, ρ̄
AF
φ̇(x,kF ) and

∫
dd−1kF

(2π)d
1

2
φ̇(x,−kF )nF (kF ) · ∂xφ(x,kF ), (46)

are total derivative topological terms.
We know that the volume enclosed by the Fermi sur-

face is directly related to the fermion density ρ̄.[7, 8]
Naively, in our effective theory (44), the parameter ρ̄ and
Fermi surface kF are not related. In the following, we
like to show that in fact ρ̄ and the Fermi surface kF are
related, from within the effective field theory (44).
Consider a field configuration

φ(x,kF ) = a · x

or nF · ∂xφ(x,kF ) = a · nF = u(x,kF ). (47)

There are two ways to compute the momentum for such
a field configuration.
In the first way, the total momentum is computed via

the deformation u(x,kF ) of the Fermi surface (assuming
the total momentum of the ground state to be zero)

ktot =

∫
ddx

dd−1kF

(2π)d
kFu(x,kF )

=

∫
ddx

dd−1kF

(2π)d
kF (a · nF ). (48)

Note that nF is the normal direction of the Fermi surface.
Therefore

ktot =

∫
ddx

dd−1kF

(2π)d
kF (a · nF ) (49)

=

∫
ddx

∫

k∈kF+a

ddkF

(2π)d
k −

∫
ddx

∫

k∈kF

ddkF

(2π)d
k,

where
∫
k∈kF

ddkF means integration over k inside the

Fermi surface, and
∫
k∈kF+a

ddkF means integration over

k inside the shifted Fermi surface (shifted by a). Let

VkF
:=

∫

k∈kF

ddkF (50)

be the volume enclosed by the Fermi surface, we see that

ktot = V
VkF

(2π)d
a (51)

where V is the volume of the system.
There is a second way to compute the total momentum

ktot. We consider a time dependent translation of the
above configuration

φ(x,kF ) = a · (x+ x0(t)). (52)
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FIG. 3. The total momentum distributions for low energy
many-body states for a 2d Fermi liquid, with 1-particle exci-
tations (left, red channal), 2-particle 1-hole excitations (left,
green channal), 1-particle 1-hole excitations (right, red chan-
nal), and 2-particle 2-hole excitations (right, green channal).
The horizontal axis is kx and the vertical axis is ky. The shift
of the momentum distributions by the U(1) symmetry twist
reflects the mixed anomaly in U(1)× R

d symmetry.

The effective phase-space Lagrangian for x0(t) is given
by

Lph = V ρ̄a · ẋ0(t). (53)

We see that V ρ̄a is the canonical momentum of the trans-
lation x0. Thus, the total momentum of the configura-
tion is

ktot = V ρ̄a. (54)

Compare eqn. (51) and eqn. (54), we see that the volume
included by the Fermi surface and the fermion density is
related

VkF

(2π)d
= ρ̄. (55)

This is the Luttinger theorem.

B. The mixed anomaly in U(1)× R
d symmetry

As we have pointed out that the topological term∫
ddx dd−1

kF

(2π)d

(
ρ̄

AF
∂tφ(x,kF ) represents a mixed anomaly

of U(1)×R
d symmetry. To see this point, we note that a

in eqn. (47) can be viewed as the U(1) symmetry twist.
The fact that the U(1) symmetry twist can induce the R

d

quantum number (i.e. the momentum) reflects the pres-
ence of the mixed anomaly of U(1)×R

d symmetry. Eqn.
(55) indicates that the mixed anomaly can constraint the
low energy dynamics, in this case determines the volume
enclosed by the Fermi surface.
In the above, we discussed how the U(1) symmetry

twist shifts the total momentum of a particular low en-
ergy many-body state. However, in practice, we can-
not pick a particular low energy many-body state, and
see how its momentum is shifted by the U(1) symmetry
twist. What can be done is to examine all the low energy

many-body low energy states, and their total momentum
distribution. The shift of the total momentum distri-
bution by the U(1) symmetry twist measure the mixed
U(1) × R

d anomaly. In Fig. 3, we plot the total mo-
mentum distributions for low energy many-body states,
with 1-particle excitations, 2-particle 1-hole excitations,
1-particle 1-hole excitations, and 2-particle 2-hole exci-
tations.
The mixed anomaly not only appears in Fermi liquid

phases of fermions, it also appears in any other phases
of fermions. Thus the mixed anomaly constrain the low
energy dynamics in any of those phases. In next section,
we consider a phase of fermion, where fermions pair-up
to form a boson liquid in d-dimensional space.

C. Effective theory of a Fermi liquid in most

general setting

In section IVA, we considered Fermi liquid in free
space. In this section, we like to include electromagnetic
field in real space, as well as “magnetic field” in k space.
We like to find the low energy effective theory of Fermi
liquid for this more general situation.
First we consider the dynamics of a single particle in

a very general setting. The classical state of the particle
is described by a point in phase-space parametrized by
ξI . The single particle dynamics is described by a single-
particle phase-space Lagrangian:

L(ξ̇I , ξI) =

∫
dt

[
aI(ξ

I)ξ̇I −H(ξI)
]
, (56)

which gives rise to the following single-particle equation
of motion

bIJ ξ̇
J =

∂H

∂ξI
, bIJ = ∂ξIaJ − ∂ξJaI . (57)

Here H(ξI) is the single-particle energy for the state ξI ,
and aI(ξ

I) is a phase-space vector potential that de-
scribes the phase “magnetic” field bIJ(ξ

I). The phase
space “magnetic” field includes both the real space mag-
netic field and k-space “magnetic” field.[20–22]
For a particle in a d-dimensional free space described

by coordinate-momentum pair (x,k) = (xi, ki), i =
1, · · · , d, the phase-space magnetic field bIJ(ξ

I) is a con-

stant (i.e. independent of ξI), since aI(ξ
I)ξ̇I = k · ẋ

(i.e. axi = ki, aki
= 0). On the other hand, if there is

a non-uniform real space and/or k-space magnetic fields,
phase-space “magnetic” field bIJ(ξ

I) will not be uniform.
As a example, let us consider a particle in 3-

dimensional space. The phase space is 6-dimensional and
is parametrized by (ξI) = (x,k). The phase-space La-
grangian is given by

L = [k · ẋ+A(x) · ẋ+ Ã(k) · k̇]−H(k)− V (x). (58)

Here A(x) is the real space vector potential for electro-

magnetic field that only depends on x. Ã(k) is the k-
space vector potential that is assumed to depend only
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on k. Such a k-space vector potential can appear for
an electron in a crystal with spin orbital couplings. The
corresponding equation of motion is given by

k̇i = −
∂V

∂xi
+Bij ẋ

j , ẋi =
∂H

∂ki
− B̃ij k̇j ,

or k̇ = −
∂V

∂x
+ ẋ×B, ẋ =

∂H

∂k
− k̇ × B̃. (59)

where

Bij = ∂xiAj − ∂xjAi, B̃ij = ∂ki
Ãj − ∂kj

Ãi,

or B = ∂x ×A, B̃ = ∂k × Ã. (60)

Now consider a many-fermion system which is de-
scribed by a particle-number distribution g(ξI). The
meaning of the distribution g(ξI) is given by

dN = g(ξI)Pf[b(ξI)]
d2dξI

(2π)d
, (61)

where dN is the number of fermions in the phase-space
volume d2dξI , and Pf[b(ξI)] is the Pfaffian of the 2d× 2d
anti-symmetric matrix

[b(ξI)]IJ = bIJ(ξ
I). (62)

In fact g(ξI) have a meaning as the occupation number
per orbital, since the number of orbitals (i.e. the single
particle quantum states) in the phase-space volume d2dξI

is given by Pf[b(ξI)] d
2dξI

(2π)d
.

The above interpretation is correct since under the
time evolution (57), the scaled phase-space volume

Pf[b(ξI)] d
2dξI

(2π)d
is time independent, which corresponds to

the unitary time evolution in quantum theory. To show
such a result, we first choose a phase space coordinate
such that bIJ is uniform in the phase space. In this case,
the time evolution ξ̇I is described by a divergent-less vec-
tor field, ∂H

∂ξI
, in the phase space, and the phase-space vol-

ume d2dξI is time independent. We note that the phase-

space volume given by the combination Pf[b(ξI)] d
2dξI

(2π)b
in-

variant under the coordinate transformation. Such an
invariant combination is invariant under the time evolu-
tion (57) for a general coordinate, since the equation of
motion is covariant under the coordinate transformation.
We see that the phase space has a simpletic geometry.
For our example (58), the 6-by-6 matrix bIJ is given

by

(bIJ) =

(
Bij δij
−δij B̃ij

)
(63)

We find that

Pf(b) = Pf

(
Bij δij
−δij B̃ij

)

= Pf(B, B̃) = 1 +BijB̃
ji +O(BikB̃

kj)2. (64)

The effective theory for the Fermi liquid in such a gen-
eral setting is simply a hydrodynamical theory for an in-
compressible fluild in the phase space. In the following,
we will write down such a theory for small fluctuations
near the ground state. First, the ground state of the
Fermi liquid is described by the following distribution
(or phase-space density)

ḡ(ξI) =

{
1, for H(ξI) < 0,

0, for H(ξI) > 0.
(65)

The generalized Fermi surface is the (2d−1)-dimensional
sub-manifold in the phase space where ḡ(ξI) has a jump.
A many-body collective excitation is described by an-
other incompressible distribution g(ξI) = 0, 1. For low
energy collective excitations near the ground state, we
may describe such an incompressible distribution via the
displacement of the generalized Fermi surface

u(ξIF ) =

√∑

I

(∆ξI)2, (66)

where ξIF parametrize the 2d−1-dimensional generalized
Fermi surface, and ∆ξI describe the shift of the general-
ized Fermi surface in the normal direction.
Let us introduce an integration over the generalized

Fermi surface

∫
Pf[b(ξI)]

d2d−1ξF
(2π)d

:=

∫
Pf[b(ξI)]

d2dξ

(2π)d
|∂ξI ḡ| (67)

The number of fermions in the collective excited state
described by u(ξI) is given by

N =

∫
Pf(b)

d2dξ

(2π)d
g(ξI)

= N̄ +

∫
Pf(b)

d2d−1ξF
(2π)d

u(ξIF ) (68)

The energy of the collective excited state is given by

E = Ē +

∫
Pf(b)

d2d−1ξF
(2π)d

1

2
|h.|u

2(ξIF ) (69)

where

hI := ∂ξIH, |h.| :=

√∑

I

h2I . (70)

The equation of the motion of u(ξIF , t) can be obtained
in two ways. First, we note that |hI |u is the single par-
ticle energy, which is invariant under the single parti-
cle time evolution ξIF (t) that satisfies the single-particle
equation of motion (57). Thus

d

dt
|h.|u(ξ

I
F (t), t) = 0, (71)
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This allows us to obtain the equation of motion for
u(ξIF , t) field using the single-particle equation of motion
(57)

(
∂t + hI(ξIF )∂ξI

)
|h.|(ξ

I
F )u(ξ

I
F , t) = 0, (72)

where

hI = bIJhJ (73)

and the repeated index J is summed. Here bIJ is the
matrix inversion of of bIJ :

bIJb
JK = δIK . (74)

Second, we note that Pf(b)u is the density of fermions
on the generalized Fermi surface (see eqn. (68)). The
corresponding current density is given by hIPf(b)u, since

ξ̇I = hI (see eqn. (57)). The fermion conservation gives
us another equation of motion for u(ξIF , t):

∂tPf
(
b(ξIF )

)
u(ξIF , t) + ∂ξI

(
hI(ξIF )Pf

(
b(ξIF )

)
u(ξIF , t)

)
= 0.

(75)

Since the single-particle dynamics leads to the two equa-
tions, so they they must be consistent. This requires that

|h.|(∂t + ∂ξIh
I)Pf(b)u = Pf(b)(∂t + hI∂ξI )|h.|u. (76)

In other words, hI , |h.|, and Pf(b) are related, and they
satisfy

|h.|

Pf(b)
(∂t + ∂ξIh

I)
Pf(b)

|h.|
= ∂t + hI∂ξI . (77)

Let us introduce a scalar field φ(ξIF , t) via

−|h.|
−1hI∂ξI

F
φ(ξIF , t) = u(ξIF , t), (78)

The equation of motion for φ is given by

(∂t + hI∂ξI )h
J∂ξI

F
φ = 0, (79)

which can be simplified further as

(∂t + hI∂ξI )φ = 0. (80)

since hI(ξIF ) does not depend on time.
The above equation of motion and the expression of

total energy (69) allow us to determine the phase-space
Lagrangian

Lph = −

∫
d2d−1ξF
(2π)d

Pf(b)

2|h.|

(
φ̇hI∂ξI

F
φ+ [hI∂ξI

F
φ]2

)
,

(81)

up to total derivative topological terms.
To include topological terms, we assume a symmetry

described by a map in phase space

ξI → ξ̄I , hI(ξI) = −hI(ξ̄I), (82)

which generalize the kF → −kF symmetry used before.
The phase-space Lagrangian can now be written as

Lph =

∫
d2d−1ξF
(2π)d

[ N̄

V AF
φ̇(ξI , t)

−
Pf
(
b(ξI)

)

2|h.(ξI)|

(
φ̇(ξ̄I , t)hI(ξI)∂ξI

F
φ(ξI , t) (83)

+φ̇(ξI , t)hI(ξI)∂ξI
F
φ(ξI , t) +

[
hI(ξI)∂ξI

F
φ(ξI , t)

]2)]
,

where N̄ is the number of fermnions in the ground state,
and

V AF =

∫
d2d−1ξF
(2π)d

1 (84)

is the total volume of generalized Fermi surface.
From the first three terms in eqn. (83), we see that

φ̇(ξI , t) directly couples to the total density of fermions

N =

∫
d2d−1ξF
(2π)d

[ N̄

V AF
−

Pf
(
b(ξI)

)

2|h.(ξI)|

(
hI(ξI)∂ξI

F
φ(ξI , t)

− hI(ξI)∂ξ̄I
F
φ(ξ̄I , t)

)]
. (85)

In particular, the uniform part of φ̇(ξI , t) couple to total
number of fermions

Lph = Nφ̇uniform(t) + · · · . (86)

This indicates that φ ∼ φ + 2π is an angular field, and
the U(1) transformation is given by

φ(ξI , t) → φ(ξI , t) + θ. (87)

D. Effective theory for a Fermi liquid with real

space and k-space magnetic fields

Now, let us apply the above formalism to develop
the low energy effective theory of Fermi liquid, for 3-
dimensional fermions with real space magnetic fieldA(x)

and k-space “magnetic” field Ã(k). The dynamics of a
single fermion is described by eqn. (58) (with V = 0).
We have

(hI) = (0,vF ), |h.| = |vF |, vF := ∂kH,

(hI) = (ṽF ,f), Pf(b) = 1− 2B · B̃ + · · · , (88)

ṽF = vF − (vF ×B)× B̃ + · · · , f := vF ×B + · · · .

Here f = k̇ has a physical meaning as the force acting
on each fermion. ṽF = ẋ has a physical meaning as the

velocity of each fermion. When Ã 6= 0, the velocity of a
fermion at the Fermi surface is not given by vF = ∂kH.
ṽF is also called the anomalous velocity.[21]

Substitute the above into eqn. (83), we obtain
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Lph =

∫
ddx

dd−1kF

(2π)d

( ρ̄

AF
φ̇(x,kF )−

Pf(b)φ̇(x,−kF )

2|vF |
(ṽF · ∂x + f · ∂kF

)φ(x,kF , t) (89)

−
Pf(b)φ̇(x,kF )

2|vF |
(ṽF · ∂x + f · ∂kF

)φ(x,kF , t)−
Pf(b)

2|vF |

[
(ṽF · ∂x + f · ∂kF

)φ(x,kF , t)
]2)

−

∫
ddx

dd−1kF

(2π)d
dd−1k′

F

(2π)d
Pf(b)Pf(b′)V (kF ,k

′
F )

2|vF ||v′
F |

(
(ṽF · ∂x + f · ∂kF

)φ(x,kF , t)
)(

(ṽ′
F · ∂x + f ′ · ∂kF

)φ(x,k′
F , t)

)
.

Up to first order in B and B̃, the above can be simplified

Lph =

∫
ddx

dd−1kF

(2π)d

( ρ̄

AF
φ̇(x,kF )−

φ̇(x,−kF )

2|vF |
(vF · ∂x + f · ∂kF

)φ(x,kF , t) (90)

−
φ̇(x,kF )

2|vF |
(vF · ∂x + f · ∂kF

)φ(x,kF , t)−
1

2|vF |

[
(vF · ∂x + f · ∂kF

)φ(x,kF , t)
]2)

−

∫
ddx

dd−1kF

(2π)d
dd−1k′

F

(2π)d
V (kF ,k

′
F )

2|vF ||v′
F |

(
(vF · ∂x + f · ∂kF

)φ(x,kF , t)
)(

(v′
F · ∂x + f ′ · ∂kF

)φ(x,k′
F , t)

)
.

Here, we have assumed a central reflection symmetry
k → −k, and the mapping ξI → ξ̄I is given by (x,k) →
(x,−k). We also included the interaction term for the
Fermi surface fluctuations, the V (kF ,k

′
F ) term, where

vF ,v
′
F are the Fermi velocities at kF ,k

′
F .

Note that the fermion density at the Fermi surface kF

is given by (see eqn. (78))

u(x,kF ) = −
vF

|vF |
· ∂xφ(x,kF , t)−

f

|vF |
· ∂kF

φ(x,kF , t),

(91)

and thus the total fermion number density is given by

ρ = ρ̄−

∫
dd−1kF

(2π)d

( vF

|vF |
· ∂xφ+

f

|vF |
· ∂kF

φ
)
. (92)

This expression helps us to understand why the interac-
tion term for the Fermi surface fluctuations has a form

given in eqn. (90).

The above expression also allows us to see that
φ̇(x,kF ) couples to the total fermion density (see the first
three terms in eqn. (90)). Thus φ(x,kF ) ∼ φ(x,kF )+2π
is an angular field and the U(1) symmetry transformation
is given by

φ(x,kF ) → φ(x,kF ) + θ. (93)

Eqn. (77) now becomes (to the first order in B and

B̃)

∂x · vF + ∂kF
· f = |vF |

−1
(
vF · ∂x + f · ∂kF

)
|vF | (94)

This will help us to compute the equation of motion for
the φ field. The resulting equation of motion is given by
(written in terms of u(x,kF , t))

(
∂t + vF · ∂x + f · ∂kF

)
|vF |u(x,kF , t) +

(
vF · ∂x + f · ∂kF

) ∫ dd−1k′
F

(2π)d
V (kF ,k

′
F )u(x,k

′
F , t) = 0. (95)

The above is the Boltzmann equation which can be use to compute the transport properties after adding the collision
terms. In terms of φ(x,kF , t), we have

(
∂t + vF · ∂x + f · ∂kF

)
φ(x,kF , t) +

∫
dd−1k′

F

(2π)d
V (kF ,k

′
F )

|v′
F |

(
v′
F · ∂xφ(x,k

′
F , t) + f ′ · ∂kF

φ(x,k′
F , t)

)
= 0. (96)

The above equations of motion are valid only to the first order in B and B̃. The exact equations of motion, in several
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different forms, are given by

(
∂t + ∂x · ṽF + ∂kF

· f
)
Pf(b)u(x,kF , t) + Pf(b)

( ṽF

|vF |
· ∂x +

f

|vF |
· ∂kF

) ∫ dd−1k′
F

(2π)d
Pf(b′)V (kF ,k

′
F )u(x,k

′
F , t) = 0,

(
∂t + ṽF · ∂x + f · ∂kF

)
|vF |u(x,kF , t) +

(
ṽF · ∂x + f · ∂kF

) ∫ dd−1k′
F

(2π)d
Pf(b′)V (kF ,k

′
F )u(x,k

′
F , t) = 0, (97)

(
∂t + ṽF · ∂x + f · ∂kF

)
φ(x,kF , t) +

∫
dd−1k′

F

(2π)d
Pf(b′)

|v′
F |

V (kF ,k
′
F )

(
v′
F · ∂xφ(x,k

′
F , t) + f ′ · ∂kF

φ(x,k′
F , t)

)
= 0.

E. Emergent U∞(1) symmetry

From the effective theory (89), we see when there is no
real space magnetic field B = 0, we have f = 0 and the
effective theory has a U∞(1) symmetry generated by

φ(x,kF ) → φ(x,kF ) + θ(kF ), (98)

where θ(kF ) can be any function of kF . This is the so
called emergent U∞(1) symmetry, which a key character
of Fermi liquid.[1–4, 23] We also see that the above trans-
formation is no longer a symmetry in the presence of real
space magnetic field B 6= 0. This may be related to the
anomaly in the emergent U∞(1) symmetry discussed in
Ref. 23

V. FERMION-PAIR LIQUID AND THE MIXED

U(1)× R
d ANOMALY

In this section, we are going to consider a fermion
system in d-dimensional continuous space, with U(1)
particle-number-conservation symmetry and R

d transla-
tion symmetry. We assume the space to have a size
L1 × L2 × · · · × Ld, and has a periodic boundary con-
dition. We will compute distribution of the total mo-
mentum for many-body low energy excitations ktot, and
how such a distribution depends on the U(1) symmetry
twist described by a constant vector potential a.
Using the results from the Appendix A, we find that

the low energy effective theory is described by the follow-
ing phase-space Lagrangian (see eqn. (A14))

L =

∫
ddx

(
ρ̄pφ̇p(x, t) + δρp(x, t)φ̇p(x, t)

−
ρ̄

2Mp
|∂φp|

2 −
g

2
δρ2p + · · ·

)
, (99)

where ρ̄p = 1
2 ρ̄ is the fermion-pair density in the ground

state, and φp ∼ φp + 2π is the angular field for the
fermion-pair. The total energy and total crystal momen-
tum of those excitations are given by

E =
N̄p

2Mp

∑

µ

(
mµ

Lµ
+ 2aµ)

2 +
∑

k 6=0

(nk +
1

2
)v|k|,

ktot = Np

∑

µ

(
mµ

Lµ
+ 2aµ)x̂µ +

∑

k 6=0

nkk, (100)

We see that the U(1) symmetry twist a induces a change
in the total momentum

ktot = 2Npa = 2ρ̄paV = ρ̄aV. (101)

Such momentum dependence of the U(1) symmetry twist
a reflects the mixed U(1) × R

d anomaly. Eqn. (101)
and eqn. (54) are identical, implies the identical mixed
anomaly, which is captured by the topological term∫
ddx

(
ρ̄pφ̇p(x, t).

The mixed anomaly can also be measured by the pe-
riodicy k0µ in the distribution of ktot, and the periodicy
∆N = 2 in the distribution of N , for the low energy
excitations. The period in µ-direction times ∆N is

∆Nk0µ = 2
Np

Lµ
=

N

Lµ
. (102)

The periodices k0µ and ∆N are universal low energy
properties of the fermion-pair gapless phase. Their prod-
uct ∆Nk0µ is even more robust, since it is invariant even
across any phase transitions, and thus correspond to an
anomaly.

For the gapless state formed by four-fermion bound
states, the periodicies will be

k0µ =
1

4

N

Lµ
, ∆N = 4. (103)

Their product is still ∆Nk0µ = N
Lµ

.
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Appendix A: Dynamical variational approach and

low energy effective theory

1. Coherent state approach

A quantum state is described by a complex vector

|ψ〉 =



ψ1

ψ2

...




in a Hilbert state, with inner product

〈φ|ψ〉 =
∑

n

φ∗nψn. (A1)

The motion of a quantum state is described by time de-
pendent vector: |ψ(t)〉, which satisfy an equation of mo-
tion (called Shrödinger equation) with only first order
time derivative:

i
d

dt
|ψ(t)〉 = Ĥ|ψ(t)〉, (A2)

where the hermitian operator Ĥ is the Hamiltonian.
The Shrödinger equation (A2) also has a phase-space

Lagrangian description. If we choose the Lagrangian L
to be

L(
d

dt
|ψ〉, |ψ〉) = 〈ψ(t)| i

d

dt
− Ĥ|ψ(t)〉

= iψ∗
n(t)ψ̇n(t)− ψ∗

m(t)Hmnψn(t), (A3)

then the action S =
∫
dt L( d

dt |ψ〉, |ψ〉) will be a func-
tional for the paths |ψ(t)〉 in the Hilbert space. The
stationary paths |ψsta(t)〉 of the action will correspond
to the solutions of the Shrödinger equation. Since the
Shrödinger equation can be derived from the Lagrangian,
we can say that the Lagrangian L( d

dt |ψ〉, |ψ〉) provides a
complete description of a quantum system.
In the variational approach to the ground state, we

consider a variational state |ψξi〉 that depends on varia-

tional parameters ξi. We then found an approximation
of the ground state |ψξ̄i〉 by choosing ξ̄i that minimize
the average energy

H̄(ξi) = 〈ψξi |Ĥ|ψξi〉. (A4)

If we choose the variational parameters ξi properly,
the low energy excitations are also described by the fluc-
tuations of variational parameters. In other words, the
dynamics of the variational parameters ξi described the
low energy excitations. This leads to a dynamical varia-
tional approach (or coherent state approach) that gives
us a description of both ground state and low energy ex-
citations.
The dynamics of the full quantum system is described

by phase-space Lagrangian L = 〈ψ| i d
dt − Ĥ|ψ〉. The dy-

namics of the variational parameters is described by the

evolution of the quantum states in a submanifold of the
total Hilbert space, given by the variational states |ψξi〉.
Here we want to obtain the dynamics of the quantum
states, restricted to the submanifold parametrized by ξi.
Such a dynamics is described by the same phase-space
Lagrangian restricted in the submanifold:

L(ξ̇i, ξi) = 〈ψξi(t)| i
d

dt
− Ĥ|ψξi(t)〉 = ai(ξ

i)ξ̇i − H̄(ξi)

(A5)
where

ai = i〈ψξi |
∂

∂ξi
|ψξi〉, H̄(ξi) = 〈ψξi |Ĥ|ψξi〉 (A6)

The resulting equation of motion is given by

bij ξ̇
j =

∂H̄

∂ξi
, bij = ∂iaj − ∂jai (A7)

which describes the classical motion of ξi.
The above phase-space Lagrangian actually only de-

scribed the classical dynamics of the variables ξi. The
obtain the low energy effective theory for the quantum
dynamics of the variables ξi, we need quantize the phase-
space Lagrangian (A5) to obtain the low energy effective
Hilbart space Heff and the low energy effective Hamil-
tonian Heff acting with Heff. Roughly, the low energy
effective Hilbart space Heff is an representation of the
operators algebra

i [ξ̂i, ξ̂j ] = bij(ξ̂i), (A8)

where bij is the inverse of bij : bijb
jk = δik. The low

energy effective Hamiltonian is given by

Heff = H̄(ξ̂i). (A9)

Let us use the above approach to describe hardcore
boson on a single site. The total Hilbert space is 2-
dimensional, spanned by |0〉 (no boson) and |1〉 (one bo-
son). The coherent state is described by a unit vector
n = (nx, ny, nz) ∈ S2. We may also use θ, φ to describe
n:

nx(θ, φ) = cosφ sin θ,

nx(θ, φ) = sinφ sin θ,

nz(θ, φ) = cos θ. (A10)

We can choose the coherent state to be

|n(θ, φ)〉 =

(
cos θ

2

e− iφ sin θ
2

)
(A11)

The phase-space Lagrangian to describe the classical dy-
namics of θ, φ is given by

L = sin2
θ

2
φ̇− H̄(θ, φ)

= ρφ̇− H̄(ρ, φ), ρ ≡
1− nz

2
= sin2

θ

2
(A12)
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We will use (ρ, φ) to parametrize the phase space, where
ρ ∈ [0, 1] has a physical meaning being the average num-
ber of bosons on the site. Here we stress that (ρ, φ)
parametrize S2. Quantizing the above classical phase-
space Lagrangian, we suppose to obtain a quantum sys-
tem with Hilbert space H = span(|0〉, |1〉).

2. Low energy effective theory of bosonic

superfluid phase

Using the above result, we obtain the following low
energy effective theory for interacting bosons in a d-
dimensional cubic lattice with periodic boundary condi-
tion, whose sites are labeled by i:

L =
∑

i

ρiφ̇i − H̄(ρi, φi), (A13)

where φi ∼ φi + 2π is an angular variable. If we as-
sume ρi, φi to have a smooth dependence on the space
coordinate x ∼ i, the above can be rewritten as a field
theory

L =

∫
ddx

(
ρ̄φ̇(x, t) + δρ(x, t)φ̇(x, t)

−
ρ̄

2m
|∂φ|2 −

g

2
δρ2 + · · ·

)
, (A14)

where we have assumed that H̄(ρ, φ) is minimized as ρ =
ρ̄ which correspond to average number of bosons per site.

To quantize the above low-energy-effective theory, we
expand

δρ = ρ0 +
∑

k 6=0

ρk
e ik·x

Ld/2

φ = φ0 + 2π
m · x

L
+

∑

k 6=0

φk
e ik·x

Ld/2
, (A15)

where L is the size of the cubic lattice. The k 6= 0 modes
give rise to a collection of quantum oscillators after quan-
tization. ρ0, φ0,m describe the k = 0 mode, where the
integer vector m = (m1, · · · ,md) describes the winding
numbers of the phase φ. The effective Lagrangian for the
k = 0 modes is given by

L0 =
(
Ldρ̄φ̇0 + Ldρ0φ̇0 −

ρ̄Ld−2

2m
(2πm)2 − Ld g

2
ρ20
)
.

(A16)

After quantization, the k = 0 mode describes a particle
on a ring with Ldρ̄ flux through the ring. Let L̂z ∼ Ld(ρ̄+
ρ0) be the angular operator of the quantized particle.
After quantization, the Hamiltonian is given by

Ĥ0 =
ρ̄Ld−2

2m
(2πm)2 +

g

2Ld
(L̂z − Ldρ̄)2 (A17)

The many-body low energy excitations are labeled by
(m, N, nk 6=0), where integer N is the eigenvalues of L̂z

(the total number of bosons) and integer nk 6=0) is the
number of excited phonons for k mode. The total energy
and the total crystal momentum are given by

E = N̄
(2πm)2/L2

2m
+
g

2

(N − N̄)2

Ld
+

∑

k 6=0

(nk +
1

2
)v|k|2,

ktot =

∫
ddx (ρ̄+ δρ)∂φ = N

2πm

L
+

∑

k 6=0

nkk (A18)

where the phonon velocity v =
√

gρ̄
m , and N̄ ≡ Ldρ̄0.

The above results are very standard, except that we
carefully keep the topological term ρ̄(x, t)φ̇(x, t) in the
Lagrangian. Our quantum system has U(1) particle num-
ber conservation symmetry and Z

d lattice translation
symmetry. In the continuum field theory (A14), we take
the limit of zero lattice spacing. In this case, both the
U(1) and Z

d symmetries are internal symmetries of the
field theory. It turns out that the U(1) × Z

d symmetry
has a mixed ’t Hooft anomaly when ρ̄ is not an integer,
which constrains the low energy dynamics of the inter-
acting bosons.

[1] A. Luther, Phys. Rev. B 19, 320 (1979).
[2] F. D. M. Haldane, Helv. Phys. Acta. 65, 152 (1992),

arXiv:cond-mat/0505529.
[3] A. Houghton and J. B. Marston, Phys. Rev. B 48, 7790

(1993).
[4] A. H. Castro Neto and E. Fradkin, Phys. Rev. Lett. 72,

1393 (1994).
[5] Y. B. Kim, P. A. Lee, and X.-G. Wen, Phys. Rev. B 52,

17275 (1995), arXiv:cond-mat/9504063.
[6] Y. B. Kim and X.-G. Wen, Phys. Rev. B 50, 8078 (1994).
[7] J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417

(1960).

[8] M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000),
arXiv:cond-mat/0002392.

[9] E. H. Lieb, T. D. Schultz, and D. C. Mattis, Ann. Phys.
(N.Y) 16, 407 (1961).

[10] M. B. Hastings, Phys. Rev. B 69, 104431 (2004),
arXiv:cond-mat/0305505.

[11] S. C. Furuya and M. Oshikawa, Phys. Rev. Lett. 118,
021601 (2017), arXiv:1503.07292.

[12] M. Cheng, M. Zaletel, M. Barkeshli, A. Vishwanath,
and P. Bonderson, Physical Review X 6, 041068 (2016),
arXiv:1511.02263.

[13] H. C. Po, H. Watanabe, C.-M. Jian, and M. P. Zaletel,



16

Phys. Rev. Lett. 119, 127202 (2017), arXiv:1703.06882.
[14] Y.-M. Lu, Y. Ran, and M. Oshikawa, Annals of Physics

413, 168060 (2020), arXiv:1705.09298.
[15] Y.-M. Lu, (2017), arXiv:1705.04691.
[16] M. Cheng, Phys. Rev. B 99, 075143 (2019),

arXiv:1804.10122.
[17] S. Jiang, M. Cheng, Y. Qi, and Y.-M. Lu, (2019),

arXiv:1907.08596.
[18] X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83,

035107 (2011), arXiv:1008.3745.
[19] G. ’t Hooft, in Recent Developments in Gauge Theo-

ries. NATO Advanced Study Institutes Series (Series B.
Physics), Vol. 59, edited by G. ’t Hooft et al. (Springer,
Boston, MA., 1980) pp. 135–157.

[20] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).

[21] G. Sundaram and Q. Niu, Phys. Rev. 59, 14915 (1999),
arXiv:cond-mat/9908003.

[22] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82,
1959 (2010), arXiv:0907.2021.

[23] D. V. Else, R. Thorngren, and T. Senthil, (2020),
arXiv:2007.07896.

[24] X.-G. Wen, Phys. Rev. D 88, 045013 (2013),
arXiv:1303.1803.

[25] L. Kong and X.-G. Wen, (2014), arXiv:1405.5858.
[26] W. Ji and X.-G. Wen, Phys. Rev. Research 2, 033417

(2020), arXiv:1912.13492.
[27] X.-G. Wen, Int. J. Mod. Phys. B 6, 1711 (1992).
[28] X.-G. Wen, Adv. Phys. 44, 405 (1995), arXiv:cond-

mat/9506066.


	Low energy effective field theories of fermion liquids and mixed U(1)Rd anomaly 
	Abstract
	Contents
	Introduction
	1d boson liquid with U(1)R symmetry
	1d fermion liquid with U(1)R symmetry
	Low energy effective theory of d-dimensional Fermi liquid and the mixed U(1)Rd anomaly
	Fermion-pair liquid and the mixed U(1)Rd anomaly
	Dynamical variational approach and low energy effective theory
	References


