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ergy effective field theories of fermion liquids and mixed U(1) x R? anomaly

Xjao-Gang Wen'!

In this paper we study gapless fermionic and bosonic systems in d-dimensional continuum space
with U(1) particle-number conservation and R? translation symmetry. We write down low energy
effective field theories for several gapless phases with the U(1) x RY symmetry. The U(1) x R?
symmetry has a property that a U(1) symmetry twist will induce a non-zero momentum proportional
to the U(1) charge density p, which will be referred to as a mixed anomaly. The different effective
field theories for different phases of the same system must have the same mixed anomaly. As a
result, all the low energy effective field theories must have fields with non-zero momenta of order
ﬁl/ 4, In particular, we write down low energy effective field theory with infinite number of fields
for Fermi liquid. We also write down the Fermi-liquid effective field theory in the presence of real
space magnetic field and k-space “magnetic” field, as well as in the presence of interaction described
by Landau parameters. Our effective field theory correctly captures the mixed anomaly, which
constraints the low energy dynamics, such as determines the volume of Fermi surface in terms
of the mixed anomaly (i.e. in terms of the U(1) charge density). This is another formulation of

Luttinger-Ward-Oshikawa theorem.
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field theory can be viewed as having a single scaler field
in (d 4+ d — 1)D space, but the interaction in the d — 1
dimensions (parametrized by kg) is allowed to be non-
local.

The bosonized description of Fermi liquid is more gen-
eral than Fermi liquid theory. It may be used to describe
gapless state without well defined quasiparticle (but with
well defined Fermi surface), as demonstrated in 1+1D
and in Ref. 5 and 6 for higher dimensions.

However, such a bosonized low energy effective theory
fails to capture one of the most important properties of
Fermi liquid: the volume enclosed by the Fermi surface
is (27)?p where p is the density of the fermion in the
ground state,[7, 8]. In fact, the fermion density p does
not even appear in the above bosonized formulation.

In recent years, it was realized that the Lieb-Schultz-
Mattis (LSM) theorem[9] and its higher-dimensional gen-
eralizations by Oshikawa[8] and Hastings[10] can be un-
derstood in term of a mixed anomaly between translation
symmetry and an internal symmetry.[11-17] For a 1D
system with U(1) symmetry and translation symmetry,
there is a similar theorem when the U(1) charge per site
is not an integer.[18] This suggests that such a 1D sys-
tem also has a mixed anomaly when the U(1) charge per
site is not an integer. Similarly, for continuum systems
with U(1) and translation RY symmetries, there should
also be a mixed anomaly, whenever the U(1) charge den-
sity is non-zero. The low energy effective field theory for
systems with U(1) x R? symmetry should capture this
mixed U(1) x R anomaly.

B. Emergent symmetry and mixed anomaly

To explain what is mixed anomaly, we need to first
explain emergent symmetry. Let us consider an 1D non-
interacting spinless fermions c¢(z) in continuum space
with two Fermi points, one at k = k% and the other
at k = k. The 1D system has a U(1) fermion number
conservation symmetry and R translation symmetry.

The low energy effective field theory of the above model
is described by the Lagrangian

L=01i(8 — 0, +¥hi(0 + )R (3)

for right-moving and left-moving fermions near the two
Fermi points. The original exact symmetry of the model,
U(1) xR, is enlarged to a bigger symmetry U (1) X R X Ry,
of the effective field theory:

U): v — %%, vrp— e'%p; (4)
R: by — e 0FFg gp — 0 Fyp:
Rin : Yr(z) = ¥ (z+ Az), vYr(z) = Yr(z + Azx).

Rirn is the translation symmetry in the effective field the-
ory. U(1) x R is regarded as the internal symmetry of the
effective field theory, despite R come from the translation
symmetry of the original model.

We note that the “charges” of both R and Ry, symme-
try are momenta. The charge of the R;, symmetry are
momenta of order 1/L, while the charge of the R symme-
try are momenta of order p. In the limit where L — oo
and p — constant # 0, the range of momenta are well
separated, and are conserved separately. This is why we
have a larger emergent symmetry.

The emergent internal symmetry U(1) x R has a prop-
erty that the U(1) symmetry twist around the 1D ring
of the space induces a non-zero R-charge (i.e. a non-zero
momentum). Similarly, the anomaly also means that the
R symmetry twist around the 1D ring induces a non-zero
U(1)-charge (i.e. a non-zero fermion number).

This is similar to the 't Hooft anomaly.[19] Usually,
the presence of 't Hooft anomaly means that if we gauge
the symmetry U(1) x R, the resulting gauge theory is not
gauge invariant. Such a gauge non-invariance (i.e. mixed
anomaly) for the U(1) x R symmetry is related to the
above phenomenon that a U(1) symmetry twist can in-
duce the R-charge (i.e. the momentum).

Indeed, the U(1) symmetry twist around the 1D ring
of size L is given by a change of boundary condition of
the fermion operator

clz+ L) = e'l¢(x). (5)

Such a symmetry twist shifts the momentum of each
fermion by 6k = 6/L. Thus the total momentum (i.e. the
R charge) is changed by Ak = Lpdk = 0p, where p is the
fermion density.

The R symmetry twist around the 1D ring of size L is
given by changing the ring size by dx. Such a symmetry
twist shifts the total fermion number by dzp.

We see that the so called mixed anomaly of U(1) x R
is a just a fancy way to say that our fermion system has
a non-zero density p. However, here we stress two as-
pects that are hidden or unclear when we just say the
system has a non-zero density: (1) the density is associ-
ated to a conserved quantity (i.e. a U(1) symmetry), (2)
the uniform density implies a translation symmetry.

After realizing the presence of the mixed anomaly, we
conclude that all the different low energy effective field
theories for various phases of the system must have the
same mixed anomaly. This constraints the possible low
energy dynamics of the system, which will be discuss in
more details in the paper. In particular a low energy
effective theory must have fields with non-zero R-charges,
i.e. with momenta of order p.

In higher dimensions, the exact U(1) x R? symmetry
of the original model may give rise to emergent U(1) X
RY x RY  symmetry in low energy effective field theory.
The emergent internal symmetry U(1) x R? has a mixed
anomaly when the U(1) charge density is non-zero. This
is the so called mixed anomaly discussed in this paper

and in Ref. 11-17



C. A summary of results

In this paper, we will carefully write down the low
energy effective field theories for some gapless phases
of bosons and fermions. The low energy effective field
theories contain a proper topological term that captures
the mixed U(1) x R? anomaly. Such a mixed U(1) x R?
anomaly ensures that the system must be gapless.

In particular, the low energy effective field theory (44)
for Fermi liquid is obtained, that contains the proper
mixed U(1) x R? anomaly. Such a mixed U(1) x R¢
anomaly determines the volume enclosed by the Fermi
surface in terms of U(1) charge density, within the low
energy effective field theory. We also write down the low
energy effective field theory (89) for Fermi liquid with real
space magnetic field and k-space “magnetic” field,[20-22]
as well as with interaction described by Fermi liquid pa-
rameters. Those are the main results of this paper.

The equation of motion of our low energy effective
theory for Fermi liquid is just the (integrated) quantum
Boltzmann equation for transport after including the col-
lision term. We write down such quantum Boltzmann
equation in the presence of both real space magnetic field
and k-space “magnetic” field, as well as in the presence
of interaction described by Fermi liquid parameters (see
eqn. (97)). Our quantum Boltzmann equation can be
used to study transport properties in such general situa-
tions.

We will also discuss the universal low energy proper-
ties of the gapless phases for systems with U(1) x R?
symmetry. Some of the features in the universal low en-
ergy properties are determined by the mixed U(1) x R?
anomaly, and we identify those features.

The results in this paper also apply to some lattice
systems with U(1) x Z&  symmetry. If the U(1) charge
per unit cell is not a rational number, the low energy
emergent symmetry will be U(1) x R x Z¢ . The results
in this paper are still valid, if we replace the U(1) density
p by p+1pcen, where peep is the density of the unit cells of
the lattice and [ is an integer. If the U(1) charge per unit
cell is a rational number, then the low energy emergent
symmetry may not be U(1) x R? x Z¢ . The results in

trn*
this paper may not apply.

In section II, we will first discuss low energy effective
field theory of 1d weakly interacting bosons. Then in sec-
tion III, we will consider 1d weakly interacting fermions.
In section IV, we will obtain a low energy effective field
theory for Fermi liquid in a general dimension. Section V
discusses another gapless phase of fermions — a fermion-
pair liquid, and its low energy effective field theory. All
those effective field theories capture the mixed U(1) x R?
anomaly.

In this paper, we will use the natural unit where A =
e=c=1.

D. Some remarks

We like to remark that a Fermi liquid at low ener-
gies also has many emergent symmetries. In particular,
the U(1) fermion-number-conservation symmetry is en-
larged to U (1) emergent symmetry.[1-4] Recently, it
was pointed out that such an emergent U (1) symme-
try also has an anomaly in the presence of U(1) flux.[23]
Using such an U (1) anomaly, one can also derive the re-
lation between the volume enclosed by the Fermi surface
and the density of the fermion.

We also like to remark that the mixed U(1) x R?
anomaly discussed above is not the usual ’t Hooft
anomaly.[19] Usually, an anomaly corresponds to a SPT
order or a topological order in one higher dimension.[24,
25] This kind of anomalies are labeled by a discrete index.
However, for continuous symmetries, Ref. 24 pointed out
that there can be a special kind of anomalies labeled by
a continuous index, and will be referred to as contin-
wous anomaly. Ref. 24 gave an example of continuous
anomaly: a 2+1D system with an U(1) symmetry and
an unquantized Hall conductance. (This example may be
closely related to a recent work on the anomaly of emer-
gent loop-U(1) symmetry[23]). The mixed U(1) x R?
anomaly discussed in this paper is another example of
continuous anomaly that is labeled by the continuous
particle density p.

Continuous anomalies also correspond to gapped states
in one higher dimension with topological terms. But now
the topological terms have continuous coefficients.[24]
For example, the 2+1D continuous U(1) anomaly of un-
quantized Hall conductance is characterized by a 3+1D
gapped state with a topological term 6 [ I;ﬁf . Had the
coeflicient been discrete, the bulk gapped state with the
topological term would correspond to a SPT order or
a topological order, and the anomaly would correspond
to a SPT order or a topological order in one higher di-
mension. However, for continuous anomalies (such as
the 241D U(1) continuous anomaly), the coefficient of
the topological term is continuous and can be smoothly
tuned to zero. So the bulk gapped state with this kind
of topological term does not correspond to non-trivial
phase, and continuous anomalies does not correspond to
a SPT phase in one higher dimension, but rather corre-
spond to a bulk gapped state with a unquantized topo-
logical term, which can be viewed as a pseudo SPT state.
We stress that a continuous anomaly for a symmetry is
not robust against all symmetry preserving deformations
of the Hamiltonian. For example, the mixed U(1) x R?
anomaly is robust only against all symmetry preserving
deformations that keep the particle density of the ground
state unchanged (i.e. keep the U(1) representation of the
ground state unchanged). This may be a general feature
of continuous anomaly.




II. 1D BOSON LIQUID WITH U(1) x R
SYMMETRY

A. Gapless phase of weakly interacting bosons

In this section, we are going to consider 1d gapless
systems in continuum space with U(1) particle-number-
conservation symmetry and R translation symmetry. The
systems are formed by bosons with weak interaction,
which gives rise to a gapless state: a “superfluid” state
for bosons. We assume the system to have a size L with
a periodic boundary condition. We will compute distri-
bution of the total momentum for many-body low energy
excitations, and how such a distribution depends on the
U(1) symmetry twist described by a constant U (1) back-
ground vector potential a. We will see that such a de-
pendence directly measure a mixed anomaly in U(1) x R
symmetry, if we view U(1) x R as an internal symmetry
in the effective field theory (or more precisely, if we view
U(1) x R as the internal symmetry in the emergent sym-
metry U(1) X R X Ry of the low energy effective field
theory).

Using the results from a careful calculation in Ap-
pendix A, we find the following low energy effective field
theory for the gapless phase of bosons

L = [ do (péa.t) + 8ol (2.1 (6)
;|a¢‘2 _ €5p2 + o),
Leo = [ da (pola,t) = SHE 100 + 50 + ---),

where 6p is the boson density fluctuation, p = N/L the
boson density in the ground state, and ¢ an angular field
o(x,t) ~ ¢(x,t) +2m. Lpy is the phase-space Lagrangian
and L, is the coordinate-space Lagrangian. They both
describe the system at low energies. People usually drop
the total derivative term (also called topological term)
ﬁqﬁ(m,t), since it does not affect the classical equation of
motion of the fields. We will see that the topological term
affects the dynamics in quantized theory and should not
be dropped. In fact, the topological term capture the
mixed anomaly in U(1) x R.

From the low energy effective field theory, we find that
the low energy excitations are labeled by (N € N,m €
Z,ni € N). The total energy and total momentum of
those excitations are given by (in the presendence a con-
stant U(1) connection a describing the U(1) symmetry
twist)

N 27m
_M(T—i_a) +2(N N +Z ng + )|k“
k0
kot = /dxp@ +a)p = N——!—a —I—ank (7)
k50

where N = N 4+ 6N is the total number of bosons in the
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tot

(@ (b)

FIG. 1. (a) The distribution of the total energies and total
momenta for low energy states of 1d weakly interacting boson
liquid. (b) The distribution of the total momenta kot for low
energy many-body states, and its dependence on the U(1)
symmetry twist §. The red lines mark the total momenta,
ktot’s, for many-body states near the ground state energy

excited state. When N = N and a = 0, the possible
values of (E, ko) are plotted in Fig. 1la.

After quantization, we have the following operator al-
gebra

[6(2),0p(y)] = 16(z —y), (8)

where dp(z) is the boson density operator. Since

[0p(y), e y)e ), (9)

e'?(*) is the boson creation operator.
Let p(z) = 27 [* da'ép(z’). We find that

[p(z), ¢(y)] = —2miO(x — y),
1
O(x) = {0

la9(@) oiBé(y)

i¢(w)} =iz

for x > 0,
for z < 0,

or
e188(W) giaw(x) aBld(y),»(2)]
e1B8(W) gicw(z) 2miafO(z—y) (11)

which can also be rewritten as
e~ iae(@) o= 1Be(y) giap(z) oiBb(y) — 627Tiozﬁ@(96*y)7

e 18PW) omiav(@) o 186() plav(e) — o=2miafOlz=y) (19)

The above expression tells us that that the operator
e'2?(®) cause a e~ 271 phase shift for the operator e!¢®)
for y < x, and keep e'®®) unchanged for y > x. So the
operator e!¥(*) increases m by 1, i.e. increase the total
momentum by 275. Similarly, the operator e!#?(*) cause
a e2™18 phase shift for the operator e!¥®) for y < x, and
keep e¢'?®) unchanged for y > x. So the operator e!®(*)
increases N = 5= [ dz 9,9 = [ dadp by 1.

From the above results, we see that under the U(1)
transformation 6

o(x) = p(z) +0, o) — (). (13)
Under the R translation transformation dx

o(x) = ¢(xz+ox), ¢(x) = p(x+ ox) + 2npdx. (14)



At low energies, we can rewrite the above translation
transformation as two transformations: Ri,, translation
transformation

o(x) = d(x+dz), @(x) = oz + dz). (15)

and R transformation

¢(z) = (),

We see that the above R symmetry is an emergent in-
ternal symmetry in the low energy effective field theory
(6). We will see that U(1) x R, as an emeregnt internal
symmetry, has a mixed anomaly.

We note that e!¥(*) is a local operator and J dxdp =
5 [ dzdyp is an integer. Both imply that ¢ is also
an angular variable ¢(z,t) ~ ¢(z,t) + 2m. Using the
two angular fields ¢1 := ¢ and ¢5 := @, the low energy
effective theory can be written as

o) = o(z) + 2mpdz. (16)

K Vi
Lon = / Ao (p0io1 + — 20,6106 — 22 0,610:0,)
(17)

where I, J = 1,2 and

K= (i’ é) . (18)

and V' is a positive definite symmetric matrix (from the
317|001 + §6p? terms in eqn. (6)).

B. The universal properties of the gapless phase

From eqn. (7), we see that the total momentum of the
ground state, ko, depends on the U(1) symmetry twist

N
kiot = pf,  where 6 = / dea=al, p= T (19)
where we have set ny, = m = 0 in eqn. (7). In other

words, if we can following a particular low energy state
as we change the U(1) symmetry twist, we will see a
change of the total momentum of the state. Such a rela-
tion between U(1) symmetry twist and total momentum,
kiot = pB, is a universal property.

However, since the state is gapless, it is hard to follow-
ing a particular low energy state. So to make our state-
ment meaningful, we consider the distribution of kiu’s.
Such a distribution is plotted in Fig. 1b. We consider
how the distribution depends on the U(1) symmetry twist
0.

From the distribution pattern in Fig. 1, we see two
universal properties: the period in the distribution and
the = aL dependence of the distribution

dktot
do

ko = 271'[37 = ﬁy (20)

which do not depend on the small changes in the inter-
actions and the dispersion of the bosons, unless those
changes cause a phase transition. Thus we say they
are universal properties that characterize the gapless
phase. The two universal properties are closely related
(27) " tko = % = p. We call p an index for the gapless
phase. Physically, p is nothing but the density of the
U(1) charges in the ground state.

Let us give a argument why % is universal. Let
us assume the U(1) symmetry twist is described by a
boundary condition on single-particle wave function at
zo: Y(zo + 0F) = e'fP(xg — 01). A usual translation
x — x + Az will shift the symmetry twist from x( to
xg + Az. So the symmetry twist breaks the translation
symmetry. But we can redefine the translation operator
to be the usual translation plus a U(1) transformation
P(x) — el (x) for x € [z9, 70 + Az]. The new transla-
tion operator generates the translation symmetry in the
presence of the U(1) symmetry twist. Due to the U(1)
transformation ¢ (z) — e'%(x) for x € [, z0 + Azl
the eigenvalue of the new translation operator has a 6 de-
pendence given by (e!?)?2% where pAx is the total U(1)
charges in the interval [z, 2o + Az]. In other words the
total momentum has a 6 dependence given by 6p. This

is the reason why dﬁta“ = p. Since # = 0 and 6 = 27 are

equivalent, therefore % = p implies the periodicy in

Fig. 1, with the period ko = 27wp. The above discussion
does not depend on interactions and boson dispersion.
So the results (20) are universal properties.

C. Mixed anomaly for U(1) x R symmetry

From the above argument, we also see that the shift of
the low energy momentum distribution by the U(1) sym-
metry twist, dﬁg’“ = p, is an invariant not only against
small perturbations that preserve the U(1) x R symme-
try, but is also an invariant against large symmetry-
preserving perturbations that can drive through a phase
transition. The invariant for large perturbations is actu-
ally an anomaly.[19] This is because, under a new point
of view,[24, 25] an anomaly corresponds to a symmetry
protected trivial (SPT) order or a topological order in
one higher dimension.[24, 25] An anomalous theory can
be viewed as a boundary theory of the corresponding
SPT or topological order in one higher dimension. Any
large perturbations and phase transitions on the bound-
ary cannot change the SPT or topological order in one
higher dimension, and thus cannot change the anomaly.

In our case, we can view % = p as an anomaly in the
low energy effective field theories (6) and (17). We see
that the topological term p(z,t)¢(x,t) in the low energy
effective field theory determine the anomaly. In fact, such
an anomaly is a mixed anomaly between U(1) symmetry
and the translation R symmetry, which describe how an
U(1) symmetry twist can change the total momentum
(i.e. % #0).

The presence of the anomaly implies that the ground




state of the system must be either gapless or have a non-
trivial topological order. Since there is no non-trivial
topological order in 1d, the ground state must be gapless.
In other words,

the field theories in eqn. (6) and eqn. (17) with g # 0
must be gapless regardless the interaction term de-
scribed by -, as long as the U(1) x R symmetry is
preserved. On the other hand, when p = 0, the field
theories in eqn. (6) and eqn. (17) allow a gapped phase
with U(1) x R symmetry.

The mixed anomaly between the U(1) symmetry and
the R symmetry can also be detected via the patch sym-
metry transformations studied in Ref. 26. The U(1)
patch symmetry transformations are given by

Woa(z,y) = ei2ma [ dzp _ eia(w(y)*w(z))ei27raﬁ(y*z),
(21)

which perform the U(1) transformation, ¢ — ¢ + «, on
the segment [x,y]. The R patch symmetry transforma-
tions are given by

Wg(z,y) = elPAz(d(y)—9(x)) (22)

which perform the R transformation (the translation Azx)
on the segment [z,y]. In the low energy limit, & — 0. So
for a finite Ax the translation is trivial for the phonon
modes. The translation Az has a non-trivial actions only
on sector labeled by different N'’s and m’s. For a trans-
lation Az that acts on a segment [z,y], its effect is to
transfer U(1) charge-pAx from z to y. This is why the R
patch symmetry transformations are given by eqn. (22).

In the low energy effective theories (6) and (17), the
U(1) transformation is given by ¢ — ¢ + 6. The term po
implies p is the background U(1) charge density. There-
fore, the patch translation transformation has a form
eqn. (22).

Assume xo > x1. We have shown that Wy (1)(z1, 22)
shifts e1#?(W) by a phase e~ 1278 if 1 < y < x5. There-
fore

Wuay (21, 2)Wr(y1, y2)
= Wr(y1, y2) Wo 1) (w1, 22) e 27PA7 (23)

for £1 < 1 < x2 < yo. The extra phase factor e!27@PAT
indicates the appearance of the mixed U(1) x R anomaly.
Using the terminology of Ref. 26, we say, the U(1) sym-
metry and the R symmetry have a “mutual statistics”
between them, as a consequence of the mixed anomaly.
So, according to Ref. 26, the U(1) symmetry and the R
are not independent, and we may denote the combined
symmetry as U(1) V R to stress the mixed anomaly.

We like to remark that ¢ and ¢ fields are cannonial
conjugate to each other. We see that the symmetries
that shift ¢ and ¢ have a mixed anomaly, as captured
by non-trivial commutation relation between the patch
operators for the symmetry transformations.

2N1/L 2N1/L
ko | k.,
0 0
ko
/[
-2n 0 2n 0 -2n 0 0

(@ (b)

FIG. 2. The distribution of the total momenta Akiot and its
dependence on the U(1) symmetry twist, for a weakly inter-
acting 1d fermion liquid.

III. 1D FERMION LIQUID WITH U(1) x R
SYMMETRY

A. Weakly interacting 1d gapless fermionic systems

1d gapless fermionic systems with U(1) x R symmetry
and weak repulsive interaction are also in a gapless phase
— a Tomonaga-Luttinger liquid for fermions. The low
energy effective theory also has a form

L = [ do (pia.t) + 5ol 9(z. 1)

P 2, L a0

2 00+ 50+ ) (24
Considering non-interacting fermions in a system with
periodic boundary condition on a ring of size L, we find
that the low energy excitations are also labeled by (N €
N,m € Z,ni, € N). However, the total energies and total
momenta of those excitations are given by, for N = odd,

N 2
E= 2Mf(27rf+a) + 6N + e+ )|k\
k70
keot = N( 27r— +a)+ > nek, (25)

k0

and for N = even,

N m+l g 1
E=—-(2 24 26N? —Yulk
2Mf(7r . 2 +a) +3 +Z(nk+2)v| I
k=0
+1
kot = N (2 % +a) +ank (26)

k0

where N (277 +a) or N (27 mzé +a) are the momentum
of center of mass.

Again, we consider low energy states |Uy) of N
fermions. Let kot be the total momenta of |¥y). Since
there are many different low energy states |Up)’s, we



have a distribution of ki’s. Such a distribution is plot-
ted in Fig. 2a for N_ odd case, and in Fig. 2b for N =
even case. We see that N = odd case and N = even case
have different distributions for kio¢’s.

The shift of the distribution of kot by the U(1) sym-
metry twist (see Fig. 2) can be interpreted as U(1) sym-
metry twist producing or pumping momentum. This di-
rectly measures the mixed U(1) x R anomaly.

We also see that a local operator that create a fermion
(i.e. change N by 1) must also change m by % Those op-

erators have a form e'(¢+2%) where Oztp = 217r5p. Since
the allowed operators are generated by e!(¢£2%) the fol-
lowing fields

1 1
¢1=¢+§% ¢2=¢—§<P (27)

are angular fields: ¢; ~ ¢; + 27. Using

¢=%(¢1+¢2)7 0 =01 — P2, (28)

we find the low energy effective theory to be

L= / dz (20,61 + 62)

\%
+ 10401 — 62)0(01 + 02) — 2L 0,610,0,)

_ / d (3061 + 62) + 1= (001000 — De20in)

K V
+ S 0:01000s — 500010201,
T 2

K= (é _01> .V = positive definite. (29)

Here, we have been careful to keep the total derivative
terms £0; (41 +¢2)—&-ﬁ(@gg(bl@t(bg—@m(ég@t(él). Those are
topological terms that do not affect the classical equation
of motion, but have effects in quantum theory.

Effective theory similar to the above form has been
obtained before for edge state of fractional quantum Hall
states.[27, 28] But here we have to be more careful in
keeping the topological term pd;¢1, which describes the
mixed anomaly of U(1) x R symmetry for the fermionic
system.

We like to mention that the patch symmetry trans-
formations are determined from the low energy effective
theories (24) or (29), and are still given by eqn. (21) and
eqn. (22). So the mixed anomaly can still be detected
via commutation relation of the patch symmetry trans-
formations (23).

In fact, eqn. (29) is the low energy effective theory
for a fermion system with Fermi momentum kr = mp.
#8&51 describes the density of right-moving fermions
and ic’)m @2 describes the density of left-moving fermions.
For example, the low energy effective theory for right-

moving fermions is given by

k 1 \%
L= [ do (SE061 + 10010001~ 2 0,0n0,61).

1 Vi
— [ de (10161 + 10,6106 — 31 0,0n0,1). (30

In the above expression, we stress the direction connec-
tion between the topological term and the Fermi mo-
mentum kr, as well as the direction connection between
the topological term and the density of the right-moving
fermions: p; = ’;—i = %ﬁ.

We see that the mixed anomaly of U(1) x R symmetry
is nothing but a non-zero Fermi momentum kr. When
krp = 0, i.e. when mixed anomaly vanishes, the fermion
system can have a gapped ground state that does not
break the U(1) x R symmetry. But when kg # 0, i.e. in
the presence of mixed anomaly, the fermion system can-
not have a gapped ground state that does not break the
U(1) x R symmetry. This is a well known result, but re-

stated in terms of mixed anomaly of U(1) x R symmetry.

IV. LOW ENERGY EFFECTIVE THEORY OF
d-DIMENSIONAL FERMI LIQUID AND THE
MIXED U(1) x R ANOMALY

A. Effective theory for the Fermi surface dynamics

In the last section, we discussed the low energy effective
theory of 1d Fermi liquid, which contains a proper topo-
logical term that reflects the mixed U(1) x R anomaly.
In this section, we are going to generalize this result to
higher dimensions. The generalization is possible since
the higher dimensional Fermi liquid can be viewed as a
collection of 1d Fermi liquids.

Let us use kp to parametrize the Fermi surface. We
introduce u(x, k) to describe the shift of the Fermi sur-
face. Thus the total fermion number is given by

_ J ddflkF

The total energy is

_ dkp |vp(kr)|
_ d F IVF\RME)] 2
EfEJr/d x @) g U (z,kr), (32)
where
vp = O H(k), (33)

is the Fermi velocity and H (k) is the single fermion en-

ergy.
The equation of motion for the field u(x, kr) is given
by

(8,5 +vp - 8;,3)’11(%, kfF) =0 (34)



Let us introduce a field ¢(x, kr) via

—np - Oxp(x, kr) = u(x, kr), (35)
where
Vfp
= — 36
e (36)

The equation of motion for ¢ becomes
(at +vp- an:)(nF 8m¢(iL', kF)) =0 (37)

and the total energy becomes

pob [tk o)

(2m)d 2
The phase-space Lagrangian that produces the above
equation of motion and total energy is given by

d—1
Lpn = / dia d(27r)]zF (‘ %%(%’“F)”F '
e ot k) 9)

Repeating a calculation similar to 1d chiral Luttinger
liquid, [27, 28] we find that after quantization, the opera-
tor ¢(x, kr) has the following commutation relation

[o(x', k), nr - 0xd(x, kr)]
= —[o(@', k), u(z, kr)]
= —i(2m)%6%(x — )6k — k) (40)
which reproduce the equation of motion
Ohd(x, kp,t) = i[H,¢p(x, kp,t)] = —vF - Oxp(x, kp,t),

o / s dd 1kF |’UF(2 F)|[nF.am¢(a:,kF)]2 (41)

nr - Opd(x, kr)]>.
(38)

8a;¢(33, kF)

We also see that
[N7¢(m7kF)] = _i7

Thus e!?®@kr.t) i the operator that increases N by 1,
and the U(1) symmetry transformation is given by

N o(x, kp)e N = ¢(x, kp) + 6. (43)

We see that ¢(x,kp) is an angular field ¢(x,kp) ~
o(x, kp) + 27.

However, in eqn. (39) we only have terms that ¢(x, k)
couples to 0N. In a compete Lagrangian, ¢(x, kr) must
also couple to p — the density of the U(1) charge in the
ground state. This consideration motivates us to propose
the complete phase-space Lagrangian to be

d-1k -
Lon :/ddw (%)f (A—F¢>(m7kp)

[N, ei(ﬁ(w,kp)} — pld(®@kr) (42)

(kF)|
2

1.
2
1.
2
N

[ awas(m,kF)F) (44)

where

d—1
AF ::/(1(27T)de. (45)

and we have assumed a central reflection symmetry
kF — —kF, i.e. ’UF(kF) = —’UF(—kF) and nF(kF) =
—np(—kp). The two terms, Alpqﬁ(m,k:p) and

ke L kpne (k) - O, k 16
| Gt g k(e - duota k). (46)
are total derivative topological terms.

We know that the volume enclosed by the Fermi sur-
face is directly related to the fermion density p5.[7, §]
Naively, in our effective theory (44), the parameter p and
Fermi surface kr are not related. In the following, we
like to show that in fact p and the Fermi surface kp are
related, from within the effective field theory (44).

Consider a field configuration

o(x,krp) =a-x
or np-0z¢0(x,kr)=a-np =u(x, kp). (47)
There are two ways to compute the momentum for such
a field configuration.
In the first way, the total momentum is computed via

the deformation u(x, kr) of the Fermi surface (assuming
the total momentum of the ground state to be zero)

d4 kR
kit = | d%x
tot / (271')

= / ddazidd_lkF
(2m)?
Note that n g is the normal direction of the Fermi surface.
Therefore

kF’LL(ZB kF)

kp(a"np). (48)

A1k p
kior = / d%z oL kr(a-np) (49)

kekrta ( kekp (27)7

where fkekp d%kr means integration over k inside the

d?k  means integration over
a). Let

Fermi surface, and fkekF+a
k inside the shifted Fermi surface (shifted by

Viep = / Ak (50)
kekp

be the volume enclosed by the Fermi surface, we see that

Vir

For = Vigm)a®

(51)
where V' is the volume of the system.

There is a second way to compute the total momentum
kio;. We consider a time dependent translation of the
above configuration

d(x, kp) =a- (x+ xo(t)). (52)



FIG. 3. The total momentum distributions for low energy
many-body states for a 2d Fermi liquid, with 1-particle exci-
tations (left, red channal), 2-particle 1-hole excitations (left,
green channal), 1-particle 1-hole excitations (right, red chan-
nal), and 2-particle 2-hole excitations (right, green channal).
The horizontal axis is k., and the vertical axis is ky. The shift
of the momentum distributions by the U(1) symmetry twist
reflects the mixed anomaly in U(1) x R¢ symmetry.

The effective phase-space Lagrangian for xg(t) is given
by

Lon = Vpa - do(t). (53)

We see that V pa is the canonical momentum of the trans-
lation xg. Thus, the total momentum of the configura-
tion is

kt()t = Vﬁa (54)
Compare eqn. (51) and eqn. (54), we see that the volume

included by the Fermi surface and the fermion density is
related

Viep
2m) "

(55)

This is the Luttinger theorem.

B. The mixed anomaly in U(1) x R? symmetry

As we have pointed out that the topological term

[ diz d?;)’? (%&g(b(:c, kr) represents a mixed anomaly

of U(1) x R symmetry. To see this point, we note that a
in eqn. (47) can be viewed as the U(1) symmetry twist.
The fact that the U(1) symmetry twist can induce the R?
quantum number (i.e. the momentum) reflects the pres-
ence of the mixed anomaly of U(1) x R? symmetry. Eqn.
(55) indicates that the mixed anomaly can constraint the
low energy dynamics, in this case determines the volume
enclosed by the Fermi surface.

In the above, we discussed how the U(1) symmetry
twist shifts the total momentum of a particular low en-
ergy many-body state. However, in practice, we can-
not pick a particular low energy many-body state, and
see how its momentum is shifted by the U(1) symmetry
twist. What can be done is to examine all the low energy

many-body low energy states, and their total momentum
distribution. The shift of the total momentum distri-
bution by the U(1) symmetry twist measure the mixed
U(1) x R? anomaly. In Fig. 3, we plot the total mo-
mentum distributions for low energy many-body states,
with 1-particle excitations, 2-particle 1-hole excitations,
1-particle 1-hole excitations, and 2-particle 2-hole exci-
tations.

The mixed anomaly not only appears in Fermi liquid
phases of fermions, it also appears in any other phases
of fermions. Thus the mixed anomaly constrain the low
energy dynamics in any of those phases. In next section,
we consider a phase of fermion, where fermions pair-up
to form a boson liquid in d-dimensional space.

C. Effective theory of a Fermi liquid in most
general setting

In section IV A, we considered Fermi liquid in free
space. In this section, we like to include electromagnetic
field in real space, as well as “magnetic field” in k space.
We like to find the low energy effective theory of Fermi
liquid for this more general situation.

First we consider the dynamics of a single particle in
a very general setting. The classical state of the particle
is described by a point in phase-space parametrized by
¢!, The single particle dynamics is described by a single-
particle phase-space Lagrangian:

L€l = / at [ar(€E — HED],  (56)

which gives rise to the following single-particle equation
of motion

o
oL’

Here H(¢!) is the single-particle energy for the state &7,
and a;(¢7) is a phase-space vector potential that de-
scribes the phase “magnetic” field br;(£7). The phase
space “magnetic” field includes both the real space mag-
netic field and k-space “magnetic” field.[20-22]

For a particle in a d-dimensional free space described
by coordinate-momentum pair (z,k) = (z%,k;), i =
1,--- ,d, the phase-space magnetic field by ;(¢7) is a con-
stant (i.e. independent of ¢7), since aj(fl)él =k -z
(i.e. azi = k;, ar, = 0). On the other hand, if there is
a non-uniform real space and/or k-space magnetic fields,
phase-space “magnetic” field b7 ;(£7) will not be uniform.

As a example, let us consider a particle in 3-
dimensional space. The phase space is 6-dimensional and
is parametrized by (¢/) = (z,k). The phase-space La-
grangian is given by

L=k -&+A(x) &+ A(k)-k] — H(k) — V(x). (58)

brs&’ = brg = O¢ray — Oesar. (57)

Here A(x) is the real space vector potential for electro-

magnetic field that only depends on . g(kz) is the k-
space vector potential that is assumed to depend only



on k. Such a k-space vector potential can appear for
an electron in a crystal with spin orbital couplings. The
corresponding equation of motion is given by

ki:—%—k&jxﬂ r = 6kZ —Bjkj7
ork:_%¥+¢x3, ¢:%%—kx§.(%)

where

Bij = 0,1 A5 — 045 As,
or B=0;X%x A,

BY = 8, AT — 9, A,
B =9 x A. (60)

Now consider a many-fermion system which is de-
scribed by a particle-number distribution g(¢7). The
meaning of the distribution g(£7) is given by

d2d£]

dN = g(fI)Pf[b(fl)]W» (61)

where dN is the number of fermions in the phase-space
volume d2%¢! and Pf[b(¢7)] is the Pfaffian of the 2d x 2d

anti-symmetric matrix
(D] rr = brs(€D). (62)

In fact g(¢!) have a meaning as the occupation number
per orbital, since the number of orbitals (i.e. the single
particle quantum states) in the phase-space volume d??¢’

L. 2d T
is given by Pf[b(fI)]%.
The above interpretation is correct since under the

time evolution (57), the scaled phase-space volume
Pf[b(¢h)] %‘ifi is time independent, which corresponds to
the unitary time evolution in quantum theory. To show
such a result, we first choose a phase space coordinate
such that b;; is uniform in the phase space. In this case,
the time evolution &7 is described by a divergent-less vec-
tor field, 2—;{7 in the phase space, and the phase-space vol-

ume d?¢¢7 is time independent. We note that the phase-

d
space volume given by the combination Pf[b(¢7)) ((1227r§: in-
variant under the coordinate transformation. Such an

invariant combination is invariant under the time evolu-
tion (57) for a general coordinate, since the equation of
motion is covariant under the coordinate transformation.
We see that the phase space has a simpletic geometry.

For our example (58), the 6-by-6 matrix by is given
by

(bry) = (_% §ij> (63)
We find that

_pe( B 9
Pﬂw__Pf(éw BU>

= Pf(B,B) = 1+ By; B + O(B;,B")%.  (64)
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The effective theory for the Fermi liquid in such a gen-
eral setting is simply a hydrodynamical theory for an in-
compressible fluild in the phase space. In the following,
we will write down such a theory for small fluctuations
near the ground state. First, the ground state of the
Fermi liquid is described by the following distribution
(or phase-space density)

I

1, for H(fl) <0, (65)
for H(¢') > 0.
The generalized Fermi surface is the (2d —1)-dimensional
sub-manifold in the phase space where g(£7) has a jump.
A many-body collective excitation is described by an-
other incompressible distribution g(¢/) = 0,1. For low
energy collective excitations near the ground state, we
may describe such an incompressible distribution via the
displacement of the generalized Fermi surface

u(éh) = Y _(Agh)?, (66)

I

where ¢L parametrize the 2d — 1-dimensional generalized
Fermi surface, and A&’ describe the shift of the general-
ized Fermi surface in the normal direction.

Let us introduce an integration over the generalized
Fermi surface

2d—1 2d
[P i = [ Py ol (67

The number of fermions in the collective excited state
described by u(¢7) is given by

2d
N = [ Pre) ol
d2d—1£F

G UER  (69)

:N+/H@
The energy of the collective excited state is given by

d2d71£F 1
(2m)d 2

hy=0gH, |h]:= [> h3. (70)
I

The equation of the motion of u(¢5, ¢) can be obtained
in two ways. First, we note that |h|u is the single par-
ticle energy, which is invariant under the single parti-
cle time evolution ¢L(t) that satisfies the single-particle
equation of motion (57). Thus

E-FE+ / PE(h) hlu?(Eh)  (69)

where

d
P uER@). 1) =0, (71)



This allows us to obtain the equation of motion for
u(¢L,t) field using the single-particle equation of motion
(57)

(00 + 11 ()6 ) nl(€h)uleh t) =0, (72)
where
rt = b hy (73)

and the repeated index .J is summed. Here b7 is the
matrix inversion of of by :

brsb” " =615 (74)

Second, we note that Pf(b)u is the density of fermions
on the generalized Fermi surface (see eqn. (68)). The
corresponding current density is given by h!Pf(b)u, since
& = ! (see eqn. (57)). The fermion conservation gives
us another equation of motion for (¢, ¢):

OPE(BER))u(eh,t) + Ocr (1! (ERIPE((ER))u(eh 1)) = 0
(75)

Since the single-particle dynamics leads to the two equa-
tions, so they they must be consistent. This requires that

|h.|(0y + Or kT )PE(b)u = PE(b)(0; + h' Oer)|h.|u.  (76)

In other words, k!, |h.|, and Pf(b) are related, and they
satisfy

(0 + agfhf)i(b) =0+ h' 0. (77)

Let us introduce a scalar field ¢(¢L,¢) via

R B ey (€ 1) = ulEh.t), (78)
The equation of motion for ¢ is given by
(Or + h'er)h” Der = 0, (79)

which can be simplified further as
(0¢ + h'0er)p = 0. (80)

since h!(¢L) does not depend on time.

The above equation of motion and the expression of
total energy (69) allow us to determine the phase-space
Lagrangian

_ d2d 1£F Pf( )

up to total derivative topological terms.
To include topological terms, we assume a symmetry
described by a map in phase space

eh—=¢l, h(eh) = -h(€h), (82)
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which generalize the kp — —kp symmetry used before.
The phase-space Lagrangian can now be written as

d24- 1§F N . ¢l
Lpn _/ {VAF 1)

I
B 2|£ 2;? (SE" 0n (hog 0"ty (83)

(e O (1) ole” 1) + [T (€N ol ,8)]7) .

where N is the number of fermnions in the ground state,
and

B d2d_1€F
Var= [ S )

is the total volume of generalized Fermi surface.
From the first three terms in eqn. (83), we see that
#(€7,t) directly couples to the total density of fermions

e Pi(b(¢"))
V= / dF VAF " 20h. (D) (hl(fl)aggd)(fl,t)

(€N 0(€'0)]. (85)

In particular, the uniform part of ¢(¢7,t) couple to total
number of fermions

Lph = N(Z.Suniform (t) + - (86)

This indicates that ¢ ~ ¢ + 27 is an angular field, and
the U(1) transformation is given by

$(E!, 1) = o€, 1) + 9. (87)

D. Effective theory for a Fermi liquid with real
space and k-space magnetic fields

Now, let us apply the above formalism to develop
the low energy effective theory of Fermi liquid, for 3-
dimensional fermions with real space magnetic field A(x)
and k-space “magnetic” field A(k) The dynamics of a
single fermion is described by eqn. (58) (with V' = 0).
We have

(hI):(O’vF); ‘h|: |UF|7 Vp = akH,
(W) = (@p, f), Pib)=1-2B-B+---, (88)
5F:'UF*(VF><B)><§Jr"~, fi=vpxB+- .

Here f = E has a physical meaning as the force acting
on each fermion. vp = @ has a physical meaning as the
velocity of each fermion. When A # 0, the velocity of a
fermion at the Fermi surface is not given by vp = OxH.
v is also called the anomalous velocity.[21]

Substitute the above into eqn. (83), we obtain
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A kp /5 PE(b)d(z, —kr)
Lpn /dd @n)l £ (A—F¢(w,kp)—T|F( F O+ fOkp)o(x, kP, t) (89)
- M)t ke) )QT)(JJ E0) o 0 £ - 00 )o@ K t) — £ (B0 + £ O ol e 1))
vp| 2fvp]
A4 e A1k, PEO)PEY)V (kp, k) /- _, , :
_/ R P TR TRTARS (@r 0+ F O )0l k1)) (@ O + F - Ok )0, Kl ).

Up to first order in B and B , the above can be simplified

dgy d- 1kF _ d(x, —kr)
——‘z’("’”’k”w~am+f-akp>¢<w,kp,> " [(or O + £ Ok ke, 1))
2|vp| 2fvp|

—/dd A kp Ay Vikr, k)
@2m®  (@2m)?  20vp||v|

Here, we have assumed a central reflection symmetry
k — —k, and the mapping &/ — ¢! is given by (z, k) —
(x,—k). We also included the interaction term for the
Fermi surface fluctuations, the V(kp, k) term, where
vp, v, are the Fermi velocities at kp, k.

Note that the fermion density at the Fermi surface kp
is given by (see eqn. (78))

(@, kp) = — .

Ogp Jkp,t) —
or] o(x, kp,t)

I
lvp|
(91)

and thus the total fermion number density is given by

di-1k
p=r- [ Gt (A oo+ L

2m)? \|vg| lvr|

Oepd). (92)

This expression helps us to understand why the interac-
tion term for the Fermi surface fluctuations has a form

J

(Or +vp - Op + f - Okp ) [vp|u(e, ki, t) + (vF~3m+f'3kF)/

. 8kp¢($7 kF7t)7

(©r - 0a+ £ 00 )o@ k1)) (V- 0 + F' - Okp )b, Kip 1))

(

given in eqn. (90).

~ The above expression also allows us to see that
o(x, kr) couples to the total fermion density (see the first
three terms in eqn. (90)). Thus ¢(z, kp) ~ ¢(x, kp)+27
is an angular field and the U(1) symmetry transformation
is given by

Eqn. (77) now becomes (to the first order in B and
B)

Op - VFp+ 0k, - f = |UF|_1(UF Oz + f- 8kp)|UF\ (94)
This will help us to compute the equation of motion for
the ¢ field. The resulting equation of motion is given by
(written in terms of u(x, kp,t))

A1k’
Ey

SPOER (kp, K u(z, ke t) =0.  (95)

The above is the Boltzmann equation which can be use to compute the transport properties after adding the collision

terms. In terms of ¢(x,kp,t), we have

Ak Vikr, ki)

(815 +vp -0z +f 'akF)¢(m7kF7t) +\/

2m)¢ vl

(U/F : 8m¢>(w, k;’«‘at) + f/ : akp¢(m7 ki‘?,t)) =0. (96)

The above equations of motion are valid only to the first order in B and B. The exact equations of motion, in several



different forms, are given by

(0 + 0z - VF + Ok, - ) PE(b)u(z, kp, )+Pf(b)( v 8m+|vf|-8kF)/

lvp|

(0: +VF - O + f - Okp ) lvp|u(m, kp,t) + (Vp - Oz + f - Oky) /

A%k, PH(Y)

(3t+5F-3m+f'8kp)¢(l‘,k1~“,t)+/(27T)d|v,
F

E. Emergent U™ (1) symmetry

From the effective theory (89), we see when there is no
real space magnetic field B = 0, we have f = 0 and the
effective theory has a U (1) symmetry generated by

¢(@ kr) = ¢(x, kr) +0(kr), (98)

where 0(kr) can be any function of kp. This is the so
called emergent U*°(1) symmetry, which a key character
of Fermi liquid.[1-4, 23] We also see that the above trans-
formation is no longer a symmetry in the presence of real
space magnetic field B # 0. This may be related to the
anomaly in the emergent U (1) symmetry discussed in
Ref. 23

V. FERMION-PAIR LIQUID AND THE MIXED
U(1) x R* ANOMALY

In this section, we are going to consider a fermion
system in d-dimensional continuous space, with U(1)
particle-number-conservation symmetry and R¢ transla-
tion symmetry. We assume the space to have a size
Ly x Ly X --+ X Lg, and has a periodic boundary con-
dition. We will compute distribution of the total mo-
mentum for many-body low energy excitations ko, and
how such a distribution depends on the U(1) symmetry
twist described by a constant vector potential a.

Using the results from the Appendix A, we find that
the low energy effective theory is described by the follow-
ing phase-space Lagrangian (see eqn. (A14))

:/ddm (ﬁp(ﬁp(fc,t) +5Pp(mat)¢.)19(mvt)

g
2-Loi+ ), (99)

where p, = 1p

50 is the fermion-pair density in the ground
state, and ¢, ~ ¢, + 27w is the angular field for the
fermion-pair. The total energy and total crystal momen-

tum of those excitations are given by

Np my
E:2M (Lu + 2a,) —|—Z (ng + )v|k|
k#£0
Kot = N, Z +2a# Tyt > ik, (100)
k£0

V(kr, kp) (v
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dd_lle , , ,
@t PI(0" )V (kp, kp)u(x, kf,t) =0,
dd 1kF , , ,
Gyt DIV U K yule, K, 1) =0, (97)

am¢(w7 lea t) + f/ ' 8’(‘,F¢(m7 k/F‘7t)) =0.

(

We see that the U(1) symmetry twist @ induces a change
in the total momentum

kit = 2Npa = 2p,aV = paV. (101)

Such momentum dependence of the U(1) symmetry twist
a reflects the mixed U(1) x R? anomaly. Eqn. (101)
and eqn. (54) are identical, implies the identical mixed
anomaly, which is captured by the topological term

[ diz (ﬁp(bp(:n, t).

The mixed anomaly can also be measured by the pe-
riodicy ko, in the distribution of ks, and the periodicy
AN = 2 in the distribution of N, for the low energy
excitations. The period in p-direction times AN is

N, N
B Iz

The periodices ko, and AN are universal low energy
properties of the fermion-pair gapless phase. Their prod-
uct ANkg,, is even more robust, since it is invariant even
across any phase transitions, and thus correspond to an
anomaly.

For the gapless state formed by four-fermion bound
states, the periodicies will be

AN = 4. (103)

Their product is still ANkg,, = Lﬂ
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Appendix A: Dynamical variational approach and
low energy effective theory

1. Coherent state approach

A quantum state is described by a complex vector

Y1
) = [ V2

in a Hilbert state, with inner product

(Bl) =D dhibn. (A1)

The motion of a quantum state is described by time de-
pendent vector: [i(t)), which satisfy an equation of mo-
tion (called Shrédinger equation) with only first order
time derivative:

. d A
14 19(@) = H[y(t), (A2)

where the hermitian operator H is the Hamiltonian.

The Shrédinger equation (A2) also has a phase-space
Lagrangian description. If we choose the Lagrangian L
to be

L 103, 1)) = ((o)li< — Al (o)

= 1 () (t) — 0, () Hontbn (1), (A3)

then the action S = [ dt L(-3[¢),[¥)) will be a func-
tional for the paths |¢(t)) in the Hilbert space. The
stationary paths |1gsa(t)) of the action will correspond
to the solutions of the Shrédinger equation. Since the
Shrodinger equation can be derived from the Lagrangian,
we can say that the Lagrangian L(-:|1), [))) provides a
complete description of a quantum system.

In the variational approach to the ground state, we
consider a variational state |1)¢:) that depends on varia-
tional parameters £'. We then found an approximation
of the ground state [¢z) by choosing &' that minimize
the average energy

H(E') = (e

If we choose the variational parameters & properly,
the low energy excitations are also described by the fluc-
tuations of variational parameters. In other words, the
dynamics of the variational parameters &° described the
low energy excitations. This leads to a dynamical varia-
tional approach (or coherent state approach) that gives
us a description of both ground state and low energy ex-
citations.

The dynamics of the full quantum system is described
by phase-space Lagrangian L = <’l/)|i% — H|y). The dy-
namics of the variational parameters is described by the

H|ie:).

(A4)
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evolution of the quantum states in a submanifold of the
total Hilbert space, given by the variational states [t¢i).
Here we want to obtain the dynamics of the quantum
states, restricted to the submanifold parametrized by £°.
Such a dynamics is described by the same phase-space
Lagrangian restricted in the submanifold:

o d . o
L(¢,¢") = <w§’7(t)‘ia — Hltpeiy) = ai(§")§" — H(E")

(A5)
where
. 0 — .
a; = 1<7/1.5i\87£i|1/)§i>7 H(') = <¢51|H|¢§i> (A6)
The resulting equation of motion is given by
.. H
bijfj = %, bij = 8iaj — 8]-(12- (A7)

which describes the classical motion of &%,

The above phase-space Lagrangian actually only de-
scribed the classical dynamics of the variables &°. The
obtain the low energy effective theory for the quantum
dynamics of the variables £¢, we need quantize the phase-
space Lagrangian (A5) to obtain the low energy effective
Hilbart space Heg and the low energy effective Hamil-
tonian H.g acting with Heg. Roughly, the low energy
effective Hilbart space H.g is an representation of the
operators algebra

i€, &) = 67(£), (A8)

where b% is the inverse of bij: bijbjk = ;5. The low
energy effective Hamiltonian is given by

Her = H(EY). (A9)

Let us use the above approach to describe hardcore
boson on a single site. The total Hilbert space is 2-
dimensional, spanned by |0) (no boson) and |1) (one bo-
son). The coherent state is described by a unit vector
n = (ng,ny,n.) € S%2. We may also use 6, ¢ to describe
n:

ng(0,¢) = cos psin b,
Ny (0, ¢) = sin ¢sin b,

n. (6, ¢) = cosb. (A10)
We can choose the coherent state to be
)
_ cos 35
(6.0 = (050 (A1)

The phase-space Lagrangian to describe the classical dy-
namics of 6, ¢ is given by

L = sin? gdb —H(6,9)

S 1—n. 9
—pp—H(p,¢), p=—n 2




We will use (p, ¢) to parametrize the phase space, where
p € ]0,1] has a physical meaning being the average num-
ber of bosons on the site. Here we stress that (p, ¢)
parametrize S?. Quantizing the above classical phase-
space Lagrangian, we suppose to obtain a quantum sys-
tem with Hilbert space H = span(|0), |1)).

2. Low energy effective theory of bosonic
superfluid phase

Using the above result, we obtain the following low
energy effective theory for interacting bosons in a d-
dimensional cubic lattice with periodic boundary condi-
tion, whose sites are labeled by 4:

L= Z pidi —

H(pi, ¢i), (A13)

where ¢; ~ ¢; + 27 is an angular variable. If we as-
sume p;, ¢; to have a smooth dependence on the space
coordinate & ~ %, the above can be rewritten as a field
theory

- / dle (pd(,t) + Op(a, t)d(x, 1)

p 2 Y. o2
_ P _9 Al4
L jog? - Lo+ ), (ALY

where we have assumed that H(p, ¢) is minimized as p =
p which correspond to average number of bosons per site.

To quantize the above low-energy-effective theory, we
expand

1k:1:
Sp=po+ Y ks a7
k40
1k:m
¢=go+2r T LY gt TR (A15)
k40
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where L is the size of the cubic lattice. The k # 0 modes
give rise to a collection of quantum oscillators after quan-
tization. pg, g, m describe the k = 0 mode, where the
integer vector m = (mq,- -+ ,my) describes the winding
numbers of the phase ¢. The effective Lagrangian for the
k = 0 modes is given by

. . 42
Lo = (L%pgo + L pocho — P

(2rm)? — L9 7).

(A16)

After quantization, the k = 0 mode describes a particle
on aring with L¢p flux through the ring. Let L, ~ L%(p+
po) be the angular operator of the quantized particle.
After quantization, the Hamiltonian is given by

pLi—? > d-\2
5 (2rm)? —l—m(L — L%p)

)= (A17)

The many-body low energy excitations are labeled by
(m, N, ng=o), where integer N is the eigenvalues of L,
(the total number of bosons) and integer ng-o) is the
number of excited phonons for k mode. The total energy
and the total crystal momentum are given by

- (2rm)?/L* g (N - N)? 2
E=N = k
TR R R DL VKL,
kA0
ktot:/d x (p+0p)0d = N7+ank (A18)
kA0

where the phonon velocity v = \/g ,and N = L%p.

The above results are very standard, except that we
carefully keep the topological term p(x,t)¢(x,t) in the
Lagrangian. Our quantum system has U(1) particle num-
ber conservation symmetry and Z¢ lattice translation
symmetry. In the continuum field theory (A14), we take
the limit of zero lattice spacing. In this case, both the
U(1) and Z¢ symmetries are internal symmetries of the
field theory. It turns out that the U(1) x Z¢ symmetry
has a mixed ’t Hooft anomaly when p is not an integer,
which constrains the low energy dynamics of the inter-
acting bosons.
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