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Abstract. Gravitational waves (GW) produced in the early Universe contribute to the num-
ber of relativistic degrees of freedom, Neg, during Big Bang Nucleosynthesis (BBN). By
using the constraints on Ngg, we present a new bound on how much the Universe could have
expanded between horizon exit of the largest observable scales today and the end of inflation.
We discuss the implications on inflationary models and show how the new constraints affect
model selection. We also discuss the sensitivities of the current and planned GW observa-
tories such as LIGO and LISA, and show that the constraints they could impose are always
less stringent than the BBN bound.
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1 Introduction

Cosmic inflation, an early period of accelerated expansion, is the current paradigm for ex-
plaining the origins and properties of temperature fluctuations in the Cosmic Microwave
Background radiation (CMB) and the large scale structure of the Universe [1, 2]. Cosmic
inflation is also successful in explaining why the Universe is spatially flat, homogeneous, and
isotropic to a high degree, and why the abundance of topological defects predicted by grand
unified theories of particle physics within our observable Universe is unobservably low.

Among the parameters that are relevant to the curvature perturbations that seed the
large scale structure formation, two have already been measured to a high precision: the mag-
nitude of scalar perturbations at large scales (the amplitude P¢(ks) ~ 2.1 x 107 at the refer-
ence scale k, = 0.05 Mpc™!, corresponding to CMB temperature fluctuations 67/T ~ 107?)
and how the perturbations change with scale (the spectral tilt, ny = 1 + dInP;/dInk ~
0.965), as measured by the Planck satellite [3, 4]. The Planck and BICEP2/Keck Array col-
laborations have also placed strong constraints on the magnitude of primordial gravitational
waves (GWs), usually expressed in terms of the tensor-to-scalar ratio: r = Py(k«)/Pc(ks) <
0.06, where Py (k) represents the tensor power spectrum [5].

Yet, the amount of observable inflation occurring between the horizon exit of the cosmo-
logically relevant scales today and the end of inflation is unknown. This uncertainty makes
it difficult to link a given model of inflation with the properties of observable cosmologi-
cal perturbations that it supposedly explains (see e.g. ref. [1]). The amount of observable
inflation is usually characterized by the number of e-folds N (k) = In(ains/ar) between the
scale factor ay = k/Hiys at which the mode k of interest exited the inflationary horizon
(aianinf)_l and that at the end of inflation aj,r. Of particular interest is the number of
e-folds N(k = agHy) corresponding to the size of our observable universe, as it is the total
amount of inflation that we can conceivably observe.! Thus, for concreteness, we choose to
present some of our key results in terms of N(k = agHy). While the value N(k = agHy) ~ 60
is usually assumed, the actual amount can differ considerably from this. Assuming that the
post-inflationary expansion of the Universe is controlled by a set of perfect fluids, such as
radiation and cold dark matter, transitions between different epochs are prompt, and the

'For convenience, by the currently observable Universe (the current “horizon”) we refer to the distance
scale 1/aoHo, where ag and Hy are the scale factor and the Hubble parameter today.



Hubble rate did not decrease much during inflation,? the available range for the number of
e-folds is N(k = apHp) = 18-77 [9, 10], which in terms of the scale factor corresponds to
inflationary expansion of the currently observable Universe by a factor ains/ak—qom, = 108
1033, Further constraints on reheating, and therefore on N, exist if one assumes certain
inflationary potentials [11, 12], and/or restricts the range of possible values of the equation
of state parameter during reheating [13, 14]. It should be emphasized, however, that by
how much the Universe expanded between the horizon exit of scales that reside outside our
current horizon and the end of inflation is something we cannot, unfortunately, answer with
confidence. See, however, ref. [15] for model-dependent discussion on this aspect.

In this paper we utilize the constraints on the number of relativistic degrees of free-
dom, Neg, during Big Bang Nucleosynthesis (BBN) to derive a new bound on how much the
Universe expanded between horizon exit of the cosmologically relevant scales today and the
end of inflation. The new bound is valid within the standard assumptions of the inflationary
dynamics and post-inflationary expansion history. We discuss implications on inflationary
models and show how the new constraints affect model selection, and also the sensitivities of
the current and planned gravitational wave observatories such as LIGO, LISA, Einstein Tele-
scope, and BBO, and show that the constraints they could impose are always less stringent
than the BBN bound.

The paper is organized as follows: in section 2, we review the standard calculation of the
number of e-folds between the horizon exit of a scale k and the end of inflation, and present
our main results in section 3. Sections 4 and 5 are devoted for discussion on inflationary
models and future experiments, respectively. Finally, in section 6, we conclude.

2 The number of e-folds

We begin by presenting the number of e-folds between the horizon exit of a scale k and the
end of inflation. We mostly follow ref. [9], although we treat some steps somewhat differently
and therefore choose to present our derivation of the otherwise well-known result in full.
A scale k is related to the present Hubble scale Hy as
k apHing  _N(k) Ginf ARD Hing

= =e , 2.1
aoHy apHy arp ag Hpy 21)

where Hi,s is the Hubble parameter during inflation and arp is the scale factor at the
time when the radiation-dominated epoch (RD) began after inflation, that is, we are not
assuming that the Universe entered into the usual Hot Big Bang (HBB) epoch immediately
after inflation but allow for an intermediary period of non-radiation dominated expansion
between inflation and HBB. This gives the number of e-folds as

in k
N(k) =In (;LR;) +1n (‘laf‘;) ~In (aOH. f) : (2.2)

which shows that the amount of expansion N (k) between horizon exit of a scale k and the end
of inflation is completely determined by the post-inflationary expansion history. The question

2Because the first slow-roll parameter is ¢ = H/H? < 1, it is usually a very good approximation that
the Hubble rate did not decrease much during inflation for the range of e-folds that is of interest here.
In particular, this is the case for plateau models that give the best fit to the CMB data [3], such as the
well-motivated Higgs [6, 7] or Starobinsky inflation [8] models, and therefore in this paper we maintain this
assumption throughout the paper.



we would like to ask then is: given all observational constraints, what is the maximum value
of N(k) for a given k?

To answer this question, we have to find an expression for N (k) in terms of observables
and quantities one can hope to be able to compute from the underlying particle physics
theory, such as the energy scale when the RD commenced after inflation. First, we assume
that between inflation and RD the total energy density scaled (on average) as

)3(1+w)

pla) = plamr) (24

. , (2.3)

where w = p/p is the effective equation of state (EoS) parameter of the dominant fluid which
is characterized by its energy density p and pressure p, and the scaling of p in terms of a
follows in the usual way from the continuity equation p = —3H (1 + w)p, where H = a/a
and the overdot denotes derivative with respect to cosmic time ¢t. Therefore, w = 0 and
w = 1/3 correspond to an effectively matter-dominated post-inflation pre-RD epoch and an
instant reheating into RD, respectively, whereas scenarios with 1/3 < w < 1 are encountered
in models where the total energy density of the Universe after inflation is dominated by the
kinetic energy of a scalar field, either through oscillations in a steep potential (e.g. V(¢) o ¢P
with p > 4), or by an abrupt drop in the potential [16]. This is the case in e.g. quintessential
inflation [17], where the inflaton field makes a transition from potential energy domination
to kinetic energy domination at the end of inflation, reaching values of w close to unity. The
bound w < 1 comes from the requirement that the adiabatic sound speed of the dominant
fluid does not exceed the speed of light. On the other hand, for w > —1/3 the Universe
does not inflate. A plausible range for post-inflationary EoS parameter is therefore between
these two values, and in the following we will maintain the dependence on w explicitly in our
calculations. Therefore, for the first term in eq. (2.2), we obtain

In (amf> = ! In ('ORD> , (2.4)
arRD 3(1 + w) Pinf

where pins = p(aing) and prp = p(arp) is the radiation energy density at the time the RD
epoch began.

Assuming entropy conservation between RD and the present day and that the Universe
thermalized quickly at the start of RD,? we can write

aRDN<7T2>1/4 g:"*(a0) Ty
30) G (a1

(2.5)
ao

where g, is the number of effective relativistic degrees of freedom (assumed to be the same
for entropy and energy density), and Ty = 2.725 K is the present-day CMB temperature [4].
The second term in eq. (2.2) thus becomes

arD P1/4
In{—2) ~—-66.1—In| —2D _ 2.6
n< aop > " (1016 GeV) ’ (26)

where we have taken g.(ap) = 3.909 and g.(agp) = 106.75. If g.(arp) was e.g. an order of
magnitude larger or smaller, the first term above would change by only O(0.1), and so we
will henceforth neglect the g.(arp) dependence.

3This is a safe assumption, as the Standard Model plasma generically thermalizes in much less than one
e-fold from its production, see e.g. ref. [18].



Next, we can express the tensor-to-scalar ratio r in the slow-roll approximation (see e.g.

ref. [19]) as )
8 Hing
T MEP(R) ( 21 ) ’ =0

where Mp is the reduced Planck mass and we assumed that the Hubble scale and the ampli-
tude of perturbations did not change between the horizon exit of the scale k and the pivot
scale k, where r is measured (usually k, = 0.05 Mpc™?, see e.g. ref. [5]). With this, the last
term in eq. (2.2) becomes

k 1 r k
-1 ~ 1283+ -In{—) -1 2.
n(CLUHinf> 83+ 2 n(Ol) n<a0H0> ’ ( 8)

where we have used the measured value of P¢(k,) and normalized k to the present horizon
agHp. We emphasize that up to this point we have not specified k£ and that it can be freely
chosen amongst all modes that exited the horizon during inflation, although usually only
those that can be probed by CMB experiments are of astrophysical interest.

Finally, by assuming that the total energy density did not decrease much during the
final N e-folds so that

pint = 3H2 M2 ~ (106 GeV)? (&) , (2.9)

as given by eq. (2.7), and substituting eqgs. (2.4), (2.6), and (2.8) into eq. (2.2), we obtain
the result

1/4
14 3w r 1—3w PRD k
Nk ~62+ -2 (L 1 ~1 C(21
(k) =62+ 51w n(o.1)+3(1+w) n<1016GeV "\ oty (2.10)

This is our final result for the number of e-folds. By assuming that before the usual Hot Big
Bang epoch the Universe was effectively matter-dominated, i.e. by setting w = 0, we recover
the usual result discussed in e.g. ref. [9].

We will now determine the maximum possible value of N (k). From egs. (2.2), (2.4), (2.6),
it is clear that for given r and prp (smaller than py,¢), N is largest when the equation of
state w during the intermediary epoch is maximized, w = 1. Furthermore, if w is stiff,
ie. 1/3 < w < 1, then eq. (2.10) tells us that N(k) is maximized when pgrp is mini-
mized. At the very least, radiation domination must commence before the onset of BBN, so

pll;{/é 2 Tpan ~ 5MeV [20] or, equivalently,

p1/4
In|—2RD | >_49, 2.11
o <1016 GeV> ~ (2.11)

By setting prp in such a way that the above condition is saturated and w ~ 1, we find an
upper bound on N:

1 r k
< — — _
N(k) N76—|—31n (0'1) In <a0 0> . (2.12)

Thus, for the maximum allowed value of the tensor-to-scalar ratio, » = 0.06, we find N < 76
for the largest observable scale k = agHy, in good agreement with the well-known result of
ref. [9], where p%{/é ~ 1MeV was assumed. This is the maximum value of N(k = agHp) one
can obtain within the standard assumptions discussed above.



For clarity, we note that by allowing H to evolve during inflation the above calculation
does not hold but one may have to solve an implicit equation for N, depending on the model
of inflation, see e.g. refs. [1, 911, 21]. In extreme cases, one can obtain a considerably higher
value up to N(k = apHp) ~ 100, although a number this large requires H to change by a
highly implausible amount during inflation [9]. However, as discussed in section 1, in models
that give the best fit to the CMB data this does not happen.

3 Gravitational waves and N.g

While the results (2.10), (2.12) are robust within our assumptions of the nature of inflation
and reheating, they do not take into account the constraints the lack of observation of a
stochastic GW background imposes on w and prp.

Let us therefore consider gravitational waves. During a stiff epoch, the energy density
parameter Qgw of gravitational waves gets amplified as the universe expands [22, 23]. The
lower the RD scale prp, the more e-folds the stiff epoch lasts, and hence the more amplifi-
cation Qgw receives. This means prp is not allowed to be too low since the BBN bound on
the number of extra relativistic degrees of freedom imposes an upper limit on the amount of
gravitational waves present during BBN.

In the presence of a stiff epoch between the end of inflation and the beginning of radia-
tion domination, the present-day GW energy density spectrum? hQQ(C?\),V( f) originated from
inflation is enhanced relative to that in the absence of a stiff epoch

0 _ T
W0 e, = 1x 10716 (07) , (3.1)

as [24]
f )2(3311)

R0 (1) 2 C?Oy e (1

(3.2)
where the subscript “plat.” refers to “plateau” (no tilt), frp = krp/(27ag) is the present-
day frequency of the mode krp = arpHrp that matches the horizon size at the onset of
RD, the expression applies for f > frp, and C(w) is an O(1) factor that depends on w and
how abruptly the universe transitions from stiff-fluid domination to RD. We will set, without
losing much accuracy, C'(w) = 1 as it ranges from 1 to 1.3 (1.8) for instantaneous (smooth)
transition. It should be noted that eq. (3.2) does not account for the slight red spectral tilt
ny = dlnP;/dInk of the tensor power spectrum expected in slow-roll inflationary scenarios,
which has been constrained down to —n¢ < 0.008 at around the CMB pivot scale [3, 5]. In
the absence of running of the spectral index, the spectral tilt can reduce the GW energy
density by at most a factor of (676)0'008 ~ 1.84, which in the end weakens our constraint on
N(k) by only AN (k) = O(0.1). We will therefore neglect this effect.

The constraint on the number of extra relativistic degrees of freedom A Neg < 0.2 during
BBN [25] sets an upper bound on the GW energy density today [26]

finf
/ R2Q00 (£)d(In f) < 1x 1076, (3.3)
BBN

4The GW energy density spectrum is defined as the GW energy density paw per unit logarithm of frequency
normalized to the critical density perit = SMEH?, Qaw = (dpaw /dIng)/ perit.



where fppn and fins are the present-day frequencies of the modes that match the horizon
size at BBN and the end of inflation, respectively. Evaluating the integral above with the
help of eq. (3.2) and fin > fBBN, We arrive at

(3w —-1
R2Q0 (finf) S 2% 1076 (3w - 1> . (3.4)

Next, using egs. (2.4), (2.9), (3.2), and

finf _ aianinf ~ (ainf>_(3w+1)/2 (3 5)
frRp  arpHRrD arD ’ '
we can rewrite eq. (3.4) as
,01/4
RD
In (1016GeV> 2 @BBN(wa 7”) ) (3-6)
with
3(1 4 w) 3w—1 3w+1 r
=—— 72 (2441 In{—) . .
Opan(w,7) = 15T [ in (3w n 1>} M (0.1) (3.7)
We thus need
,01/4
RD
ln (1016(;6\/) Z max [("‘)BBN('LU, 'I"), —42] 5 (38)

where we have included also the previous bound from eq. (2.11). If » < 10712, it is always
the case that ©ppn S —42, meaning that the condition (3.8) reduces to (2.11) and the upper
limit (2.12) on N(k = agHy) remains applicable. On the other hand, if » > 107!2, there are
values of w, including w = 1, for which (3.8) is a stricter constraint than (2.11). However, it
turns out that N (k) remains to be maximized at w = 1. Substituting w = 1 and the value
of prp that saturates (3.8) into (2.10), we find

k
< — _
N(k) < Npax = 68 — In (ao Ho) , (3.9)

independently of the value of r. This is a new bound and our most important result. As
can be seen in figure 1, for the maximum allowed value of tensor-to-scalar ratio » ~ 0.1, the
new bound is more stringent by AN ~ —8, which corresponds to a 3 x 10~ reduction in
the maximum aj,f/ag, i.e. the new bound places a constraint on the amount of inflationary
expansion between the horizon exit of the cosmological scales and the end of inflation which
is roughly four orders of magnitude more stringent than the previous bound when measured
in terms of growth in the scale factor.
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Figure 1. Maximum allowed N for the largest observable scale k = agHy = 0.0002 Mpc™! and the
CMB pivot scale k = k, = 0.05 Mpc™! before and after imposing the BBN bound, eq. (3.3). The
shaded region has been ruled out by the non-observation of primordial B-mode polarization on the
CMB [5].

4 Constraints on inflationary models

Let us then discuss constraints on inflationary models by considering the very general action

$1= [ d'ev=3 |§F (R D). 0) - JK@" V0% - V(o) . ()

where g, and I' are the space-time metric and connection, respectively, R is the Ricci scalar,
K (¢) is a non-singular function of the scalar field ¢ (which we call the inflaton field), and V' (¢)
is the inflaton potential. Assuming slow-roll, the inflationary dynamics are characterized by
the usual slow-roll parameters

1, (V' v’
€= §MI§ <V> , M= MI%V , (4.2)

where the primes denote derivatives of the inflaton potential with respect to the field and
in slow-roll €, |n| < 1, whereas the number of e-folds between the horizon exit of the scale
where measurements are made (the pivot scale kx = 0.05Mpc™!) and the end of inflation is

1 (¢ <dV> -1
N=— doV | — . 4.3
MIQ) d)cnd qs d¢ ( )

The field value at the end of inflation, @eng, is defined via €(¢enq) = 1, and the field value
at the time when the pivot scale exited the horizon is denoted by ¢.. The leading order
expression for the main observables — the spectral tilt and tensor-to-scalar ratio — are then
given by

given by

ng—1~—6e+2n, r~16e, (4.4)

which can be used to relate the number of required e-folds to the potential and other param-
eters of the model in the usual way.



In the following, we will consider four different models to highlight the importance of
our results, in particular the new bound (3.9). First, we consider the well-known natural
inflation model with a cosine potential

V(p) = A? {1 + cos (jf)] : (4.5)

where A and f are mass scales determined by the underlying high energy theory [27] and the
predictions for the spectral tilt and tensor-to-scalar ratio can be computed in the usual way
from eq. (4.4). They are shown in figure 2.

Second, we will consider the scenarios where in addition to the usual Einstein-Hilbert
term M}%R the action also contains an additional second-order term aR?, i.e.

F(R(gu,T),¢) = MER(g, T) + aR* (g, T) | (4.6)

which includes the usual Starobinsky inflation model [8], where inflation is driven by a scalar
degree of freedom encapsulated in R?. This model predicts (at lowest order in 1/N)

2 12 (4.7)

ns(ky) ~1— N (ki) ~ N2 (k)

which fits very well to the data for N(k.) = 45, as shown in figure 2. In particular, this is
the case for N (k,) = 51, which is what studies on reheating in Starobinsky inflation suggest
as the preferred value [28, 29].

Finally, we will consider the action (4.6) in two different cases where it is amended
with V(¢) x ¢",n = 2,4 and where instead of the usual metric theory of gravity (with
I' =T'(gu)), we consider Palatini gravity where I' = I'(g,.,,, ¢) is a set of degrees of freedom
which are a priori independent of the metric (see e.g. refs. [7, 30]). This scenario has not
only sparked interest in the community recently (see e.g. refs. [31-37]) but is particularly
interesting in our context, as for large enough « the addition of the aR? term can resurrect
models which are otherwise disfavored, in particular those where the inflaton potential is
of simple polynomial type V(¢) ox ¢ — given that the number of e-folds N(k,) was large
enough. This is highlighted by the quadratic inflation model which as such is disfavored by
data due to the large value it predicts for . However, with the aR? term in Palatini gravity
the spectral index and tensor-to-scalar ratio become [36]

2 3
") = Ny + 9672 P (o (48)

which for a > 108, N(k,) = 45 is compatible with data; see figure 2. On the other hand, for
V(¢) o ¢* one finds [31]
3 16

k) = FEa T 9672 P (k) (49)

As is evident from the expression for ns, even for the largest allowed N (k) given by eq. (3.9),
the predicted value is disfavored by the most recent Planck data, see figure 2.

The results show that regardless of the actual number of e-folds, some interesting and
well-motivated models (including the standard natural inflation) are clearly disfavored by
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Figure 2. A depiction of how the upper bound on the number of e-folds N, = N(k,) < 62, eq. (3.9),
translates into constraints on the (ng,r) predictions of specific inflationary models: standard natu-
ral inflation (top-left), quartic inflation with an aR? term in Palatini gravity (top-right), the usual
Starobinsky inflation with metric gravity (bottom-left), and quadratic inflation with an aR? term in
Palatini gravity (bottom-right). The blue lines/regions are within the GW constraints found in this
paper while the red line/regions are ruled out by them. The star symbol marks the predictions for
N (k) = 51, which is the preferred value for Starobinsky inflation (see the main text). Also shown are
the 68% and 95% CL contours from Planck TT+7 prior+lensing+BAO (green-dashed) and Planck
TT+7 prior+lensing+BAO+BICEP2/Keck (green-solid) [5].

data. While there are some caveats related to the way the Universe expanded after inflation
(essentially whether the post-inflationary EoS parameter w and/or the inflationary Hubble
scale Hi,r remained approximately constant or not), the assumptions we have made are fairly
standard and well-motivated, and the above examples therefore highlight the importance of
our results for inflationary models.

5 Future experiments

Let us then discuss what are the prospects of future experiments for making the bound even
more stringent.

First, if the number of the extra relativistic degrees of freedom Neg was measured to
an accuracy better than the current bound ANeg < 0.2, the maximum value (3.9) would
go down by 1/41n(0.2/AN.g). For instance, an order of magnitude improvement in the
AN upper bound could be obtained from the constraints on the Hubble rate at the CMB
decoupling [26, 38]. These constraints were recently updated in ref. [39], and while they were
indeed found to be more stringent by roughly an order of magnitude for “homogeneous”
initial conditions, for adiabatic initial conditions they were not improved nearly as much. In



this paper we have chosen to remain agnostic about the initial conditions for perturbations
and therefore concentrate only on the BBN bound (3.3), which depends only on the number
of relativistic degrees of freedom at BBN. Also, even in the case of homogeneous initial
conditions, the constraints on the Hubble rate would only lower the maximum N (k) by
roughly one e-fold.

On the other hand, the lack of detection of a stochastic GW background places a
constraint on the (prp, w, r) parameter space which can be written in terms of a lower bound
on prp as follows. Judging from the steepness of the sensitivity curves of the current or future
GW experiments such as LIGO or LISA compared to that of the hQQ((g\)N( f) curve, as we

vary the parameters (prp, w, ), the GW energy spectrum h2Q(C?\)7V( f) first intersects with the
detector sensitivity curves close to the frequencies fqo; where the detectors are at their best
sensitivities, hQQgﬂ%). Hence, if a detector fails to detect a primordial GW background, the

following approximate constraint can be placed [24]

d
2O (faer) S B2OS (5.1)
where “det” denotes different GW detectors, and the values of fger and Qgi&t,) are listed in
table 1 for different experiments. Then, using the conversion [24]

JRD 5 108 i (5.2)
Hz — 1016 GeV | 7 '
and assuming frp < fget and hQQg]\)N,plat. < hQle\e,\';), we can rewrite eq. (5.1) as
p1/4
with L /3 )
N w + r
@det(war) = Adet + 2 <3w — 1) |:Bdet +In (01):| (54)
and (det)
_ fdet _ hZQG\?V
Adet = ln (15)(1()SI—IZ s Bdet = — ln W . (55)

The values of Aget, Bget are listed in table 1 for different experiments.® However, the
bound (5.3) does not change our result® because for w = 1 it is always the case that
OBBN>Oget, as one can check by substituting the values in table 1 into eq. (5.4) and com-
paring with eq. (3.7).

Finally, let us discuss bounds on other observables. The new bound (3.9) is only valid
for » > 10712 and if r was smaller than this, the result (2.12) remains as a valid upper limit.

®We note that there is some variation in the numbers found in the literature. However, as long as the
resulting constraints from these detectors are less stringent than the BBN bound, their exact values are not
important for our purposes. This is clearly true for all the detectors listed in table 1, apart from (the most
optimistic version of) BBO for which the difference is marginal.

51f 0.01 < r < 0.06, then eq. (5.3) does not apply for BBO because then h2Q(C?\>7V,plaL > h2Qg$>. Instead,
BBO would simply rule out the aforementioned range of r. This would not affect the upper bound on N,
eq. (3.9), from the BBN bound since it is independent of r.
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Detector fdet hQQg\ey Adet | Baet

LIGOO2 | 30 Hz | 5x107° | —15 | —18

LIGOO5 | 30 Hz | 6 x 10710 | —15 | —16
LISA 3mHz | 2x107™ | =25 | —5
ET 30 Hz | 5x 1072 | —15 | —11
BBO 02 Hz | 1x10717 | —20 | 2

Table 1. Optimum frequencies and best sensitivities of current and planned gravitational wave
detectors, together with their Ager and Bgety values as defined in eq. (5.5). Here we have computed
the values for LIGO 0O2/05 and LISA from the results presented in ref. [24], and used the limits
presented in refs. [40] (Einstein Telescope, ET) and [41] (BBO).

However, as the next generation CMB B-mode polarization experiments such as BICEP3 [42],
LiteBIRD [43] and the Simons Observatory [44] aim at detecting or constraining r only at
the level O(1073), it seems unlikely that the constraint on 7 could be improved by more
than 9 orders of magnitude in any foreseeable future. Thus, we conclude that the limit (3.9)
is a robust upper limit on the amount of inflationary expansion of the observable Universe
between horizon exit of a scale k and the end of inflation. This limit should therefore provide
useful guidance in building consistent models of inflation, as they are now more constrained
by our limit through the constraint on maximum N (k). For more examples of this, see e.g.
refs. [1, 11, 12, 35, 45].

6 Conclusions

In this paper, we have used constraints on the number of relativistic degrees of freedom
during BBN to derive a new, robust upper limit on the amount of expansion of the Universe
between horizon exit of the largest observable scales today and the end of inflation, eq. (3.9).
By comparing this result to the previous bound, eq. (2.12), one can see that for the maximum
allowed value of r, the new bound is more stringent by AN ~ —8. The bound on the energy
density of gravitational waves at the time of BBN therefore places a constraint on the amount
of inflationary expansion which is stricter than any previous bound.

We discussed the implications on inflationary models and showed how the new con-
straints affect model selection, and also the sensitivities of the current and planned grav-
itational wave observatories such as LIGO and LISA. In particular, we showed that the
constraints they could impose are always less stringent than the BBN bound we obtained
on N. We also showed that the next generation CMB B-mode polarization experiments are
unlikely to improve this limit in any foreseeable future. We hope that our results will provide
useful guidance in building consistent models of inflation.

Acknowledgments
We thank E. Berti, M. Kamionkowski, D.E. Kaplan, K. Kohri, S. Rajendran, T.L. Smith,

T. Takahashi, V. Vaskonen, and K. Wong for correspondence and discussions. T.T. was
supported by the Simons Foundation.

- 11 -



References

[1]

7]

&

9]
[10]
[11]
12]
13]
14]
[15]
[16]
17]
18]
[19]

[20]

J. Martin, C. Ringeval and V. Vennin, Encyclopedia inflationaris, Phys. Dark Univ. 5-6
(2014) 75 [arXiv:1303.3787] [iNSPIRE].

D. Chowdhury, J. Martin, C. Ringeval and V. Vennin, Assessing the scientific status of
inflation after Planck, Phys. Rev. D 100 (2019) 083537 [arXiv:1902.03951] [INSPIRE].

PLANCK collaboration, Planck 2018 results. X. Constraints on inflation, Astron. Astrophys.
641 (2020) A10 [arXiv:1807.06211] [INSPIRE].

PLANCK collaboration, Planck 2018 results. VI. Cosmological parameters, Astron. Astrophys.
641 (2020) A6 [arXiv:1807.06209] [INSPIRE].

BICEP2 AND KECK ARRAY collaborations, BICEP2 /Keck Array x: constraints on
primordial gravitational waves using Planck, WMAP, and New BICEP2/Keck Observations
through the 2015 Season, Phys. Rev. Lett. 121 (2018) 221301 [arXiv:1810.05216] [INSPIRE].

F.L. Bezrukov and M. Shaposhnikov, The standard model Higgs boson as the inflaton, Phys.
Lett. B 659 (2008) 703 [arXiv:0710.3755] [INSPIRE].

F. Bauer and D.A. Demir, Inflation with non-minimal coupling: metric versus palatini
formulations, Phys. Lett. B 665 (2008) 222 [arXiv:0803.2664] [INSPIRE].

A.A. Starobinsky, A new type of isotropic cosmological models without singularity, Adv. Ser.
Astrophys. Cosmol. 3 (1987) 130 [INSPIRE].

A R. Liddle and S.M. Leach, How long before the end of inflation were observable perturbations
produced?, Phys. Rev. D 68 (2003) 103503 [astro-ph/0305263] INSPIRE].

S. Dodelson and L. Hui, A Horizon ratio bound for inflationary fluctuations, Phys. Rev. Lett.
91 (2003) 131301 [astro-ph/0305113] INSPIRE].

J. Martin and C. Ringeval, First CMB constraints on the inflationary reheating temperature,
Phys. Rev. D 82 (2010) 023511 [arXiv:1004.5525] [iNSPIRE].

J. Martin, C. Ringeval and V. Vennin, Observing inflationary reheating, Phys. Rev. Lett. 114
(2015) 081303 [arXiv:1410.7958] [INSPIRE].

J.B. Munoz and M. Kamionkowski, Fquation-of-state parameter for reheating, Phys. Rev. D 91
(2015) 043521 [arXiv:1412.0656] [INSPIRE].

J.L. Cook, E. Dimastrogiovanni, D.A. Easson and L.M. Krauss, Reheating predictions in single
field inflation, JCAP 04 (2015) 047 [arXiv:1502.04673] [INSPIRE].

G.N. Remmen and S.M. Carroll, How many e-folds should we expect from high-scale inflation?,
Phys. Rev. D 90 (2014) 063517 [arXiv:1405.5538] [NSPIRE].

M.S. Turner, Coherent scalar field oscillations in an expanding universe, Phys. Rev. D 28

(1983) 1243 [INSPIRE].

P.J.E. Peebles and A. Vilenkin, Quintessential inflation, Phys. Rev. D 59 (1999) 063505
[astro-ph/9810509] [NSPIRE).

E. McDonough, The cosmological heavy ion collider: fast thermalization after cosmic inflation,
Phys. Lett. B 809 (2020) 135755 [arXiv:2001.03633] [iNSPIRE].

D. Baumann, Inflation, in Theoretical advanced study institute in elementary particle physics:
physics of the large and the small (2011) pp. 523-686 [arXiv:0907.5424] [INSPIRE].

T. Hasegawa, N. Hiroshima, K. Kohri, R.S.L.. Hansen, T. Tram and S. Hannestad, MeV-scale
reheating temperature and thermalization of oscillating neutrinos by radiative and hadronic
decays of massive particles, JCAP 12 (2019) 012 [arXiv:1908.10189] [INSPIRE].

T. Takahashi and T. Tenkanen, Towards distinguishing variants of non-minimal inflation,
JCAP 04 (2019) 035 [arXiv:1812.08492] INSPIRE].

M. Giovannini, Gravitational waves constraints on postinflationary phases stiffer than
radiation, Phys. Rev. D 58 (1998) 083504 [hep-ph/9806329] [INSPIRE].

- 12 —


https://doi.org/10.1016/j.dark.2014.01.003
https://doi.org/10.1016/j.dark.2014.01.003
https://arxiv.org/abs/1303.3787
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1303.3787
https://doi.org/10.1103/PhysRevD.100.083537
https://arxiv.org/abs/1902.03951
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.03951
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833887
https://arxiv.org/abs/1807.06211
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.06211
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://arxiv.org/abs/1807.06209
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.06209
https://doi.org/10.1103/PhysRevLett.121.221301
https://arxiv.org/abs/1810.05216
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.05216
https://doi.org/10.1016/j.physletb.2007.11.072
https://doi.org/10.1016/j.physletb.2007.11.072
https://arxiv.org/abs/0710.3755
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0710.3755
https://doi.org/10.1016/j.physletb.2008.06.014
https://arxiv.org/abs/0803.2664
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0803.2664
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1016/0370-2693(80)90670-X
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB91%2C99%22
https://doi.org/10.1103/PhysRevD.68.103503
https://arxiv.org/abs/astro-ph/0305263
https://inspirehep.net/search?p=find+EPRINT%2Bastro-ph%2F0305263
https://doi.org/10.1103/PhysRevLett.91.131301
https://doi.org/10.1103/PhysRevLett.91.131301
https://arxiv.org/abs/astro-ph/0305113
https://inspirehep.net/search?p=find+EPRINT%2Bastro-ph%2F0305113
https://doi.org/10.1103/PhysRevD.82.023511
https://arxiv.org/abs/1004.5525
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1004.5525
https://doi.org/10.1103/PhysRevLett.114.081303
https://doi.org/10.1103/PhysRevLett.114.081303
https://arxiv.org/abs/1410.7958
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1410.7958
https://doi.org/10.1103/PhysRevD.91.043521
https://doi.org/10.1103/PhysRevD.91.043521
https://arxiv.org/abs/1412.0656
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.0656
https://doi.org/10.1088/1475-7516/2015/04/047
https://arxiv.org/abs/1502.04673
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.04673
https://doi.org/10.1103/PhysRevD.90.063517
https://arxiv.org/abs/1405.5538
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.5538
https://doi.org/10.1103/PhysRevD.28.1243
https://doi.org/10.1103/PhysRevD.28.1243
https://inspirehep.net/search?p=find+doi%20%2210.1103%2FPhysRevD.28.1243%22
https://doi.org/10.1103/PhysRevD.59.063505
https://arxiv.org/abs/astro-ph/9810509
https://inspirehep.net/search?p=find+EPRINT%2Bastro-ph%2F9810509
https://doi.org/10.1016/j.physletb.2020.135755
https://arxiv.org/abs/2001.03633
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.03633
https://doi.org/10.1142/9789814327183_0010
https://doi.org/10.1142/9789814327183_0010
https://arxiv.org/abs/0907.5424
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0907.5424
https://doi.org/10.1088/1475-7516/2019/12/012
https://arxiv.org/abs/1908.10189
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.10189
https://doi.org/10.1088/1475-7516/2019/04/035
https://arxiv.org/abs/1812.08492
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.08492
https://doi.org/10.1103/PhysRevD.58.083504
https://arxiv.org/abs/hep-ph/9806329
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9806329

23]
24]
25]
26]
27]
28]
[20]
30]
31)
32)
33]
34
35)
36]
37)

[38]

M. Giovannini, Production and detection of relic gravitons in quintessential inflationary models,
Phys. Rev. D 60 (1999) 123511 [astro-ph/9903004] [INSPIRE].

D.G. Figueroa and E.H. Tanin, Ability of LIGO and LISA to probe the equation of state of the
early Universe, JCAP 08 (2019) 011 [arXiv:1905.11960] [INSPIRE].

R.H. Cyburt, B.D. Fields, K.A. Olive and T.-H. Yeh, Big Bang Nucleosynthesis: 2015, Rev.
Mod. Phys. 88 (2016) 015004 [arXiv:1505.01076] [iNSPIRE].

C. Caprini and D.G. Figueroa, Cosmological backgrounds of gravitational waves, Class. Quant.
Grav. 35 (2018) 163001 [arXiv:1801.04268] [INSPIRE].

K. Freese, J.A. Frieman and A.V. Olinto, Natural inflation with pseudo - Nambu-Goldstone
bosons, Phys. Rev. Lett. 65 (1990) 3233 [INSPIRE].

D.S. Gorbunov and A.G. Panin, Scalaron the mighty: producing dark matter and baryon
asymmetry at reheating, Phys. Lett. B 700 (2011) 157 [arXiv:1009.2448] [INSPIRE].

F.L. Bezrukov and D.S. Gorbunov, Distinguishing between R?-inflation and Higgs-inflation,
Phys. Lett. B 713 (2012) 365 [arXiv:1111.4397] [INnSPIRE].

T. Tenkanen, Tracing the high energy theory of gravity: an introduction to Palatini inflation,
Gen. Rel. Grav. 52 (2020) 33 [arXiv:2001.10135] [INSPIRE].

V.-M. Enckell, K. Enqvist, S. Rasanen and L.-P. Wahlman, Inflation with R? term in the
Palatini formalism, JCAP 02 (2019) 022 [arXiv:1810.05536] INSPIRE].

I. Antoniadis, A. Karam, A. Lykkas and K. Tamvakis, Palatini inflation in models with an R?
term, JCAP 11 (2018) 028 [arXiv:1810.10418] [InSPIRE].

A. Karam, T. Pappas and K. Tamvakis, Nonminimal Coleman- Weinberg inflation with an R?
term, JCAP 02 (2019) 006 [arXiv:1810.12884] InSPIRE].

I. Antoniadis, A. Karam, A. Lykkas, T. Pappas and K. Tamvakis, Rescuing quartic and natural
inflation in the Palatini formalism, JCAP 03 (2019) 005 [arXiv:1812.00847] [INSPIRE].

T. Tenkanen, Minimal Higgs inflation with an R* term in Palatini gravity, Phys. Rev. D 99
(2019) 063528 [arXiv:1901.01794] [INSPIRE].

T. Tenkanen, Trans-Planckian censorship, inflation, and dark matter, Phys. Rev. D 101 (2020)
063517 [arXiv:1910.00521] [INSPIRE].

T. Tenkanen and E. Tomberg, Initial conditions for plateau inflation: a case study, JCAP 04
(2020) 050 [arXiv:2002.02420] NSPIRE].

T.L. Smith, E. Pierpaoli and M. Kamionkowski, A new cosmic microwave background
constraint to primordial gravitational waves, Phys. Rev. Lett. 97 (2006) 021301
[astro-ph/0603144] [INSPIRE].

T.J. Clarke, E.J. Copeland and A. Moss, Constraints on primordial gravitational waves from
the Cosmic Microwave Background, JCAP 10 (2020) 002 [arXiv:2004.11396] [INSPIRE].

M. Maggiore et al., Science case for the Einstein Telescope, JCAP 03 (2020) 050
[arXiv:1912.02622] INSPIRE].

K. Schmitz, New sensitivity curves for gravitational-wave signals from cosmological phase
transitions, JHEP 01 (2021) 097 [arXiv:2002.04615] INSPIRE].

W.L.K. Wu et al., Initial performance of BICEP3: a degree angular scale 95 GHz band
polarimeter, J. Low Temp. Phys. 184 (2016) 765 [arXiv:1601.00125] [INnSPIRE].

T. Matsumura et al., Mission design of LiteBIRD, J. Low Temp. Phys. 176 (2014) 733
[arXiv:1311.2847] [INSPIRE].

SIMONS OBSERVATORY collaboration, The Simons Observatory: science goals and forecasts,
JCAP 02 (2019) 056 [arXiv:1808.07445] INSPIRE].

R. Allahverdi et al., The first three seconds: a review of possible expansion histories of the early
universe, arXiv:2006.16182 [INSPIRE].

~13 -


https://doi.org/10.1103/PhysRevD.60.123511
https://arxiv.org/abs/astro-ph/9903004
https://inspirehep.net/search?p=find+EPRINT%2Bastro-ph%2F9903004
https://doi.org/10.1088/1475-7516/2019/08/011
https://arxiv.org/abs/1905.11960
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.11960
https://doi.org/10.1103/RevModPhys.88.015004
https://doi.org/10.1103/RevModPhys.88.015004
https://arxiv.org/abs/1505.01076
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.01076
https://doi.org/10.1088/1361-6382/aac608
https://doi.org/10.1088/1361-6382/aac608
https://arxiv.org/abs/1801.04268
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.04268
https://doi.org/10.1103/PhysRevLett.65.3233
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C65%2C3233%22
https://doi.org/10.1016/j.physletb.2011.04.067
https://arxiv.org/abs/1009.2448
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1009.2448
https://doi.org/10.1016/j.physletb.2012.06.040
https://arxiv.org/abs/1111.4397
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1111.4397
https://doi.org/10.1007/s10714-020-02682-2
https://arxiv.org/abs/2001.10135
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.10135
https://doi.org/10.1088/1475-7516/2019/02/022
https://arxiv.org/abs/1810.05536
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.05536
https://doi.org/10.1088/1475-7516/2018/11/028
https://arxiv.org/abs/1810.10418
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.10418
https://doi.org/10.1088/1475-7516/2019/02/006
https://arxiv.org/abs/1810.12884
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.12884
https://doi.org/10.1088/1475-7516/2019/03/005
https://arxiv.org/abs/1812.00847
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.00847
https://doi.org/10.1103/PhysRevD.99.063528
https://doi.org/10.1103/PhysRevD.99.063528
https://arxiv.org/abs/1901.01794
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.01794
https://doi.org/10.1103/PhysRevD.101.063517
https://doi.org/10.1103/PhysRevD.101.063517
https://arxiv.org/abs/1910.00521
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.00521
https://doi.org/10.1088/1475-7516/2020/04/050
https://doi.org/10.1088/1475-7516/2020/04/050
https://arxiv.org/abs/2002.02420
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.02420
https://doi.org/10.1103/PhysRevLett.97.021301
https://arxiv.org/abs/astro-ph/0603144
https://inspirehep.net/search?p=find+EPRINT%2Bastro-ph%2F0603144
https://doi.org/10.1088/1475-7516/2020/10/002
https://arxiv.org/abs/2004.11396
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.11396
https://doi.org/10.1088/1475-7516/2020/03/050
https://arxiv.org/abs/1912.02622
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.02622
https://doi.org/10.1007/JHEP01(2021)097
https://arxiv.org/abs/2002.04615
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.04615
https://doi.org/10.1007/s10909-015-1403-x
https://arxiv.org/abs/1601.00125
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.00125
https://doi.org/10.1007/s10909-013-0996-1
https://arxiv.org/abs/1311.2847
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1311.2847
https://doi.org/10.1088/1475-7516/2019/02/056
https://arxiv.org/abs/1808.07445
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.07445
https://arxiv.org/abs/2006.16182
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.16182

	Introduction
	The number of e-folds 
	Gravitational waves and N(eff)
	Constraints on inflationary models
	Future experiments
	Conclusions

