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Abstract

Experimental evidence has demonstrated the ability of transient pulses of elec-
tric fields to alter mammalian cell behavior. Strategies with these pulsed electric
fields (PEFs) have been developed for clinical applications in cancer therapeu-
tics, in-vivo decellularization, and tissue regeneration. Successful implemen-
tation of these strategies involve understanding how PEFs impact the cellular
structures and, hence, cell behavior. The caveat, however, is that the PEF pa-
rameter space (i.e., comprising different pulse widths, amplitudes, number of
pulses) is large, and design of experiments to explore all possible combinations
of pulse parameters is prohibitive from a cost and time standpoint. In this
study, a scaling law based on the Ising model is introduced to understand the
impact of PEFs on the outer cell lipid membrane so that an understanding de-
veloped in one PEF pulse regime may be extended to another. Combining non-
Markovian Monte Carlo techniques to determine density-of-states with a novel
non-equilibrium thermodynamic framework based on the principle of steepest
entropy ascent, the applicability of this scaling model to predict the behav-
ior of both thermally quenched and electrically perturbed lipid membranes is
demonstrated. A comparison of the predictions made by the steepest-entropy-
ascent quantum thermodynamic (SEAQT) framework to experimental data is
performed to validate the robustness of this computational methodology and
the resulting scaling law.
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1. Introduction

Newer cancer therapeutic and tissue regeneration approaches have explored
the idea of manipulating cell behavior in-vivo via the use of pulsed electric fields
(PEFs) introduced into the tissue using a pair of electrodes. A representative
clinically used PEF pulse train for soft tumor treatment (referred to in this
article as usPEF) consists of 80 to 100 square wave pulses each of width 100 ps
delivered into the tissue at a frequency of 1 Hz. The usPEF causes the forma-
tion of outer cell lipid membrane pores, a phenomenon termed electroporation,
that either reseal or grow spontaneously contingent upon the pulse amplitude.
!Reversible electroporation, in which pores ultimately reseal in time, is clini-
cally used for enhancing drug transport into the cytoplasm when the membrane
is temporarily at a state of higher permeability. Irreversible electroporation
(IRE), in which pores grow spontaneously, lead to loss of cell homeostasis and
ultimately cell death. IRE is clinically used in tumor tissue ablation and re-
cently has emerged as a strategy for in-vivo tissue decellularization and tissue
engineering [1]. Furthermore, the extent of the effect of uysPEF on the immune
response is shown to be conditioned by pulse amplitude whereby beyond a crit-
ical electric field strength a pro-cancerous inflammatory affecting immune-cell
trafficking is down-regulated [2]. Other forms of PEFs incorporating lower pulse
widths (< 1us), but higher pulse amplitudes compared to ysPEF, have been
proposed for cancer therapeutic strategies as well. The permittivity of lipid
membranes decreases, and conductivity increases as the frequency of an exoge-
nous time-oscillating electric field is increased. Thus, exposing cells to lower
pulse widths can allow leveraging upon differences in membrane properties at
higher harmonics and target organelles. These sub-microsecond PEF modali-
ties (nsPEF: nano-second PEF; H-FIRE: High Frequency IRE) have been used
to elicit interesting cellular responses, e.g. targetting cancerous cells over their
healthy counterparts [3].

The fact that different cellular responses can be achieved by altering PEF
parameters is significant from a translational medicine point of view. However,
this also raises a number of important mechanistic questions as to how PEFs
influence cellular structures. This challenge is compounded by the vastness
of the PEF pulse parameter (i.e. range of timescales for pulse width, range
of amplitudes, and varying pulse numbers). Experimental and computational
investigation of mechanistic questions for all combinations of PEF parameters
(amplitude, pulse, and number) is not only cost prohibitive but likely impossible
to carry out in a finite period of time. Attempts have been made to find equiv-
alent pulses, i.e. develop mathematical relationships between pulse parameters,
such that two equivalent pulses have similar outcomes such as the same fraction
of electroporated cell population (e.g. [4, 5, 6]). The most extensive of these

INote that the fate of pores depends on the energy delivered via the PEF, and hence
any of the PEF parameters (pulse number, width) may dictate pore resealing dynamics. For
simplification, in this paragraph we discuss only when amplitude is altered in the usPEF pulse
train.



works, in terms of the range of pulse widths covered (ns - ms), was reported by
Puchihar et al. [4], whereas others were limited to a specific range of PEF pa-
rameter space. A few observations from these works is that effect of pulses are
not linearly additive (limitations of linearity and complexity of extrapolation
has been recently reported by [7]), and it is difficult to derive a phenomological
mathematical expression to cover the entirety of PEF pulse parameter space.

A more fundamental route to developing a scaling law, whereby the cellular
compartment such as the cell membrane is represented by a hamiltonian that
captures some part of the system’s behavior and the effect of PEF accomo-
dated within the hamiltonian, promises to significantly reduce the complexity
of representing the PEF parameter space. In this article, we propose a ther-
modyanamic scaling based on the ising model for investigating PEF perturbed
lipid membranes. Model lipid membranes or giant unilamellar vesicles (GUVs)
have been used to study the effect of PEFs on the cell membrane [8]. These
synthetic biomimetic systems allow investigators to study the direct effects of
PEFs without the complexity of dileneating crosstalk from downstream pro-
cesses that may be induced in a living cellular system. However, initial studies
on GUVs have have revealed electropores (i.e. pores in the membrane induced
by the electric field) that are in the orders of um, whereas electropores detected
in cells exposed to PEFs are in the orders of nm [9]. Thus, PEF parameter
scaling models based on experiments performed on GUVs may not apply to
cells unless a more fundamental route is taken. Our proposed scaling law is
motivated by recent findings that the lateral reorganization of the lipid bilay-
ers that lead to the formation of the “domains” involved in cell signaling can
be described by the same Ising universality classes and scaling laws that apply
to ferromagnetic materials near critical points ([10, 11, 12, 13]). In order to
predict the non-equilibrium evolution of the lipid system, as would be the case
in a transient perturbation due to PEF exposure, a novel computational ap-
proach based on the first-principle, non-equilibrium thermodynamic-ensemble
framework called steepest-entropy-ascent quantum thermodynamics (SEAQT;
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]) is used. We therefore demonstrate
the suitability of the scaling law for PEF parameter space when studying lipid
membranes, and provide discussion on how this approach may be extended to
other cellular compartments.

2. Theory: Proposed scaling law and SEAQT

2.1. Ising model to represent electrically perturbed lipid membrane

Experiments, such as those by Blicher et al. [25], on lipid unilamellar vesi-
cles show that permeability of vesicles are highest close to the critical miscibility
temperature. Blicher et al. show that the rate of pore formation in these lipid
unilamellar vesicle was shown to be proporational to the excess heat capac-
ity. Furthermore, Kraske and Mountcastle demonstrated that increasing choles-
terol content in vesicle membranes reduced the permeability of the vesicles to
biomolecules [26], perhaps due to a change in the miscibility temperature [27].
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The permeation rate of the lipid membranes show a behavior similar to the heat
capacity of an Ising model [25]. The Hamiltonian (i.e., an expression for the
total energy of the system) for an Ising class, which describes phase transitions
in ferromagnetic systems with magnetic dipole moments of atomic spins with
+1 or -1 states, is given by:

Hlsing:_J Z O'iO'j—,uBZG'i (1)
<ij> i

The first term J ) _, ;> 0i0; describes the interaction between nearest-neighbor
spins, while the second term pB ), o; describes the interaction each spin has
with an external magnetic field. In this equation, J is the interaction strength
between neighboring spins ¢; and o; and is assumed to be constant between all
pairs. The term pB is included to capture interactions between the spins and
the external magnetic field. According to the conventional Ising model, the sum-
mation of the spins (3, 0;) is termed magnetization. The absolute value of the
ensemble-averaged magnetization being close to 1 implies homogeneity of phase
or in other words the dominance of one of the two spins over the other. The
ensemble-averaged magnetization being close to 0 implies a heterogenous state
in which there is equal probability for either spin. Interestingly, such Ising-type
behavior has also been reported in lipid membranes without any interaction
with an external field [11, 13].

We questioned whether PEF induced poration can be viewed as a a phase
change problem, whereby poration is maximum at a critical point dictated by
the miscibility point (note that this miscibility point is function of both the
local composition as well as the temperature). We investigated whether choles-
terol content in the cell membrane can be a gross parameter that can dictate
susceptibility to PEF induced poration. Comparison between the membrane
cholesterol contents of non-cancerous 10A, ductal carcinoma in-situ DCIS.com,
and triple negative breast cancer MDA-MB-231 cell lines show that the more
aggresive MDA-MB-231 has approximately 25% higher values (Figure 1A).
Lower cholesterol content corresponded to higher susceptibility to usPEF, as
measured by the viability of cell population after exposure (Figure 1A). Fur-
thermore, as has been shown previously for nsPEF [28], we saw an increased
susceptibility of the MDA-MB-231 cells to PEF when the cholesterol content of
the membrane was pharmacologically reduced with acute exposure to methyl-
B-cyclodextrin (MBCD; Figure 1B). These observations are analogous to the
ones made by Kraske and Mountcastle, albeit with the caution of not over gen-
eralizing the importance of cholesterol in PEF susceptibility.

The arguments presented above and the observation that the lipid membrane
has an Ising-type behavior forms the basis of the scaling law proposed here for
PEF parameters and is used to study the impact that electric fields have on a
lipid membrane. Accordingly, the proposed Hamiltonian for the Ising model is
given as

Hoembrane = —J Z 005 — gzgi (2)

<ij> i
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Figure 1: Lower cholesterol content in the cell membrane in cell lines 10A and DCIS com-
pared to MDA-MB-231 corresponded to higher susceptibility to usPEF (A). Reduction of
membrane cholesterol in MDA-MB-231 cell line via MBCD treatment increased susceptibility
to usPEF (B). Statistically non-distinct conditions were grouped by letter (e.g., M vs. M),
whereas statistically distinct conditions were grouped by different letters (e.g., M vs. O) to
illustrate significant differences as determined by a one-way ANOVA followed by a Tukey’s
HSD posttest.The lipid domains on membranes are highly ordered regions. A visualization of
the distribution of CD44 protein receptors localized in these ordered regions is shown in an
electron microscopy image (C). The lipid cell membrane is represented using an Ising lattice
of spins up (black) and spins down (white) (C). Equilibrium predictions of the absolute value
of the normalized lipid degree of order is obtained via the Metropolis scheme on an Ising
Hamiltonian and describes phase behavior on either side of the scaled critical parameter, in
this case temperature, as shown in (D).
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In this model, the term ¢ is the scaled PEF term for a given lipid mem-
brane system. Normalization with the interaction term reduces Eq. 2 to
Huembrane/J = — 33 ..o 0105 — (¢/J)>;0i. The term €/J is the universal
equivalent scaled PEF parameter. While the form of this scaled PEF term
will be discussed later, this term will not contain the number of pulses. The
non-linearity arising from multiple pulse will be accounted by the behavior of
the Ising model itself as will be seen later in the manuscript.

The spins of -1 and +1 in this model represent lipid liquid-ordered and
liquid-disordered phases, respectively. Note that the selection of which spin
represents which phase is not important. Ordered phases are associated with
sub-micron sized structures or “domains” that are enriched with certain lipid
and protein species. Such cholesterol rich domains can be visualized using elec-
tron microscopy. In Figure 1C, electron microscopy is used to visualize the
distribution of the protein CD44 that has been demonstrated to exist in large
numbers in lipid domains [29, 30, 31, 32, 33]. Thus, a membrane may be repre-
sented mathematically as an Ising lattice of spins down (-1) and spins up (+1)
as shown in Figure 1C. Since the Ising model proposed here is used to capture
the effects of PEFs on domain formation in lipid systems, the magnetization
term for (3, 0;) is replaced with the lipid degree of order and represents the
dominance of one or the other of the spins or phases. Below a critical point, the
lipid membrane is dominated by a single phase or spin, and, therefore, the ab-
solute value of the lipid degree of order is close to 1. In Figure 1D (the plot of
the absolute value of the normalized lipid degree of order versus (kgT'/.J), this
critical point occurs at approximately kg7 /J = 2.3 when temperature alone is
the critical parameter. Above the critical point, the lipid membrane is highly
heterogeneous and, therefore, has a lipid degree of order close to zero.

To validate whether or not this scaling model is suitable for capturing the
effects of PEFs on lipid membrane domain formation, computational predictions
of the transient behavior of a perturbed lipid membrane are needed so that they
can be compared with experimental data in the existing scientific literature.
The SEAQT framework is used here to do this, and the rationale for using this
framework is provided in the next section.

2.2. SEAQT framework and equation of motion for lipid membrane

To validate the scaling model, the non-equilibrium, ensemble-based SEAQT
framework is used. It is able to model systems undergoing non-equilibrium
processes, even those far from equilibrium, from the atomistic to the macroscopic
level[34, 35, 36, 37, 38, 23, 24, 39, 40, 41, 42, 43]. The framework is based
on thermodynamic extensive properties such as energy, entropy, and particle
number that are not limited to equilibrium unlike intensive properties such as
temperature, pressure, and chemical potential. In this framework, a density or
so-called “state” operator p represents the state of the system, and the evolution
of this density operator is tracked in time using the following SEAQT equation
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of motion (EOM):

G = 5+ D) Q)

D

where the first term to the right of the equal sign captures the reversible sym-
plectic dynamics (sub-manifolds on which purely Hamiltonian evolution takes
place [44]), while the second term captures the non-linear dynamics of the ir-
reversible relaxation of state. This second term takes the form of a dissipation
operator D [18, 19] determined by a constrained gradient in Hilbert space and
constructed on the basis of the principle of steepest entropy ascent [21] using a
set of operators each of which is associated with one of the conservation laws to
which the system is subjected. Note that the equation with only the first term
on the right-hand side is the time-dependent Schréodinger (or equivalent von
Neumann) equation, while the second term describes the non-linear dynamics
characterized by entropy generation. In Eq. 3, H represents the Hamiltonian
operator and 7 is a relaxation time (a functional of the state operator or a con-
stant) that can be determined from experimental data (e.g., [36, 35, 42, 39]) or
in a completely ab initio manner (e.g., [21, 24, 41, 43]). The kinetic behavior
of the system (i.e., the unique thermodynamic path) predicted by the EOM is
independent of 7, which simply captures the dynamics of state evolution, i.e.,
the time required to traverse the thermodynamic path. Thus, 7 links the dy-
namics to the kinetics via a corrected timescale. The density operator p is used
to obtain the expectation value (represented by ()) of any extensive property P
of the system given an operator 15, ie.,

(P) = Tr(Pp) (4)

The SEAQT framework is used below to provide unique insights into lipid
systems perturbed thermally and electrically. In the following, details of how
the SEAQT EOM is constructed for the Ising system considered here are given.

The general EOM as described by Eq. 3 is formulated specifically for a
lipid membrane represented by an Ising lattice. Determining the eigenstructure
of this lattice, whose energy is represented by the Hamiltonian H,,embrane Of
Eq.2, involves solving an energy eigenvalue problem of the form

a | ¢n> = €n | ¢n> (5)

where H is the corresponding operator form of Hemprane - Lhe former
is not known explicitly and, thus, Eq. 5 cannot be solved directly. Instead
a stochastic approach as described in the sections 3.4 and Appendix A.2 is
used to determine the | ¢,), which are the eigenvectors of the eigenstructure.
The ¢, are the eigenenergies, and each paired | ¢,,) and €, represents a possible
eigenstate of the system. Following the terminology used in linear algebra, €,
is named an eigenlevel (or eigenvalue) and the set of energy eigenlevels that
encompasses all possible eigenstates of the system can be used along with their
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respective eigenvectors to construct the Hamiltonian operator H such that
H= Zen | n)(dn | (6)
n

The thermodynamic state of the system at any instant of time is then some
combination of available eigenstates determined by a distribution of probabilities
or statistical weights among these levels. Note that the eigenlevel probability
does not depend on whether the system is at stable equilibrium or far-from-
equilibrium. Of course, it is known that the probability associated with each
eigenlevel of a canonical ensemble (i.e., one for which the volume and the number
of particles constituting the system are fixed) at stable equilibrium is expressed
by

Pn = %exp(—ﬁen) (7)

where 3 is the inverse of the product between Boltzmann constant (kg) and
the thermodynamic temperature (T') at stable equilibrium (i.e., 8 = 1/kgT).
The partition function Z = ), exp(—f¢;) provides the normalization condition,
ie,, Tr(p) = 1. The diagonal terms of the density operator p contain the
probabilities associated with each energy eigenlevel at a given state provided the
density operator is diagonal in the energy eigenvalue basis of the Hamiltonian.

As indicated in Li and von Spakovsky [24], for many classical systems in
which there are no quantum correlations and the choice of Hilbert space metric
used to construct the dissipation operator (D) is the Fisher-Rao metric, the
density operator is indeed diagonal in the energy eigenvalue basis so that p and
H commute and the first term to the right of the equal sign of the EOM (Eq. 3)
vanishes. The EOM then reduces to an irreversible relaxation only that can be
expressed as the probabilities associated with each eigenlevel evolving in time
via

—DPn 1npn Pn  €EnPn
CR

dp, 1| {es)  {e) (e)
E == ‘ (8)

T

where (-) represents the expectation value of a thermodynamic property and
the only generators of the motion are the identity operator I and H [18]. As
mentioned earlier, the expression for the SEAQT EOM contains the thermody-
namic entropy ({s)) and energy ((e)) which are defined at both equilibrium and
non-equilibrium states.

In order to predict the evolution in state of the lipid membrane as repre-
sented by the Ising Hamiltonian, all the possible energy eigenlevels that the
system may encounter must be determined. This task is not trivial. If one con-
siders an Ising lattice of ‘N’ nodes, with each node having an equal probability
of being occupied by a spin up (+1) or spin down (-1), there are 2V possible



lattice configurations. Therefore, theoretically there can be 2V energy eigen-
levels. However, to complicate matters, it turns out that the energy eigenlevels
are degenerate (i.e., multiple lattice configurations (eigenvectors) have the same
energy), and, therefore, the number of energy eigenlevels is much less than 2.
The degenerate eigenlevels and eigenvectors can, therefore, be grouped together,
and the EOM (in Eq. 8) can be re-stated as

—pn In (Pn/g") Pn  €nDn
(s) 1 (e

dpa 1] fes) () (&) o

dt T

where the term g,, denotes the degeneracy associated with the nt" eigenlevel
and 7* is the dimensionless time defined by the ratio of the actual time and the
relaxation time (7* = ¢/7) provided 7 is a constant and not a function of p. If
it is not constant, then t* = fg Wdt’. The Eq. 9 is used in this study to
simulate the lipid dynamics of electrically perturbed lipid membranes.

3. Methods

3.1. Cell line and culture conditions

The cell lines MCF-10A, and ductal carcinoma in-situ MCF-DCIS.com were
obtained from Dr. Eva Schmelz at Virginia Tech (Blacksburg, USA). The hu-
man triple negative breast cancer cell line MDA-MB-231 was purchased from
ATCC (Catalog number: HTB-26). The MDA-MB-231 cells was maintained in
DMEM-F12 culture medium, supplemented with 10% (by volume) fetal bovine
serum and 1% (by volume) penicillin streptomycin. The MCF-10A and MCF-
DCIS.com cell lines were grown in DMEM-F12 culture media supplemented with
5% (by volume) horse serum, 20 ng/mL endothelial growth factor, 0.5 mg/mL
hydrocortisone, 10 mg/mL insulin and 1% (by volume) penicillin streptomycin.
Cells were sustained in humidified incubators at 37 °C and 5% CO2. Cells were
sub-cultured at approximately 80% confluence and 0.25% Trypsin-EDTA solu-
tion was used for detachment. All experiments were performed within the first
ten sub-cultures.

3.2. Pulsed electric field delivery

Cells were seeded into a 12 well tissue culture plate ~50,000 cells per well.
Cells were allowed to reach “80-90% confluency. Before PEF exposure, cells
were washed gently 3x with PBS, taking care as to not shear the cells from the
bottom of the plate. 1 mL of RPMI-1640 basal media (media without serum and
penicillin streptomycin) was added to each well. A simplified illustration of the
experimental setup is shown in Figure Appendix A.1l. PEF treatment was
delivered to the cells using a modified tissue culture lid. Briefly a 1/16th drill
bit was used to drill holes that were 2.0 cm apart along the center line of each
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column. Disposable stainless-steel biopsy needles, 1.6 mm in diameter, were
used as electrodes and were introduced into the wells at diametrically opposite
extremities of the well and placed in contact with the the bottom of the culture
plate. Electrodes were connected to the a BTX Harvard apparatus ECM630
electro cell manipulator generator via alligator clips. A clinically used pulse
train (applied voltage: 2000 V, pulse width: 100 us, pulses: 99, pulse interval:
1 sec) was administered. Untreated controls were shams with 0 V. After all
conditions had been pulsed, cells were returned to the humidified incubator at
37 °C with 5% CO2 for 3 hrs. Then washed 3x with 1xPBS. Cells were given
growth media and returned once more to the humidified incubator and allowed
to sit overnight (12 — 16 hours) before further processing and analyses.

3.8. Assays

8.8.1. Viability assay via resazurin metabolic measurements

Prior to treatment a solution of 10% by volume Alamar Blue solution was
prepared using supplemented growth media (refer to Cell lines and culture con-
ditions). Baseline metabolic activity measurements were taken using 10% Ala-
mar Blue solution to assess cellular viability. 1mL of Alamar Blue solution was
placed in each well. Sampling was done at time four different intervals (t =
20 min, 40 min, 60 min, and 90 mins) with 100 pL drawn at each time point
per well and transferred into a 96 well plate. A 96-well plate reader was used
to measure baseline fluorescence values. For viability measurements, Alamar
Blue readings were taken the following day, as initially described. Alamar Blue
viability was assessed as a percentage of the fluorescent values after treatment
in relation to the average baseline control measurements.

3.8.2. Membrane cholesterol quantification

The cells were subcultured and seeded into a 6-well tissue culture plate at
approximately million cells per well using a hemocytometer to approximate cell
count. Cells were first washed with PBS and then acute extraction of mem-
brane cholesterol was performed via the treatment with methyl-3-cyclodextrin
(MBCD). Supernatant were then collected and analyzed for cholesterol using
the Amplex Red Cholesterol Assay Kit (Invitrogen catalog A12216) following
the standard protocol provided by the manufacturer.

3.4. Estimation of density of states

The information about the energy eigenlevels and degeneracy associated with
each eigenlevel were obtained via two different method: the Wang-Landau al-
gorithm (WLA) [45, 46] and the Ren-Eubank-Nath (REN) [47] methods. Brief
details of the implementation is provided in Appendix A.2 and further deriva-
tions are provided in Ishan Goswami’s Ph.D. dissertation [48].
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Table 1: Number of distinct eigenlevels in an Ising lattice.

Univariate Bivariate
(Hamiltonian without field) | (Hamiltonian with field)
2x2 3 6
4 x4 15 80
6 x6 35 482
16 x 16 255 29430
32 x 32 1023 497260
50 x 50 2499 3021498
100 x 100 9999 > 107"

*Extrapolated using a curve fit between the number of eigen-
levels vs. the number of nodes (N=4 through N=2500)

3.5. Solving SEAQT EOM

The Eq. 9 is used to capture the behavior of a lipid membrane represented
by an Ising hamiltonian. The system of non-linear ordinary differential equa-
tions were solved using the ODE15s and ODEA45 solvers available in MATLAB
(Mathworks, Natick MA, USA) programming software.

4. Results

4.1. Figenstructure of the lipid membrane and relaxation predicted by SEAQT

To determine the eigenstructure of the lipid membrane, represented by the
Ising hamiltonian, the eigenvalue problem represented by Eq. 5 was solved
via statistical techniques, i.e. the WLA and REN algorithms (refer sections
3.4 and Appendix A.2). Both the WLA and REN algorithms provide a way to
extract system information in terms of the energy eigenlevels and their respective
degeneracies. Table 1 compares the number of distinct eigenlevels for univariate
and bivariate Ising Hamiltonians. While the number of distinct eigenlevels for
a univariate case varies linearly with respect to the number of nodes (O(N)),
the variation for the bivariate is non-linear (O(N?)). The eigenstructure of a
system represented by a bivariate Ising hamiltonian is shown in Figure 2A. This
eigenstructure information allows determining the degeneracy (in logarithmic
scale) for each combination of interaction term —)" o;0; and lipid degree of

<ij>
order Y o; corresponding to a unique eigenlevel. Each discordant edge number

K3
corresponds to a constant value of the interaction term —) o;0;. The sum of
<ij>

the degeneracies along a discordant edge number correspond tjo the degeneracy
associated with an eigenlevel in the univariate distribution. Thus, the bivariate
prediction collapses to the univariate predictions as shown in Figure 2B.

Once the eigenstructure is obtained, information regarding the degeneracies
and eigenlevels required in Eq. 9 is obtained. With this information it is pos-
sible to prepare a system in an arbitrary initial non-equilibrium or equilibrium
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Figure 2: Eigenstructure of the lipid membrane, i.e. the information about all possible eigen-
levels and their respective degeneracies are predicted using statistical techniques (A-B). Eigen-
levels and their respective degeneracies (in logarithmic scale) for a 16x16 lattice represented
by a bivariate hamiltonian (A) . An eignestructure for a univariate Ising hamiltonian for a
16x16 lattice (B). SEAQT EOM uses the eigenstructure information to predict the evolution
of the eigenlevels of the lipid membrane relaxing from a state of non-equilibrium (-) to equi-
librium (—; C ) shown here for a 50x50 lattice. Evolution the lipid membrane system entropy
as it relaxes to an equilibrium state is visualized in an energy vs. entropy map (D). Note that
the units of energy and entropy are dimensionless here since they were normalized to J and
kp, respectively.
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state (see section Appendix A.3 for more details on preparation of initial state
and details of computation). A validation is carried out to investigate whether
or not the SEAQT framework can predict the relaxation of an isolated system
represented by the Ising Hamiltonian from a state of non-equilibrium to that
of stable equilibrium. An isolated system does not encounter any boundary
interactions, and, therefore, the expectation value of the system energy remains
invariant. The relaxation process from non-equilibrium to equilibrium is aided
by a spontaneous increase in system entropy due to entropy generation as would
be expected based on the second law of thermodynamics. The relaxation of the
isolated Ising system, predicted by the SEAQT EOM, is shown here both for
the univariate distribution (i.e., tracking only the probabilities associated with
the energy eigenlevels; Figure 2C-D) as well as the bivariate distribution (i.e.,
tracking the probabilities associated with both the energy eigenlevels as well as
the lipid degree of order; Figure A.2). The solution of the SEAQT EOM for the
state evolution of the Ising lattice provides the temporal evolution of the thermo-
dynamic system relaxing from a state of non-equilibrium to equilibrium and its
prediction of equilibrium state compares well with the equilibrium predictions
obtained from WLA. In addition to tracking the system in the energy-entropy
plane, bivariate predictions also allow temporal tracking of the system’s lipid
degree of order Figure A.2A-C. This is useful in modeling lipid membranes
perturbed with PEFs.

4.2. Thermal quenching of the lipid membrane

While the previous section successfully demonstrates the ability of the SEAQT
framework to predict the non-equilibrium and equilibrium states of an isolated
Ising system representing a lipid membrane, it is important to demonstrate that
an interaction with PEF and thermal reservoir can also be modelled. For the
latter, the focus here is on replicating the scenario of lipid membrane quenching
performed by Veatch et al. [11] and Honerkamp-Smith et al. [13, 12] to arrive
at the conclusion that lipid membranes have the same critical behavior as fer-
romagnets. This is important in deriving a scaled PEF parameter as will be
discussed in section 5.

Veatch et al. [11] performed quenching experiments on giant plasma mem-
brane vesicles (GPMVs) stained with DilC12 or fluorescent antibodies to track
the protein receptor F'ceRI. The GPMVs are placed between two glass coverslips
and observed under a fluorescent inverted microscope. Next, the temperature
of the system consisting of the GPMVs is either increased or decreased in steps
and the fluorescence of the lipid membrane measured after allowing 5-10 min of
equilibration following a temperature step. Spatial organization of the lipids on
the GPMVs are traced and images post-processed to obtain statistical measures
such as correlation lengths and line tensions. They report that all GPMVs un-
dergo a phase change, whereby at temperatures above a miscibility temperature
(recorded in the neighborhood of ~ 20°C) the GPMVs are heterogenous with
ordered and disordered phases seemingly appearing as a single phase. Below
the miscibility or critical temperature, the GPMVs experience phase separa-
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Figure 3: The evolution of the energy eigenlevel probabilities of a thermally quenched lipid
membrane represented by a univariate hamiltonian is shown in (A). The lipid membrane
follows a sequence of equilibrium states as seen by the traces along the stable equilibrium
predictions (B). The expected lipid degree of order is shown in (C). The time-frames shown
in (D-F) capture the evolution of the bivariate probability distribution as the lipid membrane
is quenched. Starting at a state with an expectation value for the lipid degree of order = 0
(D), the system finally equilibrates with the reservoir temperature and states are concentrated
towards the two extreme ends of the lipid order implying phase segregation or homogeneity

tion. Note that the value of the critical temperature (7.) is associated with the
critical point of the Ising system kBTC/J =2.3.

To replicate this experiment and to demonstrate the computational capa-
bility of the SEAQT framework to capture the Ising-like behavior of the bio-
membrane, the membrane represented by an Ising lattice is modeled interacting
with a thermal reservoir. Li and von Spakovsky introduce the concept of hypo-
equilibrium [23] and use it to generate a specific SEAQT EOM for a system
undergoing an interaction with a thermal reservoir [24]. If a system interacts
with a large thermal reservoir such that the specific heat of the reservoir is
much larger than that of the system (i.e., Creservoir > Csystem), then the EOM
represented by Eq. 9) reduces to

% =Pn {( —Inp,/gn — (s)) — B (en — (e})} (10)

where p,, g, and €, represent the probability, degeneracy, and energy, re-
spectively, associated with an eigenlevel of the system. (s) and (e) are the
expectation values of the entropy and energy, while the term A7 is inversely
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proportional to the temperature of the thermal reservoir (3% = 1 / kTr). The
system is prepared in a state of stable equilibrium and then allowed to interact
with the reservoir. The probabilities associated with the eigenlevels are then
predicted using the SEAQT EOM, Eq. 10.

The Figure 3A-C provides a representative prediction made by the SEAQT
model of lipid membrane quenching for the univariate case. The membrane is
represented by a 50x50 lattice. The system is initially at a stable equilibrium
state where the value of kgT / J = 3.5 and is then allowed to interact with a
thermal reservoir at 8% = 0.5 (i.e., 1/kpTr = 2). Interaction with the reser-
voir leads to a shift of the probability distribution towards energy eigenlevels
associated with lower temperatures Figure 3A. The membrane undergoes the
process seen on the energy-entropy plot Figure 3B. Note that although it fol-
lows a path of successive equilibrium states it is nonetheless an irreversible path
and not a quasi-equilibrium (i.e., reversible) path since movement along the
path is not restricted to very slow times. Interestingly, upon arrival at the crit-
ical point (t* = 0.084 in Figure 3A, two peaks of the probability distribution
appear, one on either side of the critical compositions. At this critical point, the
membrane is thrown out of equilibrium as seen in Figure 3B (albeit still close
to equilibrium). The probability distribution of the energy eigenlevels converges
to that of the stable equilibrium state at kT / J = 2 at which point the system
comes to its final state in the process. Since the process follows a sequence of
equilibrium states, the system lipid degree of order is expected to follow the
same behavior as those equilibrium values predicted by the Metropolis-Hastings
scheme Figure 3C.

To test whether or not the alteration in lipid degree of order is captured in
the bivariate predictions of the SEAQT model, another experiment is performed
to investigate the bivariate evolution of a 16x16 lattice interacting with a ther-
mal reservoir. A smaller lattice size of 16x16 for the bivariate case is chosen
here simply to minimize the computational costs for this illustration. For the
bivariate case, an initial state is prepared such that the membrane is initially
at a stable equilibrium state where kgT / J = 3.5 with the expected value of the
lipid degree of order equal to zero Figure 3D. The membrane is then allowed to
interact with a thermal reservoir at 8% = 0.4543 (i.e., 1/kpTg = 2.201) and the
probability distribution evolution predicted using the SEAQT EOM Eq. 10.
As in the univariate case, the bivariate predictions (Figure 3D-F) show the
membrane evolves towards the energy states associated with lower temperature.
Until the system arrives at the critical point, the membrane maintains a lipid
degree of order that equals zero. At and below the critical point, a splitting
is seen in the probability distribution (e.g., Figure 3F) with a dichotomy be-
tween the states with opposite values of the lipid degree of order. Thus, below
the critical point the probability distribution has two separate branches each
located at one extreme end of the lipid degree of order. This represents a phase
segregation in the membrane.

The SEAQT EOM correctly predicts the phase transition associated with
lipid membrane quenching. Note that in this section the phase transition from
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disordered to ordered states is brought about by a reduction in temperature
below a critical temperature. However, a phase transition may also be brought
about via a change in the composition. Thus, the critical point is a function
of both the temperature and composition, and this point is to be kept in mind
for the upcoming section, which is focused on understanding how PEF pulse
parameters influence the order of the lipid membrane. As will be discussed in
subsequent sections, this has implications for cell membrane criticality related
to cell signaling.

4.3. Prediction of lipid membrane behavior with PEF

In this section, the SEAQT framework is used to simulate lipid dynamics
perturbed with a PEF. We explore the meaning of the scaled PEF parameter
term ¢ as well as dimensionless time of exposure 7,,, and discuss how such a
scaling term may be derived using experiments. The initial state chosen for the
simulation is a challenging task since one has to justify its relevance to experi-
ments. It may be suggested that the initial condition be prepared to represent
two scenarios. First, an ordered state found below the critical miscibility point
Figure A.3A is considered. Second, a state with a non-zero lipid degree of or-
der that is found above the critical miscibility point is considered. As shown in
Figure A.3B, such a state of non-zero lipid order is not favored at equilibrium.
It is important to realize that critical point is a function of both composition and
temperature. While the criticality in plasma membrane of living systems such
as mammalian cells is achieved via alteration in composition (since temperature
is constant), from the perspective of an experimental setup with GPMVs/GUVs,
a thermodynamically favorable initial state is the only viable condition. As will
be discussed later, experimental findings from the GPMVs/GUVs can be extrap-
olated to living systems as has been showed by [11, 13]. Thus, the discussion
on the effect of PEF parameters is focuses on this thermodynamically favored
intial state, i.e. a preparation of the lipid membrane below the critical point at
a constant temperature. Note that all the results in this section are obtained
from the bivariate predictions of a 16x16 lattice.

4.8.1. Effect of scaled parameter term on lipid membrane criticality

A typical PEF pulse train used in this section is shown in Figure 4.3A.
First, the lipid membrane is exposed to a PEF pulse with constant € = 1 but
for varying time (7, = 0.125,0.25,0.5), i.e.,

1 7 < The
5:{ T=Tr (11)

0 7> Thw

The evolution of probabilities in dimensionless time is traced using the
SEAQT EOM described by Eq. 9. The final probability distribution obtained
at the end of each exposure is used to locate the states of the thermodynamic
system representing the membrane on the energy-entropy plane (Figure 4.3B).
Moreover, after exposure, the system is allowed to relax to equilibrium as shown
by the arrows in the figure. The interaction between the system and an external
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Figure 4: Effect of the PEF on the lipid membrane. The lipid membrane is exposed to
the PEF pulse represented in (A). SEAQT predictions of lipid membrane state treated with
varying exposure times 7p. (® : 0.125; ® : 0.25; @ : 0.5; B-D) and scaled PEF parameter
e(®: 05 ®: 1, ® : 2; E-F) of a single PEF pulse . The system is tracked in the
energy-entropy plane (7pw: B; e: E). In these energy-entropy representations, the state of the
membrane immediately after the pulse is at non-equilibrium but is allowed to relax (as shown
by the direction of the arrows) towards equilibrium. Normalized lipid degree of order of the
membrane, as predicted by the SEAQT EOM during the PEF exposure is shown for 7. in
(C). The states corresponding to equilibrium after PEF exposure predicted by the SEAQT
EOM are plotted relative to the lipid order versus kBT/ J curve for the equilibrium values
predicted by the Metropolis-Hastings scheme (7pw: D and e: F).
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field increases the energy of the system. Therefore, the higher the value of 7,
is, the higher the system’s expectation value of the energy at the end of the
exposure. Interestingly, there is a much larger sudden jump in the energy value
for a pulse width of 7,,, = 0.5 when compared to the other pulse widths. The
reason for this explained in the lipid degree of order vs. time plot predicted by
SEAQT (Figure 4.3C; arrows indicate when the PEF pulse was switched off
for the respective cases). In this plot, it is noted that while the PEF somewhat
alters the lipid degree of order for pulse widths 7,,, = 0.125 and 0.25, the PEF
pulse width 7, = 0.5 drastically reduces the order and pushes the system be-
yond the critical point. To relate the non-equilibrium to the equilibrium, the
equilibrium states obtained from relaxing the system after PEF exposure using
the SEAQT EOM are plotted on the figure for the lipid degree of order versus
kT / J curve obtained for the equilibrium values predicted by the Metropolis-
Hastings scheme (Figure 4.3D). This plot conveys that the membrane exposed
to a single PEF pulse of ¢ = 1 for 7,,, = 0.5 is brought to the same state as
increasing the temperature past the miscibility point kT’ / J>23.

We next simulated the lipid membrane exposed to a single PEF of varying
scaled paramter € (0.5, 1, and 2) and a constant exposure time 7,,, = 0.25 but
with the same initial condition as the case of constant e, i.e.

* < 0.2
o e T°<0.25 (12)
0 7 >0.25

The thermodynamic state of the membrane on the energy-entropy plane for
the different exposures is shown in Figure 4.3E. As in the case of varying values
of T,,, the higher the value of € is the higher the system’s expectation value
of energy at the end of the exposure. There is a sudden and drastic jump in
the energy value for € = 2, indicative of a system that has been pushed beyond
a critical point. This is validated when the lipid degree of order is traced in
time (data not shown). It is seen that ¢ = 2 drastically reduces the order
and pushes the system far beyond the critical point as shown in Figure 4.3F.
Note that these simulations were performed with a constant value of J, but the
observations will be invariant for the normalized paramter € / J. Furthermore,
two pulse trains will have the same effect on the lipid membrane if the scaled
parameters € / J and 7,,, are same. Thus, data from two different PEF exposures
performed on two different lipid systems (e.g. from those extracted from MDA-
MB-231 vs. DCIS.com as in Figure 1) may not be reliably used to form a
scaling law due to variance in their miscibility points. The importance of this
in terms of developing a scaled PEF parameter is discussed in section 5.

4.8.2. Effect of multiple pulses

To explore the impact of multiple pulses, the lipid membrane is subjected
to a pulse train consisting of 3 pulses, each € = 1 and 7,,, = 0.25. The interval
between pulses is 7% = 0.25. This pulse train is shown in Figure 5A. The
lipid membrane is at the same initial state as the previous section is used,
and is represented by state 1 on the energy-entropy diagram (Figure 5B).
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Figure 5: Effect of multiple PEF pulses is not additive. Multiple pulse PEF pulse train (A).
The thermodynamic state of the lipid membrane is visualized in the energy-entropy plane
(B). Initially at a state below the critical point (1), the lipid membrane is exposed to three
pulses. The thermodynamic states corresponding to A are shown on the energy-entropy plane
(B). Note that state 7 results from the system relaxing to equilibrium after reaching state 6.

Immediately after the first pulse, the membrane is described by state 2 which
relaxes to state 3. The next pulse pushes the system across the critical point and
to state 4. Following relaxation to 5, the system is pushed to a higher energy
state at 6. The membrane is allowed to relax to an equilibrium distribution
at 7. Note that the energy jumps due to the PEF pulse from 1 to 2, 3 to 4,
and 5 to 6 are not equal. This highlights that multiple pulses induce effects on
the lipid membrane that cannot be understood by a linear extrapolation of our
understanding developed from a single pulse, and draws attention to a possible
unreliability of a scaling law that includes pulse numbers. The behavior of the
membrane (synthetic or living) is captured by the Ising hamiltonian and non-
linearity /linearity of the PEF pulse number effect depends on the initial state
as well as the critical miscibility point of the system.

5. Discussion

5.1. PEF induced lipid membrane poration/permeation as a phase change phe-
nomenon

PEF induced permeabilization of the lipid membrane has been explained
via an Arrhenius rate equation, whereby the rate at which the pores form de-
pends on an activation energy barrier as well as the temperature [49]. Thus,
increasing temperature increases the permeability of the lipid membrane induced
by an electric field. Experiments on GPMVs/GUVs demonstrate that electric
field induced pores are more likely to be formed in fluid phases rather than
gel phases, i.e. transmembrane potential required for poration in gel phases is
higher than fluid phases [50, 51]. Experiments analogous to Kraske and Mount-
castle [26], discussed in section 2.1, were performed for electrically perturbed
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lipid membranes in which increasing cholesterol content in vesicle membranes
reduced the electric field induced pore formation [52]. In this study, we show
that cholesterol content in mammlian cells dictate their susceptibility to usPEFs
(Figure 1). As pointed out, such observations have also been made for nsPEFs
[28]. In mammalian cells, cholesterol rich ordered domains exist as shown in
(Figure 1C). Exposure to PEFs may induce changes in lipid order and loss
of ordered domains, as have been observed experimentally using fluorescent
trans-parinaric acid imaging in yeast cells exposed to an usPEF [53]. Note that
lipid peroxidation is one hypothesized mechanism behind such an observed loss
of order [54]. Based on these observations we proposed to view PEF induced
poration/permeation of the lipid membrane as a phase change phenomenon,
whereby a critical point is determined by both composition and temperature.
Furthermore, observations that the lipid membrane behaves like a ferromagnet,
made us propose the bivariate Ising hamiltonian as a model to capture the lipid
dynamics perturbed by PEF, whereby the effect of PEF is captured by a scaled
parameter e.

5.2. SEAQT based proposed experimental designs to scale PEF parameter space

To determine the form of the scaled parameter e, we simulated lipid mem-
brane represented by an Ising hamiltonian using the SEAQT EOM. First, the
eigenstructure of the Ising lattice was determined using WLA and REN algo-
rithms, and validation of SEAQT solution strategy determined via prediction
of relaxation dynamics of an isolated Ising system (Figure 2). We demon-
strate that SEAQT can reliably predict the phase changes obsereved in lipid
membranes during thermal quenching (Figure 3). The SEAQT predictions of
PEF perturbed lipid membranes were then reported. In all of these SEAQT
predictions, the system state is shown to evolve in a dimensionless time 7* and
value of interaction term J assumed to be constant. As discussed in section
2.2, 7* is the dimensionless time defined by the ratio of the actual time and
the relaxation time (7* = ¢/7). Relaxation times for GPMVs/GUVs exposed
to PEFs have been measured via fluorescence microscopy and are in the order
of ms-s [55, 8]. Comparison between experimental studies performed on GP-
MVs/GUVs and SEAQT predictions is required for determining an appropriate
choice of relaxation time, and is proposed as a future work. The determination
of the interaction term J for a given membrane is simple given the Ising-like
behavior under thermal quenching. The miscibility temperature T.is obtainable
for a given membrane. This is related to the interaction term J by the simple
expression for criticality kgT, / J = 2.3, where kpis the Boltzmann constant.

The predictions of PEF perturbed lipid membrane show that the phase tran-
sition can occur with variation of both 7,, and ¢ (Figure 4.3). At first look
these two parameters would appear to be analogous to PEF pulse width and
amplitude. However, certain precautions must be taken to declare them such.
First, the value of 7,, is dependent on the relaxation time 7 chosen. It may
then be related to the pulse width (¢py) via Tpy = tpy /7. The dimension of €
is that of energy (or dimensionally M L>T~2), whereas the dimensional form of
PEF amplitude (unit: V/cm) is M LT 3171, Thus, although € is analogous to
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PEF amplitude, the form of this term will include amplitude and a term whose
dimensional form will be LTI. Based on the dimensional form, this additional
term would involve charge and could incorporate impedance or conductivity
of the membrane with some algebraic manipulations. However, an exact form
will require rigorous experiments. Furthermore, it is important to note that
the value of interaction term J changes with alterations in the critical tem-
perature (GPMVs extracted from different mammalian cell lines had T.ranging
from 15°C-25°C). Thus, two PEF pulses will be equivalent only if they have
the same value of € / J. Finally, our data reveal that the effect of multiple pulses
cannot be obtained by a simple addition or linear extrapolation performed on
the impact of a single pulse. Furthermore, scaling terms using pulse numbers
N (such as a scaling term oc N5 in [5]) may not be reliable since the effect
of pulse is dependent on the initial state of the lipid membrane as well as the
critical point. The Ising hamiltonian captures the non-linearity that arises from
the pulse numbers, as shown in Figure 5 .

We speculate that the Ising model based scaling of the PEF parameter will
also allow determining appropriate PEF induced pore sizes in living cells. Ex-
periments on GUVs exposed to PEFs have have revealed electropores that are
in the orders of pm, which is three orders higher than what is observed in living
cells. All systems that follow the two-dimensional (2D) Ising universality class
have the same relationship of correlation length (£) and temperature given by
& =¢&7T./(T —T.) where | T — T, | provides a distance of the system from the
critical temperature. Fluorescent microscopy measurements on GUVs/GPMVs
have been used in the literature [13, 12] to derive a term defined as the structure
factor, which is akin to the magnetic susceptibility y in the Ising model. The
structure factor behaves as given by x = xoT./(T — T.)"/*. Using the concept
of scaling the existence of nanometer sized ordered domains in living cells have
been explained from observations made on GUVs where only pm sized domains
are seen. For example, a measured correlation length of 1 pm at a temperature
of 23.7°C that is a slightly above (0.3°C) the critical temperature of 23.4°C for
a GUV can be extrapolated to provide an estimate for a living cell membrane
if one accounts for the difference in physiological temperature 37°C and critical
temperature 23.4°C. A direct scaling can be performed to estimate the corre-
lation length to be x = 1lpym x0.3°C / 13.6°C = 22 nm at the physiological
temperature. Such a scaling approach can be taken to provide approximations
of pore sizes induced by different PEF pulse trains.

Thus, once a form of the scaled PEF parameter is € is known, experiments
with only one type of PEF pulse train (e.g. yusPEF) will be enough to derive
information about another PEF parameter space. Furhtermore, the equivalent
pulses will always induce comparable effects on the plasma membrane regardless
of whether on synthetic or living cell membrane. This can be powerful, since
mechanistic understanding developed in one space (e.g. peroxidation effects
using nsPEF) can be extended to another (e.g. H-FIRE).
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5.8. Extension of scaling law to other cellular compartments

The inclusion of transmembrane protein and actin cytoskeleton interaction
influences rate of electric field induced pore formation on the lipid membrane
[56, 52]. For example, experiments on PEF exposed GUVs with actin networks
have smaller pores and larger resealing times when compared to those GUVs
without actin networks [55]. Interaction between the cytoskeleton and the lipid
membrane is important in restricting phase separation, and has been modeled
as an Ising model with cytoskeleton created as Voronoi structures on the Ising
lattice [57]. While such a mathematical representation hasn’t been modelled
here, implementaion of kinetic Monte Carlo strategy may be used as has been
shown recently for PEF induced integrin clustering [58]. Interaction of actin
cytoskeleton with the lipid membrane is important for not just PEF induced
pore formation, but also downstream effects on organelles [59, 60]. Thus, a
scaling strategy with actin cytoskeleton interactions may be possible in the
future. Cellular behavior is known to be different when comparing monolayer
(2D) to 3D cultures. Testing the scaling law in 2D and 3D cultures will be part
of future work, and beyond the scope of this paper.

The thermodynamic SEAQT model for electrically perturbed lipid mem-
brane predicts a unique kinetic path following the assertion that the direction
nature chooses at every instant of time is that of steepest entropy ascent. Sev-
eral variational principles have been postulated as candidates for describing ir-
reversible processes in cancerous and non-cancerous metabolism, including the
minimum entropy production [61, 62] and the Constructal theory [63, 64]. Al-
though the maximum and minimum entropy production principles seem to con-
tradict each other, they do not. Directed design such as in the case of a system is
an example where the overall entropy production is minimized to achieve an op-
timal parameter space. However, there is much evidence to suggest that nature
chooses to proceed in the direction of steepest entropy production, with some
arguing that the objective function is based on a configuration or self-assembly
[65]. Thermodynamic models based on these objective functions or Constructal
theory have been used to optimize the use of electromagnetic field to decrease
cancer cell invasion and proliferation [66].

6. Conclusion

Pulsed electric fields or PEFs offer to be an attractive modality for cancer
therapeutics and tissue regeneration. However, the boon of achieving different
cellular responses by altering PEF parameters is also the bane for this modal-
ity due to the vast parameter space. This huge parameter space represents a
bottleneck to explore mechanistic questions as to how PEFs influence cell be-
havior. We provide a solution to this conundrum via the development of scaling
laws based on thermodynamics and system hamiltonian. We demonstrate the
approach for lipid membranes, and provide insights for future experiments and
computational efforts.
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Appendix A. Appendix name

Appendiz A.1. PEF setup
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Figure A.1: Illustration of the experimental setup for delivering usPEF (A). Prediction made
via a finite element simulation in COMSOL software. The distribution of electric field, as
predicted by a finite element simulation performed in COMSOL software, is shown in (B).
Contour lines connect areas of same electric field strengths.

Appendiz A.2. WLA and REN algorithm details

Appendiz A.2.1. Wang-Landau algorithm (WLA)

The WLA is a histogram technique, proposed by Fugao Wang and David
P. Landau, to extract information about the degeneracy associated with energy
eigenlevels. As opposed to the unbiased random walker approach, which is more
likely to visit energy eigenlevels that have higher degeneracies, the WLA adopts
a Metropolis-Hastings based sampling whereby a random walk is accepted if
the move is towards an energy level that has been sampled less times than the
current one. Mathematically, a transitional probability p,—,; (from state i to
j) is defined in the same manner as that for the Metropolis-Hastings algorithm
such that p;; = mm{ggjg,l} where the term g(FEj)(k = 4,7) is the total
number of times the random walker has accessed the k' energy eigenlevel. If
the transitional probability is greater than a random number drawn from a
uniform distribution, the random walker’s move is accepted. Every time a move
is accepted, the term ¢(Eqcceptea) is multiplied by a modification factor f, and
a histogram count h(Egccepted) is increased by one. The WLA starts with a

value f = e! for the modification factor and reduces it by half every time
a histogram flatness (i.e., nﬁﬁf@) > 0.8 — 0.9) is reached. The histogram is

reset when the value of the modification factor changes, while the total count
g is retained. The algorithm is run until the value of f ~ 0 (practically to a
tolerance value such as 10~8). Note that the WLA is non-Markovian although it
adopts a transitional probability that has a form similar to that of the Markovian
Metropolis-Hastings algorithm. The WLA biases the random-walker according
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to the recorded number of times eigenlevels have been accessed, and, therefore,
the history of the random walker dictates the convergence rate.

Appendiz A.2.2. Ren-FEubank-Nath (REN) algorithm

Using a WLA to obtain energy eigenlevel and degeneracy information for the
bivariate case is very challenging since it entails performing random walks in
two dimensions, one for the energy and the other for the lipid degree of order. In
other words, a Monte Carlo scheme to track both the energy and configuration
of the system must be devised. Alternately, the approach proposed by Ren,
Eubank and Nath (REN) can be used. It is based on graph theory and constructs
a parallel scheme to estimate bivariate distributions in a fashion inspired by the
Moore-Shannon network reliability approach.

Briefly, the work by Ren et al. [47] expresses the partition function of the
bivariate Ising Hamiltonian in the same form as the reliability of an interaction
network consisting of vertices and edges such that:

M N
Z(8, B, J) = PIMFuBN) Z Zg(k’ v) 2Bk +nB)
k=0v=0

where g(k, V) is the degeneracy associated with a state with k discordant
edges and v the the number of spins up. J and B have the same meaning as those
used in Eq. 1, and 8 = 1/k:BT. Moreover, the bivariate degeneracy g(k,y)
is related to the conditional probability p(k|v) of finding a given discordant
edge number £ if the number of spins up is v: g(k,u) = p(klv) (JIY) In this
relationship (]l\/]) is the combination of N nodes taken v at a time. Thus, Ren
et al. [47] propose estimating the conditional probability p(k|v) using a Monte
Carlo technique that incorporates Kawasaki spin-exchange (i.e., swapping spin
locations rather than spin flips to conserve the ). o; to a given number). By
its inherent design, the REN algorithm unlike the WLA is parallel since one
may run simulations for different values of )", o; simultaneously. However, the
REN does encounter the same issues as in a naive Monte Carlo technique to
correctly predict the probability of energy eigenlevels with lower degeneracies
especially towards the tail of the energy spectrum. To counter this, Ren et al.
suggest adopting a similar strategy as WLA. In this approach, a transitional
probability (p;—;) from a state defined by discordant edge number ¢ to another
state j but having the same number of spins up (or ), o; =constant) is defined

as: pij = min{ Zé,]:jlll;; , 1}. The choice of this transitional probability allows

the random walker to access states that would otherwise be very difficult to
access. Just as with the WLA, a modification factor, f, whose value is chosen
to be el at the start of the simulation, is reduced by half every time the least
value in the histogram is 1 after a certain number of Monte Carlo sweeps. The
histogram is reset when the value of the modification factor changes, while the
total count g is retained. The algorithm is run until the value of f ~ 0 (e.g., to a
tolerance value such as 10~%). However, the REN algorithm uses the histogram
in a different way than the WLA since just as with the WLA, there can be a
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debate on how to decide the appropriate number of Monte Carlo sweeps upon
which the histogram criterion is checked.

During the implementation of REN for this work, it was observed that al-
though one needs to only run a simulation for spin numbers v = 3 through N/2,
the geometries associated with the lowest discordant edge numbers for v = 3
through N/4 have a distinct spatial pattern compared to those associated with
the lowest discordant edge numbers for v = N/4+ 1 through N/2. Starting the
random walk in geometries associated with the former lowest discordant edge
numbers drastically improves the convergence rates of the algorithm (highlight-
ing the non-Markovian nature of the algorithm). Similarly, for v = N/4 + 1
through N/2, starting the random walk alternatively at geometries associated
with the highest and lowest discordant edge numbers allows faster convergence.

Appendiz A.3. Preparation of initial states and details for SEAQT simulations

A non-equilibrium state of the system is prepared by generating a probability
profile F'(e), where the variable € is the energy eigenlevel. A profile could be
prepared by a single Gaussian function or the superposition of multiple Gaussian
functions. A vector X is then determined such that the following conditions hold:

Z )\lF(Q) =1

<€> = )\1F(€7)€1

These conditions make sure that the probabilities associated with each en-
ergy eigenlevel sum to unity and that the value of the expected system energy
(e) is chosen such that the probability distribution associated with that value
at stable equilibrium is known a-priori from the WLA prediction. Upon solv-
ing for the vector \, the probability for each eigenlevel may be obtained, i.e.,
p; = MiF(€;). An example of a non-equilibrium state prepared using the afore-
mentioned approach is shown in Figure 2C in which a univariate distribution
at dimensionless time t* = 0 is shown for a 50x50 lattice.

To prepare a bivariate distribution, i.e., construct a distribution of both
energy and lipid degree of order, the univariate distribution obtained from the
aforementioned methodology is multiplied with another function G(k, ¢;), which
is a function of the discordant edge number k and the lipid degree of order ¢;
such that the summation of probabilities along a discordant edge is unity, i.e.,

The function G(k, ¢;) may assume the shape of a Gaussian along a discor-
dant edge number k. An example of a non-equilibrium state prepared using
this approach is shown in Figure A.2A in which a bivariate distribution at
dimensionless time t* = 0 is shown for a 16x16 lattice.

The system of equations represented by Eq. 9 is solved using the MATLAB
suite of ordinary differential equation (ODE) solvers. For a 16x16 lattice, a
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Figure A.2: SEAQT prediction of the temporal evolution of the bivariate distribution. The
bivariate distribution of probabilities prepared as the initial condition (¢* = 0) is shown
for a 16x16 lattice system in (A). Note that the preparation is made such that the expected
system energy is associated with a stable equilibrium temperature that is higher than the non-
dimensional critical temperature (kT/J 72.3). The system relaxes to a bivariate distribution
(t* = 4.6) that is associated with an expected lipid degree of order of 0 (B). The temporal
variation of the absolute value of the normalized (i.e., divided by N = 256) lipid degree of
order is shown in (C). The temporal evolution of the univariate distributions obtained by
summing over the discordant edge numbers in the bivariate distribution is shown in (D).



Appendix A.4 Preparation of initial states for PEF perturbed lipid membrane28

Runge-Kutta integration scheme implementation, ODE45, is used. Note that
the system represented by Eq. 9 for larger systems, such as the 50x50 lattice,
becomes highly stiff due to the order differences in the values of degeneracies
and probabilities. Thus, the stiff-solver ODE15s, based on an implicit scheme, is
used. Moreover, for the bivariate cases in this chapter, a lattice of 16x16 is used.
This is because with increasing lattice size the differences in magnitude in both
the degeneracies and the probabilities in the SEAQT EOM also increase, thus
making the system highly stiff. Even a moderately sized lattice such as a 32x32
grid requires over 1 TB of RAM in order to be solved using the ODE15s solver.
The extension of the bivariate predictions to larger lattices is left for future work
and may using multi-grid methods to solve for a non-sparse Jacobian.

As to convergence to stable equilibrium, this is detected via three check-
points. First, the derivative of the probabilities with respect to time is calcu-
lated. If the time rates of change of all system probabilities are negligible (e.g.,
< 107%) the system is acceptably close to stable equilibrium. Moreover, the
variation of entropy with respect to time can also be monitored (the rate of
change of entropy As > 0). The third checkpoint is to compare the predicted
probability distribution to that predicted by the WLA for the given value of
expected system energy.

Appendiz A.4. Preparation of initial states for PEF perturbed lipid membrane
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Figure A.3: Two representative initial conditions tested here. The membrane can be below
the critical point where the non-zero lipid order is favored (A) or above the critical point
where it is not favored (B).
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