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Abstract—Determining the rate region of a network is of
great importance in the research area of network coding. Lots
of attempts have been made and significant progress has been
achieved over the last decade on this topic. Although these
researches provide us with multiple ways of calculating the
outer or inner bounds of rate region, the sheer complexity of
the problem, which involves expressing and projecting a very
high dimensional polyhedra, makes it computationally infeasible
beyond networks with 10s of edges.

Aimed at reducing the complexity of the rate region calcu-
lation, in this paper a new theorem that implicitly determines
the rate region of a network is proved and a corresponding
systematic way of applying the theorem to calculate explicitly
the outer bounds to a rate region is proposed. Compared with
the traditional method, the proposed method has the potential to
calculate the true rate region via the projection of simpler poly-
hedra that has exponentially less dimensions and is characterized
by exponentially less facets.

Index Terms—network coding cuts, rate regions, complexity
reduction

I. INTRODUCTION

Determining the rate region of a network is of great
importance in the research area of network coding. Lots of
attempts have been made and significant progress has been
achieved over the last decade on this topic [1]–[4]. From an
applied perspective, understanding network coding problems
will help us to determining the fundamental limits as well
as to constructing practical designs that approach them, for
engineering problems range form index coding [5], [6], coded
caching [7] to distributed storage system [8]–[11], to delay
mitigating codes and delay tradeoffs for streaming information
[12]–[14]. Although these researches provide us with multiple
ways of calculating the outer or inner bounds of rate region,
the sheer complexity of the problem [15], which involves
expressing and projecting a very high dimensional polyhedra,
makes it computationally infeasible beyond networks with 10s
of edges.

Aimed at reducing the complexity of the rate region calcu-
lation, in this paper a new theorem that implicitly determines
the rate region of a network is proved and a corresponding
systematic way of applying the theorem to calculate explicitly
the outer bounds to a rate region is proposed. Compared
with the traditional method, the proposed method has the
potential to calculate the true rate region via the projection
of simpler polyhedra that has exponentially less dimensions
and is characterized by exponentially less facets. This enables
our new method to finish way sooner than the traditional one

when tested on rate region calculation software. Besides, an
inductive argument is given at the end of the paper to show
that there are infinitely many networks that our new method
can be applied upon.

II. BACKGROUND

This paper focuses on multi-source multi-sink network cod-
ing problems on acyclic networks with directed hyperedges,
which we hereafter refer to as the MSNC problems.

A. MSNC Network
The purpose of a network is to capture a structure of

information exchange whose goal is to enable some sink
demands to be met. Thus, the MSNC network studied in this
paper is defined primarily to indicate what must be encoded
from what, and what must be capable of being decoded from
what, in a series of message exchanges.

Definition 1. (MSNC network) A MSNC hyperedge network
A is a directed hyperedge graph defined as a tuple A “

pS, E , T ,Q,Wq with S, E and T indicating three different
types of hyperedges, Q and W indicating two different types
of nodes. In particular, S “ t1, ...,Ku is defined as labels of
source messages, E “ tK ` 1, ...,K ` Lu as labels of edge
messages, T Ď 2S as labels of sink demands. Each node g in
the network is labeled as an order pair of incoming messages
inpgq Ď S YE and outgoing messages outpgq Ď pS YEqzinpgq

as g “ poutpgq, inpgqq. Let G be the collection of all the node
g in network A, then the labels of sink nodes (decoders) W
is defined as W “ tg P G|outpgq P T u, while the labels of
intermediate nodes (encoders) Q is defined as Q “ GzW .
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Figure 1: Network A that contains 3 sources and 9 edges
Take the network A in Fig.1 as an example to help readers

understand the above defined notations. A is a 3-source 9-
edge network with source messages labelled as S “ t1, 2, 3u,
edge messages labelled as E “ t4, ..., 12u, sink demands are
labelled as T “ tt2, 3u, t1, 2u, t1, 3uu. An intermediate node



g1 P Q is denoted as g1 “ pt1, 2, 3u, t4uq, a sink node t1 P W
is denoted as t1 “ pt10, 12u, t1, 3uq.

B. Valid Cut of A MSNC Network
The key definition introduced in this paper is so called the

valid cut. Unlike the traditional definition of cut [16], [17] that
partitions the nodes of a graph into two subsets such that all
source nodes are in one and all sink nodes are in the other,
the valid cut introduced in this paper is defined as follows,

Definition 2. (Valid cut) Let E “ S Y E be the collection of
all sources and edges of a MSNC network, a partition E “

A1YA2YAo is called a valid cut if the followings are satisfied:
1) A1 ‰ H, A2 ‰ H and Ao ‰ H.
2) toutpgq, inpgqu Ď 2E1 or toutpgq, inpgqu Ď 2E2 , @g P Q Y

W , where E1 “ Ao Y A1, E2 “ Ao Y A2.
3) S Ď E1 or S Ď E2, where E1 “ Ao YA1, E2 “ Ao YA2.

As shown in Fig.2 is a valid cut of the network in
Fig.1, where A1 “ t1, 2, 3u, A2 “ t7, 8, 9u and Ao “

t4, 5, 6, 10, 11, 12u.
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2

<latexit sha1_base64="KABtTuE2bHd1XLi8DfYY+6Pgzgs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fNaql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH65jL4=</latexit>

3

<latexit sha1_base64="DdtsWfuzZvbL9/tABw5b9KuAZUM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+qldK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIA9jL8=</latexit>

4

<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

5

<latexit sha1_base64="QyeKjtcccGTAW7bnU7zx5/heZvU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1KuNiql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AINFjME=</latexit>

6

<latexit sha1_base64="DODAioN1aV47MlpLY60K+xzXZHM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/apXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYTJjMI=</latexit>

7

<latexit sha1_base64="giF3LQyUwW7gWtJSKXqND7u4SEw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNBo9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRKtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIZNjMM=</latexit>

8

<latexit sha1_base64="xftMMpF5HVACqgqnH1COskfCSX8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVylfNyql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIfRjMQ=</latexit>

9

<latexit sha1_base64="qV6SSawWX+riVt9azcom4ZFdIfc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRL0FvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5sl4pVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A4lVjMU=</latexit>

10

<latexit sha1_base64="lElyhjbwv9PI53xFimw0qV1tMYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vK9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+sKjPc=</latexit>

11

<latexit sha1_base64="yZyl2fEiXTS7VZ87/HtQgNHigu4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1a9vK9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+yOjPg=</latexit>

12

<latexit sha1_base64="8HS3ZA7TfWAxeAZvWCRD5N8/pi0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2revXqxV290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+4SjPk=</latexit>
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<latexit sha1_base64="iKMp//HpfeFGyW/wfcQRWvvDrpQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNiNET0GvXiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ36zSeujYjVI44S7ke0r0QoGEUrPZTPL7qFoltyZyDLxMtIETLUuoWvTi9macQVMkmNaXtugv6YahRM8km+kxqeUDakfd62VNGIG388O3VCTq3SI2GsbSkkM/X3xJhGxoyiwHZGFAdm0ZuK/3ntFMNrfyxUkiJXbL4oTCXBmEz/Jj2hOUM5soQyLeythA2opgxtOnkbgrf48jJplEtepXR5XylWb7I4cnAMJ3AGHlxBFe6gBnVg0IdneIU3RzovzrvzMW9dcbKZI/gD5/MHWR6NMQ==</latexit>

1, 2

<latexit sha1_base64="JpsXdmh/fvFwMSP+1PNU9vn2vIk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiOgx6MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHryLSq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVspetXx5Xy3VbrI48nACp3AOHlxBDe6gDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDVhSNLw==</latexit>

1, 3

<latexit sha1_base64="/yU8Y9yD+2+I9BiMjXOs8ZGwh88=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRvQY9OIxonlAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDv1m09cGxGpRxzH3A/pQIm+YBSt9OCdXXSLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1rPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpnJe9SvnyvlKq3mRx5OEIjuEUPLiCKtxBDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHV5iNMA==</latexit>

Figure 2: Network A and a partition of E “ S Y E that forms
a valid cut, where A1 “ t1, 2, 3u, A2 “ t7, 8, 9u and Ao “

t4, 5, 6, 10, 11, 12u.

C. Region of Entropic Vectors Γ˚
E and the ˆ

Ş

operator
Definition 3. (PMF, marginalization operator and region of
entropic vectors Γ˚

E) For two sets A and B, we will denote
by AB “ tx |x : B Ñ Au. Let the ground set E Ď N index a
set of |E| finite discrete random variables (RVs), and let

∆E “

$

&

%

pE

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

X Ď N, pE : XE Ñ r0, 1s
ÿ

xEPXE

pEpxEq “ 1

,

.

-

(1)

be a set of valid joint probability mass functions (PMFs) for
these RVs paired with their ranges. For any such joint PMF
pE P ∆E and any subset A Ă E define the marginalization
operator M : ∆E ˆ 2E Ñ

Ť

AĎE ∆A with
MppE , Aq “ ppA,XAq, (2)

with,
pApxAq “

ÿ

xE P XE s.t.
xEpeq “ xApeq @e P A

pEpxEq (3)

define the function ĥE : ∆E Ñ R2E such that for any A Ď E,

ĥEppEq : A ÞÑ ´
ÿ

xAPXA

pApxAq log2 ppApxAqq (4)

The entropy region for the ground set E will be the image of
the set of all joint PMFs ∆E under this this map ĥE

Γ˚
E “ ĥEp∆Eq (5)

Denoted as h “ rhpAq|A Ď Es P Γ˚
E an entropic vector in

Γ˚
E .

Definition 4. (The ˆ
Ş

operator) For two subsets P1 Ď RA1

and P2 Ď RA2 of Euclidean space, the pasting operator ˆ
Ş

is defined as,

P1 ˆ
č

P2 “

$

’

&

’

%

f P RA1YA2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

D g1 P P1, g2 P P2 s.t :

fpaq “ g1paq,@a P A1

fpbq “ g2pbq,@b P A2

,

/

.

/

-

(6)

D. Rate Region of A MSNC Network
Given a MSNC network A “ pS, E , T ,Q,Wq, denoted

as Ys, s P S and Ue, e P E the discrete random variables
representing source messages and edge messages respectively.
Let ω “ rωs|s P Ss and r “ rRe|e P Es be the source rates
and edge rates respectively, where ωs ď HpYsq denotes the
slack variables on source entropy and Re ě HpUeq the edge
capacity. The rate region RcpAq of a network A is defined as
follow,

Definition 5. (rate region of a network) The rate region RcpAq

of a network A is the collection of all achievable rate vectors
r.

As was originally proved in [2] and later extended in
[18], RcpAq can be determined implicitly from the following
equation,

RcpAq “ projr,ωpconpΓ˚
E X L12q X L34q (7)

where conpBq is the conic hull of B, and projr,ωpBq is the
projection of B onto the coordinates r, Lij indicates the
intersection of spaces Li and Lj with each of which denoted
as,

L1 “ trr,ω,hs| hpSq “
ÿ

sPS
hptsuqu (8)

L2 “ trr,ω,hs|hpoutpgq|inpgqq “ 0, @g P Qu (9)
L3 “ trr,ω,hs|hpoutpgq|inpgqq “ 0, @g P Wu (10)

L4 “

#

rr,ω,hs

ˇ

ˇ

ˇ

ˇ

ˇ

hptsuq ě ωs, @s P S
hpteuq ď Re, @e P E

+

(11)

This paper studies a closely related outer bound Ro
cpAq of

RcpAq,
RcpAq Ď Ro

cpAq “ projr,ωpΓ˚
E X LAq (12)

where LA “ L12 XL34 denoting the collection of all network
constraints of A. . We can infer from corollary 1 and footnote 1
in [19] that RcpAq is strictly equal to Ro

cpAq if Γ˚
E “ conpΓ˚

Eq.
As explained in [20], an outer bound of RcpAq can be

obtained by replacing Γ˚
E in (7) with its outer bound. For

example, let ΓE be the Shannon outer bound of Γ˚
E , then the

corresponding outer bound RpAq to the rate region is given
by



RcpAq Ď Ro
cpAq Ď RpAq “ projr,ωpΓE X LAq (13)

The problem with calculating RpAq is that is involves project-
ing a very high dimensional polyhedral cone, which makes
it computationally infeasible beyond networks with 10s of
sources and edges.

E. Main Results
There are three main results in this paper. Firstly a new

theorem that implicitly determine the rate region is proposed
in section III and is proved in detail in section IV. Then a
systematic way of applying the theorem to calculate explicitly
the outer bound to a rate region is proposed in section V. For
some MSNC networks (for example the network in Fig.1), our
method involves the projection of a exponentially simpler
polyhedra than the traditional method of calculating RpAq in
(13). Finally in section V-C, we show that there are infinitely
many networks where our new rate region calculation method
can be applied upon.

III. DEFINITIONS AND PROBLEM FORMULATION

Consider a MSNC network A “ pS, E , T ,Q,Wq with E “

S YE denoted as the set of source and edge labels. Define the
following,

Definition 6. Let E “ E1YE2 and E1XE2 ‰ H and denoted
as 2E1 Y 2E2 the union of two power sets, define.
1)

Ge
E1,E2

“ Γ˚
E1

ˆ
č

Γ˚
E2

(14)

so that

Ge
E1,E2

“

$

&

%

h P R2E1Y2E2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Dh1 P Γ˚
E1

, h2 P Γ˚
E2

:
hpAq “ h1pAq, @A Ď E1,
hpAq “ h2pAq, @A Ď E2

,

.

-

(15)
2) Define the following region

R1
onepAq “ projr,ωpGe

E1,E2
X LAq (16)

where,
LA “ L1 X L2 X L3 X L4

Condition 1. Let E “ A1 Y A2 Y Ao be a set partition, and
E1 “ A1 Y Ao E2 “ A2 Y Ao. For any two entropic vectors
h1 P Γ˚

E1
and h2 P Γ˚

E2
, if

h1pAq “ h2pAq, @A Ď E1 X E2

then we can find a joint PMF pE over the ground set E with
h “ ĥEppEq such that,

#

h1pAq “ hpAq, @A Ď E1

h2pBq “ hpBq, @B Ď E2

Theorem 1. For a network A with the set of source and edge
variables denoted as E, if there exists a non-empty partition
E “ A1YA2YAo, with E1 “ A1YAo and E2 “ A2YAo such
that: 1) A1, A2 and Ao forms a valid cut and 2) Condition 1
are satisfied. Then we must have,

Ro
cpAq “ R1

onepAq (17)

This theorem will be proved in Section IV. Notice that
although in this paper it served as a premise of Theorem 1,

Condition 1 itself is of important theoretical value. Readers
who are interested may refer to (the other ISIT 2021 draft of
ours) for more details where we proved Condition 1 is true
for some special cases.

IV. PROOF OF THEOREM 1

Lemma 1. For a network A with the set of source and edge
variables labeled as E and a non-empty partition E “ A1 Y

A2 Y Ao, let E1 “ A1 Y Ao and E2 “ A2 Y Ao we have
proj2E1Y2E2 pΓ˚

Eq Ď Ge
E1,E2

(18)

Proof. (Proof of Lemma 1) Pick an arbitrary vector v P

proj2E1Y2E2 pΓ˚
Eq, then we can find a vector h P Γ˚

E such
that v “ proj2E1Y2E2 phq, which means,

vpAq “ hpAq,@A Ď E1 or A Ď E2 (19)

By definition of Γ˚
E , h is a limit point of Γ˚

E , so we can
find a sequence of entropic vectors phnqnPN in Γ˚

E that
limnÑ8 hn “ h. Create from phnqnPN and h the following
terms,

k “ rkpAq|kpAq “ hpAq,@A Ď E1s (20)

l “ rlpAq|lpAq “ hpAq,@A Ď E2s (21)
kn “ rknpAq|knpAq “ hnpAq,@A Ď E1s, @n P N (22)
ln “ rlnpAq|lnpAq “ hnpAq,@A Ď E2s, @n P N (23)

It is not hard to see that by the above construction, pknqnPN
and plnqnPN are sequence of entropic vectors and that,

lim
nÑ8

kn “ k (24)

lim
nÑ8

ln “ l (25)

which implies that k P Γ˚
E1

and l P Γ˚
E2

. Now combining
(19), (20) and (21) we have,

vpAq “ kpAq,@A Ď E1 (26)

vpAq “ lpAq,@A Ď E2 (27)

which then implies that
v P Γ˚

E1
ˆ
č

Γ˚
E2

“ Ge
E1,E2

So we have v P projhp
pΓ̄

˚

Eq implies that v P Ge
E1,E2

, which
ends the proof. ■

Lemma 2. For a network A with the set of source and edge
variables labeled as E and a non-empty partition E “ A1 Y

A2 YAo such that condition 1 is satisfied, let E1 “ A1 YAo

and E2 “ A2 Y Ao we have
proj2E1Y2E2 pΓ˚

Eq Ě Γ˚
E1

ˆ
č

Γ˚
E2

(28)

Proof. (Proof of Lemma 2) Pick an arbitrary vector v P

Γ˚
E1

ˆ
Ş

Γ˚
E2

, then we can find a pair of vectors h1 P Γ˚
E1

and h2 P Γ˚
E2

such that
vpAq “ h1pAq,@A Ď E1 (29)
vpAq “ h2pAq,@A Ď E2 (30)

which implies that,

h1pAq “ h2pAq,@A Ď E1 X E2 (31)



By condition 1 we can find a joint PMF pE over the ground
set E with h “ ĥEppEqsuch that,

#

h1pAq “ hpAq, @A Ď E1

h2pBq “ hpBq, @B Ď E2

(32)

Now, combining (29), (30) with (32) we have
v “ proj2E1Y2E2 phq P proj2E1Y2E2 pΓ˚

Eq (33)

So we have v P Γ˚
E1

ˆ
Ş

Γ˚
E2

implies that v P proj2E1Y2E2 pΓ˚
Eq,

which ends the proof. ■

Lemma 3. For a network A with the set of source and edge
variables labeled as E and a non-empty partition E “ A1 Y

A2 YAo such that condition 1 is satisfied, let E1 “ A1 YAo

and E2 “ A2 Y Ao we have
proj2E1Y2E2 pΓ˚

Eq Ě Ge
E1,E2

(34)

Proof. (Proof of Lemma 3) Apply Lemma 2 and take closure
on both sides of (28), which gives

proj2E1Y2E2 pΓ˚
Eq Ě Γ˚

E1
ˆ
č

Γ˚
E2

(35)

Notice that,

Γ˚
E1

ˆ
č

Γ˚
E2

Ě Ge
E1,E2

(36)

proj2E1Y2E2 pΓ˚
Eq Ě proj2E1Y2E2 pΓ˚

Eq (37)

So we have,
proj2E1Y2E2 pΓ˚

Eq Ěproj2E1Y2E2 pΓ˚
Eq

ĚΓ˚
E1

ˆ
č

Γ˚
E2

ĚGe
E1,E2

■

Proof. (Proof of Theorem 1) Let E1 “ A1 YAo, E2 “ A2 Y

Ao

Ro
cpAq “ projr,ωpΓ˚

E X LAq

T1
“ projr,ωpproj2E1Y2E2 pΓ˚

E X LAqq

T2
“ projr,ωpproj2E1Y2E2 pΓ˚

Eq X LAq

T3
“ projω,rpGe

E1,E2
X LAq

“ R1
onepAq

(38)

where T1 holds because projections can be done gradually by
projecting out first the dimensions not in 2E1 Y 2E2 and then
the dimensions not in r; T2 holds because it can be implied
from the definition of valid cut that each inequality or equality
that defines LA will act only on dimensions in 2E1 Y 2E2 ; T3

holds because combining Lemma 1 and Lemma 3 we have

proj2E1Y2E2 pΓ˚
Eq “ Ge

E1,E2
■

V. APPLICATION OF THEOREM 1

The following 4 questions will be addressed in this section:
1) How to apply Theorem 1 to rate region calculation? 2)
What is the advantage of applying Theorem 1 compared with
the traditional way of calculating RpAq to determine the rate
region? 3) How many networks are there such that a valid cut
exists? 4) What if Condition 1 is really hard to verify and
even to be false in some cases?

A. How to Apply Theorem 1
In general, R1

onepAq can not be calculated directly due to
the fact that Γ˚

E1
(or Γ˚

E2
) is non-polyhedral when |E1| ě 4 (or

|E2| ě 4). So to apply Theorem 1, we followed the same trick
as (13) to substitute Shannon outer bound of Γ˚

E1
(and Γ˚

E2
)

into (16) and obtained an outer bound RonepAq of R1
onepAq

as,
R1

onepAq Ď RonepAq

“ projr,ω
´

proj2E1Y2E2

´

ΓE1
ˆ
č

ΓE2

¯

X LA

¯

(39)

After calculating RonepAq, we then test to see if RonepAq is
the true rate region (achievability proof). Notice that for the
achievability proof it is suffice to show that all the extreme rays
of RonepAq are achievable, the rest of non-extremal rays can
be achieved by time-sharing between the codes that achieve
the extreme rays.

B. The Advantage of Applying Theorem 1
The basic idea is that computing RonepAq is in general

faster than computing RpAq, which is due to the fact that
ΓE1

ˆ
Ş

ΓE2
may have exponentially less dimensions and

inequalities than ΓE . For example for the network A shown
in Fig.2, ΓE1 ˆ

Ş

ΓE2 is a 29 `29 ´26 ´1 “ 959 dimensional
polyhedra cone that is characterized by 2p9 `

`

9
2

˘

27q “ 9234
inequalities while ΓE is 212 ´ 1 “ 4095 dimensional and
contains 12 `

`

12
2

˘

210 “ 67586 inequalities. To directly
compare the difference in terms of computational complexity,
we tested our ideas on ITCP [21], a rate region computation
software, and found that for the network A in Fig.2, while
RonepAq turned out to be equal to RpAq, it took less than
10 minutes to calculate RonepAq but more than 24 hours to
calculate RpAq.

C. Infinitely Many Networks Where a Valid Cut Exists
When moving from theory to application, one of the natural

questions to ask is how many instances are there satisfying the
premise of a theorem. To show that the power of Theorem 1 is
not limited by the requirement of valid cuts, in this subsection
we offer an inductive argument to show that there are infinitely
many networks where valid cut exists.
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<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

2

<latexit sha1_base64="KABtTuE2bHd1XLi8DfYY+6Pgzgs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fNaql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH65jL4=</latexit>

3

<latexit sha1_base64="DdtsWfuzZvbL9/tABw5b9KuAZUM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+qldK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIA9jL8=</latexit>

4

<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

1

<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

A1

<latexit sha1_base64="5gw5QJz/QtIWJ7U6BKKMMen673M=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakosuqG5cV7APaoWTSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2P7zK/PWFK80g+mmnMvJAMJQ84JcZKXi8kZkSJSG9mfbdfrjhVZw68StycVCBHo1/+6g0imoRMGiqI1l3XiY2XEmU4FWxW6iWaxYSOyZB1LZUkZNpL56Fn+MwqAxxEyj5p8Fz9vZGSUOtp6NvJLKRe9jLxP6+bmODaS7mME8MkXRwKEoFNhLMG8IArRo2YWkKo4jYrpiOiCDW2p5ItwV3+8ippXVTdWvXyoVap3+Z1FOEETuEcXLiCOtxDA5pA4Qme4RXe0AS9oHf0sRgtoHznGP4Aff4AoGSSAw==</latexit>

A2

<latexit sha1_base64="JoTAp37AQtQaykEIUNZ4CJPdzvQ=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klGD2iXjxiIkgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32b+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT69n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtWrVy/u65XGTV5HEU7gFM7Bg0towB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDoeiSBA==</latexit>

Ao

<latexit sha1_base64="d4sQ5pqBNmiWLNc33XkGKXB/hg0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdVNy4r2Ae0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfju8xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6c2sL/vlilt150CrxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp7NSL9E0xmSMh7RrqcAR1X46Dz1DZ1YZoFAq+4RBc/X3RoojradRYCezkHrZy8T/vG5iwms/ZSJODBVkcShMODISZQ2gAVOUGD61BBPFbFZERlhhYmxPJVuCt/zlVdK6qHq16uVDrVK/zesowgmcwjl4cAV1uIcGNIHAEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8A/lySQQ==</latexit>

Figure 3: Network A1 and a valid cut with A1 “ t1u, A2 “

t3u and Ao “ t2, 4u

Take the network A1 shown in fig.3, which is arguably the
simplest network such that a valid cut exists, as the base case
in our inductive argument. Two dotted rectangle boundaries are
introduced as helper lines to separate the figure into 3 disjoint



areas A1, A2 and Ao. Collecting the network variables within
each area into a set, then we have three disjoint sets A1 “ t1u,
A2 “ t3u and Ao “ t2, 4u obviously forms a valid cut of the
network.

The key of our inductive argument is to define proper
network extensions such that any network extended from the
base network A1 is also a premise-satisfied network. To do this
let’s first define the notion of proper sources, proper edges and
proper nodes.

Definition 7. A source s is proper source if s P A1. An edge
e is proper if e satisfies EXACTLY one of the followings: e P

A1 or e P A2 or e P Ao. A node g is a proper node if its
outgoing and incoming messages satisfy AT LEAST one of the
followings: pinpgq Y outpgqq X A2 “ H or pinpgq Y outpgqq X

A1 “ H.

Then we argue that the premise-satisfied extension can be
achieved by adding proper sources, proper edges and nodes.
As shown in fig.4 is such an example where the network A2 is
extended from A1 by adding one proper source 5, proper edges
6, 7 and proper nodes g1, g2 and t1. Notice that now the set
Ai associated with area Ai becomes A1 “ t1, 5u, A2 “ t3u

and Ao “ t2, 4, 6, 7u and one can easily verify that they also
form a valid cut.
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Figure 4: Network A2 and a valid cut with A1 “ t1, 5u, A2 “

t3u and Ao “ t2, 4, 6, 7u

Now, to finish our inductive argument, let’s assume that Ai

is a premise-satisfied network extended from A1 by adding
proper sources, nodes and edges, and let A1, A2 and Ao be
those three distinct areas associated with Ai,1, Ai,2 and Ai,o

respectively. Let Aj “ pSj , Ej , Tj ,Qj ,Wjq be the network
extended from Ai by adding finite number of proper sources,
proper edges, and denoted as Aj,1, Aj,2 and Aj,o the set of
network variables associated with A1, A2 and Ao respectively
after extension and let Ej,1 “ Aj,1 YAj,o, Ej,2 “ Aj,2 YAj,o.
Firstly, It is not hard to see that Aj,1, Aj,2 and Aj,o forms a
partition and each of them is not an empty set. What’s left is
to show that:

B.1 toutpgq, inpgqu Ď 2Ej,1 or toutpgq, inpgqu Ď 2Ej,2 , @g P

Qj Y Wj

B.2 Sj Ď Ej,1 or Sj Ď Ej,2

To show B.1, consider that any node g P Qj YWj is a proper
node so we have pinpgq Y outpgqq X A2 “ H or pinpgq Y

outpgqq XA1 “ H, which implies that toutpgq, inpgqu Ď 2Ej,1

or toutpgq, inpgqu Ď 2Ej,2 . To show B.2 consider that any

proper source s P Sj is a proper source, so we have s P A1,
which implies that Sj Ď Aj,1 Ď Ej,1.

A generate network of such is shown in Fig.5 to help readers
better visualize the above proved extension process.
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Figure 5: A general network extended from A1 that a valid
cut exists
D. The Uncertainty of Condition 1

In a companion manuscript [22] we prove an infinite series
of situations in which Condition 1 holds. More broadly, even
when condition 1 is not satisfied for a valid cut, an outer bound
is still obtained. Indeed if we assume only the existence of a
valid cut but not Condition 1, then based on Lemma 1, T3

in (38) changes from “is equal to” to “is a subset of”, which
gives,

Ro
cpAq Ď R1

onepAq (40)

Now combining (39) with (40) we have,
Ro

cpAq Ď R1
onepAq Ď RonepAq (41)

So one can see that no matter Condition 1 is assumed or not,
RonepAq is an outer bound of Ro

cpAq, the systematic way of
first computing RonepAq and then determining if it the true
rate region is still valid.

VI. CONCLUSION

In this paper, a new theorem that implicitly determines
the rate region of a network is proved and a corresponding
systematic way of applying the theorem to calculate explicitly
the outer bounds to a rate region is proposed. Compared with
the traditional method, the major advantage of our method is
that for some networks it is suffice to project an exponentially
simpler polyhedra to obtain their true rate region. An inductive
construction shows that there are infinitely many networks
where the proposed method can be applied upon.
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