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Abstract: 

This work presents a new method for processing single crystal semiconductors designed 

by a computational method to lower the process temperature. This research study is based on a 

CALPHAD approach (Thermo-Calc) to theoretically design processing parameters by utilizing 

theoretical phase diagrams. The targeted material composition consists of Bi–Se2–Te–Sb 

(BSTS). The semiconductor alloy contains three phases, hexagonal, rhombohedral-1, and 

rhombohedral-2 crystal structures, that are presented in the phase field of the theoretical pseudo-

binary phase diagrams. The semiconductor is also evaluated by applying Hume-Rothery rules 

along with the CALPHAD approach. This method yields promising results suggesting the 

possibility of significantly lower temperature single crystal growth of BSTS at 350C. The 

evaluation extends to include identification of phase equilibria such as solidus lines, liquidus 

lines, solubility limits, and chemical reaction points. 
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Introduction:

 Using topological insulating materials for quantum computing is a promising emerging 

technology that will have vast implications on industry and society as a whole [1]. For decades, 

computers have been developed to be smaller in size, faster in operation, and larger in memory 

size [2]. However, as transistors reach the nanometer scale, low dimensional phenomena such as 

tunneling become more problematic, and radical alternative approaches, such as quantum 
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computing, must be considered. Quantum-matter heterostructures have emerged as a versatile 

approach for controlling quantum states in materials [2]. 

Advanced semiconductor devices use heterostructure as a building block because of the 

precise control over the states and motions of charge carriers. The heterostructure advantages 

stem from harvesting a unique design where a thin layer of material grows on a different thin 

layer of material that has different bandgaps and lattice constants providing an easy tunneling 

effect for the carriers to promote quantum wells [3]. The heterostructure can be synthesized by an 

epitaxial growth process such as molecular beam epitaxy, liquid phase epitaxy, and chemical 

vapor deposition. In our previous studies, BiSbTeSe2 (BSTS) alloy was proven to be an excellent 

candidate for a 3D topological insulator utilizing the heterostructure approach because each layer 

provides a unique set of properties that when combined promote the quantum hall effect [4-6]. The 

theoretical predictions suggest that the interior of a topological insulator material sample works 

like an insulator, while the exterior, namely, the metallic surface, has a Dirac cone dispersion and 

a helical spin structure [7]. Despite the availability of other compounds that serve as a good 

topological insulator, BSTS was favored because it provides a stable platform for characterizing 

without disturbing the bulk electron states [8].

 Quantum computers need special topological insulator materials to optimize their 

capacity [9]. BSTS single crystals have drawn researchers’ attention because of the Dirac 

quantum hall effect [10]. Consequently, BSTS single crystals have been studied by many 

researchers because they offer unmatched opportunities for creating new novel quantum state 

possibilities [11]. The manufacture of quantum-matter heterostructures relies on the exfoliation of 

thin sections of high-quality materials, such as single crystals [12]. Many researchers have 

attempted to make BSTS single crystals through trial-and-error high-temperature synthesis. To 
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date, there are only limited reports of process design principles despite the requirement for 

improved purity, control of composition, larger crystals, and reduced energy consumption upon 

synthesis. 

In other fields such as solid-solution strengthening, thermodynamic modeling is used 

regularly to guide synthesis and provide process design principles [13]. For example, the simple 

Hume-Rothery rules provide a starting point for alloy design via solid-solution strengthening. 

The four rules are: If the solute is more than 15% different in size from the solvent, the solubility 

of the species is limited. If the solute has a large difference in electronegativity, then the solvent 

forms intermetallic compounds and limits the alloy solubility. If the solute and the solvent have 

the same valence, complete solubility occurs; otherwise, solubility would be limited. Lastly, if 

the solute and solvent have different crystal structures, then solubility would be limited. These 

rules work best for binary alloys but can be extended to even more complex systems if these are 

treated as a pseudo-binary alloy where the composition is held constant (the solvent) except for 

the addition of one constituent (the dopant). The generation of pseudo-binary diagrams is non-

trivial and relies on the aid of thermodynamic modeling such as CALPHAD (Computer 

Coupling of Phase Diagrams and Thermochemistry) Thermo-Calc software. CALPHAD allows 

researchers to compute thermochemical properties and phase diagrams [14]. These computations 

are precise and accurate to a high degree. A study performed by Fetzer comparing the phase 

diagrams of experimental data versus the CALPHAD approach to determine the precession of 

thermodynamic properties and phase fields for Mg alloys. He concluded that the CALPHAD 

approach precisely predicted his experimental data [15]. 

Polycrystalline materials have limits and cannot perform as required because of the 

formation of grain boundaries that reduce electron mobility because of electrostatic potentials 
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and lattice mismatch [16]. Grain boundaries are also susceptible to enhanced corrosion because of 

their higher energy state. Single crystals, on the other hand, have excellent corrosion resistance 

and enhanced electronic mobility that have made these materials staples for modern 

semiconductor industries [17]. Topological insulator single crystals have recently been employed 

in heterostructure architectures because of enhanced electron transport, control of specific crystal 

orientation, and interfaces [18]. The synthetic techniques used for these topological insulating 

single crystals are quite varied and span zone melting, Czochralski method, Bridgman method, 

saturated solution growth, flux method, and others [19].

The literature review shows that a common temperature for single crystal growth of 

BSTS is in excess of 850C without thermodynamic justification [20-21]. BSTS is composed of 

several toxic elements with dangerous health implications for those exposed [22-25]. Consequently, 

relying on a high-temperature synthesis route has potential disadvantages because of the ease of 

contamination that is possible because of the excessive volatilization of low-melting-point 

constituents. In addition, most single crystal growers use quartz ampoules to isolate the BSTS 

materials from oxidation during crystal growth, and tube rupture is a regular concern. A tube-

rupture formula can determine the ampoule thickness needed to withstand the internal pressure 

generated because of interior component volatilization [26]. Note that the formula cannot be used 

when the internal pressure exceeds 100 psi = 6.89 bar. 

The boiling point of Se is 685C; therefore, increasing the temperature up to 850C 

causes the partial pressure to increase inside the ampoule, making it a pressurized vessel and a 

fire hazard. Figure 1 presents theoretical data for BSTS elements and their partial pressure while 

varying the temperature described by Clausius–Clapeyron equation [27-29]. The Se partial pressure 

after 650C is very large, while the partial pressure of Se at 850C is 5.9 bar, which is equal to 
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85.57 psi and very close to the boundaries of the internal pressure ampule formula with a value 

of 6.8 bar resembled by the critical point line in red. A potential solution is to have a thicker 

ampoule wall to sustain the pressure, but the pressure that the ampoule would withstand needs to 

be calculated to ensure it passes the safety requirement for the growth. Even so, a thicker 

ampoule still would be pressurized, meaning the hazard still exists, and upon failure, the results 

would be catastrophic. Thus, the main recommendation is to lower the processing temperature, 

preventing pressure from increasing inside the ampoule without losing efficiency or increasing 

growth time, but to date, no recommendations exist for what temperatures would satisfy the 

thermodynamic growth requirements for BSTS. 

Figure 1: The Clausius–Clapeyron equation has been used to describe the relationship 

between temperature and vapor pressure for the BSTS system elements starting from 500C to 

900C with ampoule thickness as a third axis. (CP) is the critical point at which the ampoule 

equation limits at and (AT) is the ampoule thickness of quartz tube.

In this work, we set out to establish design principles for growing BSTS at low 

temperatures by leveraging thermodynamic modeling. We hypothesized that it is possible to 
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grow high-quality BSTS single crystals at lower temperatures and that this modeling approach 

can be used to better understand how the elements interact with each other and form the 

compound(s) of interest. We show that growth conditions can be reduced from 850C to as low 

as 350C. Moreover, we show that this lower temperature processing route can provide better 

control over composition and therefore a higher quality BSTS single crystal under safer 

conditions because of reduced Se volatilization.  

 

Methods 

Thermodynamic modeling was carried out by using CALPHAD software provided by 

ThermoCalc. Psedo-binary phase diagrams were constructed for the BSTS system with a fixed 

ratio of 1:1:1:2 for the elements Bi-Sb-Te-Se respectively. Specifying the condition at which the 

material to be grown (temperature from 0° to 650° with 1 ATM and composition from 0% to 

30% because our composition lies on a 10% line for Bi–Sb–Te and 20% for Se). The program 

then runs the calculation for the binary subsystems (Bi–Sb, Bi–Se, Bi–Te, Sb–Se, Sb–Te, Te–Se) 

crossing the data with Gibbs free energy data to create the final result as a pseudo-binary phase 

diagram where the ratio of the elements is fixed except for one element where it will help to 

draw the phases as a function of composition vs temperature.

The property model calculator predicts material properties based on their chemical 

composition and temperature. The calculator can compute the driving force, interfacial energy, 

liquids and solidus temperature, amount of phases, and phases activities, thus graphing the 

properties as contour plots or thermal maps [31]. For the BSTS alloy, the interest was to calculate 

Gibbs’ energy of formation plotted as a thermal map and amount of phase formation plotted as a 

contour plot. Any desired property would be calculated and shown as a third axis while the main 
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calculation would be done as a function of temperature versus composition. For convenience, all 

properties are shown by selecting the temperature to be from 0° to 600° while varying Bi mole%. 

The Hume-Rothery four rules of solid-solution strengthening evaluation were utilized for 

the BSTS alloy where each pair of elements were evaluated (Bi–Sb, Bi–Se, Bi–Te, Sb–Se, Sb–

Te, Te–Se). Moreover, The Clausius–Clapeyron equation has been used to describe the 

relationship between temperature and vapor pressure for the BSTS system ln (𝑃1

𝑃2) =
‒ ∆𝐻𝑣𝑎𝑝

𝑅

, where P1 is the known vapor pressure at a known temperature in (atm),P2 is the vapor ( 1
𝑇1
‒

1
𝑇2)

pressure of interest in (atm), T1 is the corresponding temperature for P1 in (K), T2 is the 

temperature of the point of interest in (K), ΔHvap is the enthalpy of vaporization in J/mol and R is 

the universal gas constant 8.314 J/(mol*K).The following is an example calculation of Se vapor 

pressure at 700°C. The known temperature and pressure at the Se melting point are T1 = 494 K 

and P1 = 1.283e-5 atm, respectively. Converting the temperature of interest from Celsius to 

Kelvin yields T2 = 973 K. The heat of vaporization is ΔHvap = 95480 J/mol, and the gas constant 

is R = 8.314 J/(mol*K). Solving for P2, P2 = 1.2 atm = 1.22 bar. ln (1.283e ‒ 5 
𝑃2 ) =

‒  95480
8.314

, solving for P2, P2 = 1.2 atm = 1.22 bar. In addition, the internal pressure of an ( 1
494 ‒

1
973)

ampoule formula is   , where S is hoop stress in (Pa), P is working pressure in (Pa), r is 𝑆 =
𝑃 ∗ 𝑟
𝑡

inside radius of the ampule (mm) and t is ampoule wall thickness.

Scheil simulation is a solidification calculator for estimating the solidification range of an 

alloy and the phases formed at various temperatures shown as a contour plot. It offers a precise 

prediction of the diffusion in the solid state, solidification range of an alloy, phase formation, and 

composition in comparison to equilibrium solidification calculation. The plot is usually used 

Electronic copy available at: https://ssrn.com/abstract=3920963



8

heavily in steel-making processes. Also, it can calculate the alloy segregation profile as a 

composition concentration gradient from the liquid phase to the solid phase. The equation used is 

, where Cs is the concentration of solute in the solid, C0 is the initial 𝐶𝑠 = 𝑘 ∗ 𝐶0(1 ‒ 𝑓𝑠)𝑘 ‒ 1

concentration of the liquid. fs is the fraction solidified and k is the partition coefficient.

Results and Discussion 

BSTS is a quaternary alloy that has been analyzed based on the Hume-Rothery rules. The 

evaluation of all binary systems of the BSTS yielded 33.3%, meaning that the BSTS alloy results 

in a multiphase alloy that in terms of a solid solution, strengthening is unfavorable because 

multiphases tend to make the material brittle. However, the alloy was designed intentionally in a 

way to utilize the multiphase structure to create a semiconductor material that has a property of a 

conductor through the bulk and an insulator on the surface. Table 1 shows the elemental 

properties that are necessary for the evaluation starting with atomic size [32]. The atomic size 

difference criteria for the BSTS alloy is 50% in favor of solid-solution strengthening where the 

binary alloys of BSTS (Bi–Te, Bi–Sb, Te–Sb) have satisfied the condition where the atomic size 

difference must be less than 15%. The crystal structure criteria for the BSTS alloy is 33.3% in 

favor of solid-solution strengthening. The crystal structure of Bi is the same as Sb, indicating 

high solubility can occur, and the same is true for Te and Se. However, limited solubility occurs 

between Bi(Te,Se) binary alloys, and the same is true for Sb(Te,Se) binary alloys because of 

crystal structure differences. The valence criteria for the BSTS alloy is 33.3% in favor of solid-

solution strengthening. The valence of the BSTS elements has the same conclusion as crystal 

structure criteria on predicting and evaluating solid-solution strengthening where Bi and Sb have 

the same valence and Te and Se have the same valence. However, Bi(Te,Se), Sb(Te,Se) binary 
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alloys have different valences that limit solubility. Lastly, large differences in electronegativity 

cause intermetallic phase formation that limits the solubility between elements. The 

electronegativities of the BSTS elements are marginally different and dictate that solubility is 

limited, resulting in multiphase formation. The binary phase diagrams presented in Figure 2 have 

been constructed by the CALPHAD approach to aid in evaluating the electronegativity criteria 

and to identify the possible phases. The results are summarized as follows: all species are going 

to form two phases (hexagonal-rhombohedral) except for the Te–Se binary forming one phase 

(trigonal).

Thus, Hume-Rothery rules predict that BSTS has poor solubility and leads to an alloy 

that contains multiphases. The possible phases that the binary phase diagrams suggested are 

hexagonal, rhombohedral, and trigonal. However, our system is quaternary and therefore we 

must construct pseudo-binary phase diagram as opposed to simple binary phase diagram.

Table 1: BSTS elements and their properties, where El is the elements, AR is the atomic 

radius, CR is the crystal structure, V is the valance, EN is the electronegativity, Rhom is the 

rhombohedral crystal structure, and Hex is the hexagonal crystal structure.   

Hume-Rothery Rules

Physical Properties  Atomic Size 
Difference %

Intermetallic 
Compound Formation 

El AR (pm) CS V EN  Bi Te Se Sb Bi Te Se Sb
Bi 155 Rhom 3 1.9 0 7.7 25.2 6.5
Te 143 Hex 4 2.1 7.7 0 18.9 1.4
Se 116 Hex 4 2.55 25.2 18.9 0 20
Sb 145 Rhom 3 2.05 6.5 1.4 20 0

All binaries have two 
phases except Te-Se 

has one phase

Binary phase diagrams of the BSTS alloy have been created to provide a fundamental 

understanding of the reactions of the elements with each other. As a common metallurgical 
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process concept, it is highly practiced that the alloy made is engineered to target the eutectic 

point where the elements will liquefy and get mixed lowering the temperature of the mixture 

melting point along the liquids line, as shown in some of the diagrams presented in Figure 2. 

Figure 2A, 2B, 2C and 2D are all simple eutectic binary phase diagrams with a eutectic 

temperature of 112°C, 200°C, 205°C and 363°C respectively suggesting a minimum processing 

temperature be above the eutectic point. Moreover, the stable phase field at room temperature is 

containing hexagonal and rhombohedral phases. Figure 2E has a spinodal decomposition phase 

filed slightly shifted to the right in favor of Sb content having two phases of rhombohedral. 

Above it the alloy has one rhombohedral phase. Figure 2F resembling an isomorphous phase 

diagram with a trigonal crystal structure. In addition, the gas phase form because of Se 

evaporation at roughly 688°C when having an alloy rich in Se. Hence, processing the sample at 

850°C can alter the stoichiometric ratio of the BSTS compound because of the higher probability 

of gas formation mainly from Se. Therefore, 650°C should be the maximum operating 

temperature.

B C

TeSbSe SeBi Bi
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Figure 2: Binary phase diagrams of the BSTS alloy. A binary phase diagram of (Bi–Se), B binary 

phase diagram of (Se–Sb), C binary phase diagram of (Bi–Te), D binary phase diagram of (Sb–

Te), E binary phase diagram of (Bi–Sb) and F binary phase diagram of (Se–Te).     

The analysis sequence started with constructing pseudo-binary phase diagrams followed 

by thermal mapping of thermodynamic properties of the phases created. The pseudo-binary 

phase diagrams can be analyzed to visually show the liquidus line that the crystal growth can 

start from. In addition, the graphs will indicate the stable phase at room temperature for the given 

composition of BSTS. Analysis of the pseudo-binary BSTS diagram shows a temperature of as 

low as 350°C where a single liquid phase exists. Therefore, single crystal growth could be 

achieved thermodynamically at 350°C as opposed to higher temperature. The analysis of all four 

pseudo-binary phase diagrams suggest that the stable phases at room temperature are hexagonal 

and two rhombohedral phases. Figure 3 presents the pseudo-binary phase diagrams where the 

initial parameters of temperature, pressure, and composition were modeled by Thermo-Calc 

software in accordance with the lab environment (P =1 atm, T =25°C) where the red vertical line 

represents the composition with a Bi–Sb–Te–Se ratio of 1:1:1:2.

D E F

Te TeSbSb SeBi
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Figure 3 presents the pseudo-binary diagrams of the BSTS alloy.

Clearly the pseudo-binary phase diagrams suggest that from a thermodynamic stand point 

multiple phases should form when growing the BSTS ratio of 1:1:1:2. Nevertheless, previous 

reports including our own all reported of a single phase of a BSTS single crystal. Therefore, it 

can be assumed that kinetics playing a substantial rule in formation of a phase over others. 

BA

C D
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Indeed, our analysis of gibs free energy of different phases shows very different stabilities for the 

phases hexagonal, rombahedral-1, and rhombahedral-2. Figure 4 shows thermal map of Gibbs 

energy for the BSTS. For example, at 300C, the hexagonal phase Gibbs energy is about –700 

kJ, as shown in Figure 4A, whereas the rhombohedral phase Gibbs free energy at the same 

temperature is about –175 kJ, as shown in Figure 4B. therefore, the hexagonal phase is four 

times more likely to form than the rhombohedral phase and could explain the sluggish kinetics of 

these competing phases as well as the growth of the hexagonal phase in the final crystal, growth 

is dictated by the kinetics factor which ultimately explain the growth of phase over the over. 

Figure 4: Thermal map of Gibbs free energy for the BSTS phases through various temperatures.  

The phase concentrations present at room temperature are found to be approximately 

around 70% hexagonal and 30% rhombohedral. It may perhaps be observed without straying too 

far afield from our primary focus that in experimental practice, this mixture of phases is avoided 

regularly. Very often, single phase growth is achieved. In our previous study done by Kyu et al., 

it has been ascertained that the single crystal grown has a rhombohedral crystal structure with 

space group R m [33]. Figure 5A shows the concentrations of phases created under various 3

temperature ranges. Also, the graph shows exactly the starting/ending point of a phase. Notedly, 

it indicates that some liquid will form around 125C and that the liquid amount is approximately 

BA C
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20% around 150C. However, for single crystal growth, the required starting amount of liquid 

needs to be 100%. In this study, Scheil simulation was used to show the critical point at which 

the phase starts to micro-segregate to form a solid phase in BSTS alloy [34-35]. Figure 5B shows 

interesting results. For example, starting at 320C, a full liquid BSTS forms a rhombohedral 

phase when cooled (red line), and during the cooling process, no sign of segregation is observed. 

At about 200C, a new phase forms and a small deviation occurs, separating the equilibrium line 

from the phase line where the micro-segregation starts (green line). The behavior of 

solidification changes around a 0.5 mole fraction nearly at 140C because the increase in 

hexagonal phase stability is roughly equal to six times the rhombohedral phase according to 

Gibbs free energy diagrams, where at higher temperatures it was around four times, as mentioned 

previously. 

 

Figure 5: Material phase properties of BSTS. Figure 5A contour plot of the phase concentrations 
vs temperature. Figure 5B Scheil simulation.

Conclusion

BA

Electronic copy available at: https://ssrn.com/abstract=3920963



15

 Hume-Rothery rules can predict solid-solution homogeneity formation accurately for 

binary alloys. Any elements can be used as substitutional elements or added to the mix 

once they follow the rules to predict their behavior. As for complex alloys, more methods 

such as the CALPHAD approach are needed to empower prediction accuracy. 

 CALPHAD approach has been used to determine the optimum conditions theoretically 

for BSTS single crystal growth and has given valuable insights about dominant phases 

and their quantity. 

 Scheil simulation provides an overview of the BSTS solidification process. 
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