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Reliable Low-Rank Approximation of Matrices
Detection Aided Multicarrier DCSK Receiver Design

Lin Zhang ", Senior Member, IEEE, Jieheng Zheng

Abstract—Multicarrier differential chaos shift keying (MC-
DCSK) systems transmit the reference chaotic signal for informa-
tion recovery to remove the complex synchronization circuit. How-
ever, transmission errors in the reference chaotic signal would in-
duce the error propagations when directly used for demodulations.
In order to address this issue, we propose alow-rank approximation
of matrices (LRAM) detection method to improve the reliability
performances. In our design, we exploit the low-rank characteristic
of MC-DCSK signals sharing the reference chaotic signal. Instead
of directly using the received reference chaotic signal for correlated
demodulation, we propose to apply the LRAM method to jointly
estimate the reference signal and the information-bearing signal.
We use the singular value decomposition and generalized LRAM
methods to minimize the distances between the estimates and trans-
mitted data. Thus, the signal-to-noise ratio (SNR) can be improved
to achieve lower bit error rate (BER). Moreover, theoretical BER
expression is derived and LRAM-aided system is proved to be
capable of proving the maximume-likelihood detection for received
signals. Simulation results demonstrate the BER performances of
our design outperform counterparts over additive white Gaussian
noise and fading channels.

Index Terms—Low-rank approximation of matrices (LRAM),
maximume-likelihood detection, multicarrier differential chaos
shift keying (MC-DCSK), reliability, singular value decomposition
(SVD).

1. INTRODUCTION

N THE past few decades, chaotic transmissions have been
I widely applied in wireless systems to enhance the security
performances and the antijamming capability [1] thanks to the
properties of chaotic sequences including being sensitive to the
initial value, nonpredictable and nonperiodic [2], [3]. Moreover,
the deterministic features of transmitted signals can be effec-
tively hidden behind apparent irregular chaotic behavior.

According to whether the reference chaotic signal is transmit-
ted, chaotic modulations are classified into coherent modulations
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and noncoherent modulations [4], [5]. Since noncoherent mod-
ulation schemes remove the complex chaotic synchronization
circuit required by the coherent chaotic modulation, they have
attracted more research interests.

Among noncoherent chaotic modulations, the differential
chaos shift keying (DCSK) [6] scheme demonstrates better
performances than another noncoherent chaotic modulation
scheme, which is correlation delay shift keying [7], and has
been widely investigated. However, as mentioned in [§], DCSK
systems have two main drawbacks. One is low energy and
spectrum efficiencies since only half the bit duration is spent
on the information transmission. Another is the need for radio
frequency delay circuit at the receiver, which is not easy to
implement in practical systems.

To address these issues, multicarrier (MC) transmission has
been applied in DCSK systems, and improved DCSK schemes
have been recently proposed in [8]—[11]. In these schemes, the
reference chaotic signal is transmitted over a predefined subcar-
rier frequency, and multiple data-bearing signals shared the same
reference are transmitted over the remaining subcarriers. Thus
the impractical delay circuit applied in the traditional DCSK sys-
tem is removed. Moreover, since multiple data-bearing chaotic
modulated signals share the same reference chaotic signal, both
spectrum and energy efficiencies are improved.

Thanks to these advantages, in recent years, many variants
of MC-DCSK have been proposed to improve the performances
further. For example, the carrier index DCSK (CI-DCSK) [12],
the permutation index DCSK (PI-DCSK) [13], and the commu-
tation code index DCSK (CCI-DCSK) [14]-[16] systems are
proposed to perk up efficiencies by utilizing the chip index of
chaotic sequences. Explicitly, in [12], the CI-DCSK systems
transmit more information in each bit duration by constructing
the one-to-one mapping between carrier activation patterns and
index symbols. Different from CI-DCSK, the PI-DCSK systems
[13] select one of the predefined reference sequence permuta-
tions to spread modulated symbols. In [14], orthogonal signals
are constructed by reverting the reference chaotic signals and
by transforming the reference to the orthogonal version with
the aid of the CCI. Besides, in [17], a low-complexity super-
position coding PPM-DCSK scheme is proposed for downlink
multiuser chaotic communications. In our recent research work,
we propose an overlapped chaotic chip position shift keying
system to enhance the security and the efficiency of MC-DCSK
systems [18]. Besides, we propose to utilize the frequency
and time diversity to enhance the security and the robustness
performances while not requiring channel state information to
be known at the receiver [19].

In order to enhance the reliability performances of MC-
DCSK systems, a few research works have been conducted. For
instance, the subcarrier allocated MC-DCSK (SA-MCDCSK)
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system [20] can achieve better bit error rate (BER) performances
by allocating more subcarriers to reference signals; thus the noise
of reference signal can be reduced by utilizing diversity at the
cost of bandwidth efficiency. In our previous work [21], we also
proposed a noise-suppressing chaos generator to enhance the
reliability performances for chaotic communication systems.

However, these methods for reliability enhancement require
to modify the transmitter structure. In our recent research work
[22], we proposed a generalized iterative receiver with no
requirement for transmitter structure modifications. With this
design, the reliability of information transmission is improved
by performing correlated demodulation with more reliable ref-
erence chaotic signal, since higher signal-to-noise ratio (SNR)
ratio could be achieved to enhance the BER performances.

Different from the existing improved chaotic modulation
schemes that require to modify the transmitter, or our iterative
receiver design requiring the feedback branch at the receiver,
in this article, neither modifications of transmitters nor the
feedback branch is required. In our design, unlike the traditional
receivers that directly recover the information with the refer-
ence chaotic signal received, we propose to apply the low-rank
approximation of matrices (LRAM) method to jointly retrieve
the reference signal and the information-bearing signal from
received signals. Explicitly, we propose to utilize the special low-
rank characteristic of transmitted MC-DCSK signal matrices to
detect the information-bearing chaotic modulated signals jointly
at the receiver. Only an additional detection module is added
to the MC-DCSK receiver to achieve the maximum-likelihood
detection of received signals.

In our design, we propose to attain the estimates using the
LRAM detection methods. Since one reference chaotic symbol
can be shared by part of or all the other information-bearing
chaotic modulated symbols at the MC-DCSK transmitter, the
transmitted signal matrix sharing the same one reference chaotic
signal will have a rank of one. Accordingly, at the MC-DCSK
receiver, the detected information-bearing chaotic modulated
signals are expected to have the rank as low as possible.

We first represent the received signals as the sum of the
information-bearing chaotic modulated signal matrix and a noise
matrix. Then, we utilize the LRAM detection methods [23]-
[26], including the singular value decomposition (SVD) and
the generalized low-rank approximations of matrices (GLRAM)
methods, to evaluate the information-bearing chaotic modu-
lated signals. Moreover, we provide the theoretical proof that
the LRAM detection aided system can achieve the maximum-
likelihood detection of reference chaotic signals, thereby attain-
ing the best BER performances for MC-DCSK systems. Sim-
ulation results demonstrate that the proposed LRAM detection
aided MC-DCSK receiver design achieves better reliability per-
formances over additive white Gaussian noise (AWGN) channel
and fading channels than benchmark schemes.

Briefly, the main contributions include the following.

1) We propose to utilize the low-rank characteristic of the

noncoherent MC-DCSK transmitted signals and propose
an LRAM detection aided MC-DCSK receiver to im-
prove the SNR of the reference chaotic signals and the
information-bearing chaotic modulated signals. As a re-
sult, reliability performances will be enhanced.

2) Two LRAM methods, i.e., the SVD and the GLRAM
methods, are utilized to recover the chaotic modulated
symbols at the receiver while not requiring to modify the
transceiver structure. Besides, we prove that the LRAM
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Fig. 1. Block diagram of the LRAM detection aided MC-DCSK transceiver.
(a) LRAM detection aided MC-DCSK transmitter. (b) LRAM detection aided
MC-DCSK receiver.

reception scheme can achieve the maximum-likelihood
detection of the reference chaotic signal.

3) We analyze the theoretical BER performances and com-
pare the complexity among the proposed system and
counterpart systems. Then simulation results are provided
over AWGN and fading channels to validate our design,
which demonstrates that our proposed receiver attains
better reliability performances than benchmark systems.

The rest of this article is organized as follows. Section II

presents the LRAM detection aided MC-DCSK transceiver, and
then Section III provides details of the proposed receiver and
two LRAM methods used for data recovery. Subsequently, we
provide the theoretical BER performance analysis and the com-
plexity analysis in Section IV, and the simulations are performed
in Section V to investigate BER performances over AWGN
channel and fading channels. Finally, Section VI concludes the
article.

II. SYSTEM MODEL OF MC-DCSK WITH RECEIVER BASED
ON LRAM

In this section, we will present the LRAM detection aided
MC-DCSK transceiver structure.

A. MC-DCSK Transmitter

In our design, the MC-DCSK transmitter structure remains
the same as that in [10] to be compatible with existing systems.

As shown in Fig. 1(a), on the one hand, the chaos generator
uses a second-order Chebyshev map [27] to generate a chaotic
sequence [z1, X2, ..., Lg] represented by

Ty =1 — 227, (1)
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where (3 represents the length of the chaotic sequence, xz,, is
the pth element of the chaotic sequence, z, € (—1,1), 1 =
1,2,..., 5, and z is the initial value predefined. Then, square-
root-raised-cosine filters are applied to combat the intersymbol
interference (ISI), which generates the chaotic spreading signal
x(t) expressed as

5
o(t) = apg(t — kT.) 2)
k=1

where T is the chip time and 5T, is the duration of a bit, and
g(t) is the square-root-raised-cosine filter.

On the other hand, the binary information bits are modu-
lated by the binary phase-shift keying (BPSK). Then, the se-
rial BPSK symbols are converted into parallel data sequence
[s1, 82, ..., 8n-1], where M is the number of subcarriers.

Subsequently, [s1, $2, . . ., Sa7—1] is modulated by x(¢). Then,
x(t) is transmitted via a single specific subcarrier, whereas the
chaotic modulated signals are transmitted over the remaining
M —1 subcarriers. Namely, the reference chaotic signal and the
information-bearing chaotic modulated signals are combined to
constitute the signal e(t) to be delivered over channels, which
is represented by [10]

M

e(t)=x(t) cos(2m frt+¢1)+ Y _ siax(t) cos(2 fit+;)

i=2

3)
where f; and ¢, represent the frequency and phase angle intro-
duced during the ¢th subcarrier modulation process. Note that
the items s, (¢) in (3) delivered via different subcarriers are
linearly correlated with each other, due to the modulation with
the same reference chaotic signal 2(t). Hence, the transmitted
signal matrix will have a rank of 1.

B. LRAM Detection-Based MC-DCSK Receiver

Fig. 1(b) shows the LRAM detection-based MC-DCSK re-
ceiver structure. At the receiver, the received signal can be
represented as

r(t) = /jc h(r,t)e(t — T)dr + n(t) 4)

o0

where 7(t) is the received signal and n(t) is the AWGN noise
with a variance of Ny/2 and zero mean. Additionally, h(T,t)
represents the channel response.
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For a fast frequency-selective fading channel, h(7,t) can be
expressed as a linear time-varying model [28] given by

L
h(r,t) =Y h(t)s(r — 7i(t)) 5)
=1

where h;(t) and 7;(¢) are the channel coefficient and the delay
of the Ith path. Meanwhile, L is the total number of paths. In
addition, for the slow fading channel, the channel response is ex-
pressed as h(7) = Zlel hid(T — 7;), whereas for the flat fading
channels, L = 1, thus we have h(7,t) = ho(¢)0(7 — 70(1)).

Then after the square-root-raised cosine filtering and sampling
every (37T, time slots, the resultant received symbols are repre-
sented as asymbol matrix R = [Rq, Ra, ..., Ry, wherein R4
represents the received chaotic signal, whereas R, ..., Ry
are received information-bearing chaotic modulated signals.
Moreover, the jth received symbol in R,,, over the multipath
fast fading channel, which is denoted by r; ,,,, can be expressed
as

L
Tjm = (Zhg-l)xrr}”) Sm 4 Njm 6)
=1

where j =1,2,....8,m=0,1,.... M — 1, h§l) andT;l),re-
spectively, denote the channel coefficient and the time delay of
the [th path, s,,, is the mth transmitted symbol, and s = 1 when
delivering the reference chaotic symbol.

Then, we write R as the summation of two matrices, which,
respectively, represent the information bearing submatrix B and
the noise submatrix N, i.e.,

R=B+N 7

where B is represented as (8), shown at the bottom of this page,
whereas N is denoted by

ni0 ni,mM-1
N=1": : : . )

nia

ngo Mgl ng,M-1

It can be seen from (8) that the first column vector is correlated
with the other column vectors; therefore, B has the rank of 1.
Then, we propose extract the estimate B of B from the received

symbol matrix R. Since the rank of B is 1, naturally B is
expected to have a rank as low as 1. Let b; represent the

ith column vector, ¢ = 1,2, ..., M, then the matrix B can be
obtained via the LRAM detection as
B = [by, by, ..., byl (10

M

=1

(.

M=

1

L
0 @
hﬁ xﬁ*‘l'él) (l§hﬁ :Cﬁi_r

Lo Lo Lo
Eh1 Ty_ ) Zhl Ty | St Ehl T | SM-1
=1 B =1 1 =1 !

T

hV g ih(l) (s S1-8 ) 8)
1T 0 P To_r® 051 SM—1
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Finally, the correlated chaotic demodulation is conducted with
b; obtained from the LRAM detection. Namely, for the ith

symbol, the demodulated symbol could be derived by b, - Bi+1.
Then, the symbol estimate can be obtained as

=§i = sgn(f)l . Bi+1) (11)

where i = 1,..., M — 1, sgn(-) is the function that returns an
integer indicating the sign of a number, and (-) means the inner
product operation.

III. LRAM-AIDED INFORMATION DETECTION DESIGN

In this section, we will present the LRAM-based detection
scheme, and prove the maximum-likelihood detection could
be achieved. Besides, two SVD and GLRAM methods are
presented.

A. LRAM-Aided Information Detection Design for
MC-DCSK Receivers

1) LRAM-Aided Detection Design: As presented in [29], the
optimal rank-k approximation of matrix R, i.e., B, can be
calculated by

B=a arg min HR BH =

argmln HB+N BH (12)
rank(B)=k

rank(B

where the Frobenius norm F of a matrix Z is given by ||Z||r =

NV j Zi;- As mentioned above, the rank of B is 1, the rank

of Bis expected to be as low as 1, namely rank(B) = k = 1.

To be more explicit, let b; and BJ, respectively, denote the jth
column vector of B and its approx1mat10n matrix B. Then, by
denotes the first column vector in B, and by is the approximate
value of the vector by in B given in (8), which corresponds to
the received reference chaotic sequence.

2) Proof of the Maximum-Likelihood Detection: Next, we
will prove that by solving argmin,, . g)_; |IR—B|, the
maximum-likelihood detection of the reference chaotic signal

can be achieved, i.e., we can obtain argming ||by — by |2
Namely, we will prove that
arg min HR BH = argmm Hb1 — b1H (13)
rank(B)=1
First, we prove Theorem 1.
Theorem 1:
M
arg min HR BH & argmax Z ( ) . (14

rank(B)=1 j=1

Proof: Under the condition of rank(B) = k =1, by apply-
ing the square operation, (12) can be expressed as

arg min HR BH & argmin ‘
rank(B)=1 ran k(B) 1

& argmin HB—|—N BH
rank(B)=1

15)

Let B; ;, B i,5»and N; ;, respectlvely, represent the element in
the ¢th row and the jth column of B, B, and N. By combining
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the expression of Frobenius norm, the optimization objective in
(15) can be expressed as

arg min HB + N — BH

rank(B)=1
B M )
& arg min ZZ( 3,5+ NG B”>
Bi'j =1 5=1
B M 2
& arg min Z Z <Bi7j — By ; +N3j
B i=1 j=1
+2B; jN; j — 2B, jN; ; > : (16)

Since chaotic signals are weakly correlated with noise signals,
the correlation value between the chaotic sequence and the noise
sequence is close to zero, especially when [ is large. Therefore,
we can obtain that

8
n;=Y B;;
i=1
(17)

where bj, Bj, and nj, respectively, denote the jth column vector

of B, its approximation matrix B, and noise matrix IN. Then,
we can obtain

Nij~0; by-n;=) B;;Ni;~0
=1

B M 2
i (Y3 (50, 80, ) 4,
i=1 j=1
+2B; jNij — 2Ez‘,sz‘,jD
B8 M 5 9
& argmln ZZ [( ,g) +sz] (18)
=1 j=1
Thus, substituting (18) into (16), we obtain
arg min HB +N - BH
rank(B)
& arg min Z Z {sz + 31277 + Ni%j — ZBWBM
1=1j=1
(19)

Considering that the normalization is applied to maintain the
power as a constant, we can get

5 5 8
Y Bl=) Bl=1 Y Ni=0°
=1 i=1 i=1

where o2 is the noise variance. Substituting (20) into (19), the
optimization issue can be approximated by

(20)

arg min HB + N — BH
rank(B)
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B M
OM + o> M — Z Z 2B, ;B

i=1 j=1

M
& argmin | 2M + oM — Z 2 (bj . BJ)
b; j=1

& argmin
Bi,;

M
& arg max Z (bj . BJ) 21
b; =1
Then, from (15) and (21), we can derive that
M ~
arg min HR BH & argmax [ Y (bj -bj) . (22)
rank(B)=1 b, Jj=1

|
3) Implementation of the Maximum-Likelihood Detection:
According to Theorem 1, the problem of finding the optimal

B for arg min,, 4 gy—1 ||R B||# is converted to solving the

problem arg maxg (Z L (bj -b;)), which means that the
LRAM detection module aims to maximize the correlation value
between corresponding column vector pairs, i.e., b; and b; of
B and B. R

Next, since the first column vector, i.e., by represents the
estimates of the reference chaotic signal bl, whereas the other
column vectors B are all correlated with bl, the correlation
maximization problem can be equivalently converted to the min-
imization of the difference between the column vector pair ie.,

b, and by. We will prove that arg maxg (Z L(b; b)) &

argming |/by — b1 |2 in detail in Theorem 2.
Theorem 2:

M

arg max Z (bj f)]) & arg min
b; j=1 b,

2
(23)

‘bl — b

Proof: Similar to B, we normalize B as ||by|| = ||bs|| = 1.

According to (7), the jth column vector of Risb; + n;. Inthe
LRAM detection module, B can be regarded as the projection
of R in a one-dimensional (1-D) space. Thus, the jth column
vector of B is expressed as the projection of R via

— —b,. (24)
/ (bl —+ Ill) bl
Then, we have
M
arg max Z (bj -bj)
b; j=1
M ~
b.+n.:)- by ~
= arg max Z b, - %bl (25)
b, =1 (bi+ny) - by

Substituting b; = s;_1by into (25), we obtain
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f: (bj 'BJ)

arg max
b; J=1
M
(sj1bitm;) o )
= arg max si_1by - ————"b; (26)
b, ; ( ! (by+mn;)

As mentioned above, s;_; denotes the BPSK modulated symbol
and thus has the value of +1 or —1. Considering that the noises

n; and n; are, respectively, weakly correlated with 61, we could
further derive

argﬁrjlax <]§:1 (bj . Bj)> & argﬁrlnax <b1 . 131) . 27)

Moreover, since ||b1|| = ||by|| = 1, the maximization prob-
lem evolves into the minimization of the difference between by
and by, which is represented by

arg max (b1 . 51>
by

~ |12 ~
e anganin (o + 51~ 20, - 5. )
B
“ 2
<:>argming1—b1H . (28)
B

Therefore, by using (25), (27), and (28), (22) can be further
derived as

M . .2
arg max Z (bj . bj) & arg min Hb1 — b1H . (29
b; j=1 b,
Thus, the problem of finding B for

argmin,, .\ g)—; IR — B||p is further converted to solving

the problem arg ming |[by — b1 ||2. Namely, we have

arg min HR BH (:)argrmngl b1H
rank(B)=1

(30)

So far, we have proved that by solving LRAM detection
problem, namely arg min,, , 5y |R—B||p, the maximum-
likelihood detection of the reference chaotic signal can be
achieved, namely arg ming |[/b; — b1 ||?. Furthermore, in the
Appendix, we provide the proof that with the aid of the
maximum-likelihood detection, the minimum BER could be
achieved. Thanks to the proposed maximum-likelihood detec-
tion of the reference chaotic signal, the reliability performances
of MC-DCSK systems can be enhanced. Next, we will present
two LRAM methods for information detections.

B. LRAM Methods for the Matrix Approximation

With considerations of the complexity, we select the SVD-
based LRAM method and GLRAM method to implement the
information detection. The SVD method aims to minimize the
approximation error based on the principal component anal-
ysis [30] in statistics according to the matrix approximation
theorem [31], whereas the GLRAM method treats data as the
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native 2-D matrix patterns and employs two-sided transforma-
tions rather than the single-sided one [29].

In general, GLRAM has been verified experimentally to have
better compression performance and less computation time than
SVD. However, GLRAM is sensitive to large sparse noise or
outliers. Accordingly, when applied in MC-DCSK receivers, the
GLRAM module requires smaller buffer size and lower compu-
tational complexity. In addition, since in wireless communica-
tion systems, the noise is usually additive and follows Gaussian
distribution, the GLARM-based receiver would have similar
detection performances to those of the SVD-based receiver. In
Sections IV-B and V, we would demonstrate the complexity
analysis and BER performances of both GLRAM and SVD aided
receivers.

More details about how to utilize the SVD and GLRAM
methods to attain the matrix B from the received noisy signal
matrix R for MC-DCSK receivers are presented below.

1) SVD-Based LRAM Method: As presented in Section III-
A, we need to obtain the estimate B based on the received
signal expressed as R = B + N, which is the solution of
argmin,, gy [|R — B||p. Here, we will present the SVD
method [31] to implement the LRAM-aided information detec-
tion.

In the SVD method, we first perform the SVD operation on
the received signal matrix R as

MAB

R=UDV" =) ou;v] 31
j=1

where U and V are orthogonal, u; and v; represent the jth
column of U and V, respectively, M A [ denotes the minimum
value of M and 8, D = diag(oy,...,0.,0,...,0),01 > -+ >
o, > 0and r = rank(R).

Then, the solution of argmin_ ), [R — B||r can be
obtained as

B = Uy diag(oy,...,01)VE (32)

where U, and V, are the matrices constituted by the first k
column vectors of U and V, respectively, and 1 < k < r.

For MC-DCSK receivers, as mentioned above, according to
the special characteristics that the transmitted signal matrix has
the rank of 1, in the SVD-based LRAM detection, we set k as
one, namely £ = 1. Then, we derive the low-rank matrix B from
the received matrix R by using (32) as

B = Ululvf (33)

where u; € R?*!, v, € RM*1 and B € R#*M _ Since oy >
.-+ >0, > 0, 01 1s the largest singular value, u; and v, are the
corresponding singular vectors. Notably, the rank of matrix B
is 1, which is the same as matrix B. Thus, with the aid of the
SVD-based LRAM method, the estimate B can be obtained.

2) GLRAM Method: As mentioned above, in the GLRAM
method, each data point is represented as native 2-D matrix
patterns, which leads to less computation time and higher com-
pression ratio than SVD. However, different from native 2-D
image data points, in the considered MC-DCSK receiver, the
received data points of MC-DCSK are the columns of R and
can only be represented as 1-D patterns.

Next, based on the GLRAM method presented in [29], we
propose the improved GLRAM method for the information
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detection to be used at the MC-DCSK receiver. Explicitly, we
formulate the problem of finding the estimates as the minimiza-
tion problem as

min
LeRA:LTL=I;,
PcR¥2:PTP=],,
Q,eRirxl2:i=1,.... M

M 2
Yo -LQPT|[, 34
=1

where [; and [, are two prespecified parameters, and L € R#*%
and P € R are orthogonal matrices. Since rank(B) = 1 is
expected to be 1, I; and [5 are set as [; = [ = 1. With the
aid of the iterative algorithm given in [29], we can obtain the
approximated R; as LQ,PT. Then, by approximating R; for
1 =1,..., M in the similar way, we can get the approximate
estimates of the whole matrix R.

Accordingly, the low-rank approximation of the matrix R, i.e,
B, can be represented as

B=(LQ,P” .- LQ,P") (39)
where LQ,PT ¢ R#*! fori =1,..., M and B € R#*M 1Itis
worth mentioning that with the matrices L and P, the two-sided
linear transformation is conducted on Q.

To elaborate a bit further, since [y = I = 1, the matrix Q; €
R1*! actually contains only one element. Therefore, as given in
(35), the approximated matrix B is also a rank-1 matrix, which
is in accordance with the property of B obtained by using the
SVD approach.

IV. THEORETICAL PERFORMANCE ANALYSIS

For the proposed LRAM-aided MC-DCSK receiver, we an-
alyze the BER and prove that the LRAM-aided detection can
achieve the maximum-likelihood detection of the reference
chaotic signals. In addition, the complexity analysis is also
provided.

A. BER Derivation

We first derive the BER expression for the proposed system
over AWGN channels. From the LRAM processing presented
in Section III-A, we could derive that the BER of information is
closely related by the LRAM detection precision of the received
chaotic signals.

Recall that at the transmitter, the transmitted information-
bearing chaotic signal over the jth subcarrier can be expressed
as

bj = Sj—lbl (36)
where by is the reference signal vector and j =2,3,..., M
and s;_; is the BPSK data symbol of a specific user, namely

Si_1 = +1.
J
Then, at the receiver, after the transmission over an AWGN
channel, the received signal can be expressed as

bj + n; = Sj—lbl + n; (37)

where n; is noise over the jth subcarrier.

As shown in Fig. 1(b), after the estimate B is obtained, the
chaotic demodulation is carried out to attain the estimate 5;_;
of the transmitted data s;_;. Namely, we have

§j,1 = (bj + l’lj) -}31 = (Sj,1b1 + l’lj) '61. (38)
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TABLE I
COMPUTATIONAL AND BUFFERING COMPARISONS

MC-DCSK [10] MC-DCSK-IR [22]

SA-MCDCSK [20]

LRAM with SVD LRAM with GLRAM

Complexity O(BM) O(\BM)

O(BM)

O(B*M) O(B°M)

Buffering O(BM) O((B+1)M)

O(BM)

O(28M) O((B+1)M)

Next, with the aid of the Gaussian approximation methods,
we can derive the BER expression over the AWGN channel by
evaluating the numerical expectation and the variance of 5;_1,
which is expressed as

E8j1lsj1=+1]
. 39
\/2V&I' [.§j,1‘8j,1 = +1} ( )

To elaborate a bit further, we can easily obtain the mean value
by using (38) as

1
BERAWGN = ierfc

E[5j4|sj.1=4+1] = F [(b1 +n;) 61]
:E[bl ~f)1+nj‘f)1}

— E b1 by (40)
where n; is incoherent with b; and E[n; - b,] = 0. For the
variance, we need to take the correlation between signals into
account, i.e., the variance should be the average of j — 1 corre-
lation values for j = 2,3, ..., M given by

R 1 M .
var [3j1]sj-1 = +1] = var [M 1 ijz (b1 +n;) 'bl}

= var {bl 131] + var [Ml_ T ZJMZQ (nj . Bl)] .

Since n; is incoherent with b, and E[n; - b;] = 0, we can get

that
1 M o 1 N,
var [Mlzj—z (nj'blﬂ Ty

where Ny /2 is the variance of Gaussian noise. Thus, the variance
can be represented as

(41)

(42)

Ny

—. (4
M—-1 2 “3)
Thus, the BER over AWGN channel can be evaluated by

var [éj_ﬂSj_l = —|—1} = var [bl f)l} +

E by - b)]

\/QVEH' |:b1 . E)li| -+ ﬁNg

Notably, comparing the BER expression with that of the con-
ventional MC-DCSK system derived in [10], we can notice that
the SNR in the proposed receiver increases thanks to the noise
suppressing LRAM detection. Thus the proposed system would
achieve better BER performances even in low SNR region.
Besides, from (44), we could notice that the BER performance
is determined by the mean and variance of b - Bl. For transmis-
sions over fading channels, the derived BER expression could
be generalized by calculating the integral of (44) with the given
statistical distributions of channels.

(44)

1
BERAwGN = ierfc

B. Complexity Analysis

Subsequently, we analyze the complexity of the SVD-based
LRAM and the GLRAM methods. In accordance with the
statement the GLRAM has been verified experimentally to
have better compression performance than SVD, the GLRAM
module requires the buffer size of O((5 + 1)M), whereas the
SVD method requires the buffer size of O(28M ). Thus, the
computational complexity of the GLRAM-based receiver is
slightly lower than that of the SVD-based receiver. However,
when taking into account of the computation complexity of
chaotic demodulations, the complexity difference is negligible.
Explicitly, since the MC-DCSK received signal matrix has 1-D
matrix patterns, the complexity of GLRAM will be close to that
of SVD, which is O(32M).

Table I summarizes the computational and the buffering
complexity of the proposed system with SVD and GLRAM,
MC-DCSK [10], MC-DCSK-IR [22], and SA-MCDCSK [20]
systems. In the table, A represents the iteration number of the
MC-DCSK-IR system and alow SNR will lead to alarge X. It can
be seen that compared with the counterpart systems, especially
with our previous research work of the MC-DCSK-IR system,
the proposed LRAM-aided receiver has lower complexity at
lower SNR when A > 5. In addition, as mentioned above, the
SVD-based LRAM detector has the largest buffering complex-
ity, whereas the GLRAM-aided receiver has similar buffering
complexity to that of counterpart systems. Although the pro-
posed LRAM aided receiver has relatively high complexity, high
reliability performances could be achieved as demonstrated in
the following section.

V. SIMULATION RESULTS AND ANALYSIS

In this section, the performances over AWGN channel, multi-
path fading channel and Rayleigh fast fading channel are inves-
tigated. We first provide and compare simulation results of BER
performance for conventional MC-DCSK receiver, MC-DCSK
receiver with SVD, and MC-DCSK receiver with GLRAM.
Then, we simulate the relationship between the approximation
error of LRAM and SNR. At last, we compare the BER perfor-
mance of the proposed system, our previous research work [22]
and SA-MCDCSK [20].

In accordance with the above presentations, M represents
the number of subcarriers, and [ denotes the spread factor,
i.e., the length of the chaotic sequences. In the simulations, the
parameters are set as 3 = 50, 100 and M = 64, 128. Besides,
we assume that the transmitted signals experience a three-path
Rayleigh fading channel, whereas the channel parameters of the
three-path fading channel are set as E[h?] = 4/7, E[h3] = 2/7,
E[h%] = 1/7 with variant time delays over multipath fading
channels. In addition, for Rayleigh fast fading channels, we
assume the channel coefficient E(h2(t)) = 1.

Additionally, it is worth pointing out that in the following sim-
ulations, since additive Gaussian noises are assumed to impose
on the transmitted signals, the sensitivity to large sparse noise
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Fig. 2. BER performances of the proposed system with different M and 3
over AWGN channel. (a) Simulated and semianalytical BER performances. (b)
BER performance versus M (8 = 50).

or outliers of the GLRAM module is not considered. Hence, the
BER performances of the SVD and the GLRAM-based receivers
are expected to be similar.

A. BER Performances Over AWGN Channel

First, we conduct simulations to validate the effectiveness of
the derived theoretical BER expression given by (44).

Considering that the explicit expression of the statistical
characteristics of b; is not available, here we propose to apply
the Monte Carlo method to evaluate the mean and variance
value of by in (44), i.e., E[b; - by] and var[b; - by]. Since
we calculate the BER by using the numerical simulated results,
which are derived from the (30) to meet arg ming, ||b; — by |2
and dependent on the simulation data, the BER derived by the
combination of Monte Carlo simulations and the theoretical
derivations is referred to as “semianalytical” [32].

Fig. 2 compares simulated and semianalytical BER perfor-
mances when using the SVD assisted LRAM method with M =
64, 128 and = 50, 100. It could be observed that simulated
BER results match semianalytical BER results. In addition, we
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Fig. 3. BER performance comparisons over AWGN channel. (a) M = 128.
() B = 50.

could also notice from Fig. 2(a) that for the same M = 64 or
B = 50, when f3is larger or M is smaller, the BER performances
degrade slightly due to the increasing interferences induced
by chaotic sequences and smaller SNR. Then, from Fig. 2(b),
we could notice that the BER performances are improved with
larger M thanks to the noise suppressing benefit of our design.
However, when M increases to 64, the BER performance gain
becomes smaller with larger M due to the increasing intercarrier
interferences (ICIs).

Subsequently, we compare the BER performances of the
proposed LRAM aided MC-DCSK receiver, which uses the
SVD and the GLRAM methods, with the benchmark MC-DCSK
receiver presented in [10] over AWGN channel.

As illustrated in Fig. 3(a) and (b), in both cases that M =
128 with different 5 = 50, 100 and 5 = 50 with different M =
64, 128, the proposed SVD and GLRAM aided receivers achieve
similar BER performances, which are much better than those of
the counterpart MC-DCSK receiver.

Besides, we could also observe for larger value of 5 = 100,
the BER performances are worse than $ = 50 with the same
M = 128 in Fig. 3(a), and it can also be noticed in Fig. 3(b) that
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Fig. 4. Comparisons of BER performances versus Ej,/Ng over three-path
fading channel with E[h3] =4/, E[h3] = 2/7, E[h2] = 1/7 and the time
delays of 71 = 0, 79 = 3, 73 = 6. (a) M = \text{ 128}. (b) 5 = \text{50}.

the better BER performance can be attained when M = 128
compared with M = 64.

B. BER Performances Over Multipath Fading Channel

As mentioned above, we assume that a square-root-raised-
cosine filter is adopted at the receiver to combat, whereas the
ISI and ICT over the multipath Rayleigh fading channel [10].

Fig. 4 compares the simulated BER performances between the
proposed LRAM-aided MC-DCSK receiver using the SVD and
GLRAM methods, and the benchmark MC-DCSK receiver pre-
sented in [10]. Asillustrated in Fig. 4(a) and (b), in both cases that
M =128, =50, 100and M = 64, 128, 5 = 50, the proposed
SVD and GLRAM aided MC-DCSK receivers achieve similar
BER performances and outperform the benchmark MC-DCSK
receiver [10]. Therefore, with the aid of the proposed LRAM-
aided MC-DCSK receiver, the satisfactory BER performances
can be provided for end users over multipath fading channels.
Besides, we can also notice that similar to the observations over
AWGN channel, the BER performances over fading channels
can be improved with smaller value of 5 and larger value of M.
Furthermore, we investigate the influence of the time delay on the
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Fig. 5. Simulated BER performance versus the time delay o over three-path
fading channel with E[h{] = 4/7, E[h3] = 2/7, E[h%] = 1/7 and the time
delays of 71 =0, 72 € [1,40], 73 = 6.

BER performance. Fig. 5 provides the simulation results of BER
versus the time delay over the multipath channel. The system
parameters are set as Fy/Ny =15 dB, =50 and M = 64
over the three-path channels, whereas the time delays of 74 = 0,
Ty € [1,40] and 73 = 79 + 1.

As shown in Fig. 5, as the time delay increases, the perfor-
mances of both the MC-DCSK receiver and the two proposed
LRAM-aided MC-DCSK receivers will degrade. It is worth
pointing out that for smaller 75, the proposed LRAM-aided MC-
DCSK receiver attains better performances than the benchmark
MC-DCSK receiver. However, when 75 increases, due to the
larger delay, the performance differences between them become
smaller.

C. BER Performances Over Fast Fading Channels

Fig. 6 compares the simulated BER performances between
the proposed LRAM-aided MC-DCSK receiver using the SVD
and GLRAM methods, and the benchmark MC-DCSK receiver
presented in [10]. As demonstrated in Fig. 6, in both cases that
M = 128 with 5 = 50, 100 and 8 = 50 with M = 64, 128, the
proposed SVD and GLRAM associated MC-DCSK receivers
achieve similar BER performances, which are better than the
benchmark MC-DCSK receiver [10].

D. Analysis of Average LRAM Approximation Error

Next we investigate the estimation error of b1. Note that the
LRAM approximation error would determine the recovered bit
energy, but would not determine the BER, which is determined
by the SNR. We evaluate the LRAM approximation error by

b

€a
F
where both B and B are rank-1 matrices.

Fig. 7 analyzes the average LRAM precision over AWGN
channel, the multipath fading channel, and fast fading channel.
The channel parameters of the three-path fading channel with
the time delays of ; = 0, 70 = 3, 73 = 6.

As shown from Fig. 7(a) and (b), as the SNR increases,
the LRAM precision is improved. Besides, we can also notice
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Fig. 6. Comparisons of BER performances versus Ej, /Ny over fast Rayleigh

fading channels with E(h2(t)) = 1. (a) M = 128. (b) 8 = 50.

that the SVD-aided LRAM method achieves similar average
LRAM approximation error to that of the GLRAM method
when =50, M =64, 8 =50, M = 128, and § = 100, M =
64. As a result, similar BER performances could be achieved
by both methods, which has been demonstrated from Figs. 2—-6.
Additionally, it can also be seen that smaller spread factor /3
and larger number of subcarriers M contribute to lower average
LRAM approximation error, thereby leading to improved BER
performances, which is also in accordance with the observations
from Figs. 2-6.

E. BER Performance Comparisons With Counterpart Systems

Next, we compare the BER performances of the proposed sys-
tem, our previous work MC-DCSK-IR [22] and SA-MCDCSK
[20] over AWGN channel, the multipath fading channel and
Rayleigh fast fading channels when 5 = 50, M = 64 in Fig. 8.
It could be observed from Fig. 8(a)—(c) that the proposed systems
using the SVD-aided LRAM and GLRAM systems attain similar
performances, which are better than those of SA-MCDCSK
and MC-DCSK-IR systems. The reason is that as stated above,
the LRAM methods can suppress the noises contained in both
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Fig. 7. Average LRAM approximation error. (a) Average LRAM precision
over AWGN channel. (b) Average LRAM precision over the multipath fading
channel. (c) Average LRAM precision over the fast fading channel.

reference signals and data-bearing signals, but the MC-DCSK-
IR receiver aims to improve the reliability of the reference
chaotic signals via the iterations. Therefore, with aid of the SVD
and GLRAM methods, the noise power reduces and thus SNR
increases, thereby leading to better BER performances.

To be more explicit, from Fig. 8(a), we could observe that
in order to achieve the BER of 107%, the required values of
E, /Ny of the proposed scheme, the MC-DCSK-IR, and the
SA-MCDCSK systems are, respectively, about 9, 9.2, and 11.6
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Fig. 8. BER performance comparisons of the proposed system, MC-DCSK-
IR, and SA-MCDCSK over (a) AWGN channel, (b) multipath fading channel,
and (c) fast fading channel. 5 = 50, M = 64.

dB. Then, from Fig. 8(b), wherein the three-path Rayleigh
fading channel with time delay of 7y =0, 7 =3, 73 =6 is
assumed, we can see that to attain the BER of 1074, the required
values of Ej, /Ny of the proposed scheme, the MC-DCSK-IR,
and the SA-MCDCSK systems are, respectively, about 18, 19,
and 21.8 dB. At last, Fig. 8(c) shows that when E}, /N of the
proposed scheme, the MC-DCSK-IR, the SA-MCDCSK, and
the MC-DCSK systems, respectively, achieves the value of about
12, 12, 14.6, and 16 dB, then the BER of 10~ can be obtained.
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VI. CONCLUSION

In this article, we propose areliable LRAM-based MC-DCSK
receiver design to improve the SNR of received signals. In our
design, we utilize the distinctive characteristic of the MC-DCSK
system that multiple chaotic modulated signals share the same
reference chaotic signal. Thus, the transmitted signal matrix
has low rank, and we propose to apply the LRAM methods to
increase the SNR of signals and improve BER performances.
Furthermore, we use the SVD and GLRAM methods to derive
the approximated low-rank matrix from retrieving the estimates
of the transmitted signal matrix. We prove that the problem of
finding the optimal low-rank matrix can be converted to find-
ing the optimal reference chaotic signal and that the proposed
LRAM-aided receiver can achieve the maximum-likelihood de-
tection to minimize the BER. Then the chaotic demodulation is
performed to attain the information bit estimates. Simulation
results demonstrate that the BER performances of the pro-
posed LRAM aided MC-DCSK receiver are better than those
of the benchmark MC-DCSK receiver and the counterpart SA-
MCDCSK receiver over AWGN channel and fading channels.
Furthermore, the proposed LRAM MC-DCSK receivers do not
require to modify the MC-DCSK transmitter structure, and
thus can be easily integrated with existing MC-DCSK systems
with satisfactory practicability. Further research may include the
potential applications of the proposed LRAM design in spectrum
spreading systems to exploit the correlations among signals to
provide improved reliability performances for users.

APPENDIX
PROOF OF MINIMUM BER VIA MAXIMUM-LIKELIHOOD
DETECTIONS

In this Appendix, we will prove that with the aid of the LRAM
detection, the maximum-likelihood detection could be achieved
for the reference chaotic signal.

Recall Theorem 2, the LRAM detection module will obtain
by from arg maxg (by - f)l)

Assuming other detection methods such as the envelop de-
tectiorl are used, the resultant vector is represented by by,
and |[by|| = |[b1|| = ||b1]| = 1, then since by is the vector to
achieve the maximum value of by - Bl; hence, we have

by -b; > by - by. (46)

Thereby, we can get that
E [bl - 61} > E [bl -61] . (47)
Furthermore, since ||by|| = ||by|| = ||b1|| = 1, while by will

achieve the maximal correlation value with by, thus we have

var {bl . Bl} < var [bl 51} . (48)

Therefore, according to the BER expression in (39), the
application of LRAM can achieve the maximum £[b; - bs] and
minimum var|by - by], which contributes to the minimum value
of BERawgn. Thus, we can draw the conclusion that

arg min

HR - BH — argmin BERywon.  (49)
rank(B)=1 r b,
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It is worth pointing out that (49) means that the minimum
BER over AWGN channel can be attained with the 61 evaluated
with the proposed LRAM-aided detection scheme. Thus, the
maximum-likelihood detection for received signals could be
achieved.
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