Downloaded at Diane Sullenberger on July 26, 2021

Check for
updates

Repeating caldera collapse events constrain fault
friction at the kilometer scale

Paul Segall>'® and Kyle Anderson®

2Geophysics Department, Stanford University, Stanford, CA 94305; and ®US Geological Survey, Volcano Science Center, Moffett Field, CA 94035

Edited by James H. Dieterich, University of California, Riverside, CA, and approved June 16, 2021 (received for review January 23, 2021)

Fault friction is central to understanding earthquakes, yet lab-
oratory rock mechanics experiments are restricted to, at most,
meter scale. Questions thus remain as to the applicability of mea-
sured frictional properties to faulting in situ. In particular, the
slip-weakening distance d. strongly influences precursory slip dur-
ing earthquake nucleation, but scales with fault roughness and
is challenging to extrapolate to nature. The 2018 eruption of
Kilauea volcano, Hawaii, caused 62 repeatable collapse events in
which the summit caldera dropped several meters, accompanied
by My, 4.7 to 5.4 very long period (VLP) earthquakes. Collapses
were exceptionally well recorded by global positioning system
(GPS) and tilt instruments and represent unique natural kilometer-
scale friction experiments. We model a piston collapsing into a
magma reservoir. Pressure at the piston base and shear stress
on its margin, governed by rate and state friction, balance its
weight. Downward motion of the piston compresses the underly-
ing magma, driving flow to the eruption. Monte Carlo estimation
of unknowns validates laboratory friction parameters at the kilo-
meter scale, including the magnitude of steady-state velocity
weakening. The absence of accelerating precollapse deformation
constrains dc to be <10 mm, potentially much less. These results
support the use of laboratory friction laws and parameters for
modeling earthquakes. We identify initial conditions and material
and magma-system parameters that lead to episodic caldera col-
lapse, revealing that small differences in eruptive vent elevation
can lead to major differences in eruption volume and duration.
Most historical basaltic caldera collapses were, at least partly,
episodic, implying that the conditions for stick-slip derived here
are commonly met in nature.

fault friction | caldera collapse | Kilauea volcano

O ur knowledge of rock friction comes from laboratory exper-
iments on samples from centimeters to at most meter scale
(1, 2). These experiments have led to rate- and state-dependent
friction laws (3, 4), which together with continuum fault models
explain many features of natural earthquakes (5, 6). Extrapo-
lation of laboratory-derived constitutive parameters to faults in
situ, however, has been challenging, particularly for the charac-
teristic slip weakening distance, d., the displacement scale over
which friction degrades from nominally static to dynamic values.
In the laboratory d. ranges from several to tens of microm-
eters, but scales with fault roughness (7). Some seismological
estimates are up to five orders of magnitude larger (8), but
are sensitive to the decrease in shear strength at earthquake
rupture fronts, leading to weakening lengths that scale with
d., but can be much larger (9, 10). Understanding the magni-
tude of d. in situ is crucial because the amount of potentially
observable precursory slip scales with d. (11). Significant insights
have been gained from in situ fluid injection experiments into
faults that induce aseismic slip and seismicity (12-14), yet con-
straints on the parts of faults that actually generate earthquakes
are rare.

Collapse at basaltic shield volcanoes typically occurs in
repeated discrete events, generating characteristic deformation
transients and very long period (VLP) earthquakes (15-17).
Rapid outflow of magma causes the pressure in subcaldera
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magma reservoirs to decrease, leading to an increase in stress
in the overlying crust. Collapse initiates if this stress reaches
the crustal strength, forming ring faults bounding down-dropped
block(s) (18). Once initiated, collapse transfers the weight of
the overlying crust onto the magma reservoir, maintaining pres-
sure necessary for the eruption to continue (19). Thus, caldera
collapse is not simply a response to the rapid withdrawal of
magma, but is also an essential process in sustaining these
eruptions.

The 2018 Kilauea collapses were quasi-periodic and excep-
tionally well monitored by nearby global positioning system
(GPS) and tilt stations, including GPS stations on the down-
dropped block(s). These data can be used to infer stress changes
on the caldera-bounding ring faults, making them effectively
kilometer-scale stick—slip experiments. The highly repeatable
nature of the collapses, as well as constraints on the changes
in magma pressure prior to the onset of collapse (20), mini-
mizes uncertainty due to otherwise difficult to constrain initial
conditions.

Results

The eruption began on 3 May 2018 in Kilauea’s lower East
Rift Zone, 40 km from the summit caldera (21). Deflationary
deformation (inward and downward displacements) measured
by GPS, tilt, and Interferometric Synthetic Aperture Radar
(InSAR) satellites in early May constrained the subcaldera
(Halema‘uma‘u) magma reservoir to be centered ~2 km beneath
the surface with a volume of 2.5 to 7.2 km® (68% bounds) (20).
Discrete collapse events began in mid-May and by the end of
the month surface faulting extended outside the Halema‘uma‘u
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crater. A new fault scarp propagated through the preexist-
ing Kilauea caldera, associated with volcano-tectonic seismicity
(22), establishing a roughly circular collapse structure by mid-to-
late June 2018. We focus on the final 32 collapse events, with
average repeat times of 1.4 +0.3 d, that followed formation of
this structure. GPS station CALS located near the eastern edge
of the down-dropped block abruptly subsided 2.44+0.3 m per
event (Fig. 1). However, there was also ~2 m of gradual inter-
collapse subsidence at CALS (Fig. 14), which because of its
proximity to the ring fault may not reflect the larger collapse
structure. Differences between digital elevation models permit as
much as 5 m of subsidence per collapse cycle, but cannot resolve
how much of this occurred abruptly during the collapse events
(21, 23). We therefore take the collapse displacement to be uni-
formly distributed between 2.4 and 5.0 m with Gaussian tails with
standard deviation of 0.2 m. The final 32 collapses lasted 5 to 10
s based on 5-s sampled GPS data from nearby stations. We take
the duration to be uniformly distributed between 5 and 10 s with
1-s Gaussian tails.

GPS and tilt stations located outside of the growing caldera
exhibited rapid inflation (upward and outward deformations)
coincident with collapse at intracaldera sites, followed by a
decaying deflationary signal (Fig. 14). Following a rapid short-
duration decay, GPS radial displacements exhibit an expo-
nential decay with a time constant 0.5+0.1 d (Fig. 1C).
Cocollapse deformation was principally caused by compression
of the magma reservoir induced by collapse of the overlying rock,
although slip on the ring faults may have contributed (23). The
ring faults are inward dipping at the surface; GPS displacements
are consistent with them steepening to vertical at a few hundred
meters depth. The pressure increase during collapse, Ap, for
vertical ring faults, conditioned both on cocollapse GPS displace-
ments and on precollapse results for magma chamber volume
and compressibility, is 3 + 0.3 MPa (23). The pressure increment
Ap is a proxy for the inflationary GPS deformation shown in
Fig. 1 A and B. Results are not substantially different for steeply
dipping normal faults; we do, however, increase the uncertainty
slightly to account for variable dip. The observations used to con-
strain frictional and magma chamber properties are summarized
in Table 1.

Consider a cylindrical caldera block (piston) of radius R,
height L, and density p. (Fig. 2). Pressure p at the base of the

block and shear stress 7 on its margin balance its weight, such
that momentum balance (on a per area basis) is

Rp. dv
= — 1
2 dt’ 1

Rpeg R\
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where v is the downward velocity of the block.

The change of mass within the magma reservoir is balanced by
mass flux to the eruption. The flux is assumed proportional to the
chamber pressure in excess of the magmastatic head, p — p. —
pgu, where p. = pg(L — Ah) and Ah is the initial height differ-
ence between the caldera and the eruption (Fig. 2). The term pgu
accounts for the loss of pressure as the block displaces downward
by amount u. Thus,

dp _ ko TR
@~ pa v P e e Gy ) B

where k£ depends on the conduit dimensions and melt viscos-
ity, and p, 8, V are magma density, the system compressibility
(chamber plus magma), and chamber volume, respectively. The
final term represents magma pressurization due to downward
motion of the caldera block. Because outflow during the erup-
tion was orders of magnitude greater than recharge rates (20),
flow into the magma chamber is not included.

The system of equations is closed with du/dt=wv, and a
regularized form of rate- and state-dependent friction (24)

_ : v josa (007 \b/a
T = a0 arcsinh { e e ( A ) } [3]
do v v
dtii dc 10g<dc>7 [4]

where 6 is the state variable, o is effective normal stress, fo, a, b
are constitutive parameters, v™* is a normalizing constant, and d.
is the state evolution distance. For sufficiently large v the steady-
state frictional resistance is 75s = o [fo + (a — b) log(v/v™)]

Our model builds on work of ref. 15 as well as refs. 17
and 25; however, ref. 15 assumed constant magma outflow,
while ref. 17 did not include magma compressibility or poten-
tial for stick—slip. Most importantly, this study includes a
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Fig. 1. (A) Time series of caldera-radial GPS displacement at CRIM and vertical displacement at CALS. Radial is positive away from the caldera. Station
locations are shown in B. (B) Cocollapse horizontal displacements. Black vectors: average of last 32 events, with 95% confidence ellipses. Red vectors:
predicted by model with 90° fault dip and magma compressibility 8, =3 x 10~'% Pa=" (23). Collapse structure is shaded. Red circle: model ring fault. (C)
Weighted stack of radial GPS displacements for stations external to collapse. Gray curves show stations with offset over 40 mm. Red: exponential fit with

decay time of 0.46 d.
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Table 1. Observables and MAP model predictions

Observation Mean value Standard deviation MAP prediction

Recurrence time, d 1.4 0.3 1.4
Duration, s 5to 107 1.0 5.2
Pressure change, MPa 3.0 0.5 3.0
Displacement, m 2.4to 5.0f 0.2 35
Decay time, d 0.5 0.1 0.5

Most parameters are assumed normally distributed. MAP, maximum a
posteriori model.
fUniform over the given interval, with Gaussian tails at stated standard
deviation.

laboratory-derived friction law capable of exhibiting stick—slip
oscillations.”

As magma flows to the eruption site the magma pressure
acting on the piston decreases, thus increasing the shear stress
on the ring fault (Fig. 2). Eventually the effective frictional
strength is reached. As the piston descends the frictional resis-
tance may weaken, causing the block to accelerate downward.
Downward motion pressurizes the underlying magma, decelerat-
ing the block, eventually bringing it back into static equilibrium.
Whether collapse occurs depends on the strength of the ring
fault and the shear stresses acting there. Fault strength depends
on the effective normal stress and nominal static friction coeffi-
cient. The shear stress depends on the precollapse state and the
decrease in magma pressure.

The governing equations exhibit a rich variety of behaviors.
Depending on parameter values and initial conditions, the sys-
tem can 1) decay to magmastatic pressure, possibly following
one or more collapse events; 2) evolve to a steady-state subsi-
dence, either monotonically or via decaying noninertial oscilla-
tions (strictly steady state occurs only if the pgu term in Eq. 2
is neglected); or 3) produce a sequence of repeating stick—slip
cycles.

We show in Materials and Methods that repeated stick—slip
occurs only if 1) the friction is velocity weakening (b > a); 2)
a steady-state solution to the quasi-static governing equations
(ignoring changing chamber geometry and magmastatic head
loss) exists, with plug velocity v.:; and 3) the state evolution
distance is less than a critical value given by

TR® oa }_17 (5]

(dc)cﬂt G(b a) |:2LVB Ues o
where t* = pBo Vo/k is a characteristic pressure decay time. Our
results distinguish initial conditions and ranges of material and
magma system parameters that lead to episodic collapse. Note
that the term with V3 plays a role similar to that of spring stiff-
ness in the classic spring-slider model (3); as the block moves
downward it compresses the underlying magma, increasing pres-
sure so that less friction is required to maintain momentum
balance. In this case the loading is due to time-dependent magma
flow, rather than steady load-point motion.

Whether stick-slip oscillations occur and their characteristics
are sensitive to friction and other system parameters. This sug-
gests that observations in Table 1 can be used to constrain these
parameters. As we focus on the character of the stick—slip events,
not their evolution over the course of the eruption, we neglect
changes in chamber volume and compressibility in these simu-
lations; i.e., V3 is kept at its initial value. For a few stick—slip
cycles the change in volume is at most a few percent. We also

*Ref. 26, published during revision of this paper, applies the model of ref. 15, with
static—dynamic friction, including pressure-dependent outflow (17) to the 2018 Kilauea
eruption.
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ignore the change in magmastatic head [pgu(t) term in Eq. 2]
which does not significantly influence behavior on the time scale
of several stick-slip cycles.

The unknowns are the friction parameters, fo, a, b, d. and
parameters that describe the magma chamber: V,L,(, the
pressure decay time ¢*, and a normal stress correction fac-
tor oy. The a priori effective normal stress acting on the ring
fault is lithostatic pressure (density 2.5 x10® kg-m™~*) minus
hydrostatic pressure (water table depth taken to be 500 m).
However, topographic stress and flank spreading (27, 28) could
modify this value. We thus multiply the a priori average normal
stress by a factor oy, permitted to range over [0.33, 1.5]. A priori
bounds on model parameters are given in SI Appendix.

There are more unknowns than observables; however, the
model is highly nonlinear and large parts of parameter space
do not exhibit stick-slip. We use a Markov chain Monte Carlo
routine with multiple parallel chains, randomly started from
results of a preliminary run, to sample the posterior distri-
bution of parameters consistent with these observations. The
maximum a posteriori estimate (MAP) model (Fig. 3) fits the
data very well (Table 1); however, we are primarily interested
in the distribution of parameters consistent with the data and
priors. Distributions for 2.2 million samples (acceptance rate
37.4%) are shown in Fig. 4. Also shown are a priori estimates
of these parameters, subjected to the constraint that the param-
eters exhibit stick—slip cycles. The nominal friction coefficient f;
is bounded between 0.27 and 0.79 (95% bounds), although the
distribution is skewed to values over 0.5. While the frictional
direct effect a is not well resolved, b — a is resolved to between
0.9 x 1073 and 6.0 x 1073, This is remarkably consistent with
laboratory experiments (29) on basalt at 45 to 51 MPa effective
normal stress and temperatures up to 600 °C. Zhang et al. (29)
find friction coefficients in the range 0.7 to 0.74, slightly increas-
ing with temperature. They further report rate-strengthening
friction for temperatures less than 200 °C, but rate weakening in
the range 300 to 600 °C. Laboratory-derived b — a ranges from 1
to 6 x 1073, depending on temperature and whether the slip or
aging law is used to model the data, nicely overlapping the range
of our kilometer-scale estimates.

For simulated gouge between saw-cut surfaces Zhang et al.
(29) find d. of a few to a few tens of micrometers. We find that d.
is less than 0.08 m at 98% confidence, although much smaller d.
also fits the data. Because decreasing d. dramatically increases
model run time without changing data fit, we restricted values
to >10"* m. ST Appendix, Fig. 2 shows that over this range d.
is not strongly correlated with other parameters (with the slight
exception of t*), suggesting that exclusion of smaller d. does
not bias other parameters. Importantly, values of d. toward the
upper end of the sample range predict substantial precollapse
deformation that is not observed in the data (Fig. 4B). Thus,
d. must be less than 10 mm and is quite likely much less. The

Fig. 2. A cylindrical caldera block of radius R and length L and density p¢
is supported by pressure p at its base and shear stress T on its sides and
undergoes downward displacement u. The underlying chamber with ini-
tial volume V, contains magma with density p. The elevation difference
between the top of the caldera block and the eruptive vent is Ah.
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Fig. 3. Predicted pressure, slip velocity, shear stress, and piston displace-
ment for the MAP model with d. < 10 mm. Pressure is reckoned at the top
of the magma chamber.

absence of accelerating, precollapse deformation is consistent
with observations from other basaltic volcanoes (30).

Numerical simulations (31) show that slip-weakening length
scales at rupture fronts can be 20 times the intrinsic d.. Our
upper bound on d. is thus consistent with seismic estimates no
greater than 0.2 m. Episodicity at nearly all observed basaltic col-
lapses suggests that the conditions for stick—slip identified in Eq.
5 are commonly met in nature.

The slow subsidence at CALS, located on the caldera block,
in the roughly half day prior to collapses (Fig. 1A4) is highly
correlated with volcano tectonic (VT) earthquakes, which are
concentrated on the eastern sector of the collapse (22). These
VT events do not clearly delineate a complete ring-fault struc-
ture, although they must also result from stressing due to magma
withdrawal. Thus, while the CALS subsidence does precede col-
lapse events, it appears to be distinct from accelerating slip on
the ring fault as modeled in Fig. 4.

The effective frictional strength, 7, equal to the maximum
shear stress during stick-slip cycles, is crucial in determining
whether collapse occurs. Relative to the prior, 7 is well resolved
at 5.0 to 9.3 MPa (Fig. 4). In comparison, the increase in shear
stress on the ring fault due to magma withdrawal at the time
of the first collapse A7 was 5.5 to 14.9 MPa (20). The total
stress at collapse onset is the sum of the stress change, A7, and
the preexisting shear stress, 79. Collapses began before the ring
fault had fully formed, requiring the formation of new faults.
Because of cohesion, C, the strength of intact rock, 7y, is gen-
erally higher than for preexisting faults (32); near-vertical basalt
cliffs imply cohesion of several megapascals (33). In addition,
preexisting faults at Kilauea may have healed since the previ-
ous collapse several centuries ago. For simplicity, we include
this effect with cohesion. Thus, 7y =7+ C =7+ A7, or 7=
7o + A1 — C. That the distributions on 7 and A7 largely overlap
implies 7o — C' is relatively small, and perhaps slightly negative,
although model/data limitations cannot be eliminated. Thus,
while there are significant uncertainties, both studies imply the
shear strength of the shallow (upper kilometer) crust is roughly
10 MPa.

Discussion

The model explains the conditions necessary for collapse and
thus high-volume rate basaltic eruptions. As discussed above, the
sum of the initial shear stress and that induced by magma with-
drawal must reach the static strength of the overlying crust. The
upper bound on pressure drop is that which brings the pressure
at the chamber outlet into static equilibrium with a column of
magma to the eruption vent. Thus, for lower elevation eruptions
the pressure can drop further before flow ceases (34), permitting
a larger stress increase on the ring faults and a higher likelihood
of collapse. This is illustrated in Fig. 5 with two solutions at dif-
ferent Ah, the height difference between the caldera floor and
the eruptive vent; all other parameters are fixed. For Ah =775
m the pressure decays monotonically; the shear stress never
reaches the threshold for unstable slip (35). For these parame-
ters, if the eruptive vent is only 25 m lower, the pressure drops
sufficiently to trigger a sequence of collapse events, leading to a
prolonged eruption (Ah was ~800 m in 2018). Lower-elevation
eruptions are more likely to trigger caldera collapse and sustain
a long-lived eruption.

Indeed, the 2007 Piton de la Fournaise eruption began at the
volcano’s summit, but collapse initiated only when the eruption

Fig. 4.
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(A) Posterior distributions based on 2.2 million samples (red) and a priori distributions conditional on the existence of linearly unstable steady-state
solutions (blue). Black horizontal lines mark the range of values from Zhang et al. (29) for friction parameters and from Anderson et al. (20) for the magma
chamber parameters. (B) Precollapse deformation. Data are from a weighted stack of GPS radial components external to the collapse. Model predictions are
from scaled pressure time history for representative models with the specified d.. External GPS stations respond primarily to pressure change in the shallow
reservoir (23). Time is measured relative to the collapse event.
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Fig. 5. Sensitivity of eruption behavior to difference in elevation between
caldera block and eruptive vent Ah. All other parameters are held con-
stant. Pressure is reckoned at the base of the collapse block (Fig. 2). Stress
is average shear stress on the sides of the collapse block. Erupted volume
is in million cubic meters and shows how collapses serve to maintain the
eruption.

shifted 1,300 m lower (16). The summit of Bararbunga, Iceland is
over 1 km above the eruptive vents during the 2014 collapse (17),
and the 2000 Miyakejima collapse was accompanied by a deep
submarine dike intrusion (36). Kilauea erupted for 35 y from
the Pu‘u‘6‘6 vent—600 m higher than the 2018 vents—without
causing caldera collapse. (In addition, eruption rates during
the Pu‘u‘6‘0 phase were much lower than in 2018, allowing
recharge from the mantle to sustain summit magma pressures).
On the other hand, some previous low-elevation eruptions at
Kilauea did not cause collapse. As eruptions wane, heat loss
increases magma viscosity, eventually leading to freezing. Thus,
low-elevation eruptive vents are a necessary, but insufficient con-
dition for basaltic caldera collapse; the size of the conduit leading
to the vent and the resulting magma flux also play a critical role.

The volume of the subcaldera magma reservoir is constrained
to 1.1 to 9.7 km?®, limited by the prior lower bound. In compar-
ison, Anderson et al. (20) constrain the volume of this reservoir
to between 1.5 and 10.5 km®. The product of the magma reser-
voir volume and the net compressibility V' 3 is somewhat better
resolved in this study (1.4 to 4.1 m*/Pa), compared to 1.3 to 5.5
m?/Pa from ref. 20. Of course, our results are not completely
independent of ref. 20’s results, as they informed our priors for
chamber volume and compressibility.

There is considerable opportunity to extend our analysis. The
lumped parameter model cannot describe the spatial evolution
of ring-fault slip. Faults within a fully elastic domain must reach
a critical nucleation dimension L.=mGd./4(b— a)o before
becoming dynamic, where G is the shear modulus. Based on the
Markov chain Monte Carlo sampling, L. is bounded between
12 m and 4.8 km at 95% confidence. The largest values, corre-
sponding to unrealistically large d., are close to the circumfer-
ence of the ring fault. In this case the expression for the critical
nucleation length should be modified to account for slip on a
curved fault and interaction with the magma reservoir. For the
smaller L., accelerating slip would have ruptured both vertically
and laterally around the ring fault.

The improved understanding of caldera collapse mechanics
could ultimately lead to improved forecasts of collapse onset and
evolution. Our results demonstrate that laboratory-derived fric-
tion laws and constitutive parameters determined by small-scale
experiments are completely consistent with unstable stick—slip on
shallow faults at the kilometer scale. This provides more confi-
dence in rate—state friction modeling in other contexts including
tectonic faulting and human-induced seismicity.

Materials and Methods

Conservation of mass of magma within the reservoir is

d d
gt /Vp(x, t)dVv = /v Ep(x, t)dv + /Sp(x, t)ve-ndS=—q, [6]
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where x and t are position and time, V is the reservoir volume with sur-
face S, p is magma density, v; - n gives the outward velocity of the reservoir
boundary, and —q is the mass flux out of the chamber. We separate the
velocity of the boundary into elastic and inelastic components, vi =ve + v,
where v is the elastic component. The inelastic displacement is dominated
by roof collapse such that the contribution to the surface integral is approxi-
mately —7R? pv(t), where v is the collapse velocity, the negative sign because
downward block motion decreases the reservoir volume. Thus,

/ %p(x, t)dV + /S p(x, Ve - n dS — R pv(t) ~ —q. [71
v

Neglecting spatial variations in density, the remaining integral over S can
be approximated as pdV/dt = pVB.dp/dt, where 3. =(1/V)0V /dp is the
chamber compressibility.

Linearizing the change in magma density in terms of its compressibility 3,
and assuming that compressibility varies only as a function of depth z, Eq. 7
reduces to

dp(z, t)
dt

P / A2)B(z 1) dz + pv&% — 7R?pv(t) = —q, [8]

where A(z) is the depth-dependent cross-sectional area of the chamber.
dp/dt is assumed independent of depth so that

pV(t)B(t)% - waZV(t) =-q, [9]

where
B(t) = ,A(Z)ﬁ(zn t)GZ + 5((0 [ |0]
"4 /Z

is the net compressibility; the first term is the depth-averaged magma
compressibility.

The mass flux g depends on the pressure gradient driving flow, the vis-
cosity of the magma, and the geometry of the conduit. For laminar flow
in a conduit whose dimensions are insensitive to changes in pressure, g is
proportional to the pressure difference between the outlet point in the
magma chamber and the eruption site (Fig. 2). Gudmundsson et al. (17)
assumed that the subsiding roof block fills the entire chamber cross-section
such that the magmastatic head decreases as the block subsides. Their
model did not include magma compressibility. In contrast, in ref. 15 the
roof block occupies only a fraction of the chamber cross-section, such that
the magmastatic head at the chamber outlet does not decline as the block
descends. Here, we include both a changing magmastatic head and melt
compressibility.

The chamber pressure, measured at the chamber top, in excess of the
magmastatic head is p(t) — pg(L — Ah) — pgu(t), where Ah is the initial
height difference between the top of the caldera block and the eruption
site, and pgu accounts for the loss of pressure as the block displaces down-
ward by u(t). Assuming the flux is proportional to this excess pressure,
then

q=k[p — pg(L — Ah) — pgu] =k [p — pe — pgul], (111

where k depends on conduit geometry and melt viscosity and we define
pe = pg(L — Ah). Combining Eqg. 11 with Eq. 9 leads to Eq. 2.

Model Limitations. The piston model assumes vertical ring faults whereas
the faults at the surface are normal (inward dipping). Cocollapse deforma-
tions are consistent with normal faults that steepen to vertical at modest
depth (23); however, this does not change the inferred pressure change
significantly. Furthermore, S/ Appendix, Fig. 2 shows that frictional param-
eters are not strongly correlated with collapse-induced pressure change,
although b — a shows a weak dependence. Slip on inward-dipping faults
should lead to an increase in fault normal stress, while the collapse-
induced pressurization will cause a decrease in normal stress. Future studies
that account for spatially resolved stresses on the ring fault and normal-
stress—dependent changes in state (37) will be required to address these
questions.

We have not included effects of dynamic weakening at high slip speed,
such as “flash heating” (38, 39). Additional weakening can also arise
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from thermal pressurization of pore fluids (40, 41), although this seems
less likely for shallow faulting at Kilauea due to the depressed water
table.

Steady-State Solution. In the quasi-static limit, dv/dt— 0 in Eq. 1, and
ignoring head loss as the block descends (the pgu term in Eq. 2), the
governing equations (Egs. 1-4) can be reduced to a second-order system
in v and 6. While the loss of magma head influences the long-term evolu-
tion of the eruption, it does not affect behavior on the time scale of several
stick—slip cycles. Under these restrictions a steady-state slip speed v;; exists if
there are solutions to

R R3 v
ﬂ(pch_pe)_%VSS_U [fo-‘r(a—b)log <TS:>]=O [12]

At steady state, pressurization of the magma due to the descending
block is compensated by outflow from the reservoir. For steady-state
velocity-strengthening friction (a — b > 0) there is a single root, vs. With
velocity-weakening friction (a — b < 0) there can be zero, one, or two roots
(Fig. 6).

Nondimensionalization. It is useful to nondimensionalize the governing
equations (Egs. 1-4). We chose a characteristic length L, pressure p* = pcgL,
and time t* = pBoVo/k, where o indicates initial values. The nondimen-
sional system of equations thus becomes, where "indicates nondimensional
variables,

y% =a(l —p)— 6(fo +alog v+ blog ,/d.) [13a]
dp L . N

~ = —T(p— pe —v0) + KV [13b]

dt

db v
gy A4 [13d

dt d.

da
dt

=V [13d]

Here, for simplicity we have used the conventional form for the
friction coefficient, rather than the regularized form. Also, p=p/p*,
v=vt"/L, é:&/t*, t:?cde/L, O=u/L. Eq. 13 represents a system
of ordinary differential equations (ODEs), where the nondimensional
parameters are

0.4 T T T T T T

—— Load - Pressure

—— Friction
03f Total T
0.2 k
0.1F i

Nondimensional stress

0.4l . . ¥ . . . ,
10 10 10 10 10 10 10 10
log(Vss)

Fig. 6. lllustration of steady-state solutions. Black curve shows left hand
side of Eq. 15 as a function of log v. Roots correspond to zero crossings (red
circles). Blue and red curves show the nondimensional load minus pressure
and shear resistance, respectively. Roots correspond to points where these
curves cross.
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a= £ [14a]

2L
R
1= e [14b]
= V‘jg" [14c]
y= pﬁ [14d]
C
RZ
- st;BV [14e]
pe=L (17%”)‘ [14f]
C

Linearized Stability Analysis. For a stable limit cycle to exist in a second-
order system there must be a fixed point (Poincaré-Bendixson theorem).
In the quasi-static limit, pd¥/dt < 1, and ignoring the head loss as the
block descends (setting v =0) the governing Eq. 13 can be reduced to a
second-order system in (v, ). The nondimensional form of Eq. 12 s

a1 —pe — %\755) — & [fo + (a — b) log(Vss)]= 0. [15]

For steady-state velocity-strengthening friction (a — b > 0) there is a single
root, Vs. With velocity-weakening friction (a — b < 0) if the first term, the
normalized load minus pressure, is less than steady-state shear stress for all
Vss, then there are no steady-state solutions. Otherwise, there can be either
one or two roots (Fig. 6). Note that the slope of Eq. 15 with respect to Vs

Gb—a) ak

S =
Vss r

[16]

is positive at the lower root and negative at the upper root. If S=0 and
Eq. 15 is satisfied, there is a single root Vs = 6(b — a)I'/ak. At the lower-
speed root the steady-state friction decreases with increasing v faster
than the stress required to maintain force balance, suggesting that this
root is unstable. At the higher-speed root the required stress decreases
faster than steady-state frictional resistance; this root is thus expected to
be conditionally unstable.

We seek solutions to the governing equations linearized around steady
state, assuming one exists, of the form e, equivalent to finding the
eigenvalues of the systems of ODEs. This leads to a characteristic equation

&(b — a)

&asz + aKk —
dc

Note that « plays a role similar to spring stiffness in the classic spring-slider
model (3). However, Vs is a function of x, making « an inappropriate inde-
pendent variable; d. is thus preferable as the independent variable in the
stability analysis. For a single steady-state solution S =0; the solution to
Eqg. 17 in the limit that d. — oo is s— —I'b/a < 0, making the system sta-
ble. However, as d. decreases s will become positive (and real) and solutions
unstable. The single solution s crosses into the real half-plane along the real
axis, when

52
T
>v55+6aF]sfSV‘f —o. 17

c

&(b —a)?
abr
This critical value determines whether small perturbations smoothly decay
[de > (dc)erit] or grow [de < (dc)erit]-
Next, consider the case where there are two steady-state solutions. In the
limit that d. — oo, Eq. 17 reduces to

(ac)crit = [18]

52
Gas® + (ouklss + 6al)s — S U5 =0 [19]

c

For the higher-speed steady-state solution, for which S <0, R(s) <0 for
both roots, meaning this system is stable to small perturbations in this limit.
However, for the lower-speed steady-state solution for which S > 0, R(s) >0
for one root such that the system is unstable to small perturbations even for
large (?C.

Restricting attention to the higher-speed steady-state solution Vs, note
that s =0 is not a solution to Eq. 17. Thus, as 35 decreases the roots must
cross into the real half-plane as a complex conjugate pair, corresponding to
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a Hopf bifurcation. Let s = +-iw and set the real and imaginary parts of Eq.
17 to zero separately. The imaginary part leads to

(b —a)

de)erit = ——————.
( c)mt OcK-i-é'aF/\A/Sg

[20]

Numerical results confirm that for Hc > (5'c)cm small perturbations from the
upper steady-state solution are damped, while for c7c < (cflC)c,;t they grow.
In contrast, perturbations around the lower speed ;s are unstable. Making
this result dimensional leads to Eq. 5.

Numerical Methods. The nondimensional equations (13) are integrated
using ode15s in MATLAB. If this solver is unable to achieve the requested
accuracy or the solution is too slow, the code automatically switches to
ode23s. This integrates until either a specified number of stick-slip cycles
is achieved (typically 4) or the solution reaches steady state or mag-
mastatic conditions. Roughly 300 sample runs of 2.2 million (0.014%)
failed to adequately converge in the allotted time and are eliminated
from the results. Initial conditions are chosen as follows: From a nondi-
mensional velocity of 10~ and a shear stress slightly above steady state,
0 is computed from the friction law, and nondimensional pressure is
computed from the momentum balance without inertia. If the initial
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