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Abstract
Background  Soft tribology is increasingly important in the design and engineering of materials used in robotics, haptics, 
and biomechanics studies. When patterned surfaces are part of a lubricated tribopair that undergoes sliding and compressive 
deformation, the patterns experience a bending strain that affects the lubrication film thickness and elastohydrodynamic 
friction. The contribution of bending patterns to soft tribology is not well understood because earlier studies focused on hard 
tribopairs with effectively flat surfaces.
Objective  We investigate and model the differences in lubricated friction for poly(dimethyl siloxane) (PDMS) elastomer 
and PEGDA/alginate double network hydrogel patterns in order to determine the effect of height-to-width aspect ratio and 
bending angle on the elastohydrodynamic friction.
Methods  Photoresists of two different viscosities are spin coated onto silicon substrates to fabricate molds with pattern 
heights ranging from 20 μm to 50 μm.
Results  Tribological characterization of the tribopairs in the elastohydrodynamic lubrication regime shows that the patterns 
generate a friction peak that is independent of aspect ratio for short patterns but displays a “power-law fit” decrease with 
increasing aspect ratio for taller patterns. Two independent models are used to estimate the theoretical bending and deflec-
tion angles for the tribopairs.
Conclusions  The decrease in lubricated friction is attributed to taller patterns having large bending angles and a reduced 
effective surface for fluid load bearing. Results suggest that the bending of micropatterns could be harnessed to engineer 
lubricated friction in a variety of applications.

Keywords  Soft materials · Tribology · Textures

Introduction

Tribological contacts involving soft surfaces are of increas-
ing interest because of their ubiquity in biology, consumer 
products, and food science [1, 2]. Despite their prevalence, 
the tribology of soft materials is not fully understood and 
is often complicated by the presence of a lubricant film 
between the two deformable solid surfaces that make up 
a tribopair. This so-called elastohydrodynamic lubrication 

(EHL) regime in tribology involves solid deformation of 
the surfaces by a thin fluid film, which imparts a pressure 
gradient in the velocity and flow-gradient planes [3–6]. The 
friction and wear of soft materials with flat surfaces has been 
extensively characterized and is relatively well understood, 
especially with Newtonian and shear thinning lubricants 
[7]. Nevertheless, the presence of micropatterns on the solid 
surfaces often results in different EHL friction coefficient 
values as compared to those observed with flat substrates 
[8–10]. These micropatterns are important in applications 
where friction modification is desired [11], although much 
remains unknown with regards to the optimization of texture 
dimensions [12, 13]. Earlier, our group developed a scaling 
framework that incorporates Reynolds’ equations and elas-
ticity to predict the EHL friction coefficients of soft textured 
tribopairs, including that of robotic and human fingers [14]. 
The increase in friction coefficient was most pronounced 
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when the flow of the lubricant is perpendicular to the striped 
textures, suggesting that micro-EHL arises from changes 
in the fluid pressure field and flow direction caused by the 
patterns. The frictional contributions from pattern bending 
become especially important when tall, slender patterns are 
used (Fig. 1). Their tendency to bend under applied shear 
stresses leads to changes in the thickness of the lubricant 
film, which in turn couples to the viscous and elastic dis-
sipation of the tribopair.

The majority of tribological mechanics to date has 
focused on compressive deformation with little attention 
being given to shear or bending stresses imparted by the 
fluid film on the solid surfaces. This is likely because EHL 
tribology was originally developed for hard metal surfaces 
that were considered flat at the micron scale [15, 16]. In 
this case, the length scales of any nanoscale asperities are 
insignificant compared to the range of lubrication forces in 
squeeze and shear flows, which decay inversely and tangen-
tially with respect to the separation distance [17]. A slip-
flow length is often incorporated to pinpoint the relative 
importance of hydrodynamics to roughness [18].

Bending is most prevalent when the aspect ratio of height 
to width is large (Fig. 1(b)). For example, the bending strain 
of slender papillae on our tongues is proportional to shear 
stresses from maceration. It is thought that papillae amplify 
shear stresses for mechanical receptors located at their bases, 
allowing for enhanced sensory perception [19, 20]. Bending  
is also believed to play a role in shear drag reduction. An 
investigation on leaves exposed to high winds found that 
those with the longest petioles, which were able to bend the 
most, experienced lower drag forces and were less likely to 
suffer damage [21]. While the flows examined in this study 
were at high Reynolds number (Re), where inertial effects 
dominate, drag reduction through bending has also been 

observed in low Re systems, where viscous forces dominate 
[22]. Low Re flows are common in EHL because the thickness  
of most lubricant films spans nanometers to microns [7].

Studies focused on low Re flows have shown that bend-
ing of surface patterns is proportional to the pattern height 
and flow rate [20, 22]. When the bending strain of a pat-
tern is low (< 1%), the deflection can be approximated using 
Euler–Bernoulli beam theory, which treats the pattern as a 
linear elastic beam [23–25]. This allows for stress–strain 
engineering in many interesting applications. Duprat et al. 
measured the bending modulus of unanchored gel rods by 
bridging them between two constricting features in a confined 
microfluidic channel and measuring their maximum deflec-
tion at the center of the channel [23]. The same principle was 
applied to an anchored beam by Wexler et al., who obtained 
the elastic modulus by measuring the beam tip deflection 
[24]. Lauga et al. developed a model of the filiform papillae 
of tongues by treating them as beams that deform in the linear 
regime [19]. They deduced that the filiform papillae likely 
serve as mechanosensors themselves or amplify strains for 
easier detection by mechanosensors at the base of the tongue. 
Young et al. found that the bending of beam-like cilia hairs 
in mammalian cells resulted in shear forces being maximized 
at the base of the hairs, suggesting that one of the biological 
purposes of cilia is to activate mechanosensors through strain 
amplification [25]. Using these bending principles, Thomazo 
et al. developed a biomimetic tongue-palate system with the 
aim of quantifying texture perception [20]. In this system, 
the tips of the elastomeric papillae were marked with a fluo-
rescent dye, allowing their deflection to be imaged using a 
rheo-microscope. Their experimental results were in agree-
ment with Lauga’s model [19]. Later, they varied the surface 
density of beams and found that increased surface density of 
pillars decreased the bending deflection [26].

Fig. 1   (a) Sketch of PDMS-
PDMS tribopair and experimen-
tal accessory used in this study, 
where relevant geometrical and 
force parameters are indicated. 
The lubricant is glycerol. (b) 
Illustration of bending mechan-
ics for patterns with different 
height-to-width aspect ratios 
when a shear stress at the free 
end is present. (c) Ball-on-
three-plates tribo-rheological 
accessory, in which the top ball 
and three substrates are in three-
point contacts. The ball rotates 
and slides against three bottom 
substrates with friction force F
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In cases where large height-to-width aspect ratios lead to  
correspondingly large bending strains, linear beam theories  
begin to fail and more complex models may have to be 
employed [22, 27, 28]. Axtmann et al. developed an empirical 
model based on measurements and numerical simulations of  
flexible rods in viscous drag up to Re = 60 [27]. Alvarado  
et al. used a Taylor-Couette cell and observed that, at higher 
flow velocities, nonlinear beam bending resulted in a power-
law reduction in the shear stress [22]. These results elucidate 
the importance of pattern bending in the mechanical prop- 
erties of systems with low Re flows. Because EHL friction  
is the ratio of the shear and normal stresses exerted on the  
solid surfaces, a better understanding of bending mechanics  
is critical to modeling and understanding the EHL tribology  
of soft patterned materials.

In this study, we investigate the effect of pattern aspect 
ratio on the EHL tribology of patterned elastomeric tri-
bopairs. Soft lithography is used to fabricate elastomer sub-
strates with micron-sized stripes and aspect ratios ranging 
from 0.4 to 2.3 (Fig. 1(a)). Figure 1(a) shows a representa-
tive illustration of the side view of tribological contacts, 
in which the substrates become deformed by large lubri-
cation pressures. The millimeter-scale curvature of the top 
ball geometry give rise to a non-uniform, asymmetric pres-
sure differential within the gap [5, 29]. Here, the reported 
film thickness represents an average value across the gap. 
Stribeck curves are obtained using a stress-controlled 
rheometer with a ball-on-three-plate tribology accessory, 
where glycerol is used as the lubricant to generate fully 
flooded conditions. The data analysis focuses on the micro-
EHL friction peaks that are observed with such patterns. At 
these peaks, the EHL contribution from bending is decou-
pled from compression and used to estimate the theoretical 
bending angles of the patterns. Results suggest that bend-
ing is indeed correlated with the aspect ratio of surface pat-
terns, where taller and thinner patterns give rise to increased 

bending angles and a corresponding reduction in the micro-
EHL friction coefficient.

Materials and Methods

Fabrication of Micropatterned Poly(dimethyl 
Siloxane) (PDMS) Elastomers

All materials are obtained from Sigma-Aldrich and used 
without purification unless otherwise stated. Patterned 
silicon wafers are produced by standard lithography. Pho-
tomasks for soft lithography are designed in AutoCAD and 
printed by FineLine Imaging. The micropatterns used in this 
study are stripes with dimensions a and b, where a refers to 
the width of the raised stripes (15 μm ≤ a ≤ 55 μm), and b  
is the width between the valleys (b = 35 μm). We use two 
types of SU-8 photoresist with different viscosities (SU-8 
2050 and SU-8 2025) and vary the spin speed s in rota-
tions per minute (sSU-8 2050 = 2500, 3000, 3500, 4000 
RPM; sSU-8 2025 = 3500, 4000 RPM) of a spin coater obtain 
micropatterns with different heights (c = 50 μm, 35 μm, 
29 μm, 25 μm, 23 μm, 20 μm, Fig. 2(a), (b). Figure 2(a) 
shows the calibration curve for pattern height where c 
decreases with increasing s. Because SU-8 2050 (12,900 
cSt) has a higher viscosity than SU-8 2025 (4500 cSt), it pro-
duces taller patterns at the same s. The resulting patterned 
silicon wafers serve as molds for fabricating poly(dimethyl 
siloxane) (PDMS) substrates.

Soft PDMS patterned substrates are produced by cast-
ing 12 g of Sylgard 184 (Dow Corning, curing agent to 
base ratio = 1:10 w/w%) over a micropatterned wafer and 
crosslinking the precursor at 70 °C overnight. The Young’s 
modulus of the cured PDMS substrates is E = 2  MPa 
[30]. We cut the micropatterned PDMS substrate into 
0.6 cm × 1.5 cm × 1.9 mm slabs for tribological testing. To 
fabricate the PDMS balls for PDMS-PDMS tribopairs, we 
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Fig. 2   (a) Plot of pattern height as a function of the spin coating 
speed using the photoresists SU-8 2050 (solid red circles) and SU-8 
2025 (solid red squares). (b) Representative optical micrographs that 
show PDMS patterned elastomers with pattern dimensions a = 25 μm, 
b = 55  μm, and various heights. Scale bar = 50  μm. (c) Representa-

tive confocal laser micrograph of static dry contact area on patterned 
substrate where a = 25 μm, b = 55 μm. The compression experiment 
is conducted at FN = 1.5 N. Dashed circle indicates the total contact 
area with a diameter of L = 2.9 mm. Scale bar = 0.5 mm
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inject the Sylgard 184 precursor into a custom stainless-steel 
mold heated at 70 °C overnight. The radius of crosslinked 
PDMS ball is 1.27 cm.

Fabrication of Micropatterned Double Network (DN) 
Hydrogel

Micropatterned poly(ethylene glycol) diacrylate (PEGDA)/
alginate double network (DN) hydrogel substrates are made via 
replica molding. Alginic acid and PEGDA are obtained from 
Sigma-Aldrich and used without further purification. In order to 
prepare the patterned hydrogel, the PEGDA and alginate mono-
mers are crosslinked in two steps. Both alginate and PEGDA are 
mixed with deionized water at a concentration of 5% and 40%, 
respectively. A mixture of the monomers is obtained by mixing 
PEGDA and alginate monomer solutions in 10:1 w/w% ratio.  
The photoinitiator 2-hydroxy-2-methylpropiophenone or Darocur  
(Sigma-Aldrich) is added to the mixture at 0.5:99.5 w/w %. 
The mixture is stirred for 10 min before being transferred to a 
glass vial. The entire container is covered in aluminum foil and 
allowed to tumble at 25 rpm for at least 24 h. After 24 h, the 
sample is placed in a centrifuge at 10,000 rpm for 20 min. The 
sample is then poured slowly (to prevent entrapment of bubbles) 
into the middle of the PDMS mold and placed under UV light 
for one hour (λ = 254 nm). Once completely crosslinked, the 
hydrogel sample is removed from the PDMS mold and soaked 
in a 1 M calcium chloride solution for 24 h. DN hydrogel plates 
for tribological testing are cut using a razor blade.

Tribological Characterization

We conduct tribological experiments at room temperature on 
a stress-controlled rheometer (DHR-2, TA Instruments) fitted 
with a ball-on-three-plates geometry (Fig. 1(c)). This tribo-
logical accessory involves three patterned slabs inserted at a 
45° angle in the bottom wells and a PDMS ball that serves as 
the top contact. The PDMS ball is lowered against the three 
slabs to make contact at a fixed normal force of FN = 1.5 N. 
Pure glycerol is used to generate fully flooded conditions at all 
three contact points. Patterns are oriented perpendicular to the 
direction of sliding. The relative sliding velocity ω ranges from 
1 rad/s to 80 rad/s. Steady state data points are collected for 40 
values of ω within this range. Each data point is obtained by 
averaging the values obtained over 25 s. The friction force FS is 
obtained from the torque captured by the torque sensor within 
the instrument. The Reynolds number Re = ρUh/η represents 
the ratio of inertial to viscous forces, where U is the average 
sliding velocity, ρ is the density of glycerol (ρ = 1.26 g/cm3), 
h is the separation distance between the PDMS ball and the 
top of the micropatterns, and η is the dynamic viscosity of 
glycerol (η = 1.412 Pa·s). The calculated Re is ≤ 2, suggesting 
that laminar flow is maintained throughout all experiments.

Contact Area of Micropatterned Surfaces

We obtain the static contact area by compressing a 
fluorescently dyed PDMS ball onto the micropatterned 
substrates with various a, b and c at FN = 1.5 N with-
out glycerol. The ball is dyed by dissolving Nile Red 
in toluene (0.5:99.5% w/w%) and immersing the ball 
in the dye solution for 12 h. Excess toluene inside the 
PDMS network is removed by placing the ball in a vac-
uum chamber for 4 h. After dye transfer by compres-
sion, the fluorescent area on the patterned substrates is 
measured using confocal microscopy (CLSM, Leica SP8) 
fitted with a 10 × dry objective operating in tile stitching 
mode. The CLSM images show that the contact area on 
micropatterned surface is within a circle of diameter L 
as indicated by the dashed line in Fig. 2(c). A first order 
assumption is that the effective contact area measured 
from static contact is similar to the area in lubricated 
sliding conditions [31]. We define the total area A as the 
region enclosed within the dashed circle of Fig. 2(c), and 
the real contact Aa as the fluorescent areas. The remain-
ing non-fluorescent area in the circle represents the area 
of the valleys, Ab. Using the geometrical parameters in 
Fig. 1(a), we obtain a relation between the contact area 
and total area as Aa = aA / (a + b) and Ab = bA / (a + b).

Theoretical Background

The friction peak in EHL

Figure 3 shows a standard Stribeck curve in which the 
bulk friction coefficient μ is plotted as a function of 
the Sommerfeld number S for tribopairs in steady state 
sliding conditions. The non-dimensional Sommerfeld 
number S = Uη(L2/ < h >)/FN scales as the ratio of fric-
tion force FS to the normal force FN. The < h > in the 
Sommerfeld number represents the average film thick-
ness for all geometries at the micro-to-macro EHL 
transition point, which is shown in Figs. 6 and 7 for 
all PDMS-PDMS and PDMS-hydrogel tribopairs. As S 
increases, boundary lubrication gives way to EHL and 
full hydrodynamic lubrication, where the lubricant film 
fully separates the two solid surfaces. When microscale 
stripes are present on one or both of the tribopairs, a 
local peak in the EHL regime appears in the Stribeck 
curve. No such EHL friction peaks are found in other-
wise flat tribopairs. The mechanistic origin of this per-
sistent friction peak (μc) is likely due to a micro-EHL to 
macro-EHL transition [9, 14]. In this work, we analyze 
μc as a function of the pattern aspect ratio for the elas-
tomeric tribopairs.
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Bending as a function of the aspect ratio

The aspect ratio c/a is an essential parameter for estimat-
ing the extent of bending under shear. Small values of c/a 
indicate short and wide micropatterns in which bending is 
minor, while large values of c/a indicate large aspect ratio 
micropatterns that bend significantly under an applied shear  

stress. When high aspect ratio patterns bend, the load-bearing  
area of the patterns is reduced by a factor that scales with the  
bending angle θ (Fig. 4(a)). Because we are unable to directly 
measure θ at this time, we instead use two separate models 
based on experimental input to converge at the theoretical  
value of θ. The first method considers each micropattern 
as a bending cantilever in which material parameters are 

Fig. 3   Steady state Stribeck 
curves of flat (orange) and 
patterned (blue) PDMS-PDMS 
tribopairs. The pattern dimen-
sions are a = 25 μm, b = 55 μm, 
c = 35 μm. Pink area indicates 
the EHL regime for flat surfaces 
and encompasses the micro-
EHL to macro-EHL transition 
for patterned surfaces. Friction 
peak �

c
 on patterned curve is 

highlighted with a red point
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Fig. 4   (a) Sketch of a PDMS 
patterned surface where the 
applied shear stress induces 
bending, where the inset shows 
relevant geometrical parameters 
used in the cantilever beam 
model. (b, c) 3D sketch of a 
bending pattern indicating the 
neutral planes in Cartesian coor-
dinates (red)
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applied using linear beam theory to obtain θ [32]. The sec-
ond method uses a purely empirical correlation between 
the EHL friction peak μc and the geometrical parameter a/
(a + b)0.5 that was obtained from our previous study. We 
assume that the empirical model applies to the patterns in 
this study because it was generated by statistical modeling 
of a large number of striped patterns made from different 
materials [14].

Length scales involved in the bending of soft micropatterns 
are used in the cantilever bending model to obtain theoreti-
cal bending angles. Figure 4(a) defines the bending radius of 
curvature with respect to the flat surface as ρ, the bending 
angle as θ, and the deflection angle as φ = θ/2. The deflection 
angle φ is an intuitive physical parameter because it represents 
the extent of bending away from the static pillar. The bend-
ing angle θ is obtained by assuming each micropattern as an 
independent beam with small deflections (θ < 30°, φ < 15°) 
at the maximum shear velocities tested. We shall revisit this 
assumption in the data analysis section. The neutral plane, 
defined as the plane where the bending stress and strain are 
zero, serves as the reference plane (Fig. 4(b), (c)). The x-axis 
is defined from the bottom towards the top of the patterns and 
it is parallel to the neutral plane before bending occurs. With 
the x-axis fixed, the y- and z-axes are then settled on the red 
plane at the fixed end highlighted in Fig. 4(c) where the y-axis 
is parallel to the pattern width a and the z-axis is orthogonal 
to the y-axis. Cartesian coordinates (x, y, z) are defined with 
respect to the plane to which the beam is anchored. The bend-
ing moment M(x) and moment of inertia Iz about the neutral 
axes are defined as

where FS is the shear force applied by the rheometer and L is 
the diameter of contact area as shown in Fig. 2(c).

It has been shown that linear bending can be assumed if 
the dimensionless load parameter α at the free end of the 
beam is small. This load parameter is defined as [32]

where E = 2 MPa is the Young’s modulus of PDMS [30]. 
The corresponding bending angle under a specific α at the 
limit of small deflection is

(1)M(x) = −FSx

(2)Iz =
La3

12

(3)� =
FSc

2

2EIz

(4)� =

c

∫
0

M(x)

EIz
dx

Belendez et al. compared the cantilever bending deflec-
tions obtained from analytical and numerical solutions 
and showed that when α ≤ 0.25 and θ ≤ 30° (φ ≤ 15°), the 
assumption of small beam deflection remains valid [32]. 
We incorporate Fs from the triborheometer along with 
material properties into equation (3) to determine α. If 
α ≤ 0.25, we then use equation (4) to calculate bending 
angles for different sized micropatterns and examine the 
correlation between bending angle and EHL friction. If 
α > 0.25, the value of θ computed from equation (4) is 
likely to overestimate the true bending angle. In this case, 
equation (4) provides an upper limit of θ.

To provide independent support for the theoretical 
θ and φ values obtained from equation (4), we use the 
empirical correlation for generated in our previous work 
for soft patterns with a range of a and b values and a 
constant value of c = 35 μm (c/a < 1.4) [14]. An ordinary 
linear regression analysis was used to generate the empiri-
cal correlation in this study:

If we assume that all of the micropatterns from this 
study were bending from the applied shear stress, then the 
correlation could be modified to estimate a bending angle. 
We redefine the geometrical parameters in equation (5) 
and obtain

Here, aeff represents the projection of a bending pat-
tern onto the flat substrate as shown in Fig. 5, where the 
projected length of the raised stripe is related to the bend-
ing angle through aeff = a cos (θ). The empirical values 
of θ obtained from this method are compared with the 

(5)�c = 0.0695
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√
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(6)�c = 0.0695
aeff

√

aeff + b

aeff

a
θ

θ

Fig. 5   Sketch of the projected length of a single micropattern with a 
reduced effective area for bearing fluid load, aeff ≤ a 
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theoretical predictions of θ from equation (4) for the dif-
ferent aspect ratios used in this study.

Results and Discussion

Threshold Aspect Ratio in Bending Patterns

Figure 6 plots μ and the lubrication film thickness h in 
the EHL regime for patterns with {a = 25 μm, b = 55 μm, 
0.8 ≤ c/a ≤ 2.0} (set 1, Fig.  6(a), (c)) and {a = 55  μm, 
b = 55 μm, 0.4 ≤ c/a ≤ 0.9} (set 2, Fig. 6(b), (d)) where 
20 μm ≤ c ≤ 50 μm. The film thickness shown in Figs. 6(c) 
and  5(d) is calculated by adding three individual 
components:

The first term ha(U) represents the change in h as a func-
tion of S and other material properties for flat tribopairs to 
represent the bulk substrate before texture consideration. 
The value of ha is geometrically modified from correlations 
of Hamrock and Dowson for flat tribopairs, which perform 
fairly well in predicting experimental film thickness values 
in the range of microns [4]. The second term cε(U) repre-
sents the deformation of micropatterns, and the third term 
Δh(U) represents the experimentally measured change in h 
for microtextured surfaces across all S. The detailed deriva-
tion of h can be found in ref. [14].

Set 1 patterns (Fig. 6(a), (c)) have larger aspect ratios than 
set 2 patterns (Fig. 6(b), (d)) and are therefore more prone to 

(7)h(U) = ha(U) + c�(U) + Δh(U)

bending. All curves in Fig. 6 demonstrate a similar trend: as 
S increases in the micro-EHL regime, μ first reaches a local 
maximum μc, then decreases to a local minimum indica-
tive of a micro-EHL to macro-EHL transition, and finally 
increases monotonically in the full hydrodynamic regime 
at large S. In the regime where the flow transitions from 
micro-EHL to macro-EHL, the increases in h occurs in a 
monotonic manner with different rate (Fig. 6(c), (d)). The 
friction peak μc is consistent with a significant jump in h at 
intermediate values of S. Set 1 shows a range of μc values 
between 0.17 and 0.27, while set 2 shows a smaller range of 
μc values ranging from 0.27 to 0.33. The μc peaks occur in 
a slightly broader range of S values (0.1 < S < 0.9) as com-
pared to the corresponding increases in h, which are different 
between samples but occur across a relatively narrow range 
of S (0.5 ≤ S ≤ 0.9). We use the jump in h to demarcate the 
micro-EHL to macro-EHL transition regime.

The frictional transition from micro-EHL to macro-EHL 
is not found with flat surfaces as shown in Fig. 3. Further-
more, the value of μ for flat surface (Fig. 3) is significantly 
smaller than that for patterned surfaces (Fig. 6(a), (b)). Such 
differences could arise from differences in the flow trajec-
tories caused by the presence of the patterned geometries. 
Earlier work showed that the value of h is much smaller for 
patterned surfaces at low sliding speeds [14]. Because the 
correlation between friction force FS and h is

the EHL friction peak for patterned surface would be signifi-
cantly larger as shown in the inverse scaling between friction 

(8)FS ∼
U�

h
Aa

Fig. 6   (a, c) EHL friction coef-
ficient and film thickness for 
PDMS-PDMS tribopairs with 
pattern dimensions a = 25 μm, 
b = 55 μm and varying heights. 
(b, d) EHL friction coef-
ficient and film thickness for 
PDMS-PDMS tribopairs with 
pattern dimensions a = 55 μm, 
b = 55 μm and varying heights. 
In (a-d), the pattern heights 
used are c = 20 μm (red circles), 
c = 23 μm (yellow squares), 
c = 25 μm (green triangles), 
c = 29 μm (purple triangles), 
c = 35 μm (green diamonds), 
c = 50 μm (blue hexagons). Red 
areas indicate micro-EHL and 
green areas indicate macro-EHL
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and h, which supports our experimental observations that the 
EHL friction for patterned tribopairs is always higher than 
that for flat tribopairs.

The observation that μc changes as a function of c/a 
is attributed to the bending of micropatterns as shown in 
Fig. 1(b). Further analysis of the data in Fig. 6 shows that 
there are two distinct regimes for which μc changes. Since 
the frictional data for tribopairs with substrates made from 
PEDGA/alginate DN hydrogels still show a frictional peak 
(Fig. 7), we normalize the friction coefficient, using the 
same method from ref. [14], as �̂c = �c∕

(

E�∕E�
p−p

)

 where 
E’ is the reduced Young’s modulus of the tribopair and 
E’p-p is the reduced Young’s modulus of PDMS-PDMS  
tribopair, to demonstrate the generality of the bending 
analysis. Figure 8 shows that the normalized �̂c of PDMS-
PDMS and PDMS-hydrogel tribopairs is independent of 
c/a when c/a < 0.75, while �̂c decreases with increasing 
aspect ratio in a power-law fitting where �̂c ~ (c/a)−0.5 when 
c/a > 0.75. The distinct separation at c/a = 0.75 indicates 
that it is the threshold aspect ratio for which bending 

contributes significantly to the magnitude of EHL friction 
peaks in the type of PDMS elastomers used in our study.

In order to extract a physical rationale for the nonlin-
ear decrease in �̂c when c/a > 0.75, recall that the projected 
peak dimension of a bent pattern is aeff = a cos (θ) ≤ a. This 
projected length represents the effective surface area of a 
bent micropattern that is available for bearing the lubrica-
tion fluid load in the micro-EHL regime. We assume that 
the total contact area A does not change regardless of the 
pattern dimensions a and b. Furthermore, for small values 
of θ, aeff + b ≈ a + b. We now substitute the relation

into equation (6) and compare the result with equation (5) to 
show that �̂c is reduced by bending, because it reduces the 
amount of surface area available for bearing the fluid load. 
Equation (9) highlights the role of a in decreasing the mag-
nitude of the EHL friction in the power-law fitting regime 
where θ may be large.

Another way to explain the decrease in EHL friction is 
to consider how the film thickness h changes with bending 
micropatterns. In the micro-EHL regime where lubrication 
flow over the top of the micropatterns support the majority 
of the normal load, Reynolds’ equations state that

The value of FN is maintained at a constant value of 
1.5 N by the rheometer regardless of the aspect ratio of the 
micropattern. Equating the normal forces for unbent and 
bending micropatterns suggest that

where

Equation (12) suggests that Aeff < Aa when θ is large. 
Substitution of equation (12) into equation (11) indicates 
that heff < h, where heff is the effective lubricant film thick-
ness with bending micropatterns.

The data and analysis in this section show that the 
bending of soft micropatterns is directly influenced by 
the aspect ratio of the pattern c/a, such that larger values 
of c/a result in larger bending and a reduced value of 
�̂c . Lubrication analysis suggests that the decreased EHL 
friction coefficient is a result of a decreasing lubricant 
film thickness.

(9)
aeff

√

aeff + b
≤ a

√

a + b

(10)FN ∼
U�a

h2
Aa

(11)
U�a

h2
Aa ≈

U�a

h2
eff

Aeff

(12)Aeff =

(

aeff

aeff + b

)
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Fig. 7   (a) EHL tribological data and (b) film thickness h versus Som-
merfeld number, S on PEDGA/alginate DN hydrogel substrates with 
pattern dimensions a = 55 μm, c = 35 μm and varying pattern gaps b. 
In (a, b), the pattern gaps used are b = 55 μm (red circles), b = 75 μm 
(yellow squares), b = 100  μm (green triangles), b = 200  μm (purple 
triangles)
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Comparison of Bending Angles

The dimensionless load parameter α is computed using equa-
tion (3) to determine the validity of the cantilever beam model 
for estimating θ. Recall that the theoretical bending angle from 
equation (4) overestimates the actual value when α ≥ 0.25.  
The value of α for the majority of our experimental data in 
Fig. 8 is < 0.25, indicating equation (4) is valid for both set 1 

and set 2. For one of the patterns with the highest aspect ratio 
(a = 15 μm, c = 35 μm, c/a = 2.3, green rectangle in Fig. 8), 
the value of α = 0.26, suggesting that the theoretical θ slightly 
overestimates the real bending angle. The empirical model in 
equation (6) is used to provide a parallel comparison of the 
estimated value of θ.

Figure 9 shows the change in bending angle for friction 
peaks as a function of the pattern aspect ratio using the two 

Fig. 8   Plot of normalized �
c
 as 

a function of c/a, where purple 
area represents patterns with 
small bending angles (θ < 6°) 
and orange area represents pat-
terns with large bending angles 
(θ > 6°). Pattern dimensions 
on PDMS substrates include: 
a = 15 μm, b = 55 μm, c = 35 μm 
(green); a = 25 μm, b = 55 μm, 
c = 20, 23, 25, 29, 35, 50 μm 
(orange); a = 45 μm, b = 55 μm, 
c = 35 μm; a = 55 μm, b = 55 μm 
(yellow), c = 20, 23, 25, 29, 35, 
50 μm (blue). Pattern dimen-
sions on PEGDA/alginate 
DN hydrogel substrates are: 
a = 55 μm, c = 35 μm, b = 55, 
75, 100, 200 μm (red)

1
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Fig. 9   Plot of theoretical θ as 
a function of c/a, where purple 
area represents patterns with 
small bending angles (θ < 6°) 
and orange area represents pat-
terns with large bending angles 
(θ > 6°). Computed angles are 
from the cantilever beam model 
(circles) and the empirical 
regression developed in ref. [14] 
(triangles). Pattern dimensions 
on PDMS substrates include: 
a = 15 μm, b = 55 μm, c = 35 μm 
(green); a = 25 μm, b = 55 μm, 
c = 20, 23, 25, 29, 35, 50 μm 
(orange); a = 45 μm, b = 55 μm, 
c = 35 μm; a = 55 μm, b = 55 μm 
(yellow), c = 20, 23, 25, 29, 35, 
50 μm (blue). Pattern dimen-
sions on PEGDA/alginate 
DN hydrogel substrates are: 
a = 55 μm, c = 35 μm, b = 55, 
75, 100, 200 μm (red) 1
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different models. As c/a increases to 0.75, the value of θ 
approaches 6°, which represents the upper limit for which 
the assumption of linear elasticity is valid. This point coin-
cides with the transition in �̂c from being independent of 
c/a to decreasing as a power-law function (Fig. 8), which 
further supports our finding that large bending strains in 
soft pattern cause a reduction in the EHL friction coef-
ficient. Both models provide values of θ that are in good 
agreement with each other, and show that θ increases with 
c/a as expected for taller patterns. When the aspect ratio 
increases beyond c/a > 0.75, the cantilever beam bending 
model is still able to provide reasonable estimates of the 
bending and deflection angles (θ ≤ 30°, φ ≤ 15°) as shown 
by Belendez and coworkers [32]. At c/a ≥ 2.0, both models 
are likely to significantly overestimate the bending angles.

Conclusions

In this study, we evaluated the bending contribution of soft 
PDMS and hydrogel microstripes to their EHL tribology by 
varying the height-to-width aspect ratio, c/a, while keeping 
the valley width, b, constant. A Newtonian lubricant, glyc-
erol, is used to generate fully flooded EHL conditions. The 
steady state Stribeck curves show that all samples underwent 
a micro-EHL to macro-EHL transition. It would be interest-
ing and prudent to measure the true film thickness using 
specialized setups which allow simultaneous imaging of the 
lubricant film during shear.

Our findings show that the EHL friction peak �̂c has no 
dependence on the aspect ratio when c/a < 0.75 but decreases 
when c/a > 0.75. Two models are used to explain the decrease 
in �̂c : the first uses the cantilever beam model to predict a 
theoretical bending and deflection angle, and the second uses a 
purely empirical model we developed previously using a large 
number of soft micropatterns. Both models consistently sup-
port our argument that the increased bending of larger aspect 
ratio patterns results in a lower effective surface area for bear-
ing the lubrication fluid load, and possibly leads to a reduc-
tion in the film thickness. At the threshold value of c/a = 0.75, 
the applied shear stresses in the EHL regime cause a bend-
ing strain that is sufficiently large to render linear elasticity 
assumptions invalid. This threshold aspect ratio coincides with 
the point at which �̂c is affected by c/a. The range of aspect 
ratios studied is limited by experimental instrumentation, spe-
cifically related to the optical diffraction effects in photolithog-
raphy. It would be interesting to obtain structures with larger 
c/a values to determine if the decrease in EHL friction peak is 
monotonic with tall and thin structures.

Although the elastic compression of a soft surface is fac-
tored into classical tribology through Hertzian and adhe-
sive contact models, bending has not been a focus because 
of the relatively rigid nature of traditional tribopairs. 

Results from this study would be applicable to the lubri-
cated friction of human fingertips and texture perception 
aided by papillae in the tongue. These haptic processes 
often involve sliding conditions similar to those in our 
study, suggesting the combination of bending mechanics 
with tribological modeling is likely to be very impactful to  
soft robotics [14], haptic devices [33], and biomechanics 
[34].
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