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Abstract

Let M =T\ Hy be a compact quotient of the d-dimensional Heisenberg group Hy by a lattice subgroup I". We show that
the eigenvalue counting function N* (A) for any fixed element of a family of second order differential operators {L,} on M
has asymptotic behavior N () ~ Cy., vol (M) A%*!, where Cy , is a constant that only depends on the dimension d and
the parameter «. As a consequence, we obtain an analog of Weyl’s law (both on functions and forms) for the Kohn Laplacian
on M. Our main tools are Folland’s description of the spectrum of £, and Karamata’s Tauberian theorem.
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1 Introduction
1.1 Motivation

Motivated by the celebrated Weyl’s law, we aim to study the
asymptotic behavior of eigenvalues of the Kohn Laplacian
U, (also referred to as the complex Laplacian) on compact
Heisenberg manifolds, specifically compact quotients of the
Heisenberg group by lattice subgroups. Much of our work is
inspired by [2], where the authors compute the leading coeffi-
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cient of the eigenvalue counting function for L], on functions
on the (2n — 1)-dimensional sphere S"~!. As in the origi-
nal Weyl’s law, here the leading coefficient is proportional to
the volume of $2"~!, multiplied by a constant that depends
only on the dimension n. This constant is expressed as an
integral and is similar to the constant that appears in [6, The-
orem 6.1]. Note that the result in [6] examines Weyl’s law for
the Kohn Laplacian on (p, g)-forms, where 0 < g <n — 1,
on compact strongly pseudoconvex embedded CR manifolds
of hypersurface type in C" for n > 3. A similar analog of
Wey!’s law for the Kohn Laplacian on functions on such gen-
eral CR manifolds is an open problem. [2] gives an answer
on spheres.

In this paper, we obtain an analog of Weyl’s law for the
Kohn Laplacian on functions and on differential forms on
compact Heisenberg manifolds. We first note that the Heisen-
berg group has two distinguished left-invariant differential
operators: Ly and i 7. For & € R, the family of left-
invariant operators given by £, = Lo + iaT is also of
importance due to its relation to the Kohn Laplacian. In fact,
the spectral analysis of [J, reduces to understanding £,,. We
note that every positive real number is an eigenvalue of L,
on the Heisenberg group, see [8], therefore the spectrum is
not discrete. Thus, it is not a suitable manifold on which to
count eigenvalues. However, on compact quotients M, the
operators L, have discrete spectra, as noted in [5]. Thus,
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we can count the eigenvalues on these compact Heisenberg
manifolds. We note that obtaining the asymptotics of a count-
ing function for a given positive sequence of numbers is not
always straightforward.

In [9] and [10], the authors study the distribution of eigen-
values on compact quotients for the single operator L.
In particular, they obtain the asymptotic result NO (1) ~
Cy.ovol (M) A4t where N9 (1) is the eigenvalue count-
ing function for £y and Cy 0 is a constant that depends only
on the dimension d. In [9], Strichartz obtains his result by
using Folland’s explicit spectrum for L and a careful analy-
sis of the asymptotics of binomial coefficients. On the other
hand, in [10], Taylor uses asymptotics of the trace of the heat
kernel and Karamata’s Tauberian theorem, with no reference
to an explicit spectrum. In this note, by combining both the
explicit spectrum from [5] and Karamata’s Tauberian the-
orem, we obtain asymptotics for a family of second order
differential operators Ly, for —d < o < d.

As a corollary, we obtain an analog of Weyl’s law for
the Kohn Laplacian on functions and differential forms on
M. We note that our result on (p, g)-forms, up to a simple
dimensional constant, matches the Weyl’s law analog in [6].
Furthermore, the Weyl’s law analog we obtain for functions
matches, up to the same dimensional constant as before, with
the Weyl’s law for spheres in [2]. These observations provide
more insight into the open problem mentioned above.

1.2 Preliminaries

We follow the exposition of the Heisenberg group and the
Kohn Laplacian in [5] closely and refer the reader to that
paper. We also refer the reader to [3] and [7, Chapter XIII]
for further definitions and details, and [4] for a detailed intro-
duction to the Kohn Laplacian on CR manifolds.

Definition 1.1 The d-dimensional Heisenberg group, Hy, is
the set C¢ x R along with the group law defined by

(@) x ()= (+7 1+ +2Im(z, 7)),

where z, 7/ € C%;1,1" € Ry and (2, 7') = 217 + - - - + 2a%-
Note that H; embeds naturally in C4*! under the identi-
fication

(z,1) — (z, t+i |z|2)

and therefore it is an embedded CR manifold of hypersurface

type.

The Heisenberg group can be alternatively described in
polarized coordinates. That is, Hy is the set R? x R? x R
with the group law

(p.qg.9)*x(p.qd.s)=(p+p.qa+q . s+5+pxq).
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For —d < o < d, define the second order differential
operator

d
1 —
L, = ) (Z;Z; +Z;Zj) +iaT,
Jj=1
where
— d . ad
ZjZT—le_ and T = —.
0z ot at

The following properties of L, and [J, are well-known
and documented in [5]. To investigate the spectral asymp-
totics of Ly, it is convenient to study Lo and i ' T separately
as they are essentially self-adjoint strongly commuting oper-
ators. The connection between £, and [J, is then given by
the diagonal action of [J, on (0, g)-forms, 0 < g < d:

Op | Y- frdz" | = ) Lasgfsd7’,

[J|=¢ [J|=¢q

where f; are functions, J = (ji,..., jg) with 1 < j; <
< jg<d,anddz’ =dz; A - AdZ,.

Let I be a lattice subgroup of Hy, that is, a discrete sub-
group so that M = I" \ Hy is a compact manifold. Note that
the CR structure and the operators £, and T descend onto
M. This makes M a strongly pseudoconvex CR manifold.
Furthermore, the diagonal action of [J; descends onto M.

Importantly, for all «, £, on M has discrete eigenval-
ues which are explicitly given in [5]. To obtain an analog
of Weyl’s law, we use a generating functions argument and
invoke Karamata’s Tauberian theorem (see [1, Theorem 1.1,
p- 57D).

Theorem (Karamata) Let { Aj } be a sequence of positive

jeN

real numbers such that " jeN e~*i' converges for every t >

0. Then for n > 0 and a € R, the following are equivalent.

(1) lim, o+ 1" 3" ey e il =q

(2) limj 0 55 = 18

- I'(n+1)
where N (A) = # {j TAj < k} is the counting function.

1.3 Main results

Putting these ideas together yields the following analog of
Weyl’s law for L.
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Theorem 1.2 Let N% (L) be the eigenvalue counting function
for Ly on L? (M) for —d <a <d. For—d <o <d,

im N3
=vol(M)d;
24T (d +2)

)d —OoX d
- e x
sinh x

and for o = %d,

i N* ()
o AdT
2d

d+ 1)7[d+1F d+2)
/OO ( X )d-‘rl e—(d—l)x dx
—oo \sinh x ’

From this statement and the diagonal action of [J, we can
obtain the following statement on (p, ¢)-forms. Note that we
require d > 2 to obtain nontrivial (p, ¢)-forms.

= vol (M)

Corollary 1.3 Fixd > 2. Let N (L) be the eigenvalue counting
function for O, on M acting on (p, q)-forms, where() < p <
d+1and0 < g < d. We have that

NG Lo (1) (4 2
im ———— =vo _
A—oo  AdT] p)\q) nd*IT (d +2)
/OO ( - * )d e~ @20 gy
oo \sinhx

In the remainder of the paper, we prove the main theorem
and its corollary.

2 Proofs
2.1 Compact quotients

For the proof of our theorem, we first establish some notation
and properties of lattice subgroups of Hy.

Definition 2.1 Let £ = (€1, {2, ..., £q) be a d-tuple of pos-
itive integers so that £1 | €5 | - - - | £4. Define

=[(p,q,s):p,qezd,sez,e,- | q; foralllsjfd].

"¢ is a lattice subgroup of the polarized Heisenberg group.
Importantly, for a given I'y, define the constant L =
Cily - Ly.

Theorem [5, Proposition 2.1] Given any lattice subgroup T’
of Hy, there exists a single £ and an automorphism ® of Hy
so that ® (I') = T'y.

Thus, we can associate every lattice subgroup with the
constant L given by I'y. Another useful property is that the
center of a lattice subgroup is of the form (0, 0, cZ) for some
¢ > 0. Knowing this information, the volume of M can
be computed as Lc@t!, as shown in [9]. We can now state
Folland’s result on the joint spectrum of Lo and i = 7.

Definition 2.2 Let A and B be two operators on a vector
space V. The joint spectrum of A and B is

o (A, By={(\,n):veV\{0}, Av = Av, Bv = uv},

counting multiplicities of (A, w).

Theorem [5, Theorem 3.2] Given a lattice with center
(O 0, ¢Z), the joint spectrum of Lo and i~'T on L* (M)

{(”2”" d+2] Z:) L j € Zsoon eZ\{O}}
(318 .0) & e w]

and the multiplicity of (nlnl d+2j), % ) j

g (jtd—1
L .
i ( d—1 )

A is the dual lattice of the lattice A = 7 (T"), where 7 :
Hy — C? is the quotient map 7 (z, t) = z. The multiplicity
of an eigenvalue coming from the second set is dependent on
the structure of A\’

Since Lo and i ~!T are self-adjoint strongly commuting
operators, as shown in [8], we have the following corollary
of the theorem above.

Corollary [5, Corollary 3.3] For o € R, the spectrum of Ly
on M is

{”'”' (d+2j —asgnn): j eZ>o,neZ\{O}}

type (a)

T
u|5|s|2:geA’].
—_—
type (b)

We label the eigenvalues in the first set as type (a), and the
eigenvalues in the second set as type (b). Moreover, since
the operators are self-adjoint and strongly commuting, the
total multiplicity of a type (a) eigenvalue A is the sum of the
multiplicities of elements from the joint spectrum coming
from distinct n, j, & that add up to A. For example, if

@ Springer



4  Page4dof7

Complex Analysis and its Synergies (2022) 8:4

7 |n|

2c

A= (d+2j —asgnn)

m || n
= (d+2j - ozsgnn/)=§|$|2

for some & and (n, j) # (n’, j’), then the multiplicity of A
is exactly

|n|dL<jZil >+| |dL(j+d 1)
+mult (% €]7).

The corollary above allows us to define the generating func-
tion Y, e~*i’ where the terms are repeated according to the
multiplicity of A ;. This function appears in Sect. 2.3, where
we invoke a Tauberian theorem to understand the distribution
of eigenvalues.

We now decompose the eigenvalue counting function
N* (&) for L, into two parts. Let N (A) and Ny (1) be the
positive eigenvalue counting functions of type (a) and (b)
respectively for L. Formally,

NS (M) =#{j:0<xj <A, Ajisof type (a)}and
Ng‘(k):#{j:0<kjSA,Ajisoftype (b)}.

Therefore, to study N% (1), it suffices to analyze NS (A) and
Ny ()) separately.

Remark 2.3 Finally, before we provide the details of the
proofs, we make a note on isospectral quotients. As noted
in [5] the automorphisms of the Heisenberg group decom-
pose into three categories: symplectic automorphisms, inner
automorphisms, and dilations. We suspect that few automor-
phisms of H; yield isospectral quotient manifolds. That is, if
¢ € Aut (Hy), then I' \ Hy and ¢ (I") \ H, are unlikely to be
isospectral. Our reasoning is based on the following obser-
vations. Indeed, dilations by r change both type (@) and (b)
eigenvalues by a factor of r2. Similarly, we see that inner
automorphisms by (w, t), though they preserve the lattice
structure, are unlikely to preserve the center for generic w.
Thus, the symplectic matrices that preserve the lengths and
multiplicities in the dual lattice are the only building block
automorphisms of Hl; that can reasonably yield isospectral
manifolds. However, such a statement does not yield a rich
class of examples. We leave a formal statement and investi-
gation of isospectral Heisenberg manifolds to another study.

2.2 Sums to integrals
In this part, we provide the analytical details of the proofs.

Taking a cue from [2], we first define the scaled ceiling func-
tion.

@ Springer

Definition 2.4 For r > 0, the scaled ceiling function [-]; :
R — Ris

[x]; =t[x/t].
Note that
[x];,=tmin{fn € Z:n>x/t}=tmin{n € Z :tn > x}.

Therefore, [x]; can be thought of x rounded up to the nearest
integer multiple of 7. This implies that for a fixed x € R and
t > 0, we have 0 < [x], — x < r. As direct consequence,
we have the following two properties.

(1) For any fixed x € R, lim;_, o+ [x7]; = x.
(2) Let f : [a, b] = R be a monotonically decreasing func-
tion. ThenforafixedO0 < ¢t < b—a,forallx € [a, b — ¢],

we have f ([x],) < f (x).

The following lemma makes use of the definition of the
scaled ceiling function to convert a right Riemann sum into
an integral. It is used to simplify calculations in the proof of
our main theorem.

Lemma 2.5 Foru,v > 0,

—tuvn

d+1 d €
Z 1 _ e—2tun)
—uv[x],
_ d__ ¢
_/0 [x1{ (1 - e—ZMM,)d dx.
Proof We have that

d+1 Zn

—tuvn

—2tun) d
(d+1 g etmim
Z f [m] dem
= /Oo 1+ e e dm
0 (1 — ¢=2ulmlyd

—tuv[x/t]

o e
— /0 (t[x/t)? mdx
[ee) 4 e—uv!’x'l,
= /0 [x17 m dx,
thus completing the proof. O

The nextlemma demonstrates how the scaled ceiling func-
tion can be removed from the integrand through a limit.
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Lemma2.6 Foru,v > 0, G )= Z in[d L<j +d— 1>e—tun|(d+2j—otsgnn)
nez\{0} d—1

00 e—uv[x][ %) e Hvx JEZ>0
lim [x]d_idx =/ xdf dx. 00 .
=0t Jo T (1= em i) d o (I—e2r)d _ Nl (F AT Y i rara))

ot d—1
Proof Define j=0
o0 .
4 PR +L an <] +d— 1>e—tun(d—a+2j)
f(x)=x —2ux\d"’ n=1 d—1
(1 —e ) "0

Note that there exists an M > 0 such that for all x > M, we
have

1
5 < (1 — e_z’”)d and x¢ < %, where ¢ = %

It follows that for all x > M,
fx) <2

By compactness, continuity, and property (2) of the scaled
ceiling function, it follows that for all n € N, f([x1]y/,) is
dominated by R [0, s1+2e~“* for some R > 0. Thus, we can
apply the dominated convergence theorem and use property
(1) of the scaled ceiling function to obtain the claim. O

When we invoke the above two lemmas in the following
section, we only consider v = d £ o, where —d < o < d.

2.3 Proof of theorem 1.2

In this section, we prove an asymptotic result for N (1), from
which Theorem 1.2 follows.

Theorem 2.7 Fix —d < o < d. We have that

o
1 Na (A) _c LM
)ngo JCAS d.a VOL (M),
where
2 d _
Chu— mf_ (=) e ™ dx, —-d<a<d
T d+1 —(d—1 _
e o () e dy, a=+d

Proof By symmetry of sgn n, it suffices to consider the case
where 0 < o < d. We separate the cases for 0 < o < d and
o = d and center our approach on Karamata’s Tauberian
theorem. Let u = 3.

First assume 0 < o < d. Setting G(1) = )y e Mt
where A ; are the type (a) eigenvalues of £, on M included
with multiplicity, we see that

=L(G-(1)+G4 (),
where G_, G are the parts of G, excluding multiplication

by L, indexed by negative and positive n respectively. Recall
that

1 N [(jHd—1\
- J
127 ;0( d-1 )Z

We see that,

G_(t) = Zn e tun(d+a)z (J +d— ) —2tunj

e—tun(d—i—a)

00
d
= ’;n (1 _ e—2tun) d

and

Gy ()= Z e~ tun(d—a) Z (J +d— ) —2tunj

n=1

ftun(d o)

oo

To analyze 1911 G (1), we convert the above sums into inte-
grals. We have that

lim 471G (1)
=0t
—tun(d+a)
o d d+1 ¢
- tl_l)I(I)1+ L (Z e—ZZun) d
—tun(d—a)
d d+] ¢
+ ZI’L e—2tun) d)
) —u(a’+(x)[x]t
=Ll / m’ ~ ol d de
e~ ud—a)[xT;
/ M, — el d
4 —u(d+a)x
= L X —dx
/0 (1 _ e—2ux) d

) (Lemma2.5)
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00 4 e—u(d—ot)x
+ x4 —————dx
/(; (1 _ g—2ux) d
e*M(d‘H)t)x

* d
L/;Oox —(1 _e_ZM)ddx

e—f—c(d+a)x

00
L/ xd—ﬂdx.
—o0 (1 _e—?x)d

) (Lemma2.6)

Let v = Z%. Recalling that vol(M) = L9t we have that

a1 d+1 00 4 e—(d+o¢)v
Iim t“7°G (t) =vol (M) —— vf—m«———dv
=0+ ®) () gd+l /_oo (1—e2)d

2 o v d —av
= vol (M) — /_m<sinhv) e dy.

Therefore,
lim Ng (L)
)\Loo Ad+1
vl (M) —— 2 )d e dx.
a4t (d +2) sinh x

Now fix « = d. Note that when both j = 0 and n > 0,
we obtain eigenvalues equal to zero. This case is omitted as
the kernel of L, is infinite dimensional. Let u = 7 /c. We
see that

o0
G =L Z n’ (’ - >em"<d+f>

n=l
=L(G_1)+Gy@).

Note that the G_ and the G that appear here are different
from the previous case. By a similar analysis,

G- ()= ZI’L —tun)d
G+(t)_2n ( tun)d_l>'

ﬂund

As in the previous case, we look to analyze 1+ G (t) by con-
verting to integrals. To justify this conversion, we must obtain
analogues of Lemma 2.5 and Lemma 2.6 for the summands
appearing in both G_ and G . In particular, Lemma 2.5 for
both G_ and G follow immediately, due to the presence of
nd. Regarding Lemma 2.6, it suffices to show that the induced
functions are integrable over [0, 00), justifying the use of the

@ Springer

dominated convergence theorem. For more in-depth details,
we refer to the analysis of G_ in [2, Lemma 2.11 and Propo-
sition 2.13] and to the analysis of G in [2, Lemma 2.5 and
Proposition 2.8]. It follows that,

°° 1

lim “1'G(t) = L/ R —; ]
t—0t

RO

Letv = % We have that

d+1 1

11m t41G (1) = vol (M) d! —T

[ (1_1+1) a.
0 (1 _ e—2v)d (62” _ l)d

By applying integration by parts with

1
7= -1+

_ .
(1 —e2)d and dw = v dv

1
(62v _ 1) d

the above integral can be manipulated to obtain a form
that bears resemblance to the integral obtained in [6]. In
particular, the boundary terms vanish, and the integrand
(Sm”hv)d+l (e (d=1x +e_(d_l)x) is obtained. The obtained
integral can then be further simplified by noting that o is
even. We refer to [2] for a complete calculation. It follows

that,

lim G (1)
t—0t

2d+1 d
= vol (M) d! 1(s2H) — —
vol (M) nd+1vo( )(2n)d+1(d+1)
[
_oo \sinhx

ol (M) 2 d
=V —_—
gd+1 d+1

00 X d+1
/ ( - ) e @=Dx gy
_oo \sinhx

Therefore,
NZ () 2d
lim 44—~ = vol (M
im Sar =Vl o T a1 )
oo d+1
[ () e
oo \sinhx
completing our proof. O

After understanding the asymptotics of N5 (4), we look at
the distribution of type () eigenvalues, which comes down
to counting lattice points in R>¢. Here, we use a more general
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theorem on the distribution of eigenvalues for the standard
Laplacian on flat tori. Indeed, we invoke the following state-
ment from [1, p. 26].

Theorem (Weyl’s Law for Flat Tori) Let A be a full-rank
lattice in R", and N (L) be the eigenvalue counting function
for the standard Laplacian on the flat torus, T = A \ R".
That is,

5172
N()»):#{MGA’:WIS—}.

2
Then,
m N (L) vol (T)
i = .
A—o0o AM/2 (4]-[)"/2 T (% + 1)

As the above theorem implies that Ny (1) € 0%, we
conclude that N (1) does not contribute to the leading coef-
ficient asymptotics. Thus, we conclude that Theorem 1.2
follows from Theorem 2.7 and Weyl’s law for flat tori.

2.4 Proof of corollary 1.3

The computations in Theorem 2.7 can be also used to obtain
an analog of Weyl’s law on (p, g)-forms since the action of
Oy on (0, g)-forms is expressed diagonally by L£y4_»,.The
only technicality that remains is the multiplicity. Note that
any computation for multiplicity for (0, g)-forms extends
directly to (p, g)-forms by multiplication by (Z). Ifwisa
g-form, then it can be written as

> wsd,

I1=q

where w; are functions, J = (ji,..., jq) with 1 < j; <
< jg<d,anddz’ =dz; A--- A dZ,.

Noting that the dz’ are linearly independent, we have
Opw = Aw if and only if (pw; = Awy for each J. From the
convention 1 < j; < --- < j, < d, there are (Z) possibili-
ties for J. Since j, f = A f implies J,, fdz/ = A fdz’,each
eigenfunction of [J; induces (Z) many linearly independent
eigenforms.

Therefore, to study (0, g)-forms, we set « = d — 2¢ in
the —d < o < d case of Theorem 2.7 and multiply the result
by (z). Then for Nfl)’q A),

0.9
.ONgT (V) d 2
lim ——— = vol (M _—
i, ar =Vl D ) e )
[* () e
oo \sinhx

Corollary 1.3 follows immediately by multiplication by
(Z) and noting that N}f”q (&) for Oy, on (p, g)-forms is still

in 0 (9).

This result is strikingly similar to the Weyl’s law ana-
log obtained by Stanton and Tartakoff in [6]. Note however,
that their theorem requires that the manifold be an embedded
hypersurface (that is co-dimension one). Though the Heisen-
berg group is such a manifold, we lose this property when
passing to the quotient. The quotient is not a co-dimension
one manifold. This difference is reflected in the difference by
afactorof 2792 in the leading coefficients. Furthermore, the
result in [6] does not apply to functions, whereas our result
in this note covers functions and differential forms of all
degrees.
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