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Abstract—This paper studies MIMO relays with non-identical
link coherence times, a frequently occurring condition when,
e.g., the nodes in the relay channel do not all have the same
mobility, or the scatterers around some nodes have different
mobility compared with those around other nodes. Despite its
practical relevance, this condition, known as coherence diversity,
has not been studied in the relay channel. This paper studies the
performance of MIMO relays and proposes efficient transmission
strategies under coherence diversity. Since coherence times have
a prominent impact on channel training, we do not assume
channel state is available to the decoder for free; all channel
training resources are accounted for in the calculations. A
product superposition technique is employed at the source which
allows a more efficient usage of degrees of freedom when the relay
and the destination have different training requirements. Varying
configurations of coherence times are studied. The interesting
case where the different link coherence intervals are not a
multiple of each other, and therefore the coherence intervals
do not align, is studied. Relay scheduling is combined with
the product superposition to obtain further gains in degrees of
freedom. The impact of coherence diversity is further studied in
the presence of multiple parallel relays.

Index Terms—Relay, cooperation, high mobility, fading, coher-
ence time, channel training, channel state information, multiple
relay

I. INTRODUCTION

There has been a surge of interest in high-mobility wireless
communications [1]-[3], wherein the co-existence of low-
mobility and high-mobility users has been an accepted fact [4].
Naturally, faster nodes lead to links with shorter coherence
intervals, and slower nodes experience links with longer coher-
ence intervals. A deeper understanding of relay performance
under unequal link coherence times provides new tools and
techniques for high-mobility wireless communications. Relay-
ing in high-mobility scenarios has been acknowledged as an
important topic [S]-[7], but the implications of relaying under
unequal link coherence intervals has been an open problem.

This paper studies the degrees of freedom of relaying under
unequal coherence intervals for the three links within the relay
channel, a condition that occurs commonly in practice, but its
effect on the performance of relays has been unknown.! The
performance of fading relay channel under equal coherence
intervals has been extensively studied [9]-[17], and also the
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disparity of coherence intervals has been studied in broad-
cast channels [18]-[20], multiple access channels [20], and
frequency-selective broadcast channels [21]. The impact of
hybrid channel state information (CSI) on MISO broadcast
channel with unequal coherence times was studied in [22].

For the MIMO relay with coherence diversity, we assume
there is no free CSI at the receivers, since unequal coherence
times impact channel training and therefore the assumption
of free CSI would distort and obscure important features of
the problem. In addition, no CSI is assumed at transmitters.
We propose a product superposition at the source, a signaling
strategy first introduced in [18]. Product superposition is a
technique that allows a more efficient utilization of channel
degrees of freedom when links with unequal coherence inter-
vals coexist in a network. The gains of product superposition
arise from a natural match between the product form of the
superposition, and the product operation by which fading chan-
nels affect transmit signals. This match allows one signaling
component to “disappear” into the effective channel gain of
another link, and in that way reduce the interference. This
principle is then employed to reuse pilot slots of one user for
data of another user, without contaminating the pilots. As will
become clear in the sequel, we use this technique to harvest
gains when the source-destination and source-relay links have
unequal coherence intervals.

A key novelty of the present paper is in its introduction of
effective methods for controlling the interference arising from
both the full-duplex relay and the source on all received pilots,
while utilizing product superposition at the source to achieve
transmission efficiency. This clearly separates the methods and
analysis of the present study from previous works in the area
of coherence diversity, e.g., [18]-[21].

A summary of the contributions of this paper is as follows.
We begin by proving the following: under identical coherence
intervals for the source-relay, relay-destination, and source-
destination links, the relay cannot provide any DoF gains
compared with the direct link alone. This is a simple but
important negative result that is independent of antenna config-
urations at the three nodes, and is used as a reference. When
coherence intervals are unequal, we start with a representa-
tive example, design signaling appropriately for the unequal
coherence intervals, and show the resulting DoF gains. Then
we broaden the result by removing the constraints from the
length and alignment of the coherence blocks, showing that
the DoF gains persist in the more general case. Further, a
new scheme combining the product superposition and relay
scheduling is proposed, motivated by the following observa-
tion: Whenever a pilot-based relay is activated, the relay pilots
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Fig. 1. MIMO Relay Channel with Coherence Diversity.

impose a cost (in degrees of freedom) due to their interference
with source-destination transmission. In the new scheme, this
cost is compared against the relay gains, and the relay is
activated accordingly. We show the extent to which this new
scheme improves the degrees of freedom of the relay channel.
This paper also studies multiple parallel relays under non-
identical coherence intervals, wherein transmission strategies
are studied and achievable degrees of freedom are calculated.

This paper is organized as follows. Section II presents the
system model used in this paper, and in particular formalizes
the way different coherence times are introduced into the
analysis. In Section III, the foundations of the proposed
techniques are demonstrated via an analysis of a single-
relay system where, for simplicity, we assume that the three
coherence intervals in the relay channel are pairwise divisible.
This simplifies the analysis by ensuring that an integer number
of coherence intervals from each faster fading link fits into
the coherence interval of each slower fading link, avoiding
fractional overlaps between coherence intervals. Section IV
introduces the relay activation/deactivation scheduling in order
to maximize the end-to-end DoF returns from the relay opera-
tion, as mentioned above. Section V highlights techniques that
generalize the earlier results of the paper to arbitrary coherence
times (non-integer ratios). Section VI extends the results to
multiple relays. Section VII provides concluding remarks.

Notation: Bold lower-case letters, e.g. x, denote column
vectors. Bold upper-case letters, e.g. M, denote matrices.
The Euclidean norm is denoted by ||x|| and the Frobenius
norm ||M| . The trace, conjugate, transpose and conjugated
transpose of M are denoted tr(M), M, M” and M,
respectively. M—7 2 (M~1)T and M—H £ M~ HH . 1,
and 0,, x,, denote the m x m identity matrix and m X n zero
matrix, respectively, and the dimensions are omitted if cleared
from the context. The base of the logarithm throughout the
paper is 2.

II. SYSTEM MODEL

Consider a MIMO relay in full-duplex mode as in Figure 1.
The source and destination are equipped with Ng and Np
antennas, respectively. The relay has Ny receive antennas and
np transmit antennas. The number of active (powered) relay
transmit antennas in a transmission scheme is shown with n,.,
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which is optimized in each scenario. Obviously n, < ng. The
received signals at the relay and destination are:

Yr = HsrXs + Wg (D)
yp = Hspxs + Hrpxr + Wp, 2

where xg and xp are signals transmitted from the source
and relay. wr and wp are independent and identically dis-
tributed (i.i.d.) white Gaussian noise. The relay operates in
the full-duplex mode. The relay self-interference residue can
be modeled by a Gaussian distribution and can be addi-
tively combined with thermal noise into a single term wg
for the purposes of analysis. This line of reasoning is by
now well-established for full duplex relay analysis, among
others see [23]-[25]. Bold upper case Hsr, Hrp and Hgp
are channel gain matrices whose entries are i.i.d. Gaussian.
Channel gain entries and noise components are zero-mean
and are normalized to unit variance. Channel gains experience
block fading, remaining constant during the coherence inter-
vals which are, respectively, of length Tsr, Trp and Tsp,
satisfying Tsp > 2maX(NS,NR), Trp > Qmax(nR,ND)
and Tsp > 2max(Ng, Np). Channel gains are independent
across blocks [26]. The source and relay obey power con-
straints E[tr(xgx)] < p and Eftr(xgx’)] < p. We assume
there is no CSIT at the source nor relay. If not stated, there is
no free CSIR at the relay nor destination.

The source sends messages to the destination with rate R(p)
at signal-to-noise ratio p. The achievable degrees of freedom
at the destination achieving rate R(p) are defined as

d= lim R(p) .
p=oc log(p)

3)

III. ALIGNED COHERENCE BLOCKS

We first show the relay cannot provide any gains in degrees
of freedom under identical coherence intervals and present the
optimal degrees of freedom achieved by the direct link alone.
We will use this optimal achievable degrees of freedom as a
reference in the remaining of the paper. Then we analyze the
scenarios where the coherence times are unequal. Compared
with the degrees of freedom achieved by the direct link alone,
additional degrees of freedom can be obtained via product su-
perposition, exploiting the coherence diversity between source-
destination and source-relay links.

A. Identical Coherence Times

Proposition 1. When relay link coherence times are identical
(I'sp = Tsg = Trp = T), the relay does not improve the
degrees of freedom of the source-destination link, namely:

in(Ng, N
d = min(Ng, Np)(1 — W). (4)
Proof. From the cut-set bound,
R < min{l(xs;yr,yp|xr),1(xs,Xr;yD)} 5

If Ng < Np, consider the broadcast component of the cut-
set bound: R < I(xs;y¥Rr,yp|Xr). Because Tsp =Tsg =T
and there is no CSIT, the right hand side in the inequality
is upper bounded by the capacity of a point-to-point channel
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having Ng transmit antennas and (Np+ Ng) receive antennas
with coherence time T, which is Ng(1 — %) log p+o(log p).
Then we have

N
dSNs(l—TS), 6)

which can be achieved by the direct link alone.

If Ng > Np, we focus on the MAC component of the
cutset bound: R < I(xg,Xxg;yp). Since Tsp = Tsg = T,
the right hand side is upper bounded by the capacity of a point-
to-point channel having (Ng +npg) transmit antennas and Np
receive antennas with coherence time 7', whose capacity is
Np(1 — Z2)log p + o(log p). Then we have

N
d < Np(1 - =), @)

T
and this degrees of freedom can also be achieved by the direct
link alone. This completes the proof. O

B. A Representative Example for Unequal Coherence Times

To pave the way for the analysis to come, and to motivate
the direction taken by this paper, we provide an example whose
purpose is to illuminate the main features of the problem in
a simple setting. In this example, the source and relay are
equipped with two antennas and the destination is equipped
with three antennas. The coherence times of the three links are
as follows: Tsp = Trp = 8 and Tgr = oo, i.e., the source-
relay channel is static, therefore the cost of training over this
link is amortized over a large number of samples, so we can
assume the relay knows Hgp.

The source uses product superposition, sending

XS :U[I2702><13V]7 (8)

where U € C?*2 and V € C?*5,
At the relay, the received signal is

Yr =HsrXs + Wg = HspU[I, 0251, V] + Wk, (9)
The received signal during the first two time slots is
® =HsrU + Wi (10)

The relay knows Hgpr and decodes U. The signal decoded by
the relay in the previous block is U’ and the two rows of U’
are uj,u) € C1*2,

The relay powers only one antenna for transmission and
sends

Xp = [01x2,1,u},uy, 0] € CH*5. (11)
The received signal at the destination is:
Yp =HspXs+HgrpXp+Wp

_ U[Iz, 0241, V]
o [HSD7HRD} |:01><2; 1711/1, 111270

= [HspU,Hgp] [Ig, [u’ V/ 0} } +Wp, (12)

}—l—WD

15 U,

The destination estimates the equivalent channel
[HspU,Hgp] in the first three time slots and decodes
V,u] and u}. In this proposed scheme, the destination can
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achieve the degrees of freedom (2 x 5+2x 1x2)/8 =1.75.
In comparison, a traditional relaying scheme assigns pilots
and training according to the smallest coherence time and
achieves the degrees of freedom 2 x (8 —2)/8 = 1.5.

C. Coherence Conditions Tsr = o0

When Tsrp = oo, the training resources required for the
source-relay link can be amortized over a long period and
are therefore negligible. This scenario occurs when source
and relay are either stationary, have a dominant line-of-sight
component, or both.

Theorem 1. In a relay channel with Tsp = 00 and Ng <
Np, the following degrees of freedom are achievable, where
Ngv £ min{NS, NR}.'

If Tsp = Trp,
NS+7717,
d = max(l - —=——
nr( TSD )
NZiNg
in{Ns + n,, N, £ . (13
x min{Ng +n S+TSD_nr_NS} (13)
If Trp = KTsp,
Ng + n,
d =max(l - —=——=
nr( Tsp )
(K —1)n,

xmin{(Ns-i-nr)(l-i- )s

K(Tsp —n, — Ng)

KN+ (K — 1)n,

Ng(1 S . (14

If Tsp = KTgp,
Ty

e )
) Ng
Ng+n)(1+——25
Xmln{( s +n)( +K(TRD_nr))

KN% — Ng

Ng(1+ K(TRD—nT))}' (15)

Proof. When Tsp = Tgrp, the proposed signaling structure is
shown in Figure 2. In this case, the source sends the product
superposition signal:

XS :U[IN57ON5><TLT7VSL (16)

where n,, < min{Ng, Np — Ng}, U € CNs*Ns and Vg €
(CNsx(Tspfnrst)'

At the relay, the received signal is

Yr=HsrXs+Wpg

:HSRU[IN_gaONanT7VS]+WR' (17)
The received signal during the first Ng time slots is
Y}, =HspU + Wi, (18)

The relay knows Hgr and decodes U. Assume the message
decoded by the relay in the previous block is U’. The relay
uses n, transmit antennas, sending

Xp = [0n,xNg, In,, V] € Cr > P50

where Vi € Cr*(Tsp—nr—Ns),

19)
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Fig. 2. Signaling Structure for Product Superposition.

The received signal at the destination is

Yp =HspXs+HrpXr+Wp

_ U[INsaONSXnMVS]
- [HSDaHRD} |: O’n,«XNsyI'nr7VR +WD
A%
= [HspU,Hrp] | I(ng4n,), [Vzﬂ +Wp.  (20)
The destination estimates the equivalent channel

[HspU,Hgrp] during the first (Ng + n,) time slots
and then decodes Vg and V. At the destination, the
decoded messages have two parts: Vg from the source
and Vg from the relay, which provide degrees of freedom
Ns(Tsp —n, — Ng) and n,.(Tsp —n, — Ng). The message
in Vg is from U’. The degrees of freedom the relay can
decode from U’ are N;Ng. The rate of the message emitted
by the relay is bounded by the rate it decodes from the source.
Taking the minimum of the degrees of freedom the relay
can transmit and decode, and add it up with the degrees of
freedom provided by the source, and optimizing the number
of transmit antennas at the relay, the end-to-end degrees of
freedom are (13).

When Trp = KTgp, our scheme has a transmission block
from the source that has length K'Tsp, which we divide into
sub-blocks of length Tsp. During the first sub-block, the
source sends the signal

X}g :Ul[INS,ONanMVAlS']v 2D

where n,, < min{Ng, Np — Ng}, Ul € CVs*Ns and Vi €
CNsx(Tsp—nr—Ns)

The relay decodes U! and uses n, transmit antennas and
sends

Xk = [0n, xng In, V] € C>T52, (22)

where Vi € Cnr>(Tsp—nr=Ns) The received signal at the
destination is

Y} =HypXg +HrpXj + W)
Vl
= [H, U, Hpp] [I(Nﬁnr), [V}SJ } +Wph.  (23)
In the first sub-block, the three signal components Vi, Vg

and U! respectively provide for the degrees of freedom
Ng(T —n, — Ng), n.(T' —n, — Ng) and NiNg.
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During the following (K — 1) sub-blocks, the source sends
the signal

X§ = UMy, VE], 2< k<K, (24)
where V% e CNs*(Tsp—n,=Ns),
The relay uses n, transmit antennas and sends:
Xk — [Onrst7VII€{] c (C’I’Lry»XTSD’ (25)

where V& ¢ Cnx(Tsp=Ns) The received signal at the
destination is

Y} = HEpXE + Hpp X + W,
Vk

= [HY, U Hpp] [INS, {Vf} } + Wh,. (26)
R

During Sub-block k, the destination can decode vk, V%
and UF, which respectively provide degrees of freedom
Ng(T — Ng), n. (T — Ng) and NjNg. Therefore, the end-to-
end degrees of freedom are (14).

When Tsp = KTgrp, our source transmission block has
length KTgrp, with sub-blocks of length Trp. For the first
sub-block, the source uses product superposition, sending

XL =Ullng, Ongxn,, V] € CNsxTrD, (27)

In the remaining K —1 sub-blocks with length Tk p, the source
sends
X% =UlOngxn,, VE] € CNs*TrD, (28)

where n, < min{Ng,Np — Ng}, U € CHNsxNs
V}g S CNSx(TRD*nr*NS) and Vg c CNsX(TRDfnr)’ -

2,3,..., K.
The received signal during the first Ng time slots is
Y} = HspU + W (29)

The relay knows Hgr and decodes U. Then it uses n,. transmit

antennas and sends
XE =1[0,, xng,In,, VE] € C*TrD, (30)

during the first sub-block with length Trp. In the remaining

K — 1 sub-block the relay sends
X% = [I,,, Vi] € CmxTro, 31)

During the first sub-block, the received signal at the desti-
nation is

Y, =HspXE + Hpp Xk + W
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Ullng, Ongxn,, Vs }] 1
= [Hsp, H;} ) Tl TSN+ W
[ 5D RD] |: On,,v ><Ns ) In,,,, V}% b
1 Vi 1
= [HSDU)HRD] I(Ns+nr)7 VlD + WD' (32)
The destination estimates the equivalent channel

[HspU,Hkp] during the first (Ng + n,) time slots
and decodes V§.

During Sub-block k, the received signal at the destination
is

Y =HgpXE + HY, , XA + W

UlOnoxn,, VE
= [Hsp, Hp)] [ [ {fj\;,ﬁ Sq + W
k[ Vs K
= |Hp, HspU, Hyp) Vil |t Wb 63

The destination estimates H’fw during the first n, time
slots. Because the destination already estimated HgpU, it
knows the equivalent channel [HspU, HY,]. During the
remaining time slots, the destination decodes V&, V%, which
respectively provide degrees of freedom Ng(T — n, — Ny)
and Ng(T — n,). The data matrix V% provides degrees of
freedom n,.(T — n, — Ng) and V&(2 < k < K) provides
degrees of freedom n,.(T — n,). Adding up the degrees of
freedom and optimizing the number of transmit antennas at
the relay produces (15). This completes the proof. O

Corollary 1. The degrees of freedom in Theorem 1 are
optimal under channel conditions Tsp = Tsr and antenna
configuration:

(Np — Ns)(Tsp — Np) < N§Ng (34)

where N}, = min{Ns + ng, Np}. In this case, the DoF is:
N*
Tsp
Proof. For achievability, the relay activates n, = Nj, — Ng
antennas for transmission. Because the condition (34) holds
(equivalent to n, < NsNs ), according to Theorem 1,

TsD—n,—Ns
the degrees of freedom

dopt = Nj(1 — =2). (35)

Ts {NS(TSD — Ny — Ns)+nr(T5D — Ny — Ns)}
NF
= N; L
- 72)

are achievable. For the converse, from the cut-set bound, the
capacity of the relay is upper bounded by I(Yp;Xg, Xs).
Because the coherence times of the source-destination and
relay-destination links are identical and the coherence blocks
are aligned, this mutual information is equivalent to the
capacity of a point-to-point channel with Ng + ng transmit
antennas and Np receive antennas with coherence time 7Tsp.
The degrees of freedom upper bound for this point-to-point
channel is Nj5(1 — —) This completes the proof. O

Corollary 2. When Ng < Np,Tsp = Trp and Tsp =
the achievable degrees of freedom achieved by product super-
position are strictly greater than that of source-destination link
alone.
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Proof. From Theorem 1, the direct link alone can achieve
the following degrees of freedom: d’' = 71“\3[?3 x (Tsp — Ng).

_ N5Ns
Choose n,. = 1. If n,. > ey —— g

achieved by the proposed scheme are

the degrees of freedom

1
d> T—(NS(TSD —1— Ng)+ NgNg)

SD
N
= 5 (Tsp — Ng + Ni —1). (36)
Tsp
Obviously, d > d'; if n, < TSDAELIYi N the degrees of

freedom achieved are

1
d> 7(NS(TSD -1 NS) + (TSD —1- NS))

Tsp
Nsg+1
= ———(Tsp =1~ Ns). (37)
SD
Because Tsp > 2Np > 2Ng + 2,
Ng+1
d> 5T e, 1o Ny
SD
N,
> T—S(TSD —Ng)=d'. (38)
SD
This completes the proof. O

Remark 1. Theorem 1 highlights strictly positive gains. But
under some conditions, e.g. when the relay-destination coher-
ence time is too short, the relay pilot requirements will eat into
the gains. For example, when Ng = Np = 3, Np = 5,T =
4, K=3,d=2,d = %, the relay does not provide any DoF
gains. In this calculation we assumed n, > 0, i.e., the relay
is not inactive.

Remark 2. When Tsgr = Tgp = oo, the direct link can

achieve the DoF outer bound, which is min(Ng, Np). When

Tsr = Trp = oo, set K in (14) to oo the DoF is
—Ng

max,, mm{ (Ns +n,)( 5, Ng(1 — Tsu )}

Remark 3. In the forward decoding version of block Markov
encoding, used in our paper, the relay does not transmit data
in the first block. This lack of transmission amortizes to zero
over a long sequence of blocks, thus need not be included in
the rate or DoF analysis.

TSD

D. Coherence Conditions Tsgr < 00

When Tsp is bounded, one can no longer assume that the
relay knows Hgpr with negligible training cost. The following
theorem states the achievable degrees of freedom.

Theorem 2. In a relay channel with link coherence times
Tsr = KTgp, and antenna configuration Ng < Np, the
following degrees of freedom are achievable:

If Tsp = Trp,
NS+nr
d:max 177
nr ( TSD )
: (K —1)NgNs
Ng +n, N (39
X min{Ns +n S+K(TSD_nr_NS)} 49

If Trp = K'Tsp and all coherence length pairs have integer
ratios, equivalently XU K) ¢ N,

min(K,K’)
Ns +n,
d = max(1 — 57%)
ny Tsp
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(K' — D)n,

K'(TSD — Ny — Ns)

K'(K —1)N& + K(K' — 1)n,
KK/(TSD—RT—NS) )} (40)

Xmin{(NSJrnr)(lJr )s

Ns(1+

If Tsp = K'Trp,

Ny

d =max(1 —
nr RD

)

N,
xmin{(NS—l—nr)(l 5

B KI(TRD - nr) )7
K —-1)Ni— KN,

( - ) S S)} (41)
KK'(Trp — ny)

Proof. When Tsp = Trp, our transmission block has length

KTsp. This transmit block has K sub-blocks with length
Tsp. During the first sub-block, the source sends the signal

X‘lg = [INsaoNan7~aV,1S']7 (42)

where V! € CNs*(Tsp—nr—Ns) The destination estimates
the channel Hgp. The relay estimates Hgr during the first
Ng time slots.

In the next (K — 1) sub-blocks, the source sends

X§ = UMIng, Ongxn,, VEL, k=2, K, (43)

where n, < min{Ng, Np — Ng}, U* € CNs*Ns and V§ €
CNsx(Tsp—nr—Ns)

Ng(1+

The received signal at the relay is

Y}§ =HspU*Ing, Ongxn, , VE]. (44)

The relay knows Hgpr and decodes U* and uses n, transmit
antennas, sending

Xk = [0, xNg, In,, V] € CrxTs0 (45)

where V% € Cnr*(Tsp=nr—Ns) The received signal at the
destination is:

Yk = HE XE + HY X5+ Wh
VE ,
= (B U Hip] [Tvs o, [vé] | +wh. @6

The destination therefore estimates the equivalent channel
[HE, U* HY ] during the first (Ng + n,) time slots, and
decodes Vg and Vl}%: respectively, provide degrees of freedom
Ng(T —n, — Ng) and n,.(T — n, — Ng) per transmit block
of length Tsp. For all £k € {2,...,K}, the degrees of
freedom provided via UF are N §Ng, hence the total degrees
of freedom the relay can decode are (K —1) N Ng per transmit
block of length KTsp. Therefore, adding up the degrees of
freedom during the super block of length T'sp and optimizing
the number of relay transmit antennas, the end-to-end degrees
of freedom are given by (39). This completes the first part of
the theorem.

We now consider Trp = K'Tsp. Recall that in this section
we are focusing on fading blocks that are aligned, thus the ratio
of any pair of coherence times is an integer. Therefore we have
the following two cases for the coherence time configurations.

In the first case, the coherence time Trp = (K'/K)Tsg =
K'Tsp, where (K'/K) is an integer. Our transmission block
from the source has length Tz p and is divided into sub-blocks
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with length T'sr. During the first sub-block, from time slot 1
to T'sp, the source sends the signal

X5 = [Ing, Ongxn,, V] € CNoxTsp, (47)

where n,. < min{Ng, Np — Ng}, V! € CNs*(Tsp—nr—Ns),
The relay estimates Hgr and sends

XL =10, xng, I, VE] € CtxTsp (48)

where V}, € Cnr*(Tsp=nr—Ns) The received signal at the
destination is

Vl

The destination estimates [Hg,,, Hgp] and decodes V% and
V}%. Then every Tsp time slots, the source sends the signal

XE = U Iy, Onaxn,, VE] € CNs¥Tsp, (50)

where UF~1 ¢ CNsxNs, Vg € CNsx(Tsp—n:—Ns) The
relay decodes U*~! and sends

X% =04, xng, V] € CH¥T50, (51)

where V% ¢ Cnx(Tsp=Ns) The received signal at the
destination is

+ Wk, (52)

Vk
R

The destination can decode V% and V% which respectively
provide degrees of freedom Ng(T — Ng) and n,.(T — Ng)
and U* can provide degrees of freedom N &Ns.

In the remaining sub-block of length Tgspr, the relay-
destination channel keeps constant and it has already been
estimated by the destination. Therefore, the relay does not
need to send pilots. Then every Tsp time slots, the transmitted
signals at the source are:’

X = [Ing, V], (53)

XE = UMy, VE,2<k <K, (54)

where n, < min{Ng, Np — Ng}, V& € CNs*(Tsp—nr=Ns),
The relay decodes U* and sends (51), with the codeword
representing the message of the latest decoded U*. In this
way, the destination can decode V% and V%,

The degrees of freedom the relay can decode are £/(K —
1)NiNg. The source-destination link achieves total degrees
of freedom Ng(K'Tsp —n, — K'Ng). The relay-destination
link achieves total degrees of freedom n,.(K'Tsp — n, —
K'Ng). Adding it up with the degrees of freedom the source-
destination link achieves and optimizing the number of relay
transmit antennas, it results in the achievable degrees of
freedom in (40).

In the second case, the coherence time Tgr =
(K/K'\Trp = KTsp, where (K/K') is an integer. The
transmission block from the source has length Tspr and is

2The following expression represents the signaling structure, the informa-
tion carrying matrices U* and V’; are independent across different sub-
blocks, but for convenience, we use the same notation across different sub-
blocks.
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divided into sub-blocks with length T’z p. During the first sub-
block, from time slot 1 to Tsp, the source sends the signal

XL = [Ins, Ongxn,, Vi] € CNsxTsp (55)

where n,, < min{Ng, Np — Ns}, V! € CNs*x(Tsp—nr—Ns)
The relay estimates Hgr and sends

XL =0, xns,In,, V] € CXTsD (56)

where V}, € Cnr*(Tsp=nr—Ns) The received signal at the
destination is
1
YlD = [HSDvHRD]

+Wp.  (57)

Vl
I(NSJrnr)? |:V}S{:|

The destination estimates [Hgp,, Hrp| and decodes V} and
V1. Then every Tsp time slots, the source sends the signal

X§ = UM Iy, V] € CNsxTsp, (58)

where UF~1 ¢ CNsxNs vk ¢ CNsx(Tsp=Ns) The relay
decodes U*~1 and sends

XIIC% = [Om-XNmVII%] € (CnTXTSDv (59)

where V% € Cn*(Tsp—Ns) The received signal at the
destination is
(60)

, VE

During each remaining sub-block of length Trp, from time
slot 1 to Tsp, the source sends the signal

X}S :U1[1N570Ns><nr7v}s]7 (61)

where n,, < min{Ng, Np — Ns}, V! € CNs*x(Tsp—nr—Ns)

The relay decodes U' and sends
X5 = [0n,xNg» In,, V] € CxTs0 (62)

where V}, € Cnr*(Tsp=nr—Ns) The received signal at the
destination is

+ W5  (63)

Vl
Yp = Hsp, Hrp) lI(Nernr)’ {V}ﬂ

The destination estimates [Hgp,, Hrp| and decodes V} and
V1. Then every T'sp time slots, the source and the relay sends
the signal with the same structure as (58),(59). The received

signal at the destination is
V5
INs7 |:Vké

The degrees of freedom the relay can decode are (K —
1)NiNg. The source-destination link achieves total degrees
of freedom Ng(KTsp— %nr — K Ng). The relay-destination
link can provide total degrees of freedom n,.(KTsp — %nr —
K Ng). Take the minimum of the degrees of freedom the
relay can decode and can transmit. Adding up with the
degrees of freedom the source-destination link achieves and
optimizing the number of relay transmit antennas, it results in
the achievable degrees of freedom in (40). This completes the
second part of the theorem.

YY = [HE, U* Hgp] + Wk, (64)
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When Tsp = K'Trp, our source transmission block has
length Tsr and is divided into sub-blocks with length Tsp.
In the first sub-block, during time slot 1 to Trp, the source
sends

X4 = [Ing, Ongxn,, V] € CNs*TrD, (65)
The relay estimates Hgr and sends
X}{ - [OanNS7Inr7V§:| € ¢, (66)

During the remaining (K’ — 1)Tgp time slots, every Trp
time slots, the source sends

XE = [Ongxn,, VE] € CNs*Tre 2 <k <K', (67)
and the relay sends
X5 = [InTaVIIC%} € (CnTXTRD7 (68)

where n,, < min{Ng, Np — Ng}, V}z € CNsx(Trp—nr—Ns)
and V& € CNsx(Tro—nr) =2 . K.

During the first Trp time slots, the received signal at the
destination is

Y}, = Hsp, Hyp)] +Wp.

Vl
foce [x)
( S+n7‘)’ XlD
The destination estimates [Hgp,H}p] during the first
(Ns + n,) time slots and decodes V§ and V. Then every
Trp time slots, the received signal at the destination is

VE
b = (. bt ][ V]| + w5,

In the following (K — 1) sub-block of length Tsp, the
source-relay channel Hg g keeps constant and has already been
estimated by the relay. Therefore, we copy the transmission
strategy in the proof of Theorem 1, when the relay knows the
channel Hgp. The source and the relay send the signals (21),
(22), (24), and (25).

The degrees of freedom the relay can decode are (K —
1)N§ Ng. The source-destination link provides total degrees of
freedom K Ng(K'Trp — K'n, — Ng). The relay-destination
link can provide total degrees of freedom Kn,.(K'Trp —
K'n, — Ng) . Adding it up with the degrees of freedom the
source-destination link achieves and optimizing the number of
the relay transmit antennas, the achievable degrees of freedom
in (41) are obtained. This completes the proof. O

Figure 3 compares the performance of the proposed scheme
with a conventional transmission strategy which designs sig-
nals according to the shortest coherence time, demonstrating
the gains in degrees of freedom. The antenna configuration
is Ng = Nr = 3 and Np = 5. The coherence intervals
are Tsp = 00, Trp = Tsp = T. The proposed scheme
has a significant gain in degrees of freedom over the con-
ventional transmission. Figure 4 considers the case where
Tsg = KTrp = KTsp = KT, T = 10 for different K.
When K = 1, i.e., all links have identical coherence times,
and there is no degrees of freedom gain to be obtained; when
K grows, the gain achieved by the proposed scheme increases.

Remark 4. The special case Tsp = oo, and either Tsr <
oo or Tprp < o0 (or both), d = min{Ng, Np}. This is a
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corollary of Proposition 1 for Tsp = Tsgp = Trp = 09,
using the fact that reduction of any coherence time does not
increase the DoF, and recognizing that DoF min{Ng, Np} is
achievable in these cases by deactivating the relay.

IV. ACHIEVABLE DOF WITH RELAY SCHEDULING

In this section, a new scheme combining product superposi-
tion and relay scheduling is introduced. The relay scheduling
is implemented to make a balance between the time slots for
estimation in pilot-based scheme and the degrees of freedom
of message the relay can decode. The following theorem
highlights the main result of this section. For convenience and
compact expression of results, we define:

di £ Ng(Tsp —n, — Ns),
dy £ n.(Tsp — n, — Ng),
d3 é NS min{NS, NR},
Theorem 3. In a relay channel with link coherence times

Tsp = oo, Tsp = Trp = T and antenna configuration
Ng < Np, under aligned coherence blocks,

o If do < ds, the degrees of freedom d = ﬁ max,, (dy +
dz) are achievable.
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o If do > d3, the following degrees of freedom are achiev-

able,
1 dy — d: d-
d= max(———2 Ng(Tsp — Ng) + —2(dy + da)).
Sp mr ds da

(69)

Proof. If dy < d3, the achievable degrees of freedom follow
Theorem 1. When ds > d3, the transmit scheme with relay
scheduling has two phases, each of them lasting an integer
multiple of the coherence interval T'. In both phases, product
superposition is used at the source, but the relay action is
different in the two phases. We transmit for ds — d3 coherence
intervals in Phase 1, followed by transmitting ds coherence
intervals in Phase 2.

During Phase 1, the relay transmission is deactivated, but
the source continues to transmit via product superposition.
In this phase, in each coherence interval of length Tsp, the
source delivers to the destination data rates corresponding
to its point-to-point degrees of freedom bound, which is
Ng(Tsp — Ns), while delivering additional data to the relay
with degrees of freedom ds. We transmit in Phase 1 for
ds — ds coherence intervals, therefore, the normalized (per-
symbol) average degrees of freedom contribution of this phase
is %ﬁNS(TSD — Ns).

During Phase 2, the relay is activated and the source sends
the product superposition signal

XS :U[INSWONSXTLT?VSL (70)

where n, < min{Ng, Np — Ng}, U € CNs*Ns and Vg €
CNSX(TSD_HT_NS).

The relay knows Hgpr and decodes U. The relay uses n,
antennas for transmission, sending

Xp = [0n,xNg» In,, Vi] € C"*Ts0 (71)
where V € C*(Tsp—nr—Ns),
The destination estimates the equivalent channel

[HspU, Hpgp] during the first (Ng + n,) time slots
and then decodes its messages. Destination receives: Vg
from the source and Vg from the relay, providing degrees
of freedom d; and do, respectively. Phase 2 consists of dj
coherence intervals; further, recall that the relay has stored
data available from Phase 1 in addition to the data it is
receiving during Phase 2. Therefore, the relay can send data
with degrees of freedom ds to the destination. Hence during
phase 2, the normalized per-symbol degrees of freedom are
Tle %<d1 + d2)

Adding the degrees of freedom achieved in Phase 1 and
Phase 2 and optimizing the number of relay transmit antennas
to be activated produces (69). This completes the proof. [

Remark 5. For comparison, we also mention the degrees of
freedom without relay scheduling. For a relay with the follow-
ing setup Tsp =00, Tsp =Tsgr =T and Ng < Np. From
Theorem 1, the following degrees of freedom are achievable:
d= b max min{d; + da,d; + ds}.
Tsp nr
Figure 5 shows the signaling structure of the proposed
scheme combining product superposition and relay scheduling.
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where U € C2%2 and Vg € C?*5.
At the relay, the received signal is
g =HsrU[L2, 0251, V] + Wk. (73)
[=}
=l
E The received signal at the first two time slots is
3
Y = HsrU + Wi (74)
&
A The relay knows Hggr and decodes U. Assume the signal
: : R
22| - Product superposition with relay scheduling| | decoded by the relay in the previous block is U’ and the two
4 Product superposition rows of U/ are 11/17 u’2 S (ClXQ.
, "~ Directlink ‘ ‘ The relay uses one antenna for transmission and sends
10 15 20 25 30 35 40
1x8
T Xp = [01x2,1,u},u}, 0] € C'*5. (75)

Fig. 6. Achievable DoF in Theorem 3.

Figure 6 shows the comparison between the achievable degrees
of freedom of product superposition alone and with relay
scheduling when Ng = 3, Np = 5 for different 7.

V. GENERAL COHERENCE TIMES
A. Staggered Coherence Blocks

We now consider the scenario when the coherence blocks
are not perfectly aligned. To build intuition and motivation for
the proposed approach, we begin with an unaligned counter-
part to the toy example in Section III-B. Then we generalize
the result to arbitrary coherence times.

The unaligned toy example is as follows: the source and
relay are equipped with 2 antennas and the destination is
equipped with 3 antennas. The coherence times of the three
links are as follows: Tsr = o0, i.e., the source-relay channel is
static, therefore the cost of training over this link is amortized
over a large number of samples and we can assume the relay
knows Hgg. Furthermore we assume Tsp = Trp = 8. The
coherence blocks of the channel Hgp starts from the 5th time
slot of Hgp.

The source uses product superposition, sending

XS :U[12302X17VS}7 (72)
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Now in one coherence block of Hgp, because of the
unaligned blocks of Hrp, the received signal at the destination
will experience two realizations of Hrp in the first 4 time
slots,

Vl
Yp = [HspU,Hgp1] |13, [ / Sl } + Wp. (76)
u(1)
The destination estimates the equivalent channel
[HspU,Hgp] in the first three time slots and decodes
Vg,uj(1).
In the next 4 time slots, the received signal is:
Yp = [HspU,Hgpo] Vs +Wp. (77
’ uf(2),u3,0

The first part of the equivalent channel HgpU is already
estimated. The second part Hgpo will be estimated in the next
transmit block. Therefore, the destination decodes V%, u(2)
and ub. This shows that when the coherence blocks from the
source and relay to the destination are unaligned, the proposed
scheme can still be used. The destination achieves the same
degrees of freedom d = (2 x5+ 2 x 1 x 2)/8 = 1.75 when
the coherence blocks are aligned and with the same coherence
times. Recall that for a conventional technique that trains all
links according to the shortest coherence interval, the degrees
of freedom are d' =2 x (8 —2)/8 = 1.5.
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A similar reasoning can be used to verify that when the
coherence blocks from the source to the relay and the source to
destination are unaligned, the offset of these coherence blocks
will not affect the achievability of our proposed scheme.

B. Arbitrary Coherence Times

The following theorem states the achievable degrees of
freedom with arbitrary coherence times and Figure 7 illustrates
the signaling structure for the achievable scheme.

Theorem 4. In a relay channel with link coherence times
satisfying Tsg > Tsp, Trp > Tsp. and antenna configu-
ration Ng, Nr < Np, the following degrees of freedom are
achievable:

1

" TsrTspTrp
X H}l@X{NS(TSRTSDTRD — NsTsrTrp — nTsrTsD)

+min{NiNs(TsrTrp — TspTrp),

n(TsrTspTrp — NsTsrTrp — nrTsrTsp)}}-
(78)

where N¥ £ min{Ng, Ng}.

Proof. Design the pilot-based achievable scheme in the fol-
lowing manner:

¢ On the multiple-access side, pilots sent from the relay and

the source will be allocated in different time slots, such
that they will not interfere with each other. In addition,
during these time slots no data is sent, avoiding pilot
contamination.

¢ On the broadcast side, the source-relay link needs fewer

pilots than the source-destination. Thus, product superpo-
sition enables transmission of additional data to the relay.

In the following, we consider a super-interval of length
TsrTrpTsp, after which the coherence intervals will come
back to their original alignment. The achievable degrees of
freedom are calculated as follows:

In each source-destination coherence interval T'sp, Ng pilot
symbols are transmitted. We call the pilot symbols in each
coherence block a pilot sequence.

Therefore, for source-destination link, we repeat the
length-Ng pilot sequence TsrTrp times over the length-
TsrTrpTsp super-interval. Having coherence time TsrTrp,
the relay needs TspTrp pilot sequences. Hence, product
superposition can be applied during T'sgpTrp —TspTrp pilot
sequences of length Ng to send data to the relay. Data with
Ng degrees of freedom per symbol can be sent.

Over each super-interval, the relay-destination link needs
TsrTsp pilot sequences of length n,. The pilots slots will
be non-overlapping with pilots transmitted from the source
terminal.

In each super-interval, the source and the relay each have
(TSRTSDTRD — NgTsrTrp — anSRTSD) time slots avail-
able for sending data. The source has Ng degrees of freedom
available per transmission, and the relay n, degrees of freedom
per transmission.

The relay can decode at most NiNg(TsgTrp —
TspTrp) degrees of freedom, therefore, it provides
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min{N¢Ns(TsgTrp — TspTrp),nr(TsgTspTrp —
NsTsrTrp — nTsrTsp)} degrees of freedom, the
minimum of the degrees of freedom the relay can receive and
can transmit.

We can now add the degrees of freedom by the source
transmission (subject to relay constraints) with the degrees of
freedom provided by the relay transmission, and optimize the
number of relay antennas to be activated. This concludes the
proof. O

The following corollary shows the achievable degrees of
freedom when using relay scheduling with arbitrary coherence
times.

Corollary 3. Define the following notation:

N .
dy £ Ns(l B i
Tsp Trp
NS Ny
dy 2, (1 — 2 — ,
2 ( Tsp Tgrp
ds & NiNg(— L
° S \Tep  Trp

In a relay with coherence diversity,

o If dy < ds, the degrees of freedom d = max,, (di + da3)
are achievable.

o If do > d3, the following degrees of freedom are achiev-
able.

>+j—j<dl ),

Ng

d = max( d2 — ds T
SD

Ny 2

Ns(1 - (79)

Proof. 1f dy < d3, the achievable degrees of freedom follows
Theorem 4. When ds > ds. the transmit scheme with relay
scheduling has two phases. In both phases, product superpo-
sition is used at the source, but the relay action is different
in the two phases, as described in the sequel. We propose to
transmit for d — d3 coherence intervals in Phase 1, followed
by transmitting d3 coherence intervals in Phase 2.

During Phase 1, the relay transmission is deactivated but
the source continues to transmit via product superposition. In
this phase, the source delivers to the destination data rates
corresponding to its point-to-point degrees of freedom bound,
following the result in [20] which is Ng(Tsp — Ng), while
delivering additional data to the relay with degrees of freedom
ds. We transmit in Phase 1 for dy — d3 coherence intervals,
therefore, the normalized (per-symbol) average degrees of
freedom contribution of this phase is d"’d;zd?'Tle Ns(Tsp —
Ng).

During Phase 2, following the strategy from the proof of
Theorem 3, the relay has stored data available from Phase 1
in addition to the data it is receiving in Phase 2. Therefore,
the relay can send data with degrees of freedom ds to the
destination. Hence during phase 2, the normalized per-symbol
degrees of freedom are %(dl + ds).

Adding the degrees of freedom achieved in Phase 1 and
Phase 2 and optimizing the number of relay transmit antennas
to be activated produces (79). This completes the proof. [
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VI. MULTIPLE RELAYS IN PARALLEL

This section studies the MIMO relay channel with K
full-duplex relays, under coherence diversity . The source
and destination are equipped with Ng and Np antennas,
respectively. Relay &k has Npg(k) receive antennas and uses
ngr(k) < Ng(k) antennas for transmission. Figure 8 shows
the structure of the system. The received signals at the relays
and the destination are:

yr(k) = Hsr(k)xs + wr(k), k=1,....,K  (80)

yo =Hspxs+ » Hrp(k)xr(k)+wp, (81)
k=1,... K

where xg and xr(k) are signals transmitted from the source
and Relay k. wr and wp are i.i.d. zero-mean Gaussian noise
and Hgr(k), Hrp(k) and Hgp are channel gain matrices,
whose entries are i.i.d. Gaussian. We assume there is no free
CSI at the destination and no CSIT at the source or relay.
In the parallel relay geometry, there are no inter-relay links
and there is no cooperation between these relays. Denote the
coherence time of the link between the source and Relay k as
Tsr(k) and the coherence time of the link between Relay k
and the destination as Trp (k). The two parallel relay scenario
will first be presented to show implementation of product
superposition in multiple links.
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A. Achievable DoF for Two Parallel Relays

Consider the following channel with two parallel relays.
TSR(2> = KQTSR(1> = KQKITSD = K2K1T and the desti-
nation knows the channel state of Hgp (1) and Hrp(2), ie.,
TRD(I) = TRD(2) = oo. Denote Ng«(l) = min{NS,NR(i)}.
If Relay 1 or Relay 2 is activated alone, the achievable degrees
of freedom are

_ Ns
difrli%{Nsﬂ*?)
1  N&(i)N, N,
min {0 - o) MO o - B @

When Relay 1 and Relay 2 are both activated, consider a
transmission interval of length K5 K;7T. During each coher-
ence interval of length KoK;T, Relay 1 and Relay 2 send
the messages they decoded in the previous interval. The
transmitted signal from Relay 1 and 2 over each sub-interval
of length 7" has the following structure and is repeated KoK,
times:

XRr(4) = [0p () xNs»> VRil,

During the first coherence interval of length K37, in the first
sub-interval of length T', the source sends Xg = [In,, Xp].
Relay 1 and Relay 2 estimate their channel. The signal at the
destination is

i=1,2. (83)

In,,Vp
Yp = [Hsp,Hrp(1),Hrp(2)] |0, ,1)xNs> VR1| + Wp
0, r(2)xNg» VR2

Vp
= |Hsp, [Hsp,Hrp(1),Hrp(2)] |VRri| | + Wh.
Vg
(84)

The destination estimates Hgp and decodes the messages in
Vp, Vg and Vge, which respectively provide degrees of
freedom Ng,ng(1) and ng(2) per symbol over this interval
of length (T' — Ng).

In the remaining K; — 1 intervals of length 7', the source
sends the signal

X =Uilly,, Vh], i=1,2,....,K; -1, (85)
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where Ui € CNs*Ns_ Relay 1 has already estimated its
channel in the first interval of length T. It can decode Ui,
achieving degrees of freedom N§(1)Ng. The total degrees
of freedom Relay 1 can decode are (K7 — 1)Ng(1)Ng. The
received signal at the destination is

Yp = |HspUi, Hsp Uy,

Vp
Hrp(1),Hrp(2)] | Vr:
\%%:>)

+Wp. (86)

The destination estimates Hg DUi and decodes V p, Vg1, and
Vgo.

During each of the remaining K> — 1 coherence intervals
of length K17, the transmitter sends a signal with the same
structure as the first sub-interval of length 7', multiplying it
from the left by U?, which contains the message for Relay 2.
During each interval of length K7, the transmitted signal
from the source has the following structure

Xg = U% [INS;X})]» UHINS’ XQD]’

Uiy XP) - UV Iy XB | 87)
During these K2 —1 coherence intervals with length K17, the
channel Hg(2) remains the same as in the first sub-interval
of length K;T. Therefore, in each interval of length KT,
Relay 2 can achieve degrees of freedom N§(2)Ng. The total
degrees of freedom Relay 2 can decode are (K; —1)N§(2)Ng
over coherence interval of length Ko KT

At Relay 1, the first Ng symbols received during the first
sub-interval of length KT are

Y (1) = HL ,UJ + Wg(1). (88)

The first Ng symbols during the remaining sub-interval of
length K| T received at Relay 1 are

Yr(l) = H,,UJUL + Wg(1), i=1,...,K; — 1. (89)
Relay 1 first estimates its equivalent channel

Hip(1) = H (1)U, (90)

and decodes X% (1), which provides degrees of freedom
NZ%(1)Ng. The total degrees of freedom Relay 1 can decode
are (Ko —1)(K1 —1)Ng(1)Ns.

At the destination, the received signal during the first sub-
interval of length K77 is

Yp = |HspU}, [Hsp U},
Vp
Hrp(1),Hgp(2)] |Vr1| | + WD,  (9D)
VR

and the received signals during each remaining sub-intervals
of length KT are

Yp = |HspUL UYL, Hsp UL U,
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Vp

Hrp(1),Hrp(2)] |VR1| | + Wb, 92)
Vro

where i = 1,..., K1 — 1, j = 1,..., Ky — 1. The destina-
tion estimates the equivalent channel HgpU3, HgpU3U?,
and decodes X p, V1 and V ro, which respectively provide
degrees of freedom Ng,ng(1),nr(2) per symbol over each
time interval of length K37

During each interval of length KyK;T, the source-
destination link can always provide degrees of freedom
Ns(1 — &) per symbol. The maximum degrees of freedom
decoded at Relay 1 are (K7 — 1)N§(1)Ng + (K2 — 1)(K; —
1)N§(1)Ng = Ko (K1 —1)N§(1)Ng. The degrees of freedom
decoded at Relay 2 are (K3 — 1)N§(2)Ng. During each
interval of length K5 KT, the number of time slots available
to relays for sending data is Ko K7(T — Ng). The degrees of
freedom the relays can provide via the relay-destination links
are ng(i)K2K1(T — Ng),i = 1,2. Noting that the emitted
data by the relays is limited by what they can decode, we
add the degrees of freedom by the two relays, normalize it
per symbol, and optimize the number of transmit antennas
activated at the relays. The following degrees of freedom are
achievable

Ng

=5 (e )
L Ng()Ns
K T
Ky —1N%(2)Ns
KKy T

,nR(l)T_TNS}

T — Ng

. }}. (93)

+ min {(1 —

—|—min{

;nR(2)

B. Achievable DoF for K Parallel Relays

We now extend the ideas and techniques that were devel-
oped in the two-relay framework to the K-relay case. In the
interest of economy of expression, the parts that are similar to
the earlier discussions are condensed or omitted.

Denote with Tgr and Tgrp the size-K vectors contain-
ing, respectively, source-relay and relay-destination coherence
times, and NNg,ng the number of receive and activated
transmit antennas at the relays. Also, we allow a subset k of
relays to be used. We denote the coherence times of selected
relays with size-k vectors T, T” and the number of receive
and activated transmit antennas in selected relays with size-
k vector N’,n’. The following result shows the achievable
degrees of freedom, which is maximized over selected relays
and their activated transmit antennas. We define a selection
matrix Py« g containing k rows of the identity matrix Ix « x,
corresponding to the k indices of the selected relays.

Theorem 5. For the multi-relay system (80) and (81), the
following degrees of freedom are achievable:

N konl
= _ s n;
dil:l’lylr?/)jc{NS(l Tsp ;Tiﬂ)
& /
1 1 NS n;
n{N*No(—— — —).ni(1 - —=2 — g }
+;m1n{ ) S(Ti/—l TIZ_/)”%( Tsp ; j//)} ’
subject to: [T’ T" N’ n'] = P[Tsg Trp Npng], (94)
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where T}) = Tsp, P is a selection matrix consisting of k rows
of the identity matrix of size K, and N} = min{Ng, N/}.

Proof. The transmit scheme is designed in the same spirit as
Theorem 4: On the multiple-access side, pilots sent from the
relays and the source are allocated in different time slots; On
the broadcast side, product superposition enables transmission
of additional data to the relays. Throughout this proof, we
index only the activated relays, e.g., Relay ¢ refers to i-th ac-
tivated relay. Without loss of generality, 77 < T3 < --- < T}.
Define T} = Hle T! and T» £ Hle T!. In the following,
we consider a super-interval of length T175Tsp,

During each coherence interval of length 7/, Relay ¢ needs
TspToTy/T! pilot sequences each of length Ng for channel
estimation. Relay (i—1) needs TspT>T4/T]_, pilot sequences
each of length Ng. Therefore, product superposition can be ap-
plied during (TspT2Ty/T}_, — TspT>T1/T)) pilot sequences
each of length Ng to send data to Relay ¢, providing N
degrees of freedom per symbol.

During each coherence interval of length T'sp in the source-
destination link, Ng pilot symbols are transmitted. In each
super-interval (see above) 1175 pilot sequences of length Ng
are transmitted.

For channel estimation between Relay ¢ and the destination,
during the super-interval of length T175Tsp, the destination
needs T1T>Tsp /T pilot sequences of length n;.

Therefore, In each super—lnterval the source and relays can
use (TspTiTo — NsTh T — 2171 T,,T]_TQTSD) time slots to
send data. The source has Ng degrees of freedom available
per transmission, and Relay ¢ has n} degrees of freedom per
transmission.

The decodable degrees of freedom Relay ¢ are at most
N!Ng(TspToTy/T!_ — TspToT1/T}). Therefore, the de-
grees of freedom Relay ¢ can provide are:

TspTTy  TspIoT

min { N/ Ng(

ni(TspTi Ty — NsT T — Z 7 Ty Tsn)),
the minimum of the degrees of freedom Relay ¢ can receive
and can transmit.

We can now sum the degrees of freedom by the source and
the relays and normalize it per symbol. Optimizing the relays
to be activated (over k and P) and the number of transmit
antennas at the relays n’, the degrees of freedom in (94) are
achieved. This concludes the proof. O

Figure 9 and 10 show the achievable degrees of freedom
with two parallel relays equipped with Ng = 3, Np = 6,
Ngr(1) = Ng(2) = 1 antennas. In Figure 9, Tsp = b5,

TRD( ) TRD(Q) o0, ;zgg; 2 .In Flgure 10 TSD = 5,
Trp(1) = Trp(2) = oo, Tsp(l) = 6 and different TSR%

VII. CONCLUSION

This paper studies MIMO relays under coherence diversity.
The main contribution of this paper is showing new degrees
of freedom gains in the relay channel when the relay links
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experience unequal coherence times. We propose and analyze
transmission schemes achieving these gains. A key novelty of
this paper is to carefully weave product superposition into a
signaling structure that controls the interference by the relay(s)
and the source on pilots of source and relay(s), respectively.
This is combined with a relay scheduling scheme to bal-
ance the relaying gains against the interference cost of relay
transmission during source pilots. The proposed techniques
are introduced in the case where link coherence times are
aligned, and then extended to unaligned coherence intervals.
We also analyze multiple parallel relays, and the corresponding
achievable degrees of freedom are calculated.

The results of the paper can be extended to the half-duplex
case in a straight forward manner: like the full-duplex case, the
minimum of the DoF of the broadcast and the DoF of MAC
must be calculated (this time subject to half-duplex constraint).
Then, the ratio of the two intervals must be optimized to give
the best degrees of freedom.
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