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Finite-Time Controllers for a Class of Planar
Nonlinear Systems With Mismatched
Disturbances

Kecai Cao

Abstract—This letter considers the problem of globally
finite-time stabilizing a planar nonlinear system with a mis-
matched unknown disturbance. First, a nonlinear integral
dynamic is constructed to compensate the disturbance. For
finite-time convergence, we use the system states and inte-
gral state to construct a new controller which not only is
homogeneous with a negative degree but also contains
a linear combination of states to handle the unmatched
disturbance. The finite-time integral controller originally
obtained for a linear planar system is appropriately scaled
to regulate a nonlinear planar system within the frame-
work of homogeneous domination. In addition, for a faster
convergence speed for any initial condition, a dual-mode
integral controller is introduced with better performances
demonstrated by simulation studies.

Index Terms—Planar nonlinear system, mismatched dis-
turbances, finite-time controller.

. INTRODUCTION

INCE uncertainties and/or disturbances exist in almost all
S control systems, countering their effects has become one
of the main problems in the field of control theory. In this
letter, we consider a class of planar nonlinear system

X1 =x2+0 + g1t x1), 1)
Xp = u+ g1, x1)
where x = [x;,x2]7 € R’>, u € R, and y = x; are the

system state, control input and output, respectively. In addition,
g1(t,x1) and g»(¢,x1) are unknown and vanishing functions

Manuscript received September 7, 2020; revised November 15, 2020;
accepted December 1, 2020. Date of publication December 15, 2020;
date of current version March 8, 2021. This work was supported in
part by U.S. National Science Foundation under Grant 1826086; in
part by the National Natural Science Foundation of China under Grant
61973139; in part by the Key University Science Research Project
of Jiangsu Province under Grant 17KJA120003; and in part by the
Key Project of Philosophy and Social Science Research in Colleges
and Universities of Jiangsu Province under Grant 2020SJZDA098.
Recommended by Senior Editor F. Dabbene. (Corresponding author:
Kecai Cao.)

Kecai Cao is with the School of Electrical Engineering, Nantong
University, Nantong 226019, China (e-mail: caokc @njit.edu.cn).

Chunjiang Qian is with the Department of Electrical and Computer
Engineering, University of Texas at San Antonio, San Antonio,
TX 78249 USA (e-mail: chunjiang.gian @ utsa.edu).

Digital Object Identifier 10.1109/LCSYS.2020.3044983

, Member, IEEE, and Chunjiang Qian

, Fellow, IEEE

at the origin and 6 is an unknown, mismatched, and non-
vanishing constant disturbance. The main aim of this letter is
to solve the problem of Global Finite-Time Stabilization by
constructing a controller under which the states of nonlinear
planar system (1) are globally bounded and converge to the
equilibrium in a finite time. More specifically, for the closed-
loop system there is a finite time ¢* such that x;(f) = 0 and
xp(f) = —60 when t > r*.

Based on the controllability of nominal linear system, global
stabilization of nonlinear system under low-triangular uncer-
tainties that satisfy a linear growth condition has been realized
in [1] by a linear feedback controller. Under the same con-
dition, an output feedback controller has been developed
in [2]. However, those results are only applicable to the
case when the disturbances vanish at the origin. Estimating
non-vanishing disturbances using observers and then cancel-
ing their effects using appropriate controllers has become the
main feature of many methods [3] such as active disturbance
rejection control (ADRC), disturbance-observer based control
(DOBC) and generalized extended state observer based control
(GESOC). More recently, the unobservable and mismatched
disturbances have been transformed into total disturbances
which are observable and matched in [4] and then the ability of
ADRC is achieved using extended state observer based control
(ESOC). With appropriate compensation of the disturbance,
the standard ESOC for SISO systems with matched distur-
bances has been further generalized to MIMO systems with
mismatched disturbances in [5]. With the help of nonlinear dis-
turbance observers, nonlinear DOBC has also been proposed
in [6] for dealing with mismatched disturbances. However,
only asymptotic results can be obtained using those methods.

Due to the faster convergence speed as well as better dis-
turbance rejection performance, finite-time control of systems
with mismatched disturbances has also received a lot of
attention. With the help of finite-time disturbance observer
(FTDOB), a continuous non-singular terminal sliding mode
control approach has been proposed in [7] for mismatched
disturbance attenuation. Still with the help of FTDOB, finite-
time stabilization of systems with low-triangular disturbances
is solved in [8] through compositing a finite time controller
and FTDOB. To relieve the computation burden in calculat-
ing derivative when using method of backstepping, adaptive
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finite-time controller and adaptive sliding mode observer have
been utilized [9] in finite-time stabilization of systems with
mismatched disturbances. In the results mentioned above, an
additional dynamic observer should be firstly constructed and
then composited with some appropriate controllers. Thus the
controller design procedure is not very intuitive especially
when the separation principle in terms of controller design
and observer design is not satisfied.

The main aim of this letter is constructing finite-time
controllers for a class of nonlinear planar system under
mismatched and non-vanishing disturbances. Based on the
inspiration of integral action in PID controllers, a nonlinear
integral mode is firstly employed to compensate the effects
of mismatched disturbances. Then, we use the system states
and integral state to construct a new controller which is
homogeneous with a negative degree to guarantee finite-time
convergence. This nonlinear controller also has a specific
structure containing a linear combination of two states to
handle mismatched disturbances. The finite-time integral con-
troller is first developed for a linear planar system. Then, by
adding an appropriate scaling gain, the controller can be used
to handle a nonlinear planar system within the framework of
homogeneous domination. Finally, for a faster convergence
speed throughout the whole state-space, we introduce a dual-
mode integral controller with a lower-order mode to handle
the region close to the equilibrium and a higher-order mode
to handle the region far away form the equilibrium.

[1. PRELIMINARIES

This section includes the definition of homogeneity and
some useful properties of homogeneous systems and functions.

Definition 1 (Weighted Homogeneity [10]): A vector field
[ = AW, L®, ... f®] is sad to be
8"-homogeneous of degree k if the component f; is
8"-homogeneous of degree k + r; for each i, i.e.,

fi(eMx1, e7%xa, ..., €7 xy) = ifi(x) Vx € R, Ve > 0

where the one-parameter family of dilation §.(x) =
(e"xy,e”xp,...,e"Mx,) and r = (ry, r2, ..., r,) be a n-uplet
of positive real numbers. The homogeneous norm is defined
as [|xlls = J 2oy il

Lemma 1 [10]: If V(x) is a homogeneous function of
degree [ with respect to the weight r = (71, r2, ..., r,), then
% is homogeneous of degree [ — r;.
Lemma 2 [10]: If V1 (x) is homogeneous function of degree
k1 and V(x) is homogeneous function of degree kp with
respect to the same weight r = (r1, 2, ..., ry), then Vi(x) -
V2 (x) is homogeneous of degree ki + k».

Lemma 3 [11]: Suppose that V is continuous real-valued
functions on R", homogeneous of degrees / > 0 with respect
to 8”. Then there is a positive constant ¢ such that

V(x) < &llxls, VxeR".

In addition, if V(x) is positive definite, there is a positive
constant ¢ such that

cllxll5 < vx), VxeR".

Lemma 4 [12]: For the following continuous system

x(1) = f(x(1)), (@)

suppose f(x) is homogeneous of degree 7 with respect to
d;(x). Then the origin is a finite-time-stable equilibrium if the
origin is an asymptotically stable equilibrium of system (2)
and T < 0.

Lemma 5 [10]: Suppose f is homogeneous of degree 7 < 0
with respect to §. If the origin is a finite-time stable equilibrium
of (2), then there exist a real number ¢ > 0 and a C! positive-
definite function V that is homogeneous of degree [ > |t| such
that

. A%
Vx) = B_f < —cVx)* VxeR'
X

where o = HTT € (0,1).
Definition 2: For any positive constant n, define

[x]" == sign(x)|x|", Vxe€R.

IIl. MAIN RESULTS

To solve the finite-time stabilization problem of system (1),
we impose the following condition on the nonlinearities
g1(t, x1) and g2(z, x1).

Assumption 1: There exist positive constants ¢y, ¢z and g €
(0, 1) such that g (z, x1)| < ClIX1I%, lg2(t, x| < c2x1]9.

Under Assumption 1, a scaled controller can be constructed
to regulate the nonlinear system in a finite time.

Theorem 1: Under Assumption 1, there is a large enough
L > 1 such that the following homogeneous integral controller

Xo = Llxi19,

u= —Lz(Laxo—i-c%'I‘f*ql +be114>, 3
with positive constants g satisfying 0 < ¢ < 1 and a, b, ¢
satisfying bc > a, globally stabilizes the nonlinear system (1)
in a finite time.

Theorem 1 is proved in three steps. First, we consider the
finite-time stabilization problem of a three-dimensional non-
linear system. Then we construct a finite-time stabilizer for the
nominal part of system (1) without considering the nonlinear-
ities. Finally, we introduce a scaling gain into the stabilizer
constructed for the nominal system and show that by adjust-
ing the gain the proposed controller (3) will globally stabilize
the nonlinear system (1) in a finite time.

A. Global Finite-Time Stabilization via Homogeneous
Controllers

We first consider the following nonlinear system

71 = 2217
2 =0z3 @
3=u

where the constant ¢ € (0,1) and 6 is an unknown posi-
tive constant. With the help of homogeneous system theory, a
finite-time stabilizer can be explicitly constructed as shown in
the following theorem.
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Theorem 2: The nonlinear system (4) is globally finite-time
stabilized by the following controller

2
w=—laz +cz3] 7T — b|z2]? )

where a,b,c are positive constants satisfying bc > a,
q € (0,1).
Proof: The closed-loop system of (4) under the controller (5)

can be described as
[z219
;=F@) = 9zszq ) (6)
—laz; + cz3]4t — b|z21?

Construct the following Lyapunov function
b(bc — a)
(g+1)o
which is positive definite and radically unbounded since

bc > a. The derivative of V(z1, z2, z3) along system (6) can
be computed as follows

(bc —a) ,
2

a
V@22, 23) = S bz +23)% + 227! + z3, (7)

. 29
V(z1, 22, 23) = a(bz1 + z3) (bLzﬂq—Lazl + cz3] t! —bLZQ]q>
+ b(bc — a) 221723
2
+ (bc — a)z3 <— lazy + cz3]#T — bLZﬂq)
2
= —(abzy + azz)|azy + cz3] 4!

2
— (bc — a)zz|azy + cz3] 7H!

2q
= —b(az1 + cz3)|az1 + czz] ! < 0.

Define S = {z € R"| V(z1,22,23) = 0} as the LaSalle’s
invariant set. Notice that

V(z1,22,23) =0 = azj +cz3 = 0,

which implies S = {z € R"| az1 = —cz3}. For the solution z
of (6) in S, we have the following

0=az1 +cz3
29
= —clazi + cz314" — (bc — a) 2217
= —(bc — a)|z21%. ®)

From (8), we can conclude that zop = 0 in S. In addition, we
can obtain z3 = 0 by 0 = 22 = 6z3 and consequently z; = 0
(recall az; = —cz3) in S.

Therefore, the only solution that stays identically in § is
the trivial solution z(#) = 0. Thus the origin of system (6) is
globally asymptotically stable. ,

Under the selection of rj =1, = ==

A= land T =

g-—1 :
1> We can verify
F(e"zy, %22, 6P 23)
g™t 214
8‘E+r29Z3

B T+r3 | _ % _ q
€ lazi + cz3]¢ b|z2]

Therefore, by the weighted homogeneity in Definition 1, it can
be concluded that F(z) is homogeneous of degree ‘q%} < 0.

Then based on Lemma 4, the origin of system (4) under
controller (5) is globally finite-time stable. |

Remark 1: 1t is worth pointing out that if we set ¢ = 1,
the closed-loop system (6) becomes a linear system whose
characteristic equation is

s+ cs® + 0bs + 0a =0

for a positive 6. By Routh-Hurwitz stability criterion, the suf-
ficient and necessary condition for asymptotic stability of the
linear case is bc > a which is the exactly same as the suf-
ficient condition introduced in Theorem 2 for the nonlinear
system (6).

B. Finite-Time Control of Linear Planar Systems With
Mismatched Disturbances

In this subsection, we consider the finite-time stabilization

problem of the following linear system

X1 = Ooxz + 01,

{ = ©)

Xy =u,

where 6y > 0 and 6; are unknown constants. The unknown

constant ¢ represents a mismatched disturbance. Not only we

want to stabilize the output, i.e., to drive the output to zero,

but also we will try to make it converge to zero in a finite
time.

Theorem 3: The equilibrium of system (9) can be globally

stabilized in a finite time by the following integral controller

2 (10)

xo = [x11,

u=—laxp + cx2]4t — b|x114,
for positive constants a, b,c, and ¢, satisfying bc > a
and g < 1.

Proof: The closed-loop
described as

system of (9)-(10) can be

xo = [x179,
X1 = boxz + 01, (11)
f = —laxo + en] ¥ — bl e,
Under the following coordinate transformation
co; 01
1 = X0 — a—eo, 2=x1, B=x2+ %,
system (11) can be rewritten as
z1 = 2217,
22 = 023, (12)
i3 = —lazi + ez — b1,

Under the conditions bc > a and ¢ < 1, by Theorem 2 the
origin of system (12) is globally finite-time stable and the
equilibrium (0, —61/6p) of system (9) is also globally finite-
time stable under the integral controller (10). [ |
In what follows, we use an example to show how a finite-
time integral controller can be designed.
Example 1: Consider
{ X1 =x2+6,

= (13)
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‘ a=1 ,b=2,e=1 ,q=3/7 ‘

— Q:'O
L1
9 |
0 5 10 15 20 25 30
Times (sec)
Fig. 1. States of system (13) under the controller (14).
‘ a=5,b=5,e=5,q=3/7 ‘ ‘
- =-Tp
—_—
o |
_5 i i i i i
0 5 10 15 20 25 30

Times (sec)

Fig. 2. States of system (13) under the controller (14).

with an unknown constant 6. Based on Theorem 3, the
following integral controller can be constructed

) 3
Xo = [x117,

3 3 (14)
u=—laxo+cx215 —blx(17.

For simulation study, we set the initial condition as
[x0(0), x1(0), x2(0)] = [1, 2, 3], and 6 = 1. First, we choose
a=1,b =2 and ¢ = 1 to obtain Figure 1, from which we
can see the convergence of xj(#) and x2(¢) has been realized
in a finite-time by the integral controller (14).

In order to improve the transition response of the closed-
loop system, a different choice of control gains a = b =
¢ = 5 in controller (14) have been used in the simulation of
Figure 2. Compared with the simulation obtained in Figure 1,
the settling time has been reduced with larger values of control
coefficients a, b and c.

Remark 2: To handle system (9), different from the com-
plex techniques such as DOB (disturbance observer) [13],
ESO (extended state observer) [13] or GPIO (generalized

proportional-integral observer) [14] in the previous studies, we
have used a nonlinear integral action and constructed a homo-
geneous controller with a linear combination, i.e., axo+cxz, to
counter the effects of mismatched constant disturbances. With
the controllers proposed in Theorem 3, globally finite-time
stabilization of system (9) has been successfully realized.

C. Finite-Time Control of Nonlinear Planar Systems With
Mismatched Disturbances

Based on the results obtained for the linear system (9), now
are can readily prove Theorem 1.

Proof of Theorem 1. The closed-loop consisting of
system (1) and the homogeneous integral controller (3) is

Xo = Lx119,
X1 =x2+6+ g1t x1),

5 (15)
Xy = —L2<me + P17 + be11q> + g2(2, x1).
Under the following change of coordinates
co X2+ 6
= —_ —’ = N = P 16
A=A, 2EAL 3 2 (16)
system (15) can be rewritten as
21 |_Z2-|q 0
=L 23 +lg1t.z2) | A7)
; 2—‘11 q £(122)
3 —lazy +cz3]1 T — bl 2] L
E(2) Y@
It is clear that
Z=E(2) (13)

is the exactly same as (12) with 6 = 1. Based on Theorem 2,

for bc > a system (18) is globally finite-time stable and is

homogeneous of negative degree t = Z% with respect to ',

where ri =1, r, = r3 = 1. By Lemma 5, there exist a

2
g+1°
C! positive-definite function V that is homogeneous of degree
[ > ||, and constants o = HTT € (0, 1) and k > O such that

v
e —kV(Z)*,¥Z € R".

V(Z) = (19)

The derivative of V(Z) along system (17) can be computed as
oV A% aV ga(t,

V@) S L E@ + gt + o a2l LZZ). (20)

Next we can use the nice properties of homogeneous functions
to estimate the terms on the right side of (20). First, under
Assumption 1, the following estimations can be obtained

v v 9V £20)| _ e2| 3V

q+1
2

— <ct|— |l 7, 22l?
823 81() 9% |22 % L 8z |z219.
By Lemma 1, ﬂ and gzv are homogeneous functions with

homogeneous degree l—ry and [ — r3, respectively. Due to the

q+1 . .
fact that both |zp| 2 and |z5|? are homogeneous functions with

homogeneous degree 1 and +1, by Lemma 2 we have that

+1
|az2 ||Zz|7 and | IIZ2I‘1 are also homogeneous functions of
a homogeneous degree [+ 7 with respect to the dilation 8§/ (x),

where rj =1, = il,rg = 1. This, together with the fact
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that the positive definite function V(x)* is homogeneous of
degree [ - @ = I + 7, implies that the following inequalities
hold by Lemma 3

IV(2)

+1
LT <&V, 1217 < & V(2)2,

‘ oavV(Z)
022

for positive constants ¢y and c;.
Substituting the above estimations into the right side of (20),
we can have the following

V(Z) < —LkV(Z)* + (c1¢1 + c282) V(Z)®

= —(kL — c1¢1 — c202)V(2)“. 21

Thus, with a sufficiently large L, there exists a positive con-
stant c¢3 such that the derivative of V(Z) along system (17)
becomes

V(Z2) < —c3V(2). (22)
Therefore, the origin of closed-loop system (17) is globally
finite-time stable. According to the coordinate transformation
(16), the equilibrium of system (1) under the homogeneous
integral controller (3) is also globally finite-time stable. W

Remark 3: Different from the previous results on stabiliza-
tion in finite-time [15], [16], the nonlinear integral action
z0 = |z11? with ¢ < 1 has been employed to handle
the mismatched and non-vanishing disturbances. Under the
framework of homogeneous domination [17], a scaled inte-
gral controller has been constructed to solve the finite-time
stabilization of nonlinear planar systems with mismatched
disturbances.

Remark 4: As shown in [10], based on the inequal-
ity (22) the upper bound of settling time can be estimated
as 03(1—1_(X)V(Z(0))1_°‘, provided that we have the explicit
construction of V(Z).

Next we apply Theorem 1 to an example with uncertain
nonlinearities.

Example 2: Consider the following nonlinear system

{561 = Xxp 4+ sin(x1)d(?), (23)

¥ = u+In(? + Dd(@),

where |d(t)| < 1. Instead of a direct mismatched disturbance,
we assume there is an arbitrary constant drift in measurement
of xp, which is common in estimating attitude of UAV from
its angular velocity that measured by gyroscope. Thus in this
example, we assume that only the information of X, = xp + ¢
not that of x, is available for controller design, where ¢ is an
arbitrary constant drift. Under the measurable states x; and X»,
system (23) can be rewritten as

X1 =Xy — 0+ g1t x1),
X =u+ go(t, x1)

where g1 (¢, x1) = sin(x1)d(¢), and g>(t, x1) = ln(x%+ Dd(@). It
can be verified that g1 (¢, x1) and g» (%, x1) satisfy Assumption 1
for g = % As a matter of fact, since |sinx| < max{|x|, 1}, we
have |sin(x)d(t)| < |x1 |%. In addition, by the mean-vale the-
3 14 3
orem, we have [g2(t, x1)| < |In((x1]7)3 + D < Yx|7.

8 ‘ a=5,b=5‘,c=5,L=2

==X
—_—T]
X9 H

e

_10 i i i i i
0 5 10 15 20 25 30

Times (sec)

Fig. 3. States of system (23) under controller (24).

Therefore, by Theorem 1 the following controller can be
constructed

Xo =LLX11%,

3
u= —L2<[axo +c’%—‘ * 4 bl_xl]g).

For simulation study, we set the initial condition as
[x%0(0), x1(0), x2(0)] = [1,2,3], 9 =5and a = b = ¢c = 5.
From the simulation results obtained in Figure 3, it can be
seen that the states x1(#) and x(¢) converge to zero in a finite
time.

(24)

D. Integral Control With Dual Modes

In the previous subsections, to globally regulate the uncer-
tain systems in a finite time, we have designed homogeneous
controllers with a negative homogeneous degree. However, in
the areas far away from the equilibrium, the homogeneous
controllers with a negative homogeneous degree will not be
as powerful as the linear controllers.

To address this issue, in this subsection we introduce a new
integral controller with dual models. For two constants g €
(0,1) and p € [1, +00), we construct the following integral
controller

xo = [x117 + [x17,
u=—Llaxo + exa 7 — axg + en] 71— bln1e - bl P,
(25)
with control coefficients a, b and c.
Theorem 4: The equilibrium of system (9) can be globally
asymptotically stabilized by the integral controller (25), where

a, b, ¢ are positive constants satisfying bc > a.
Proof: Construct the following Lyapunov function

a 2, 1 2
V(xo, x1,x2) = E(bxo +x2)" + E(bc — a)x;

bbc —a) (|19t |x P!
n ( )<| 1l +| 1 ) 26)
6o qg+1 p+1
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a=1, b=2, c=1, q=3/7, p=1

Zo
T

T2

T O~~~ *

6 . . .
0 5 10 15 20

Times (sec)

Fig. 4. States of system (13) under the controller (25).

which is positive definite and radically unbounded since bc>a.
It can be verified that the derivative of the above Lyapunov
function along the closed-loop system of (9) and (25) is

V(xo, x1, X2) = —blaxg + cxp| 471 — blaxy + cxp| P+1 . (27)

Clearly, the right hand side of (27) is semi-negative definite.
Following the same line of the proof of Theorem 2, asymp-
totic stability of the closed-loop system of (9) and (25) can be
proved using LaSalle’s invariance principle. |

Remark 5: Tt is clear that the closed-loop system (9)
and (25) is not homogeneous if p # g. However, when the
states are close to the equilibrium, the closed-loop Sf/stem will

be locally homogeneous of the negative degree % which is

smaller than ’% Therefore, the closed-loop will be locally
finite-time stable [15], [16]. In addition, when the states are
far away from the equilibrium, the system is dominated by the
homogeneous terms with the larger degree of ;ﬁ. Therefore,
the closed-loop system will have faster convergence speeds
guaranteed for states close to the equilibrium or far away form
the equilibrium.

Next we apply the dual-mode controller (25) to stabi-
lize (13).

Example 3: To conduct computer simulation of system (13)
under the duel-mode controller (25), we use the same control
coefficients a, b, ¢ and initial conditions used for Figure 1,
ie,a=1,b=2,¢c=1, [x(0), x1(0), x2(0)] = [1, 2, 3], and
6 = 1. In addition to g = 3/5 used in Example 1, we use
p =1 for Figure 4.

Clearly, the states xj(¢) and x;(¢) in Figure 4 demonstrate
faster convergence speeds compared to those in Figure 1.
Therefore, in the practices, if faster convergence rates are
desirable for both small and large initial conditions, the
dual-mode controllers (25) will be more powerful than the
lower-order controller (14) or linear controllers like PID
controllers.

V. CONCLUSION

Globally finite-time stabilization of a planar nonlinear
system with a mismatched unknown disturbance has achieved
in this letter. To compensate the disturbance, we have intro-
duced a nonlinear integral dynamic and then constructed a
finite-time integral controller using a linear combination of
the system state and integral state. Under the framework of
homogeneous domination, the obtained controllers for linear
planar system is further scaled for global finite-time stabiliza-
tion of a nonlinear planar system. For a faster convergence
rate, we have also proposed a dual-model integral controller,
under which the equilibrium is locally finite-time stable and
the solutions are exponentially convergent in the large.
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