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Abstmct- This paper analyzes effects of injection fre- 
quency selection on performance of position-sensorless 
algorithms for permanent magnet synchronous motors 
(PMSMs). The sensitivity with respect t o  the rotor position 
of the.transfer function between the injected quantity (e.g. 
voltage) and its response (e.g. current) is explored over a 
wide frequency range. The paper then presents analytical 
results that optimize the selection of injection frequency in 
terms of motor and drive parameters. The frequency se- 
lection procedure is based on motor parameters that were 
obtained experimentally. 
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I .  INTRODUCTION 

Dominant techniques for achieving sensorless operation 
of PMSMs at  low speeds are based on sinusoidal signal in- 
jection [1],[2],[3]. Existing guidelines for selection of the 
injection frequency, however, are only qualitative: 1)the se- 
lected frequency should be far enough from the DC so that 
there is no interference with signals corresponding to the 
basic energy conversion; 2) if the injected signals are cur- 
rents, then injection frequency should be within the band- 
width of the current regulator. 

The main aim of this paper is to provide a pantitative 
solution that would enable the design engineer to optimize 
the selected frequency depending on motor and drive pa- 
rameters. Our main tool is the analysis of sensitivity of 
the transfer fiinction between the injected signal and its 
response with respect to position for various injection fre- 
quencies. The analysis is performed in a wide injection 
frequency range, taking into account high frequency para- 
sitic phenomena that modify motor behavior modeled with 
the standard PMSM model. Experimental data are used 
to confirm the validity of the motor model. Our results 
not only explain phenomena observed in the implemcnta- 
tion of the injection-based sensorless control of PMSM, but 
also provide practical guidelines for designs of such schemes 
in terms of particular motor and drive parameters. 
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11. SYSTEM MODEL AND ESTIMATION APPROACH 
An example of estimation algorithm outlined in this pa- 

per is set into a@ frame, as in this frame inductance matrix 
is position dependent. Namely, the electrical subsystem of 
a PM synchronous motor can be modeled as follows: 

di dX 
v = Ri + L- + w p  

dt d0 
where x = [z~, zpIT, x E {v, i, A T } ,  and 

Lo + L1 cos(28) 
= [ L1 sin(28) L o " ~ ~ ~ i ~ ~ 2 6 )  ] ' 

2wL1 cos(20) 
R, + 2wL1 sin(20) I R, - 2wL1 sin(20) 

2wL1 cos(20) R =  [ 
This system is then excited with a periodic waveform in 

voltage v and the frequency response of the system is exam- 
ined. Periodic waveform has a certain (relatively high) fun- 
damental frequency, and no frequency content around DC 
in order to separate injection signal from the normal motor 
operation excitation (which has frequency content around 
frequency of the rotor rotation). We will assume in this 
analysis that mechanical variables (0 and U) change negli- 
gibly over one period of injection waveform. Thus, the term 
w s  is constant, and so are the parameters of resistance 
and inductance matrices. Another assumption will be that 
motor speed is low enough so that the terms in R matrix in- 
volving w can be neglected (this assumption is reasonable, 
since injection based sensorless algorithms are usually used 
in the lower motor speed range). With these assumptions, 
w$& has only a DC component, and R = diag{R,, Rs}. 
Using the notation X = & x(t)e-jwitdt = X, - j X ,  for 
the fundamental injection frequency harmonic of a signal 
vector x, from (1) follows 

V, - jVs = R,Ic - jR,Is + Ljw;IC + LwiI, H 

V,  = R,Ic +L(O)U~I, 
V, = RSI, - L(b')uiIc (2) 

which is a system of four real equations from which four 
unknowns R,, LO, L1, and 0 can be found. The details on 
the system solution and input selection will be given in 
Section V. 

Besides the requirement that the injection signal should 
have a relatively high frequency to be separate from the 
normal excitation and not to affect the mechanical vari- 
ables, no other specifications on auxiliary signd exist. In 
the following analysis, we will examine the effect of the in- 
jection frequency selection on the position estimation per- 
formance. This analysis is valid for any periodic injectioq 
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signal, although in many implementations the auxiliary sig- 
nal is a simple sinusoid. 

111. SENSITIVITY ANALYSIS 
The methodology used in this study is based on local 

methods for sensitivity analysis [4] using the sensitivity 
function. In sinusoidal injection-based position estimation 
the only control parameter of the input signal is its fre- 
quency, therefore for high parameter identifiability using 
this method, we want to select an input frequency where 
the sensitivity with respect to 19 is high. In this way, the 
system output will be the most informative about the pa- 
rameter of interest. 

Let us denote the system transfer function with T(s,B). 
The definition of sensitivity is derived from the Taylor se- 
ries of this function around some 8 = 80: 

T(s,8) = T(s,80) + - aT(s I (e - eo) + H.O.T. =i- 
e=eo 

llT(~7~)-T(~1~0~II ~ 

I IT(S7 e0)II 
The term on the left is the relative change of the transfer 
function, the term is the relative change of 0, and 
the remaining term is the sensitivity: 

At s = j w ,  this function gives information of the sensitivity 
of the system transfer function to position B as a function 
of input signal frequency. 

Since the motor is usually voltage supplied (particularly 
in the case when voltage source inverter is used), the trans- 
fer function matrix of interest is T(s, 0) = (R+Ls)-'. For 
derivation we first need explicit expression for this transfer 
function matrix: 

h r ther ,  we need the partial derivative of this function with 
respect to 8: 

The position dependent matrix above is orthonormal, im- 
plying that both its singular values are equal to 1. Thus 
the 2-norm of this matrix is unity, and the norm of the 
whole partial derivative matrix is 
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Frequency dependence of the sensitivity function for the 
low frequency PMSM model with parameters Rs = 1.2653, Lo = 
8.4mH, and L1 = -0.9mH. 

Notice that this norm is the same for d l  0. 
For completion of sensitivity calculation, we need norm, 

and thus singular d u e s ,  of the transfer function itself. 
Singular values of T(s,B) are equal to the eigenvalues of 
T*(s, 8)T(s,8), where (.)* represents complex conjugate 
transpose. To this end, notice that T(s,O) can be rewrit- 
ten as 

1 - COS( 28) - sin( 219) 
T*(s,O)T(s,B) = ~1 - sin(20) cos(28) 

where c1 = TtT1 + T,*T2 and c2 = TtT2 + TIT,*. Now, 
from det(T*(s,B)T(s,f?) - 0'1) = 0, it can be found that 
the singular values satisfy 

(g2 - ~ 1 ) ~  - C; = 0 U o;,~ = ~1 f ~2 = IT1 f T2I2 

After the substitution of the expressions for TI and T2, we 
get 

R , + s L o f s L i  
+ S L O ) ~  - S'L? 

u1,2 = 

Finally, the largest of those two singular values is the norm 
of T(s, e),  yielding 

Substitution of (4) and (6)  into (3) finally yields the ex- 
pression for the sensitivity function as 

s? = P o l  
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Fig. 2. Measured (solid) and model predicted (dashed) U phase 
admittance (at 8 = 60.) for model parameters R. = 1.26l-2, Lo = 
8.4mH, L1 = -O.QmH, C, = 18nF, and G, = 0.64mS. 

Without lUol term, this function represents magnitude 
characteristic of a rational function, and its example is 
plotted in Fig. 1. This is a high-pass characteristic, so 
the sensitivity of the system transfer function with respect 
to 8 is maximized for the frequencies higher than a cutoff 
frequency w b  = .*I. 

Note: The exactly same result would be achieved from 
the analysis of a current supplied system whose transfer 
function is T(s, 8) = R + Ls. 

IV. HIGH FREQUENCY PARASITIC EFFECTS 
The sensitivity analysis from the previous section yields 

valid results in the lower frequency regions (below about 

the input signal frequency increases, however, the para- 
sitic effects - parasitic capacitances, skin effect, hysteresis 
and eddy current losses - modify the low frequency system 
behavior and thus have to  be included into the model. Sev- 
eral papers, including [5] and [6], address high frequency 
modeling of AC motors. Modeling of an AC motor a t  high 
frequencies is a very challenging problem, since at  those 
frequencies motor behaves as a distributed parameter sys- 
tem, and has frequency dependent parameters. Neverthe- 
less, rather accurate motor models with constant lumped 
parameters can be successfully fitted to the experimental 
data. In addition to the standard low frequency model 
(presented in the previous section), the resulting models, 
transformed into a/3 frame, include parallel capacitive and 
conductive components to  account for the parasitic capac- 
itances and additional motor losses. 

In order to  determine parameters of the wide band- 
width motor model, phase to phase impedance of a twc- 
horsepower PM synchronous motor (model R43H, made 
by Pacific Scientific) was measured using HP35665A dy- 
namic signal analyzer, and ap parameters were calcu- 
lated to fit the experimental data. The parameters found 
from those measurements are R, = 1.250, LO = 8.4mH, 

10kHz) where the presented motor model is accurate. As 

F r e "  [mi 
Fig. 3. Frequency dependence of the sensitivity function for the wide 

bandwidth PMSM model. 

L1 = -0.9mH1 Cp = 18nF (parasitic capacitance), and 
G, = 0.64mS (parallel conductance). Fig. 2 shows good 
matching of experimentally determined and model pre- 
dicted a phase admittances. 

Having acquired parameters, the complete model can be 
used in the sensitivity analysis. The transfer function that 
needs to be considered now becomes 

Thf(s,8) = (R + Ls)-' + SC + G 

where C = diag{Cp, cp} is the matrix of parasitic capac- 
itances and G = diag{Gp, Gp} is the matrix of conduc- 
tances modeling additional motor losses. Note that this 
transfer function can also be rewritten in the form ( 5 ) ,  

and the similar analysis follows yielding 
with TI = R 8L + sC, + G, and Ta as before, 

i i w s 7 a i  = 

for all 8. Since (4) remains d i d  in this case as well, the 
sensitivity of the wide bandwidth transfer function with 
respect to the rotor position is finally given with 

2sL1 
lf9oll R, + S(L0 + ILI ,) + (SCP+GP) ( ( R ,  + sLo)2 - 8'L:) I 

for all 8. The frequency dependence of this function, with- 
out term, is shown in Fig. 3. As can be seen from the 
plot, the sensitivity function in this case has a more real- 
istic, band-pass characteristic. As in the previous case, at 
very low frequencies motor resistance dominates position 
dependent inductance and the sensitivity is low. With the 
increase in injection frequency, the sensitivity increases up 
to a cutoff frequency wiol after which it stagnates. How- 
ever, at much higher frequencies, parasitic capacitances 
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start dominating, and sensitivity decreases with increase 
in the injection frequency. 

Based on the above sensitivity analysis, we conclude that 
the injection-based position-sensorless algorithm performs 
the best for a selection of the injection frequency between 
the cutoff frequency w,,, and the resonant frequency of the 
motor inductance and the parasitic capacitances. The sim- 
ulations showing the advantages of a proper injection fre- 
quency selection will be presented in the following section. 

V .  SIMULATION RESULTS 
As described in Section 11, the harmonic analysis of the 

electrical subsystem at  the injection frequency yields the 
system (2) which can be developed as 001 

I 
-001 

and written in terms of the unknown parameter vector pi 
as 

WiIa,  W i Z ,  w i I q  Ice 
W J , ~  -WJ~, Wii,,, I., 

-wiZc,, -wizcn -w,Icca I,, 
-wilco wiIc, -w;Ic,, Iss 

[$I=[ * 

* '  - 
b A Pi 

To be able to solve this system, matrix A has to  be non- 
singular, and one of the input selections that satisfies this 
requirement is: 

- 
0 0  4 b d l . A  - 

where is the injection signal magnitude. With such mo- 
tor excitation, the measured current response is used to 
calculate the current harmonics, and the motor parameter 
vector pi are determined as the solution of the system (7). 
The rotor position is finally found from this vector using 
the inverse trigonometric functions. 

To support the analytical results developed in the pre- 
vious sections, the presented position estimation scheme 
was tested in simulations. The PMSM model (1) was ex- 
cited with the injection waveform (8) having different €re- 
quencies and magnitudes. The motor electrical. parame- 
ters are chosen as before: R, = 1.25R, LO = 8.4mH, and 
L1 = -0.9mH, and the injection magnitude was selected 
such that for each signal frequency the injected current has 
the magnitude of Ii = 0.37A (which corresponds to 3.8% 
of the R43H motor rated current). To model the measure- 
ment and quantization noise existing in practical imple- 
mentations, current measurements were corrupted with a 
white Gaussian noise with mean p = 24mA and variance 
u2 = 40.  10-6A2. 

The simulations described above were used to evaluate 
the performance of the position estimation algorithm for 
several values of the injection frequency. The resulting po- 
sition estimation errors for frequencies fi = 0.1, l, 10, and 

PrnUlm eslmslkm fflw Dr O-0. tom lop In W o r n  = 0 1.1.10. snd 100 

i o  20 30 40 50 BO 70 m 

lOOHz are shown in Fig. 4, and the corresponding posi- 
tion estimate noise variances axe found to be U: = 0.397, 
4.05 . 4.85 - and 7.53 . respectively. As 
these results show, the accuracy of the position estimation 
increases by an order of magnitude with each tenfold in- 
crease of the injection frequency up to the cutoff frequency 
(wc = 134.4r&d/s $ fi, = 21.4Hz for the experimentally 
determined motor parameters), and after wi0 the accuracy 
stagnates. Thus, the simulations support the conclusions 
drawn in the previous sections since exactly the same re- 
sults were predicted by the sensitivity analysis (refer to Fig. 
1). 

VI. CONCLUSIONS 
This paper addressed the selection of the input signal 

frequency selection in injection-based position estimation 
in permanent magnet synchronous motors with magnetic 
saliency. The main idea behind our analysis is that the test 
signal frequency in injection-based algorithms should be 
selected to achieve a high output sensitivity to  the change 
in position in order to ensure reliable estimation in the 
presence of noise. The sensitivity analysis provided guide- 
lines for injection signal frequency selection which explain 
and support the common choices in the current practice. 
The results suggest that the test signal frequency should be 
selected as high as possible, up to the limit set by the mo- 
tor parasitic effects. The validity of those results was also 
confirmed by numerical simulations of an injection-based 
position estimation algorithm. 

REFERENCES 
M. J. Corley and R D. Lorenz, "Rotor position and velocity esti- 
mation for a salient-pole permanent magnet synchronous machine 
at standstill and high speeds," ZEEE hnsoctiom on Indwtry 
Applications, vol. 34, no. 4, pp. 784-789, 1998. 
J.-M. Kim, S.-J. Kang, and S.-K. Sul, Vector control of inte- 
rior permanent magnet synchronous motor without shaft sensor," 
Conf. P m .  IEEE APEC, vol. 2, Atlanta, GA, Feb. 1997, pp. 
743-748. 

74 1 

Authorized licensed use limited to: Univ of Texas at El Paso. Downloaded on March 02,2022 at 17:56:51 UTC from IEEE Xplore.  Restrictions apply. 



[3] T. Aihara, A. 'lbba, T. Yanase, A. Mashimo, K. Endo, "Sensorless 
torque control of salient-pole synchronous motor at zero-spced 
operation," IEEE hnsactions on Power Electmnics, vol. 14, 
no. 1, pp. 202-208, 1999. 

(41 A. Saltelli, K. Chan. E.M. Scott, editors, Sensitivity Analysis, 
John Wiley, 2000. 

[ti] A. Boglietti and E. Carpaneto, "Induction motor high frequency 
model," Coni. Rec. IEEE IAS Annual Meeting, vol. 3, Phoenix, 

[SI S. D. Sudhoff, J. L. Tichenor, and J. L. Drewniak, "Wide- 
Bandwidth multi-resolutional analysis of a surface-mounted PM 
synchronous machine," IEEE hnsactions on Energy Conuer- 
sion, vol. 14, no. 4, pp. 1011-1018, 1999. 

AZ, Oct. 1999, pp. 1551-1668. 

742 

Authorized licensed use limited to: Univ of Texas at El Paso. Downloaded on March 02,2022 at 17:56:51 UTC from IEEE Xplore.  Restrictions apply. 


