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ABSTRACT

Computational materials discovery has been successful in predicting novel, technologically relevant materials. However, it has remained
focused almost exclusively on finding ground-state structures. Now that the lower-hanging fruit has been found in many fields of application,
materials exploration is moving toward metastable materials: higher energy phases that are stable at practical time scales. Because of the chal-
lenges associated with predicting which phases are realistic, this class of materials has remained relatively unexplored, despite numerous
examples of metastable structures with unmatched properties (e.g., diamond). This article highlights recent advances in developing computa-
tional and theoretical methods for predicting useful and realizable metastable materials. Topics discussed cover (1) the latest strategies for
identifying potential metastable phases, (2) methodologies for assessing which phases can be realized experimentally, and (3) current

approaches to estimate the lifetime of metastable materials.
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I. INTRODUCTION

Metastable forms of matter have the particularity of being dura-
ble in environments and conditions at which they do not represent the
global minimum of the free energy or some other relevant thermody-
namic potential. It is fairly easy to make an argument on how

invaluable they are to our daily lives. Take diamond for example, a
crystalline form of elemental carbon that exists at ambient conditions
despite not being the lowest energy state.” Diamond is sufficiently
long-lived not only for wedding rings to outlast any terrestrial mar-
riage but also for its mechanical, optical, and electronic properties to
be used in a number of technologically relevant applications. Another
well-known example of a long-lived metastable state is “ordinary”
glass, a noncrystalline form of SiO, that is critically important in a
number of ways.”” The “sweetest” example is certainly solid chocolate.
The most utilized form for its desired taste and texture is the so-called
polymorph-V that is also metastable at room temperature and ambi-
ent pressure.

The beginnings of research into the phenomenon of metastability
and the metastable states of matter, polymorphs in particular, can be
traced back to the late 18th and early 19th centuries. The discovery
that calcite and aragonite, two minerals with very different physical
properties, share the same CaCOj; chemical composition was most
likely the initial motivator.”” Numerous studies have been conducted
since, and a significant body of knowledge and literature has been
developed.g’w Nonetheless, if one were to ask which metastable states
exhibiting a given set of target properties exist within a given chemistry
but are also experimentally synthesizable and sufficiently long-lived so
that their properties can be utilized, they would quickly realize that
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critical knowledge gaps still remain for these questions to be answered
with a high degree of certainty. As will be elaborated later, the main
reason is that current theories and computational tools lack sufficient
predictive capabilities. On the flip side, the space of metastable states
represents a virtually uncharted territory for finding new and poten-
tially game-changing materials as the aforementioned examples (and
many others) clearly illustrate. Consequently, improving the predictive
power of theory, while without a doubt representing an important and
intellectually very appealing endeavor, is also of substantial practical
significance. In this paper, we review recent work aimed to advance
metastable materials theory and enable development of robust compu-
tational methodologies for metastable materials discovery and design.
We also discuss their strengths and weaknesses as well as the remain-
ing outstanding challenges standing in the way of reliable predictions
of potentially useful, synthesizable, and long-lived metastable states of
solid matter.

As depicted in Fig. 1, the starting point for any metastable mate-
rials discovery is the exploration step, which addresses the first part of
the problem: What is there to be found? It can be argued that pres-
ently, theorists are well equipped to predict which potentially useful
structures might be present in a given chemistry. The electronic struc-
ture methods have matured to the point where the properties (func-
tional or otherwise) of large swaths of different chemistries can be
reliably predicted for any given crystal structure.'’ When combined
with structure prediction methods, which themselves have seen sub-
stantial advancements over the past several decades,'”'” property pre-
dictions can be utilized quite effectively to screen various ground-state
and higher-lying structures for useful properties. Depending on the
desired accuracy, this might require significant computational resour-
ces, of course, but those will become more and more available with
time.

The second and third parts of the problem are where the limits of
our current predictive power lie. Step 2 of the metastable materials dis-
covery process consists of filtering out from all possible structures
those that are more accessible in terms of their experimental realizabil-
ity (or synthesizability). In Fig. 1, two of the five structures identified
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in step 1 are not realizable experimentally. They could be identified,
for example, by measuring the relative size of their basin of attraction,
which is an indicator of their feasibility. This is one of the approaches
discussed in Sec. III.

In step 3, only structures that will “live” sufficiently long are
selected as plausible metastable materials. In Fig. 1, evaluating the
energy along the minimal energy pathway, using tools described in
Sec. IV, could reveal the remaining unstable structure. In the hypothet-
ical example of Fig. 1, there is, in the end, only one plausible metasta-
ble structure (the other one being the—stable—ground state).

Because of challenges associated with predicting lifetime and real-
izability, recent work mainly concentrates on steps 2 and 3, as does
this review/discussion. This paper will, however, start with a brief over-
view of exploration methodologies because they naturally provide the
context within which synthesizability/realizability and lifetimes ques-
tions emerge. Afterward, it dives deeper into the ideas and methodolo-
gies that address realization and lifetimes of metastable phases.

1. EXPLORATION: FINDING CANDIDATE
METASTABLE STATES

As already noted, modern (first-principles) electronic structure
methods are presently more than capable of providing reasonably
accurate predictions of many physical properties of materials spanning
a range of different chemistries and virtually any crystal (or molecular)
structure. There are limits in the number of atoms, but those are being
pushed continuously as computer power increases and numerical
implementations improve. The key then really is the input crystal
structure. How can one know, in the absence of experimental knowl-
edge, of which structure to compute the properties? Which ones out of
infinitely many possibilities warrant our attention? These are the cen-
tral questions of materials discovery and the ones that will be discussed
in this section.

One can go about answering these questions in two different,
complementary, and arguably equally interesting and important ways.
First, one can focus on finding the structure that maximizes (or mini-
mizes) a target property and leave the question of experimental realiz-
ability to experiments. Second, one can try to identify structures that

Hypothetical
structure

x Unrealizable or
unstable structure

___Basin of attraction
boundary

bl =

_ Minimal energy
pathway

FIG. 1. A visual representation of the process of finding useful metastable materials. The three square panels are contour plots of the potential energy surface. Blue lines in
panel 2 outline the basins of attraction of various local minima, while the dashed black line in panel 3 represents the minimal energy pathway between the structures. In this
example, among the five hypothetical phases of a material found at step 1, three are realizable (step 2) out of which two are stable on a practical timescale (step 3). Each of

the three steps narrows down the search.
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fulfill some predefined set of synthesis constraints and then ask the
question of whether any one of those exhibits the desired properties.
There are numerous examples of both approaches in the literature.

Predictions of structures that are harder than diamond"” or spe-
cific atomic configurations in an alloy that achieve a certain feature in
the electronic structure, such as maximizing the electronic bandgap,"”
making the bandgap direct and optically allowed,® etc., belong to the
former category. While extremely important in revealing what a given
chemistry has to offer, the primary weakness of these property-driven
predictive approaches is that they lack any quantifiable measure of
experimental realizability of the candidate structures and/or particular
arrangements of atoms in an alloy. It is not surprising then that the
experimental validation of these kinds of predictions is somewhat
lagging.

Alternatively, one can take some aspects of synthesizability into
account by invoking the thermodynamic energy minimization princi-
ple and by limiting the search to structures that represent global min-
ima of the total energy (or some other thermodynamic potential) and
ask which ones of those possess the desired properties. This approach
is typically adopted in what is broadly referred to as “structure pre-
diction,” which typically focuses (but not exclusively) on finding the
ground-state structures, that is, the global minima on the potential
energy (only the structure with the lowest energy in Fig. 2) or in the
case of high-pressure synthesis, the global minima on the potential
enthalpy surface. Again, it is the development of first-principles meth-
ods, which provide the means to efficiently and accurately evaluate
total energies and their gradients (forces), that enabled the emergence
of contemporary structure predictions. Incidentally, the problem of
predicting the ground-state structure of solids was initially thought of
as unlikely to ever be solved."”

A number of methods have been developed and applied for the
purpose of predicting the ground-state structure of various chemis-
tries. More prominent ones include simulated annealing,"*'? methods
based on evolutionary algorithms,”” ** data mining and machine
learning approaches,”* and structure prototyping.”*® Less biased
toward the global minimum are sampling methods such as metady-
namics,”””" basin and minima hopping,”*’ and ab initio random
structure search.”’

Structure predictions, when integrated with property prediction,
have led to much more successful experimental validation and discov-
eries of truly exciting new materials and/or high-pressure phases.
These include new phosphors for white light-emitting diodes,” new
phosphates for lithium-ion battery cathodes,” an unexpected trans-
parent high-pressure phase of sodium,”* and new conventional super-
conductors with the critical temperature approaching 200K in the
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high-pressure phase of (H,S),H,,”” to name a few of many (further
examples can be found in Refs. 36 and 37) These methods have been
so successful that it has been argued, and rightfully so, that the struc-
ture predictions are literally the key driver of materials discovery.””

It is important to note that very few, if any, of the theory-
predicted and experimentally realized materials are actually metasta-
ble. Most of them are in their ground states either at ambient condi-
tions or elevated pressure. While structure predictions at high pressure
achieved a significant number of very important discoveries, only a
small fraction of these were successfully quenched to ambient pres-
sures,”® and their ability to be quenched (metastability) was not pre-
dicted; it was largely serendipitous. Furthermore, in virtually all these
works, the discovery of metastable states, crystalline typically, has
largely been reduced to identifying low-energy local minima (inherent
structures) and computing their properties. (There are numerous
references in the literature; see, for example, Refs. 31 and 39.) As will
be discussed in the Sec. III, energy alone is hardly enough to serve as a
good predictor or descriptor of the experimental realizability of meta-
stable structures.

Finally, it is also important to note that predicting the structure
of noncrystalline states, both glasses and amorphous structures, which
are usually thought of as a single microstate (inherent structure) in an
infinitely large unit cell,”” falls beyond the reach of present structure
prediction methods. The amorphous structures are typically modeled
using sampling methods (molecular dynamics, Monte Carlo, etc.) in
an attempt to meet some a priori requirements that are known from
experiments, for example, the radial distribution function, distribution
of bonding environments, and/or density.”’ Hence, with regard to
noncrystalline phases, research is presently explanatory (ie., fitting
models to experiments) rather than predictive, which is a serious
impediment to the discovery and design of functional, noncrystalline
materials.

Ill. REALIZABILITY: IDENTIFYING SYNTHESIZABLE
METASTABLE STRUCTURES

Once candidate metastable materials have been identified, i.e.,
local minima of the potential energy surface have been found, the
question that arises is: How does one identify, among those candidates,
the ones that are realistic? Indeed, the mere predicted existence of a
minimum on the PES provides no guarantee of the realizability of its
corresponding phase; getting to the minimum and staying there may
be exceedingly hard or even impossible. Two methods have emerged
to assess how realistic a potential metastable material is. They are pre-
sented in this section.

FIG. 2. One-dimensional representation of
a hypothetical PES. Each crystal structure
resides in a local minimum of the PES.
The pale gray line is a representation of
the “flat basin” approximation. The dashed
red line illustrates the idea of a thermody-
namic limit above which structures would

not be realizable.

Configuration space
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A. Thermodynamic limits

An intuitive way to resolve this problem is to use the total energy
of the hypothetical material and compare it to its most stable configu-
ration at that composition, including phase separated states. To do so,
one uses the concept of convex hull. In a binary phase diagram
(enthalpy of formation [AHf] vs chemical composition [x]), the con-
vex hull (as defined in materials science) is the set of straight lines con-
necting the “lowest energy” phases.”” In other words, in a AHy vs x
binary phase diagram where all possible crystalline structures are rep-
resented as points, if one were to attach an elastic band to the two pure
compounds, stretch it under all the points, and let it rest on them, it
would have the shape of the convex hull. Any state on the convex hull
is the most stable at the corresponding composition. Any point that is
directly above the convex hull is a high-energy state; if it is also stable,
it is a metastable state. In phase diagrams with several crystalline struc-
tures and/or multiple composition dimensions where the convex hull
is a hyper surface, determining the convex hull can be difficult.
Systematic approaches to solving this problem and evaluating phase
stability of hypothetical phases are presented in Refs. 43 and 44. The
difference in energy between the metastable state and the ground state,
referred to as energy above the convex hull or simply energy above the
hull, can be seen as a representation of the thermodynamic scale of
metastability, i.e., it represents how metastable a material is. It is
important to note that in many cases, the ground state could be the
phase separation into competing phases, not necessarily the lower
energy structure at the same chemical composition.

Sun et al.*' analyzed about 30000 materials in the Inorganic
Crystal Structure Database (ICSD) to measure the scale of metasta-
bility. They took into account density functional theory (DFT)
approximation errors and curated the ICSD data to include only
well-described, experimentally realized materials. They found that

REVIEW scitation.org/journal/are

50.4 = 4% of those materials are metastable and that their median
energy above the hull is 15 = 0.5meV per atom with about 90% of
the structures below 67 meV. When comparing the energy above the
ground state for different classes of materials, nitrides were found to
exhibit the largest scale of metastability on average and iodine the
smallest. It is important to note that a large fraction of the systems in
ICSD are metastable relative to chemical decomposition into com-
peting phases. Nitrides in particular are largely unstable/metastable
relative to elemental nitrogen due to strong bonding in the N, mole-
cule. To explain this difference between nitrides and other chemis-
tries, the authors suggested that the stronger bonds found in nitrides
could prevent the long-range diffusion needed for phase separation
and help to stabilize higher energy metastable phases that would
otherwise decompose. More recently, in a study that included a
larger number of compounds (/237 000), it was found that the aver-
age energy above the hull of metastable compounds could be even
higher and that hypothetical structures with energy above 200 meV
should not automatically be discarded.”

The fact (statistically determined) that most observed metastable
materials exist within a relatively small scale of metastability, as appar-
ent in Fig. 3(a), does not imply that the converse is true: low energy
above the hull does not imply that a hypothetical phase will be realiz-
able. Indeed, looking at Fig. 3(b) where hypothetical polymorphs are
shown in red and observed ones in blue, it is clear that several hypo-
thetical polymorphs have lower energy than observed ones. The ques-
tion then remains: Given a hypothetical structure, how does one
predict whether it is realistic? In an attempt to answer this question,
Sun et al.”" introduced the concept of remnant metastability: A phase
is realizable if and only if there exists a set of thermodynamic condi-
tions (temperature, pressure, magnetic field, etc.) under which it is the
lowest energy phase. In Fig. 4, polymorph C would be realizable
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FIG. 3. Representations of the thermodynamic scale of metastability. (a) Distribution of the energy above the ground state for observed and hypothetical polymorphs (gener-
ated with a data-mined structure predictor). (b) Energy distribution of hypothetical (red) and observed (blue) structures for five common oxides. Reprinted with permission from
Sun et al., Science Adv. 2, 1600225 (2016). Copyright 2016 Authors, some rights reserved; exclusive licensee American Association for the Advancement of Science.
Licensed under a Creative Commons Attribution 4.0 Noncommercial (CC BY-NC) license.”’
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T

FIG. 4. Evolution of the free energy of different polymorphs as a function of the
thermodynamic conditions. Reprinted with permission from Aykol et al., Science
Adv. 4, eaaq0148 (2018). Copyright 2018 Authors, some rights reserved; exclusive
licensee American Association for the Advancement of Science. Licensed under a
Creative Commons Attribution 4.0 Noncommercial (CC BY-NC) license.’

because it is the lowest free energy state for a set of temperatures, but
polymorph B would not. Since adjusting the thermodynamic condi-
tions, temperature in particular, to change the free energy by more
than about 100 meV/atom is difficult, remnant metastability could
explain why the great majority of measurable states have energies
below that threshold. However, the authors did not provide a way to
estimate the free energy under different thermodynamic conditions,
and there is, in principle, an infinity of such conditions, which makes
the concept of remnant metastability difficult to verify. Furthermore, if
one analyzes means other than temperature to deform the potential
energy surface, pressure, for example, a much larger energy scale,
becomes experimentally accessible. For example, just by taking the
volume difference between diamond and graphite (=~ —3 A¥/atom)
and multiplying by a pressure of 100 GPa ~ 0.6 eV/A®, which today is
accessible, one estimates that by applying high pressure, the energy dif-
ferences of approximately 1.6 eV/atom can be overcome. This is to say
that while practically very useful, thermodynamic scales of accessible
energies depend on the actual experimental situation and that every
situation requires its corresponding scale.

Srinivasan et al. recently created a methodology to construct
metastable phase diagrams, i.e., 3D phase diagrams where the axes are
pressure, temperature, and energy above the ground state.’” They used
an evolutionary algorithm to find all the possible polymorphs at a
given composition and used molecular dynamics to evaluate their free
energy on a grid of thermodynamic conditions (P,T). They then used
machine learning to estimate the exact phase boundaries within the
3D phase diagram. This promising methodology can directly produce
plots, like the one in Fig. 4, and could represent a way to verify the
concept of remnant metastability.

In a later study, Aykol et al.*” showed that the energy of the
amorphous state of a material can serve as an upper limit to the scale
of metastability. Indeed, if a crystalline state has higher free energy
than the amorphous state at T=0K (e.g., polymorph A in Fig. 4), it

REVIEW scitation.org/journal/are

can never be the lowest energy state at higher temperatures because
the entropy (S) of the amorphous state is always higher than the
entropy of any crystalline state and g—? |p = S. This concept is illus-
trated in Fig. 4. Furthermore, changing other thermodynamic proper-
ties, such as pressure or electric field, might move the system to higher
energy crystalline phases, but these phases would likely not survive at
ambient conditions because of spontaneous amorphization.”® The
authors found their hypothesis to be true for all 41 systems that they
tested in the ICSD. Among these systems, no experimentally realized
phase was found to have higher energy than the amorphous state. It
was also found that the amorphous limit is highly variable from one
system to the other. Setting a fixed energy limit instead would either
yield more false negatives or, on average, a higher energy bound. In
other words, the amorphous limit is not so high that it could simply be
replaced by a higher energy cutoft.

In short, the energy above the ground state, i.e., the thermody-
namic scale of metastability, can be used to exclude high-energy hypo-
thetical structures provided that the energy of the amorphous state can
be calculated. However, it cannot identify which of the low-energy
hypothetical structures, e.g., Fig. 3(b), are unrealistic. Furthermore, the
connection—or causality-between the scale of metastability and the
physical processes that affect synthesizability has yet to be established
clearly. In other words, the following question needs to be answered:
At a given set of thermodynamic conditions, why would a high-energy
state with a certain energy above the ground state be more or less syn-
thesizable than another one with a different energy? For example,
when using sputtering as a synthesis method where the entropy of the
deposited material is high, it is not the formation energy that deter-
mines the phase that is realized but rather the capacity to
“accommodate” entropy.*””’

B. Size of attraction basins

That the energy above the structural ground state alone is insuffi-
cient to identify experimentally realizable hypothetical structures, as
observed in Fig. 3, indicates that there are additional ordering princi-
ples at work in their manifestation. The conceptual use of the basin of
attraction has a storied history in describing the configurational energy
landscapes within materials science as well as in other fields.”” If a
hypothetical structure (P,) is regarded as a local minimum () on the
energy landscape, then a basin of attraction (B,) is the set of nuclear
configurations obtained by small deformations away from the local
minimum. Small in this context indicates that a local (gradient-based)
search algorithm seeded at the deformed coordinates would yield P,
as the local minimum. Equivalently, deformed coordinates of a struc-
ture in Fig. 2 would not cross any dashed lines within its basin of
attraction.

It was not until relatively recently, however, that basin hypervo-
lume was quantitatively identified as a critical element in the forma-
tion of experimentally realizable metastable structures.”””” In the
context of metallic clusters, Goedecker and colleagues noted how only
those clusters experiencing a nonglassy PES landscape (few larger min-
ima as opposed to many narrow ones) can be synthesized experi-
mentally.” Subsequently, Stevanovi¢’' employed a modified version
of the ab initio random structure search’’ and measured the frequen-
cies of occurrence of different structures, which gave a measure of the
relative hypervolumes occupied by the corresponding local minima.
He demonstrated how the structures with wider local minima (larger
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hypervolumes) are more likely to be experimentally synthesized.”
Specifically, in a procedure called random superlattice (RSL) sampling,
thousands of hypothetical unrelaxed structures are created by generat-
ing, for each one, a set of random lattice parameters (a, b, ¢, o, f3, )
and atomic positions. Atoms are carefully distributed inside the
randomly generated cells such that cations and anions alternate and
that ions have a low probability of being placed too close together.
Then, the atomic positions and cell shapes of all the randomly generated
structures are relaxed using density functional theory, and their (relaxed)
total energy is computed. As depicted in Fig. 5(a), the compounds
MgO, ZnO, and SnO, all have hundreds of metastable candidates that
reside lower than about 400 meV/atom above the ground- state
energy. In contrast, the ground-state rock salt phase is the only experi-
mentally known structure of MgO, while the known structures of
ZnO are wurtzite, the ground state, and its two metastable poly-
morphs, zinc blende and rock salt. Finally, SnO, displays only its rutile
ground state and one metastable phase, a-PbO,. Solely using proxim-
ity to the ground-state energy would therefore lead to very poor
predictive power of the random structure sampler. The “frequency of
occurrence” plotted in Fig. 5, which is proportional to the basin
hypervolume of a given structure (designated as basin of attraction in
Fig. 2), orders candidates from largest hypervolume (frequency — 1)
to smallest (frequency — 0) and is defined as the relative number
of randomly seeded structures that relax to a particular structural

—
&
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minimum in the context of RSL sampling. Intuitively, since a larger
basin hypervolume corresponds to an increased likelihood that a
given minimum is “found” by the thermal motion of ions in the first
place, the frequency of occurrence reflects which candidate structures
are more likely to be experimentally realized.

In the instance of MgO shown in the left panel of Fig. 5(a),
the Fm3m rock salt structure occurs more than an order of
magnitude more frequently than the next most frequent structure
F43m, offering an explanation as to why rock salt is the only observed
experimental phase of the compound. Similarly, in the case of ZnO
(middle panel), there is a cluster of structures, with space groups
F43m, I4mm, Fm3m, and P63mc, that occurs significantly more fre-
quently than the rest. The I4mm structure was shown subsequently to
possess unstable phonon modes, and the remaining three correspond
exactly to the three experimentally realized metastable polymorphs of
ZnO. Moreover, those three structures are persistently the most fre-
quently occurring as a function of increased unit cell size. Finally,
while there is a crowd of likely low-energy structures for SnO, (right
panel), it was shown that the only persistently frequent structures as a
function of increased unit cell size were the experimentally known
rutile (P4, /mnm) and o-PbO, (Pbcn) phases.”' Basin hypervolume as
captured by frequency of occurrence is therefore a powerful ordering
principle in discriminating between hypothetical structures that are
more likely to be synthesizable experimentally and those that are less.
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FIG. 5. (a) Relative frequencies (Rel. Freq.) of the occurrence of structures resulting from the random superlattice sampling shown against the energy above the ground state.
Only the top occurring structures have their space groups explicitly marked. Space groups shown in gray represent the structures that are predicted to be dynamically unstable.
Reprinted with permission from Stevanovic, Phys. Rev. Lett. 116, 075503 (2016). Copyright 2016 American Physical Society.”" (b) Probability of occurrence at room tempera-
ture (=293 K). Blue points refer to experimentally realized polymorphs, while red points refer to potential polymorphs hitherto not synthesized. Reprinted with permission from
Jones and Stevanovié, Phys. Rev. B 96, 184101 (2017). Copyright 2017 American Physical Society.”
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In order to provide a more formal foundation for this discussion,
consider the configurational partition function of a generic and ergo-
dic thermodynamic ensemble

N

M
==1] J w11 J dr,ePel(Eh L)) 1)
=1

i=1

where i indexes each of the N nuclei with position r;, j indexes each
pair of M conjugate variables x; - y; involved in specifying the relevant
thermodynamic potential (and thus ensemble), ff = 1/kgT is the
inverse temperature, and e is the total energy per atom as a function of
the variable sets {r;} and {x;}. For instance, in the isothermal-
isobaric, or (N, p, T), ensemble, Xy = pvéjrl, where p is external
pressure and v is volume per atom, while in the grand canonical
ensemble, x; - y; = —pudj 1, where p is the chemical potential and the
number of nuclei has been normalized to 1. One may even deal with
magnetic ensembles with x; - y; = —B - m;, where m; is the local mag-
netic moment per atom and B is an applied (uniform) magnetic field.
Quantities that are typically extensive in statistical mechanics, such as
energy, volume, and particle number, are scaled to be intensive in
Eq. (1) following the notion of the thermodynamic limit. Moreover,
from a practical standpoint, in computer simulations, N is typically
regarded as the number of atoms in the computational unit cell. Since
different metastable structures may appear at different N, citing exten-
sive, rather than intensive, thermodynamic quantities would bias sam-
pling toward hypothetical metastable structures that exist in smaller
unit cells.

On general grounds, one can partition the integrals in Eq. (1)
into a sum over basins of attraction indexed by o. In the following,
we collapse positional and conjugate variable coordinates into a
single (3N + M)-dimensional “degree of freedom” vector where
11, [ dy; T1; | dr; = | dR, and the attendant thermodynamic potential
is defined as ¢(R) = e({r;}, {x;}) + ; - yj. Equation (1) then reads

== ZJ dR,e PR, @)
o JBy

Each term in the summand of Eq. (2) is an intra-basin configurational
partition function and may be denoted Z,. In order to evaluate the
probability that ions come to occupy a particular basin and, thus, to be
assigned to a particular hypothetical structure P,, we make the follow-
ing “flat basin” approximation (represented as a gray line in Fig. 2)
¢(R,) — ¢,, the potential at the minimum of the basin B,. Under
this approximation, which is well justified at ambient temperatures,
the “probability of occurrence” becomes

_VHe b,

= 3

=
[}

Py =

m| [

where V)1 = [; dR, is the hypervolume of basin B,, justifying theo-
retically its use as an ordering principle in indicating experimentally
realistic metastable structures. In moving from basin hypervolume to
frequency of occurrence (f;), one notes that

V_f = lim Naz/NRS — fi
Vil Nis—ooNp/Nes — fp”

(4)

where computationally, N, is the number of initial random structures
Nrs that map to a given local minimum o. Given the limit in Eq. (4),
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practically, one must ensure convergence of the frequencies as a func-
tion of Ngs.

Jones and Stevanovi¢ introduced and demonstrated that the for-
malism in Egs. (1)-(4) could be applied in order to predict the rich
polymorphism of elemental silicon (Si).” Figure 5(b) shows the proba-
bilities of occurrence P, = fae*/‘(fﬁpv’) Z of a little over 2500 hypo-
thetical structures discovered via random structure sampling on an
eight-atom unit cell of silicon in the (N, p, T) ensemble as a function of
volume. All distributions are plotted at room temperature, and the var-
ious panels correspond to increasing pressure values from left to right.
Importantly, all experimental metastable polymorphs of Si realized
under equilibrium conditions are identified as local peaks in the prob-
ability distributions (shown in blue), namely, the body-centered eight-
atom polymorph (Ia3), the rhombohedral eight-atom polymorph
(R3), and the lonsdaleite analog (P6;/mmc), in addition to the dia-
mond ground state (Fd3m). As pressure is increased, the first three of
the high-pressure, reversible polymorphs of Si, space groups 4, /amd,
Imma, and P6/mmm, become the most probable structures. Further
confirmation of this methodology can be found in the work of Yang
et al.”" dedicated to various carbon allotropes.

Hence, employing the probability of occurrence to order results
from random structure sampling has strong predictive power; accom-
modates thermodynamic parameters; and, perhaps most importantly,
is exclusionary toward the vast majority of structures uncovered during
such a search.

C. Application to noncrystalline (glassy, amorphous)
materials

In addition to its utility in describing the experimental realizabil-
ity of metastable structures, the statistical formalism developed in Sec.
I B also holds predictive power toward describing structural descrip-
tors of glassy solids, as demonstrated by Jones and Stevanovit.”” In
particular, they showed that starting from the two-point density
function

N

@ ") = <Z Z O(r; —1r')o(x; — r")> , (5)
=1

where the expectation value is taken in the relevant ensemble =, and

using an approach similar to the derivation in Egs. (1)-(4), one can
express the radial distribution function (RDF) of species in the mate-

rial as
0 =3 (55 )P0 ©

where n, and go((z)(r) are the number density and RDF of the local
minimum P,, respectively; (n)z is the number density ensemble
expectation value; and P, = f,e %« /= is a structure’s probability of
occurrence, as before. Similarly, the powder diffraction intensity can

be expressed as

1(20) = > P,L,(20). (7)

Equations (6) and (7) were developed primarily to describe ionic
and covalent glasses but, in principle, could be applied to any glassy
system. It is perhaps unsurprising that the description of such systems
involves thermal averages given that polymeric and metallic glasses
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have traditionally been modeled statistically through the random coil
and random close packing models, respectively.”® What is particularly
surprising, however, is that one can evaluate Egs. (6) and (7) using
computational unit cells as small as a few dozen formula units and still
obtain experimentally accurate structural descriptors.

Figure 6 shows the ensemble-averaged RDF (top panel) and
XRD (bottom panel) patterns evaluated by performing random struc-
ture sampling on a 24-atom unit cell of Si. In the low-temperature
(t = kgT/N is an effective, scaled temperature) limit shown in blue,
both the RDF and XRD display the sharp crystalline peaks characteris-
tic of ground-state, diamond Si. As 7 is raised, the peaks broaden until
in the high-temperature limit (red curve) they overlay the correspond-
ing experimental RDF and XRD of amorphous Si to a remarkable
degree of accuracy. In addition, it was demonstrated that partial RDFs
of vitreous SiO,, calculated using molecular dynamics on a 3000-atom
supercell, could also be replicated using this ensemble method, estab-
lishing such “crystalline ensembles” as a complementary statistical
model to the continuous random network (CRN) model for calculat-
ing properties of glassy materials. Moreover, the ensemble models are
devoid of experimental inputs and ad hoc parameters often required
by CRN models.

In addition to predicting structural features, which are prerequisite
for any property predictions, another important property, in particular
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S
= 751
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o5] Hight A A
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0 2 4 6
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FIG. 6. In both the ensemble-averaged RDF (top panel) and XRD (bottom panel)
patterns, the low-temperature (z) regime shows the characteristic peaks of diamond
silicon, while the high-temperature regime displays remarkable agreement with the
experimental (Expt.) RDF and XRD for a-Si. Reprinted with permission from Jones
and Stevanovi¢, Npj Comput. Mater. 6, 1-6 (2020). Copyri%ht 2020 Authors,
licensed under a Creative Commons Attribution (CC BY) license.”
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for glassy systems, is the ability to undergo the glass transition. Not all
chemistries can be quenched from the melt fast enough so as to form
the glassy state. To predict the realizability of the glassy state, which is
missing in the above discussion, Curtarolo and colleagues devised a
spectral descriptor of the glass-forming ability (GFA) for metallic sys-
tems’’ (Fig. 7). In short, their work is founded in the concept of
“confusion” proposed by Greer”® in which the glass-forming ability is a
consequence of the existence of a relatively large number of low-energy
local minima that differ in their main structural characteristics. These
structures would “confuse” the system in an attempt to crystallize upon
cooling, leading to low crystallization rates and allowing for quenching
into the glassy state. Hence, the higher the number of dissimilar struc-
tures at similar energy, the higher the glass-forming ability. It has been
found recently that including slightly off-stoichiometric structures to
this number improves the GFA predictions.”

In combination with the ensemble description of structural fea-
tures and possibly other properties, this completes the set of ideas that
will likely result in a robust methodology for discovering and design-
ing useful and realizable glassy solids.

At the end of this discussion, it is important to mention another
class of metastable systems related to glasses in the origin of their
metastability: those exhibiting significant levels of lattice disorder.
Examples include not only various alloy systems but also multinary
compounds in which different atom types can exchange their lattice
sites with a relatively low energy cost and higher entropy gain.”’ Like
glasses, their metastability at ambient or near-ambient conditions
stems from the suppressed long-range diffusion of atoms that would
lead to ordering and/or phase separation, which are the lower free
energy situations at lower temperatures. This type of metastability has
been known for a long time. In some metal alloys, for example, it is
possible to quench a single-phase mixture formed above a certain tem-
perature due to the stabilizing influence of configurational entropy to
conditions where, according to the phase diagrams, a two or more
phase coexistence is the thermodynamically preferred state (miscibility
gap).

This is a well-known and well-studied behavior in alloys, an
important case being the metastable martensite phase in the Fe-C
system.”' Martensite is actually a metastable Fe-C phase at all temper-
atures and is a consequence of a rapid transformation of the entropy-
stabilized austenite or the y phase into a body-centered tetragonal
Fe-C solid solution rather than the phase separation into Fe-rich
body-centered cubic phase and the compound cementite (Fe;C).
Similarly, in some classes of multinary compounds, the low energy
cost to creating the lattice disorder leads to low values of the order-
disorder transition temperatures. This, in turn, allows the disordered
state to be quenched rather easily if the diffusivity of atoms is also low,
below the transition temperatures. Examples of these types of com-
pounds that typically exhibit more significant levels of lattice disorder
at almost any temperature include the entire family of spinel
oxides,”"” various ternary nitride compounds such as ZnSnN,** or
ZnGeN,,” etc. While all these effects have been known for a while,
somewhat surprising recent work has shown entropy stabilization and
quenching to lower temperature in manifestly immiscible systems,
achieved by increasing the number of components both in metallic®®
and nonmetallic systems (ceramics).”” These high-entropy alloys and
ceramics are presently a very active area of research, and rather than
reviewing here, we point the interested reader to already-existing
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and its utility in predicting the glass-forming ability (GFA) of metallic systems demonstrated by Curtarolo.”” The larger

the number of structurally dissimilar states at low energy, the more confused the system that phases to crystallize. This slows down the crystallization rate and allows for the
glass transition to occur. Reprinted with permission from Perim et al., Nat. Commun. 7, 12315 (2016). Copyright 2016 Authors, licensed under a Creative Commons Attribution

(CC BY) license.””

reviews.”””” The question most pertinent to the metastability topic

covered here is under which circumstances will the disorder be
quenchable? The previously discussed concept of “confusion” could
also be helpful here. Basically, if a relatively large number of competi-
tive structures or ordering patterns, similar in energy but dissimilar in
structure, exist, the likelihood for the quenchable disorder could be
expected to increase. As already noted, this concept has been utilized
by Curtarolo and colleagues to suggest novel glass formers,”” but more
work is needed to move to a truly quantitative description of the
quenchable disorder, including predicting the disorder-freezing (glass
transition) temperatures.

IV. LIFETIME: UNDERSTANDING THE TRANSITIONS
BETWEEN METASTABLE MATERIALS

This section discusses the dynamic aspect of metastability. For a
material to be functional, it must exist on a practical timescale. To
determine that timescale—its lifetime—the processes of transforma-
tion between the relevant phase and other existing phases must be
understood both crystallographically and energetically.

A. Lifetime assessment

The lifetime of a metastable state, what makes it metastable, is the
average time it takes for it to relax to a lower energy state. It can also
be seen as the amount of time a material stays in its functional state; in

that sense, it is closely related to chemical degradation.’® Lifetime is

highly variable because phase change is a Markov process,'’ ie., a
probabilistic process where past events have no influence on future
events. Imagine a board game where a player has landed on a “jail”
square. The jail square is analogous to a metastable state of a material.
The player rolls two dice every turn, and the only way for them to get
out of jail is to roll a double. Rolling close to a double, getting 5 and 6,
for example, has no effect; the only way to get out is to roll a double.
The trapped player may roll a double on their first turn, and their time
in jail would be limited to one turn, but there is no way to predict
exactly how long they would stay in jail. Only the average time a player
spends in jail can be estimated. Since the number of turns it takes to
get out of jail follows a geometric distribution, its expectation value is
1/p where p is the probability to roll a double. Therefore, at this game,
the average time a player spends in jail is six turns. The same goes for
materials: there is no way to predict the exact lifetime of a specific
phase; only its expectation value can be estimated as the inverse of the
transition probability. In chemistry and materials science, it is com-
mon to talk about transition rate, the amount of material that is trans-
formed per unit of time, because the transition rate does not depend
on the size of the system. In general, this rate is given by the Arrhenius
equation:

—AE

R = Roeb", ®)
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where Ry, referred to as the “attempt frequency,” is proportional to the
frequency at which an event could trigger a phase transition occurs. In
the board game analogy, it would be equivalent to the number of times
a player can roll the dice at each turn. The rest of the expression repre-
sents the probability for each event to trigger a phase transition where
AE is the activation energy of the phase transition (analogous to the
score necessary to get out of jail), kg is the Boltzmann constant, and T
is the temperature. This probability is proportional to the number of
particles that have an energy higher than AE, hence the Boltzmann
term. The Arrhenius equation was obtained empirically, however, by
replacing the activation energy AE with an activation free energy AG,
and by making R, dependent on the temperature, it is equivalent to
the Eyring-Polanyi equation, which can be formally derived in the
context on transition state theory (TST).”” "

This review focuses on condensed matter phase transitions that
typically involve nucleation. In these cases, the difference in free
energy between a growth nucleus and its untransformed state is the
result of two competing terms: the negative difference in free energy
of the material as it transforms to the lower energy state and the
positive interface energy at the interface between the nucleus and
the bulk. This relation is represented in Fig. 8(a). The first term is
directly proportional to the number of particles in the nucleus, or its
volume, and the second term is proportional to the area of the
nucleus:

AG(”) = AGbulk(n) + AGsurf.(n) (9)
:nAg—Q—n%Bm (10)

where # is the number of particles in the growth nucleus; Ag is the dif-
ference in Gibbs free energy between the initial phase («) and the final
phase (f5); B is a constant independent of n, which depends on the
shape of the growth nucleus; and ¢ is the effective interface energy
(different interfaces in different orientation may have different inter-

face energies). This function has a maximum at n* = 7(%)37 which
corresponds to AG* = ;“73222 [see Fig. 8(a)]. Because of thermal fluctua-

tions within the material, nuclei of the most stable phase will randomly
form. If a nucleus has more than n* atoms, even if it initially represents
an increase in free energy, the nucleus will naturally grow to minimize
AG. Therefore, for nucleation to start and for the transformation to
occur, the growth nucleus must reach this critical size, and thermal
fluctuations must be higher than AG*. This is why for condensed mat-
ter systems the Eyring-Polanyi equation [analogous to Eq. (8)]
becomes

(AG* +Ag¥)

R=Ry(T)e ®" , (11)

referred to as the Turnbull and Fisher equation,”” where AG* repre-
sents the energy barrier for nucleation and Ag* the activation
free energy of the steady-state transformation. In other words, Ag* is
the activation energy for transforming one atom to the f phase once
the nucleus size is much larger than n* [see Fig. 8(b)]. It is defined as
the difference between the activated complex and the mean free energy
between states o and f3:
Ag

Ag" = Ag, +7. (12)
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FIG. 8. Energy barriers in condensed matter phase transitions. (a) Difference in
free energy as a function of the number of atoms in the nucleus. (b) Free energy
along the transformation between phase « and f as a function of the reaction
coordinate.

In systems that involve phase separation, Ag* is the activation energy
of diffusion.”

In order for Eq. (11) to be useful for ab initio calculations, it
needs to be rewritten in terms of the enthalpy, which can be readily
evaluated with zero temperature methods, such as density functional
theory. From the definition of the Gibbs free energy, one can write

Ag(T) = Ah — T As. (13)

At the transition temperature T,,, the difference in Gibbs free energy
between the two phases is 0 (Ag(T,;) = 0), and therefore, As = 4L
Equation (13) can be rewritten as

T
Ag(T) = Ah(l 7T7>' (14)

For a metastable material, the temperature is far from the equilibrium
temperature T < T,, which means Ag = Ah. Finally, replacing
Eq. (14) and Eq. (12) into Eq. (11), one gets
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R=Ry(T)e BT . (15)

This expression contains all the important contributors to the rate of
transformation. It is clear that the rate of transformation is determined
by three important factors: (1) Ah, the enthalpy difference between
the two phases; (2) g,—.g, the activation energy of the transformation;
and (3) o, the interface energy of the growth nucleus. Factor 1 can eas-
ily be calculated; it is equivalent to the scale of metastability. The rest
of this section will summarize recent methods for estimating factor 2.
Significant efforts must be invested in order to develop approaches for
estimating factor 3 in condensed matter systems, as it is lacking in cur-
rent literature.

B. Matching crystal structures

The first step in evaluating the transformation barrier Ag, .z is
to establish the correspondence between atoms of the initial and final
states. In molecular dynamics simulations where atoms move freely
between states, this step is not necessary, but it can be difficult (or
impossible) to find the right conditions and potential to trigger a spe-
cific transition between two polymorphs; waiting for the transforma-
tion to occur is most likely not computationally affordable. Finding
the correspondence between two structures, which we will also refer to
as “matching crystal structures,” is a necessary geometric first step for
most methods that calculate the minimum energy path (MEP).

Matching crystal structures, in two dimensions, can be useful to
describe interfacial structures, for example, to find a suitable substrate
for epitaxial growth of a material.”” " Pioneering work on matching
crystal structures was done within that area of materials science. Many
models were developed to describe and predict interface structures:
the O-lattice theory part of the CSL/DSC (Coincidental Site Lattice,
Displacement of one crystal Lattice with respect to the second causes a
pattern Shift which is Complete) Lattice Model,”® *' the Edge to Edge
Model,*>** the Coincidence of Reciprocal Lattice Points (CRLP)
model,”* and the work of Tkatchenko and Batina.®”®” A notable
mathematical method that comes out of interfacial structure theory is
the Zur algorithm,”® an algorithmic method to find the best-matching
unit cells between two different 2D lattices. It is the basis of many
more recent studies.” "’

Determining the correspondence between two structures is also
very useful to measure similarity or closeness between crystal struc-
tures. Sadeghi et al.”’ defined a distance between molecules by finding
a correspondence between each atom and the orientation that mini-
mized the L-norm in configuration space. This method not only can
measure the similarity between two molecules but also can establish
the correspondence between their atoms, which constitutes a first
approximation of the transformation mechanism. Although this
method works very well for finite molecular systems, it is not suitable
for crystals where the number of atoms is very large (=N,). In order
to measure similarity (or closeness) between crystals, many methods
based on holistic descriptions of the structures (fingerprints) have
been developed.”’ ™ However, these approaches are not useful to
determine the phase transformation mechanism and its associated
energy barrier.

Capillas et al.” were the first to define a systematic procedure for
determining transition pathways between arbitrary polymorphs. Their
methodology is based on finding the maximal symmetry transition

REVIEW scitation.org/journal/are

paths. First, they listed the symmetry subgroups {H;;,i = 1,...,n}
and {H,;j,j=1,...,n} of the space groups of the initial and final
structures G; and G,. Then, for each pair of subgroups (H ;, H J),
they verified that (1) the two groups are isomorphic, (2) they meet the
condition of a continuous transformation (the number of formula
units per unit cell is the same when described by their subgroup), and
(3) the occupied Wyckoff positions are the same under the symmetry-
allowed permutations. If all three conditions are met and “there exists
no pair of intermediate subgroups (21, .2;), such that H; < Z; < G’
with i=1, 2,” that also meet the three conditions, then the pair of sub-
groups is said to be of maximal symmetry. Finally, the unit cells of the
two subgroups are matched together in order to minimize a metric
distance based on their parameters (a,b,c, a,f,y), and the mapping that
minimizes the atomic displacements within the cells is chosen. This
method produces multiple plausible paths for each transformation.
Those paths have been shown to include previous theoretical descrip-
tions of the same systems.

Stevanovi¢ et al.”* took a slightly different approach to solving
this problem that did not rely on symmetry. It comprises two major
steps. In the first step, all possible supercells of the two end structures
that meet the condition for a continuous transformation are enumer-
ated using Hart-Forcade theory,”® and the pair of supercells that mini-
mizes a metric distance similar to the one used by Capillas et al.” is
chosen. This first step is, in some way, a generalization of the Zur algo-
rithm in three dimensions. The next step is to map the atoms inside
the unit cell using the same method as Sadeghi et al.” The key idea is
to use the Kuhn-Munkres” algorithm to find the optimal map
between the two sets of atoms (initial and final). At the end of the two
steps, the periodic movement of the atoms between the two poly-
morphs—the transformation pathway—is fully described. From there,
an estimate of the activation energy can easily be calculated using den-
sity functional theory, computing the total energy at each step along
the transformation. Figure 9 shows the computed mechanism and
corresponding energy along the path for four transitions between
polymorphs of SnO,. Pathways obtained from the algorithm produce
the red energy profiles, whereas pathways obtained from subsequent
energy minimization using solid-state nudged elastic band (ss-NEB)
are shown in gray (more details in Sec. IV C).

It is important to note that the energy barrier given by direct
DFT calculation is an upper bound to that value; further minimization
using NEB is necessary to obtain a more accurate estimate of Ag, _.p.
However, for a more qualitative assessment of the transformation
kinetics, inspired by Buerger’s work,'?" Stevanovi¢ et al.”* found that
pathways where the coordination is never lower than in the two end
phases lead to fast kinetics. In other words, when the number of bonds
per atom increases or decreases monotonically during the transforma-
tion, as seen at the bottom of Fig. 6(a), the rate of transformation is
high. In the same vein, a recent study'’" treated structures as networks
to account for the topological transformations during the phase transi-
tion. This method naturally identifies transition pathways that mini-
mize the number of broken bonds.

Both Refs. 74 and 96 are hindered by the fact that it is difficult to
compare the effect of strain and atomic displacements within the unit
cell; the quantity to minimize is ill-defined. Moreover, since an infinite
number of unit cells (with an infinite number of sizes) can represent a
single system, matching the unit cells—or their associated space
groups for that matter—is a difficult problem. In fact, even identifying
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FIG. 9. (a)-(d) Calculated energy profiles (shown in red) for the four selected polymorphic transformations between Sn and O together with the space group symmetry, six crystal
structure snapshots along the pathway, and the average coordination of Sn and O. The corresponding solid-state nudged elastic band results are shown in gray. The x axis  repre-
sents the normalized reaction coordinate. Reprinted with permission from Stevanovié et al., Phys. Rev. Mater. 2, 033802 (2018). Copyright 2018 American Physical Society.”*

identical structures requires complex algorithms.'”” Figure 10 uses a

two-dimensional example to demonstrate how matching based on the
unit cell can lead to results with a substantially larger total distance
traveled by the atoms.

To circumvent these issues, Stevanovi¢ et al.'”* mathematically
stated the problem of finding an optimal correspondence between two
crystal structures: Given the positions of all the atoms in the two crys-
tals {d@;|i = 1,...,N} and {b;|i = 1, ..., N}, the optimal match is the
best atom-to-atom mapping p,,,;, (permutation of atomic indices) and
the best alignment of the two structures (linear transformation R,
and translation ;) that minimize a given distance (cost) function d.
This is equivalent to the following equation when N — oo:

Pmina Qmin: ?min = argmin dl (P7 Q7 ?)a (16)
pQT
with
N —
di(p,QF)=> d(d, Qb +1). (17)

i

In the case of phase transitions, Q,,;, is a rotation matrix and d is the
Euclidean distance. The authors proposed an improved approach to
finding transformation pathways based on numerically solving
Eq. (16) for a finite, but large N. In their new method, the first step is
to cut a large finite portion of both the initial and final crystal struc-
tures to obtain two sets of points. Then, an initial mapping (i.e., the
correspondence between each atom) is established between the two
sets using the same Kuhn-Munkres algorithm. After the correspon-
dence is established, since the sum of distances between each pair of
atoms (d;) is now well defined, it is minimized with respect to the
position of the final structure. The mapping and distance are updated
simultaneously until they both converge to a minimal d;. Since the ini-
tial alignment between the structures is random, the mapping and dis-
tance minimization are repeated several times such that the global
minimum can be found. Finally, once the minimal distance is found,
the algorithm retrieves the periodicity in the final mapping to obtain
the unit cell of the “displacement crystal.” This unit cell contains all
the necessary information to fully describe the transformation, and
energy profiles can be calculated as in Fig. 9. This method has been
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FIG. 10. Drawbacks of a method that relies on matching some choice of the unit
cells of the two crystals. (a) Visual representation of the matching inside one cell for
a simple 2D example where the cells have the same area. (b) The two overlaid
crystal structures using the same matching. (c) The same crystal structures overlaid
such that the distance (red arrows) does not increase away from the center; the red
dashed rectangle shows the scale (periodic unit) of the match. Reprinted with per-
mission from Therrien et al., J. Chem. Phys. 152, 074106 (2020). Copyright 2020
AIP Publishing.'%*
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shown to produce a realistic transformation mechanism ~ without

the need for energy-based ab initio methods.

C. Minimal energy pathways

Once the correspondence between the atoms has been estab-
lished, the MEP can be determined. Most methods to find the MEP
focus on finite systems, and they cannot be applied to solid-state sys-
tems with periodic boundary conditions. For detailed accounts of these
methods, see Refs. 105 and 106.

The most widely used method for solid-solid transformation is
the NEB method and its variants.'”>'"* """ The concept behind NEB
is relatively simple. Given two structures (initial and final) that are rep-
resented as points in configuration space as in Fig. 11, the initial path
between the two structures forms a straight line in configuration space.
Each point along that line represents an intermediate structure at a dif-
ferent stage of the transformation. One can evaluate the energy of each
of these intermediate structures, using density functional theory, for
example, and obtain an energy profile much like the one on Fig. 9. If
each of these structures were simply relaxed to its closest minimum in
energy, it would relax to either the initial or the final state (at least in
Fig. 11 where they are separated by one saddle point). The NEB key
idea is to separate each point by an “elastic band” that will keep them
from collapsing onto each other but will let them relax toward the
MEP.

In practice, the force F; acting on one structure R; (point in N-
dimensional configuration space referred to as “image”) is

REVIEW scitation.org/journal/are

FIG. 11. Schematic representation of the nudged elastic band method. Reprinted
with permission from Sheppard et al, J. Chem. Phys. 128, 134106 (2008).
Copyright 2008 AIP Publishing.""’

F,= —VE(R), +F, (18)

with
VE(R;), = VE(R;) — (VE(R)) - 1)1, (19)

and
il = k(Ris1 — Ri[ = [Ri — Rii )2 (20)

Notice that the total spring force F;| is parallel to the tangent vector 1;
and that the potential force VE(R;), is always perpendicular to it.
This is the case to make sure that the elastic bands do not have an
influence on the final result (it avoids corner cutting). The tangent
direction 7; is in the direction of the highest energy. To find the lowest
energy path, one must simply minimize the forces using any minimi-
zation method, such as the Leapfrog or Verlet algorithm.

In climbing image nudged elastic band (CI-NEB), " which is
included in most modern implementations of NEB, the highest energy
image is set to move toward higher energies along the path such that
there is always an image exactly at a maximum in energy along the
MEDP. The force for that image is given by the following equation:

105

Not only does this provide a better estimate of the activation energy
but also the frequencies of the normal vibrational modes (in config-
uration space) of the saddle point can be used to evaluate R, in
Eq. (8).“1’”2

These methods (CI-NEB and NEB) cannot be used directly to
find the MEP in solid-solid transformation as these systems involve
an infinite number of atoms. In fact, because crystals are periodic, they
can be represented either as an infinite set of coordinates (which is

Appl. Phys. Rev. 8, 031310 (2021); doi: 10.1063/5.0049453
Published under an exclusive license by AIP Publishing

8, 031310-13


https://scitation.org/journal/are

Applied Physics Reviews

obviously impractical) or as a finite set of coordinates along with three
unit cell vectors that define periodic boundary conditions. The gener-
alized ss-NEB'"” takes advantage of the latter representation to extend
the capabilities of NEB to periodic systems. In that implementation of
NEB, the unit cell vectors are treated as additional degrees of freedom,
and the quantity to minimize is the stress (g) instead of force. All
degrees of freedom can be optimized simultaneously using the follow-
ing definitions:

—Qi0;
ARi = {]iﬂyRi 7R,'_1} and ‘7:1' = {I:,Fi}7 (22)
- 1

where J; = wll / 3Nl-l/ fisa Jacobian, Q; is the volume of the unit cell, N;
is the number of atoms per unit cell, and & is the mechanical strain
matrix. The role of the Jacobian is to make sure that all degrees of free-
dom have consistent units and can be simultaneously minimized. In
Fig. 9, solid-state nudged elastic band has been used to compute the
minimal energy path shown in gray. Note that the energy barrier is
always lower than that of the initial pathway in red and that there is
always a point (image) at maxima along the path.

Other methods have been developed for systems with periodic
boundary conditions that aim to directly find saddle points on the
potential energy surface of periodic systems.''>''* These methods do
not require prior knowledge of the transition path—crystal structure
matching is not necessary—but they cannot be used to study specific
phase transitions.

Phase transition sampling via swarm intelligence is a promising
way to find minimum energy pathways that combine climbing image,
fingerprinting, graph theory, and particle swarm optimization to
directly find minimum energy pathways."”” It does not explicitly
require structure matching, although it internally performs structure
matching using a fingerprint distance between saddle points of the
PES.

Transition path sampling (TPS) is a way to probe the PES in
molecular dynamics that circumvents the rare event problem men-
tioned previously by creating a statistical path ensemble through a
Monte Carlo exploration.'' "' This methodology requires an initial
path that is modified to obtain the most statistically relevant paths. It
has been shown to be efficient to model nanocrystalline systems,''® yet
little work has been done to make the connection between structure
matching methods and TPS in crystals.

V. CONCLUSION AND CURRENT CHALLENGES

This review has discussed the three major steps of metastable
materials discovery as illustrated in Fig. 1: exploration, realizability,
and lifetime. As explained in Sec. I, the exploration step is by far the
one for which the theory is the most advanced; an abundance of com-
putational methods to explore the potential energy surface have been
shown to reliably predict material properties and successfully identify
candidate materials. Even though these methods can still be improved,
they do not constitute a bottleneck for metastable materials discovery.
Readers interested in the remaining challenges of structure prediction
may refer to Refs. 20, 89, and 120.

Section III described two approaches to predict the realizability
of hypothetical structures: (1) computing the scale of metastability (the
energy above the ground state) or (2) calculating probabilities of
occurrence through random structure sampling. The former is
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efficient at excluding higher energy structures but is unable to identify
realizable hypothetical structures within the energy range of observed
polymorphs. The concept of remnant metastability might be able to
solve this problem, but work is yet to be done to tie this concept to
existing theories that can predict the free energy under various ther-
modynamic conditions. The question as to why the energy above the
ground state is a physically relevant scale of metastability also needs to
be clearly answered. The second methodology is able to pinpoint
which structures are most likely to be realized and even how likely
they are to exist. However, because it combines the PES exploration
and the realizability assessment (steps 1 and 2 in Fig. 1), it remains rel-
atively computationally expensive and cannot be used in concert with
other PES exploration methods. The probability of occurrence of a
hypothetical structure resulting from, say, an evolutionary algorithm
cannot be evaluated if it does not naturally occur during random sam-
pling. Combining the probability of occurrence formalism presented
in Sec. 111 B with other PES exploration schemes might be an interest-
ing research avenue. When it comes to exploring metastable phases
where the composition is not fixed, the probability of occurrence for-
malism would be required to perform random structure sampling at
each possible composition and would not be able to take into account
the likelihood of phase separation. A theory that could predict realiz-
ability across compositions would be an invaluable tool for materials
discovery.

In Sec. IV, several methods have been presented to find the tran-
sition mechanism and precisely calculate its associated activation
energy Ag*. However, in comparison, only a few studies have focused
on estimating the critical nucleation energy AG* from first principles,
even though the growth conditions within the transformed lattice can
have a significant impact on the actual mechanism of transformation,
especially when Ag* is small. Therrien and Stevanovi¢'”* showed that
when considering the bulk martensitic transformation, without any
nucleation, the Bain path has the lowest activation energy Ag*, despite
not being experimentally observed. However, when considering the
interface between the transformed and untransformed lattice, the Bain
path becomes energetically unfavorable compared to an alternative
path that is consistent with experimental observations. In the same
vein, Khaliullin et al.'"” used molecular dynamics paired with machine
learning to simulate the nucleation process of diamond in graphite.
Figure 12 shows the total enthalpy that they obtained as a function of
the size of the nucleus [analogous to Fig. 8(a)] at different pressures.
The nucleation barriers AG* at pressures where the transformation
occurs are of the order of 100 eV, whereas for the same system, trans-
formation free energies per atom Ag* are of the order of 200 meV, a
difference of nearly three orders of magnitude. This shows the impor-
tance of nucleation on metastable materials lifetime and stresses the
need for a predictive ab initio nucleation theory. The effect of surfaces
on phase transitions is particularly important in nanoscale materials,
where phase diagrams have been shown to depend strongly on particle
size'”" or where surface energy can stabilize phases that would not be
stable otherwise.'”” For more details on nanoscale materials and the
effect of interfaces on metastability, see Refs. 123 and 124. Another
interesting avenue would be to apply TPS to crystal structures using
transformation pathways from Sec. IV B as a starting point. This
would be analogous to applying the ensemble-averaging approach
presented in Sec. III B to the transition paths themselves. Once again,
the methods presented in Sec. IV have mostly been applied to

Appl. Phys. Rev. 8, 031310 (2021); doi: 10.1063/5.0049453
Published under an exclusive license by AIP Publishing

8, 031310-14


https://scitation.org/journal/are

Applied Physics Reviews

200

150

100

Enthalpy (eV)

50

0 5 10 . 15 20
Equatorial Radius (A)

FIG. 12. Pressure dependence of the nucleation barriers for the rhombohedral
graphite — cubic diamond (circles) and hexagonal graphite — hexagonal diamond
(squares) transformations. Reprinted with permission from Khaliullin et al., Nat.
Mater. 10, 693-697 (2011). Copyright 2011 Springer Nature.'"®

polymorphic transformations; evaluating the activation energy of
diffusion when phase separation occurs remains a challenge.

In conclusion, remarkable progress has been made toward fully
predictive metastable materials discovery. Challenges remain in assess-
ing realizability and lifetime, but in many cases, the tools exist and if
used in concert, could already lead to important discoveries.
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