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Abstract—A digital non-Foster radio approach is proposed to
mitigate Wheeler-Chu limits of electrically-small antennas, with
significant potential to significantly reduce energy consumption
in the VHF (very high frequency) band, where radio propagation
losses below 200 MHz are 100 times less than losses above
2 GHz. Operation at lower frequency could greatly extend
lifetimes of small low-power Internet-of-Things devices such as
battery-powered sensors operating primarily as transmitters.
Unfortunately, physical size constraints and the Wheeler-Chu
limit have greatly hindered utilization of VHF bands for mobile
devices, where even a 200 MHz half-wave dipole is an unwieldy
0.75 m. However, recent advances in non-Foster impedance
matching methods have overcome these limits. In addition, recent
digital non-Foster methods are shown to closely resemble digital
radio architectures, suggesting that these newer digital non-
Foster methods can be readily adopted in new digital radio
designs. Therefore, a novel digital non-Foster radio architecture is
proposed, where digital non-Foster methods enable small devices
in energy-efficient VHF bands while overcoming Wheeler-Chu
antenna-size limits.

I. INTRODUCTION

Significantly lower propagation losses at VHF (very high
frequency) offer potential to improve energy efficiency by
more than a factor of 100, since radio propagation losses below
200 MHz are 100 times less than losses above 2 GHz [1], [2],
and since electrically-small antennas can have gain within a
few dB of a half-wave dipole [3]. However, the fundamental
physics of small mobile antennas have prevented use of VHF
bands, such that a 2010 FCC report [4] lists antenna size
constraint as a primary limitation in efficient VHF band utiliza-
tion [5]. In particular, the Wheeler-Chu limit for electrically-
small antennas shows antenna bandwidth decreasing in pro-
portion to the inverse of the cube of antenna size [3], [6]–[8].

However, investigators have recently demonstrated that the
Wheeler-Chu limit can be overcome by employing non-Foster
methods to significantly improve the bandwidth of electrically-
small antennas [9]–[15]. These revolutionary advances have
been achieved through antenna impedance matching with non-
Foster circuits, such as negative capacitors and negative induc-
tors [16]–[18]. Early experiments demonstrated enhancement
greater than 10 dB between two antennas over bands as wide
as 30-200 MHz [13], with similar results in [14] and [15].

More recently, digital non-Foster methods have been devel-
oped, offering the potential for software-reconfigurable, wide-
band, adaptive, enhancement of small antennas over a broad
range of frequencies [19]–[23]. Importantly, the architecture of

digital non-Foster circuits lends itself to straightforward imple-
mentation in modern digital radio architectures such as SDRs
(software-defined radios), where the needed ADC (analog-to-
digital converter) could be a component of the digital-radio
receiver, and the needed DAC (digital-to-analog converter)
could be a component of the digital-radio transmitter [24]–
[28]. Furthermore, the digital tunability of a digital non-Foster
approach offers potential for adaptive stabilization against
instabilities induced by antenna impedance variations caused
by nearby objects [28], [29]. Such stability issues are a sig-
nificant design concern in analog non-Foster approaches [30],
but can be mitigated by adaptive methods and inherent upper
frequency bounds of the Nyquist limit in digital non-Foster
circuits [23], [28].

Therefore, a digital non-Foster radio architecture for
Internet-of-Things is proposed to overcome Wheeler-Chu lim-
its of small antennas and capitalize on lower VHF propa-
gation loss. The proposed digital non-Foster radio architec-
ture takes advantage of similarity between modern digital
radio architectures and recently-introduced digital non-Foster
circuits. In essence, a digital signal-processing path is pro-
posed to be added between the digital receiver and digital
transmitter to generate desired non-Foster impedances suitable
tor impedance matching of electrically small antennas [28].
The resulting non-Foster impedance of the radio can then
overcome Wheeler-Chu limits [28]. Furthermore, the digital
non-Foster approach [20]–[23], [31]–[33] offers the potential
to address stability issues often encountered in analog non-
Foster approaches [12], [16], [17], [30], and dynamic adaptive
tuning and stabilization to compensate for variation of mobile
antenna impedance caused by nearby objects and antenna
movement [28]. Finally, lower-frequency signal processing
and hardware of a digital VHF radio should benefit from
innate performance advantages relative to digital radio designs
above 1 GHz.

The following section summarizes motivation and back-
ground on VHF propagation, electrically-small antennas, digi-
tal non-Foster circuits, and related advantages and features.
Then, section III discusses the proposed digital non-Foster
radio architecture, associated digital non-Foster impedance,
and related advantages and features. A full transceiver is
considered for completeness, because of the wide-ranging
requirements of radios such as commercial-broadcast receivers
(receive-only), transmit-only sensors, frequency division du-



Fig. 1. Plot of normalized antenna bandwidth-efficiency parameter Bη as
a function of antenna size parameter ka = ωa/c = 2πa/λ for conven-
tional and non-Foster matching networks of electrically-small antennas. Solid
red curve is Wheeler-Chu limit, blue crosses (×) are measured passively-
matched antennas, green circles (◦) are measured non-Foster-matched anten-
nas (≈hundredfold improvement near ka=0.1).

plex radios, and time-division duplex radios [34]. Nevertheless,
small antennas and power-efficiency are common requirements
in mobile devices, and are the primary focus of the proposed
VHF digital non-Foster radio architecture.

II. BACKGROUND AND MOTIVATION

The proposed digital non-Foster radio architecture draws
upon VHF propagation characteristics and several recent de-
velopments in non-Foster devices and antennas. This section
provides a summary of advantages of VHF propagation,
analog non-Foster antenna enhancement beyond Wheeler-Chu
limits, similarities between digital non-Foster circuits and
digital radio architectures, and fundamentals of digital non-
Foster circuits.

A. Decreased Propagation Losses at VHF

One key motivation for developing radio architectures capa-
ble of digital non-Foster impedance matching of electrically-
small VHF antennas is the potential for reducing transmitter
power by a factor of 100. According to Friis and Hata path
loss models, radio propagation losses increase by a factor of
100 for every factor of 10 increase in frequency [1], [2]. For
example, a factor of 7.5 frequency reduction could potentially
increase a 1-week transmitter battery life to as much as 195
weeks, in a transmit-only device. This follows from the Hata
large-urban model propagation loss L in dB:

L = 69.55 + 26.16 log10(f)− 13.82 log10(hB)

−CH + [44.9− 6.55 log10(hB)] log10(d) , (1)

where CH = 3.2[log10(11.75 hM )]2− 4.97, frequency f is in
MHz, d is distance in kilometers, and hB and hM are base-
station and mobile antenna heights in meters. Then, for fixed
antenna heights, the difference in loss for two frequencies f1
and f2 is ∆L = 26.16 log10(f1/f2). So, the radio propagation
loss at 1.5 GHz is 22.9 dB greater than the loss at 200 MHz,
or a factor of 195 greater loss. Thus, potential for hundredfold

transmitter power reduction exists even if antenna efficiency
becomes as low as 51%, since electrically-small antennas can
have gain within a few dB of a half-wave dipole [3], [35].

B. Non-Foster Enhancement Beyond Wheeler-Chu Limit
A second important motivation for developing digital non-

Foster radio architectures for small VHF antennas is the
potential for extraordinary improvement in antenna bandwidth.
A serious impediment associated with electrically-small anten-
nas is the fundamental Wheeler-Chu limit where bandwidth
severely decreases with decreasing antenna size [6]–[8], [36],
with bandwidth-efficiency product [3]:

Bη =
1√

2/(k a) +
√

2/(k a)3
(2)

for a linear polarization antenna where VSWR=2, B is frac-
tional bandwidth, η is antenna efficiency, a is radius of a
sphere that would enclose the antenna, ka = ωa/c = 2πa/λ,
and signal free-space wavelength is λ. To illustrate the severity
of this issue in VHF at 200 MHz where wavelength λ = 1.5 m,
a 10 cm dipole with ka = 0.21 would have a bandwidth limit
of only Bη ≈ 1.25 MHz.

Fig. 1 shows the tremendous amount of bandwidth im-
provement that can be achieved using non-Foster impedance
matching for electrically-small antennas. In Fig. 1, normalized
antenna bandwidth-efficiency parameter Bη is plotted as a
function of antenna size parameter ka for conventional and
non-Foster antenna impedance matching networks. The solid
red curve in Fig. 1 is the Wheeler-Chu theoretical limit using
(2) and parameters noted in [3]. The blue crosses are measured
data points for representative passively-matched electrically-
small antennas with parameters taken from [3] for antenna
designs in Kim [37], Best [38], Choo [39], and Foltz [40].
The green circles are measured data points for non-Foster-
matched electrically-small antennas from Niang [9], Albar-
racı́n-Vargas [10], and Zhu [11], where η = 0.5 if not given
(in line with theory in [41] and with Wheeler [35] reporting
η = 0.5 for ka = 0.12). Note that the non-Foster 125 MHz
antenna of Niang [9] outperforms the Wheeler-Chu limit by
a factor of more than 100, near ka = 0.1. Thus, non-Foster
methods can overcome the fundamental bandwidth limitations
of electrically-small antennas at VHF.

C. Similarity of Non-Foster and Digital Radio Architectures
Another motivation for a digital non-Foster radio archi-

tecture for impedance matching of electrically-small VHF
antennas is the similarity of the digital non-Foster circuit
in Fig. 2(a) to the architecture of an “ideal” digital radio
illustrated in Fig. 2(b), where the combiner in Fig. 2(b) usually
includes a circulator, duplexer, etc., in place of the “ideal”
direct connection shown. Nevertheless, it is apparent in Fig. 2
that digital radios may already include much of the ADC,
DAC, samplers, and computational hardware that may be
needed to implement digital non-Foster impedance matching.
Thus, it may be relatively straightforward to add non-Foster
functionality to some digital radio designs with minimal added
hardware or signal processing.
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Fig. 2. Comparison of digital non-Foster and digital radio architectures. (a)
Block diagram of digital non-Foster circuit [20], where input voltage vin(t)
is digitized by the ADC, then filtered by H(z) to form input current iin(t)
from the DAC. (b) Block diagram of “ideal” digital radio.

D. Digital Non-Foster Circuit Theory

Before leaving Fig. 2, the theory of the digital non-Foster
circuit of Fig. 2(a) is briefly reviewed [20]. To generate a non-
Foster port impedance at vin(t) of Fig. 2(a), the digitized input
voltage vin[n] = vin(nT ) out of the ADC with period T is
processed by a discrete-time filter with z-transform H(z). The
digital filter output is then idac[n] = vin[n] ∗ h[n], setting the
input current iin(t) = idac(t) through the DAC [20]. The port
impedance Zin(s) = Vin(s)/Iin(s) is then [20]

Zin(s) ≈ Vin(z)

Iin(z)

∣∣∣∣
z=esT

=
sT

H(z)(1− z−1)

∣∣∣∣
z=esT

, (3)

assuming a ZOH (zero-order hold) in the DAC giving rise to
the term (1− z−1)/(sT ) in the expression, vin(t) is properly
sampled without any aliasing, and frequencies are less than
0.5/T Hz. For example, the circuit can be made to look like a
capacitor with positive or negative capacitance C by setting
H(z) = C(1 − z−1)/T , or made to look like a positive or
negative inductance L, when H(z) = T/[L(1−z−1)]. Details
for latency effects, stability, noise, negative RLC impedances,
and Thévenin forms are in references [20]–[23], [31]–[33],
[42].

III. PROPOSED RADIO ARCHITECTURE

This section first presents the proposed digital non-Foster
radio architecture. Then, the input impedance of the receiver
and output impedance of the transmitter are derived, since the
present work is focused on non-Foster impedance matching
of electrically small antennas. In addition, related topics of
Nyquist stability advantages, adaptive impedance estimation,
generalized “digital impedance radios,” and antenna-mismatch

Fig. 3. Proposed digital non-Foster radio architecture, where digital signal
processing H(z) determines radio input impedance and output impedance.

preselection filtering are noted. Although space does not
permit detailed discussion of these many related design issues,
a number of related papers discuss stability issues [23],
[43], noise and noise shaping [32], adaptive digital antenna
impedance matching [28], digital impedance estimation [28],
and latency issues [32], [43].

A. Digital Non-Foster Radio Architecture

Drawing upon the foregoing discussion of digital non-
Foster methods, the proposed “ideal” digital non-Foster radio
architecture for electrically-small antennas is shown in Fig. 3.
As in Fig. 1(b), an “ideal” scenario is considered for simplicity,
where transmitter and receiver signals are combined by direct
connection instead of through a circulator, duplexer, etc. A
full transceiver is illustrated in Fig. 3 for completeness, even
though devices such as a transmit-only sensor may not need
a full receiver, and receive-only devices such as commercial-
broadcast receivers would not require a transmitter or duplexer.
Furthermore, tradeoffs vary widely in different radio designs,
where alternatives such as time-division duplex and frequency-
division duplex greatly affect radio architecture [34]. Nev-
ertheless, common requirements for battery-powered mobile
devices are electrically-small antennas and low power con-
sumption, and motivate the proposed digital non-Foster radio
architecture. Finally, the Thévenin forms given in [33] could
also be used in Fig. 3.

B. Receiver Input Impedance

To derive the receiver input impedance in Fig. 3, let the
ADC input impedance and DAC output impedance be infinite,
so that iin(t) = idac(t). Then, the input voltage at the antenna
vin(t) is first digitized by the ADC to form vin[n] = vin(nT ),
at a sample rate of 1/T Hz. Signal vin[n] is both processed by
the digital filter with z-transform H(z), and is later processed
by the digital receiver stages to demodulate incoming signals
from the antenna. The digital filter output iz[n] = vin[n]∗h[n]
with Iz(z) = Vin(z)H(z) is used to establish the impedance
seen by the antenna (typically a non-Foster impedance for
present purposes). The transmitter current itx[n] is added to
iz[n] to form the total current idac[n], where the DAC output
current is idac(nT ) = iin(nT ) = idac[n] = itx[n] + iz[n].
When itx[n] = 0, the transmitter is disabled, and Idac(z) =
Vin(z)H(z). The receiver input impedance Zrx(s) is then

Zrx(s) =
Vin(s)

Iin(s)
≈ sT

H(z)(1− z−1)

∣∣∣∣
z=esT

, (4)



for vin(t) sampled without any aliasing, a ZOH in the DAC,
and for frequencies below 0.5/T Hz. Note that the result in
(4) is the same as in (3) for the digital non-Foster circuit of
Fig. 2(a).

C. Transmitter Output impedance

Next, the transmitter source impedance for Fig. 3 is an-
alyzed by taking the ratio of the open-circuit voltage when
the antenna is disconnected, divided by the current when the
antenna is replaced by a short circuit. The short-circuit current
follows from Idac(z) = Vin(z)H(z)+Itx(z) with Vin(z) = 0,
resulting in short-circuit current Itxsc(z) = −Itx(z), since the
source current direction should be out of the port. For the
open-circuited antenna voltage, now let Re be the equivalent
Norton source resistance of the DAC in parallel with the
ADC, so that Idac(z) = −Vin(z)/Re = Vin(z)H(z)+ Itx(z),
and rearranging, Vin(z) = −Itx(z)Re/[1 + H(z)Re]. For an
ideal ADC and DAC, Re → ∞, and the open-circuit voltage
becomes Vinoc(z) = −Itx(z)/H(z). Thus, the transmitter
source impedance is Ztx(s) = Vinoc(s)/Itxsc(s), or

Ztx(s) ≈ −Itx(z)/H(z)

−Itx(z)

sT

1− z−1

∣∣∣∣
z=esT

= Zrx(s) . (5)

Thus, the transmitter and receiver port impedance are equal,
and the impedance is established by the signal processing
H(z) of the digital non-Foster radio in Fig. 3.

D. Nyquist Stability Advantage

Stability is a common issue that must be addressed in the
design of analog and digital systems containing non-Foster
circuits [18], [23], [30], [43]. In analog non-Foster circuits,
oscillations often occur at high frequencies, well above the
intended band of non-Foster circuit operation. One added
advantage of digital non-Foster circuits is that any oscillation
must be constrained to frequencies less than half the clock
rate of the ADC and DAC, because of the Nyquist limit [44].
This constraint on possible oscillation frequency range is an
advantage of digital implementations of non-Foster systems.

E. Adaptive Antenna Impedance Estimation

The impedance of a mobile antenna may be affected by
nearby objects or manufacturing variation, and such variation
in impedance could lead to instability when interfacing with a
non-Foster load [29]. Therefore, adaptive antenna impedance
estimation methods [28] and tunable digital non-Foster de-
vices [45] are being explored. In particular, antenna impedance
estimation is incorporated into the signal processing of digital
non-Foster systems such as those in Fig. 2(a) and Fig. 3, where
ARMA models and/or pulse responses are used to estimate the
antenna impedance and adjust antenna non-Foster compensa-
tion parameters [28]. The digital non-Foster approach is well-
suited to adaptive methods, since the non-Foster behavior can
be changed by variation of H(z), embedded software, clock
frequencies, etc. Further details are in [28], [45]

F. General Digital Impedance Radios and Hybrids

Although the foregoing discussion has focused on digital
non-Foster radio design with impedances such as negative ca-
pacitance, is also possible to design H(z) to present “normal”
impedances, such as positive capacitance, positive inductance,
and as a positive RLC resonator. This is clearly possible, since
equations (3), (4), and (5) are not restricted to non-Foster
impedances, and can more generally synthesize impedances
such as positive capacitance and inductance. Also, it may
be useful to construct hybrid impedance matching methods
where added external devices, such as an external positive
inductance, or a transformer, etc., may provide some inter-
mediate impedance transformation between the antenna and
digital non-Foster radio of Fig. 3.

G. Antenna as Preselector Filter

In some applications, it may be advantageous to use the
mismatch of an electrically-small antenna to provide some
degree of preselection filtering. For example, a conventional
simple series inductor matching into an electrically-short
monopole would result in a narrowband impedance match that
could be employed as preselection filter. Thus, designing a
digital impedance radio with a positive inductive impedance
(as mentioned in the previous section) could provide some
degree of preselection. Further, use of a more general RLC
digital impedance as in [42] could also provide greater control
of preselection bandwidth.

IV. SUMMARY

A novel digital non-Foster radio architecture is proposed for
Internet-of-Things, where digital non-Foster methods enable
small mobile devices in energy-efficient VHF bands while
overcoming Wheeler-Chu limits of small antennas. Energy
efficiency is achieved through utilization of VHF bands with
less propagation loss. Small wideband VHF antennas are
achieved by incorporating digital non-Foster methods into a
digital radio architecture. Although much future work remains
beyond the present limited scope, several earlier works begin
to lay foundations on digital non-Foster stability issues [23],
[43], noise shaping [32], antenna impedance estimation [28],
latency issues [32], [43], and overall digital non-Foster meth-
ods [19], [20], [28], [46]. A related approach appears in [46],
but with a priority date several weeks later than [19]. Similarly,
emerging Floquet impedance matching methods may offer
another approach for overcoming the antenna Wheeler-Chu
limit [47].
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