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Abstract—Certain dynamic modes of asymmetric quadrotor
configurations are difficult to accurately model analytically. This
paper synthesizes an analytical nonlinear parametric state-space
model of an asymmetric quadrotor, and verifies it using a
non-parametric model calculated from experimentally measured
inputs and outputs of the actual vehicle. The offline system iden-
tification process produces a discrete-time Linear Time Invariant
state-space model using the Observer Kalman Identification
algorithm. This model is converted to a continuous time model
for comparison to the linearized analytical model. Eigenvlaues,
modes, and mode metrics are used to compare the parametric
and non-parametric linear models. Results presented in the paper
demonstrate that the identified linear model compares well to the
linearized analytical model and validates the approach.

I. INTRODUCTION

Flight vehicles can be modeled as a linear state-space
system describing perturbed motion around a trim point (i.e. an
equilibrium condition of the full nonlinear system) as shown
in Eq. (1):

@(t) = A(t)z(t) + B(t)u(t) (1a)
y(t) = C()x(t) + D()ult) (Ib)

Here ©* € R" is the perturbed state vector, u € R™ is
a perturbed control vector, and y € RP? is the perturbed
output vector. The state matrix A € R™*™, control influence
matrix B € R™*™ | output matrix C' € RP*", and carry-
through matrix D € RP*™ describe the system. If the 4-
tuple (A, B,C, D) is independent of time it is a Linear Time
Invariant (LTI) system.

Flight models are traditionally generated by several methods
of varying complexity and fidelity. At the low-fidelity end
and for preliminary design [1], linear parametric models of
an aircraft can be obtained using linear aerodynamics and
empirical techniques [2] with errors in the 10-20% range for
the most critical parameters. Aerodynamic prediction codes are
then generally used to populate aerodynamics databases over
the range of the flight envelope [3], [4]. Wind tunnel tests are
then used for verification and validation of the computational
models. Finally, models can be obtained from experimental
flight data. This is generally the most accurate and the most
expensive approach.

Several classes of algorithms exist for generating models
of systems from experimental data. Common system identifi-
cation algorithms include the Eigensystem Realization Algo-
rithm (ERA) [5], Observer/Kalman Identification (OKID) [6],
the Comprehensive Identification from Frequency Responses
(CIFER®) algorithm [7], Free Response Functions [8], and
Observer/Controller Identification (OCID) [9]. Reference [10]
provides a historical overview of system identification ap-
proaches for flight vehicles. The authors used OKID for system
identification in previous works [11]-[13], and subsequently
developed and used a commercial-off-the-self (COTS) low
size, weight, power and cost (SWaP-C) Developmental Flight
Test Instrumentation (DFTI) system[14]. Its high-frequency
sampling capability, at a maximum of 100 Hz, makes it ideal
for system identification and modeling applications.

This paper develops a method to synthesize and then verify
an analytical nonlinear parametric state-space model of an
asymmetric quadrotor Unmanned Air Systems (UAS). The
model is verified using a non-parametric model synthesized
from measured inputs and outputs from flight logs of the
actual vehicle. An offline system identification process is
conducted using the OKID algorithm, which produces a linear
discrete-time state-space model. This model is then converted
to a continuous time model for comparison to the linearized
analytical model.

II. ASYMMETRIC QUADROTOR STATE-SPACE MODELING

For this work the Newton-Euler formalism and the Euler
angles theories are used [15] to generate the generic the 6-
DOF rigid body equations for the asymmetric quadrotor. The
asymmetric quadrotor was modelled in a cross configuration
with M2 and M4 propellers rotating counter-clockwise while
M1 and M3 rotating clockwise. Fig. 1 shows the motor
configuration and propeller rotational directions.

A. Quadrotor Kinematics

The derivation of the asymmetric quadrotor dynamics is
performed in the North-East-Down (NED) inertial and body
fixed coordinates. {ey,eg,ep} and {zp,yp, 25} denote the
unit vectors along the respective NED and body frame axis.

978-0-7381-3115-3/21/$31.00 ©2021 IEEE 1422

Authorized licensed use limited to: John Valasek. Downloaded on March 14,2022 at 03:44:14 UTC from IEEE Xplore. Restrictions apply.



X,(+)

. D
OO

Fig. 1: Motor Rotation and Body Axis
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The kinematics of a generic 6-DOF rigid body is defined using
Eqgn 2. _
§=Jov )

where ¢ and v are the generalized velocity vectors with respect
to the inertial and body frame respectively ;

¢=r o'=[X Y Z ¢ 0 " 3)

v is composed of linear and angular velocities of the quadrotor
as seen in Eqn 4.

v=|[V w]T:[u vow p g T]T )

Jo is the generalized transformation matrix composed of 4
sub-matrix that transforms the linear and rotational elements
from body frame to NED Frame.

Jo — Ry O3x3
O3x3 Ty

The zero sub-matrix fills all the zeros in the matrix expansion
while Rg and Tg are defined according to the equations
below;

®)

CypCo  —SyCyp + CypSeSy  SySe + CySeCe
Re = Sy Co CyCop + SypSeSe —CySe + SySeCe (6)
—Sp CoS¢ CoCy
1 Sd,tg Cd,tg
T@ =10 C¢ —S¢ (7)
0 sg/co co/co

B. Force and Moments

Gravity and thrust are the two main forces acting on the
quadrotor. Other forces like rotor drag, air friction and drag
are neglected for this particular asymmetric quadrotor dynamic
model. The dynamics of the quadrotor due to the forces and
moments acting on the body can be represented as Eqn 8.
For preliminary dynamic modelling, the effects due to cross-
wind and propeller drag are neglected since these influence are
often smaller compared to the thrust generated by the motors.
Gyroscopic effects produced by propeller rotation are included

in this work.
mlzxs Osxs| [V wx (mV)| _|F
ool 1 RS e R

O3x3

I, 0 0
I=|0 I, 0 9)
0 0 I,

I is symmetric because the radially asymmetric quadrotor
has an axially symmetric weight distribution. The impact of
gravity in the body frame can be found using Eqn 10.

Fgp = Rg'FNFP (10)

For generating rotor dynamics, it is assumed that the forces
and moment due to each motor is proportional to the square
of the propeller speed. The thrust and torque are modelled as
quadratic equations (Eqn 11, 12) but can also be calculated
using higher order polynomials for more accuracy. [16]

Ti = —biwiQ

(1)

T; Zdiwiz (12)

In this work, the motor coefficients b; and d; are calcu-
lated using motor data provided by the manufacturer. The
quadrotor’s total thrust force and motor induced moments,
[T L M N], are be seen in Eqn 13.

T —b —b —b —b (95}
L|  |[-2bl/v/5 2bl/v/5  2bl/v/5  —2bl//5| |93
M bl/v/5  —bl/VE b5 bl/E | |93
N d —d d —d 02
(13)

C. Asymmetric Quadrotor Mathematical Model

The asymmetric quadrotor’s mathematical model can be
generated using Eqn 14.

Mpv+ Cp(v)v = Gp(€) + Op(v)Q + EgQ?  (14)

where, Mp, Cp(v) and Gp(€) are the inertia matrix, Coriolis-
centripetal acceleration matrix, gyroscopic propeller matrix
and gravitational vector respectively [15],

_ |mIzxs O3xs
Mz = [ 03x3 1 } (15
Cpw) = |0 —mS(V7) (16)
B 03><3 —S(IWB)
FB
Galo) = |7 ()
3x1
03x1
osa=|, 91, (18)
0
where S(.) is the skew-symmetric operator. By expanding

the above matrix equation we get the following non-linear
equations of motion for the quadrotor.

U= —gsg +rv— quw (19)
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U = g54Co — TU + pw (20)

W= (—T/m) + g cyco + qu — pv 1)
p=(1/Lea)(L+ (Iy — L2)qr) + JrpgQ  (22)
G=(1/Iy)(M + (I.. — Lp)pr) — Jopp2  (23)

= (1/L2)(N + (Lew — Iyy)pg) (24)

¢ =p+ (g5 +74)t0) (25)
6 = qcy — rsg (26)
@ = (gsp +rce)(1/co) (27

For the purpose of system identification, a state-space model
for the asymmetric quadrotor is developed. A linear time
invariant state-space model is obtained by linearizing the
equations of motion using Jacobian. The linear time invariant
state-space model is defined as follows.

& = Az + Bu (28)
where;
T = [U —Ue UV — Utrim W — We D — DPtrim s
q — (ge T — Ttrim ¢ - ¢t7’im 9 - atrim Y — (Ptrim]
(29)
p=li o W op g b0 (30)
u = [AQl AQQ AQg AQ4 AQ5 AQG] (31)

The resulting A and B matrix for the linear time invariant
state-space model, evaluated at the hovering state as trim
condition are;

OO O OO0 OO
SO ODODODOO OO
DO ODDODDODOOOO
OO OO OO OO
O OO OO OO
HO OO OoOOoOOoO
QOO OO O
OOOOOOOOOI

OOOOOOOOLQl

i 0 0 0 0 T
0 0 0 0
—2bQ1 trim —2bQ3 trim —2bQ3 trim —2bQ4 trim
m m
2608 i 26193 4rim 26108 4pim 2604 4rim
V2l 00 \2I50 NG V2l

Bhover = —4blQy trim —4blQ2 trim 4blQ3 trim 4blQ2y trim
V21, V21, V21, V21,
anl,trim _QdQQ,M‘Mn an?’.trinz _2d94,t7‘im
I.. 1. 1. Iz
0 0 0
0 0 0 0
L 0 0 0 0 ]
(33)

D. Subtleties of an Asymmetric Quadrotor

The asymmetric quadrotor is not radially symmetric like
most quadrotors. This makes it an interesting system to model
with system identification. In many ways, the behavior of an
asymmetric quadrotor is no different from a symmetric one.
The largest and most intuitive change is that the placement
of the motors will change the control effectiveness. A basic
understanding of moment arms will make it seem like asym-
metric quadrotor should have more roll authority then pitch
authority. However, this increased control effectiveness is not
seen in the control matrix of the state-space model. This is
because the effect is overwhelmed by the associated increase
in the mass moment of inertia. Counter intuitively, this aspect
of the asymmetry has relatively few interesting effects on the
stability or dynamics of the vehicle. Certainly some tuning of
the chosen control algorithm could be warranted here, but as
was seen during this work, the difference is not so large that
the pilot cannot account for it. Beyond, the control authority,
the only other major effect of an asymmetric vehicle is that the
aerodynamic induced dynamics, discussed in the next section,
are more likely to occur.

III. AERODYNAMIC EFFECTS AND MOTIVATION FOR
SYSTEM IDENTIFICATION

Most dynamic models of a quadrotor ignore aerodynamic
effects except for thrust generated by the propellers. If drag
is included it is assumed to be colinear with the center of
gravity since many quadrotors are designed to minimize drag
and trnaslate at relatively low speeds. Including aerodynamics
is useful because it can reveal nonlinear stable and unstable
nodes. These effects are possible in all quadrotors but much
more common in asymmetric quadrotors because the lift and
drag coefficients can vary between sides. Stable and unstable
aerodynamic nodes are introduced when the vehicle’s center of
gravity is not axially aligned with the drag. Similar effects can
be considered for lift but with the notable exception of vertical
takeoff and landing (VTOL) aircraft, these effects are even less
important then drag. An asymmetric quadrotor is considered

Anover = (32)  here but the principles are generally applicable. Two different
configurations of asymmetric drag are considered. The first is
variation along the horizontal plane (x or y axis) the second
is variation along the z-axis.
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1) Horizontal Drag Offset: A yawing moment is induced
when the center of gravity is horizontally offset from the
drag axis. In a fixed wing aircraft this is desired and known
as weathercock stability, denoted by the stability derivative
Cn,. On a quadrotor weathercock stability is usually caused
by components that are shielded from the wind in certain
orientations or components that have drag coefficients that vary
with orientation. If these components are offset from the center
of gravity then C, is also found to vary with the vehicle’s
orientation. As an example, consider a vehicle shaped like
the letter H when viewed from above (Fig. 2). The example
vehicles are viewed from the top down. There is a stable node
and an unstable node. Blue lines represent wind or the induced
torque. The maroon lines form the body of an example vehicle
with asymmetric drag. Such a vehicle would have increased
drag on the side with the cup incident into the wind. However,
this effect would be applied axially asymmetrically because the
other side would not have the wind incident on the inner face
of the cup. This creates a stable node and an unstable node
with the vehicle preferentially facing one direction.

Induced Unstable Induced Stable
Torque Node Torque Node
T~ P
Low ’ ‘ \ . Low I
Drag High High Drag
Drag Drag

1 ! P

Wind Direction

Fig. 2: Effect of Drag on Yawing Moment

2) Vertical Drag Offset: In exactly the same way that a
torque is induced by a horizontal drag offset, a vertical drag
offset also induces a rolling or pitching torque. If the center
of gravity (CG) is not aligned with the center of pressure (CP)
rotational moments result. The dynamic, and indeed practical,
effects of this are notably different from a horizontal offset
because the vehicle must pitch or roll to traverse horizontally.
This implies that there could be coupling here and even some
dynamic modes. Note that only pitching and associated head-
wind are discussed here without loss of generality. Sideforce
and rolling motion follow the same pattern. Figure 3 shows the
possible cases. The example vehicles are viewed from the side.
Blue lines represent wind or the induced torque. The maroon
rectangles form the bodies of an example vehicles. The CP is
centered on the windward face

a) Center of Gravity Below Center of Pressure: When
the CG is below the CP the vehicle pitches away from the
wind and begins to travel with it. This is a stable mode
since the vehicle pitches with the wind and decreases it’s
velocity relative to the wind. Eventually the vehicle will return
to equilibrium and hover relative to the wind. In this new

Induced Torque

Wind
Dlrectlon

Fig. 3: Effect of Drag on Pitching and Rolling Moment

equilibrium state the vehicle will be translating at the same
velocity as the wind. This configuration is desirable if stability
is desired.

b) Center of Gravity Above Center of Pressure: When
the CG is above the CP the vehicle pitches into the wind.
This is an unstable mode since the vehicle pitches into the
wind and increases it’s horizontal velocity. If the total thrust
is not increased it will accelerate downward. Both of these
motions will cause the vehicle to continue its pitching motion
and diverge from the hovering equilibrium point. Despite being
unstable this configuration can be useful if robustness to wind
gusts is desired. The vehicle will accelerate into the wind and,
to a certain degree, maintain position relative to the global
frame.

3) Dihedral: Rotation of the propellors can increase sta-
bility. For example, rotating the motors to point toward the
center of the vehicle slightly increases stability in the same
way that dihedral increases roll stability on a fixed wing
aircraft. When the vehicle pitches to traverse horizontally the
resultant forward motion will increase the effective Angle-of-
Attack (AOA) of the propeller that is upwind, but decrease the
effective AOA for the propeller that is downwind. Addition-
ally, the downward motion caused by the rotation of the thrust
vector will increase the effective AOA on the upwind propeller.
Figure 4 shows that the effective AOA of the propellers causes
an increase in thrust on the upwind propeller and a decrease
in thrust on the downwind propeller. Theoretically it will also
increase the effective AOA of the downwind propeller, but
it will do so less than the upwind propeller because of the
increased angle. These factors combined result in a restoring
force that pushes the vehicle back to a level hover. Quadrotors,
which are usually unstable systems, can be made stable in
this manner. These concepts are discussed in more depth by
Hedayatpour et al. [17].

4) Modeling Challenges: Unlike fixed wing aircraft
quadrotors are most usefully linearized about a hover flight
condition. This removes aerodynamic effects from the lin-
earized models. The instability caused by a rotated lift vector is
also lost in this linearization although this result is shared with
fixed-wing aircraft. Linearizing about some steady velocity
may provide helpful insight, but it is not useful for control syn-
thesis because the model has some inherent direction of flight.
This eliminates the advantageous omnidirectional characteris-
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Fig. 4: Quadrotor with Dihedral

tics of a quadrotor. Asymmetric drag is more difficult to model
then drag which does not induce a moment. The trigonometric
identities and their derivatives that are required for this analysis
often involve division by the velocity. Numerical issues are
caused by simply setting the velocity to zero. Thus, these terms
must be (correctly) dropped when linearizing about hover.
Without expensive wind tunnel testing it is difficult to quantify
the effect that varying the drag coefficient. Analytical models
for this type of behavior do not exist for quadrotors so the
analytical model developed in this paper does not include these
effects. These deficiencies are intended to be addressed with
the identified non-parametric quadrotor model.

IV. OBSERVER/KALMAN FILTER IDENTIFICATION

The Observer/Kalman Filter Identification (OKID) method
is a direct Kalman filter gain approach that is formulated in
the time-domain and is capable of handling general response
data [8]. Because pure impulse excitations are difficult to apply
to air vehicles and the noise/signal ratio of sensing data are
usually high it is especially valuable for air vehicle modeling.
It also allows for nonzero initial conditions and does not re-
quire the response to reach steady-state before data collection.
OKID was originally developed for elastic spacecraft but has
been successfully used to identify state-space models of air
vehicles [18], [14]. Because OKID only requires input/output
time histories to perform system identification the amount of
a priori system specific information is reduced.

The development of the OKID algorithm here generally
follows [18]. Starting with linearized, discrete-time, state-
space equations augmented with an observer gain:

x(k+1) = Az(k) + Bv(k)

y(k) = Cx(k) + Du(k)

where x(k) € R", y(k) € R™,

and control inputs with

A=A+GC

B =[B+GD,-G]

u(k

vlk) = L/Ekﬂ

and G € R™ ™ is an arbitrary matrix chosen to make
the matrix A stable. Assuming zero initial conditions and

(34)

u(k) € R", are state, output

(35)

integer p satisfying CA*B ~ 0 for k& > p, substituting
and iterating through each time step using Equation (34), the
Observer Markov Parameters (OMP) comprised of a input-
output relationship becomes

g=CAPx +YV (36)
where
7=1[y) yp+1) y(l—1)]
Y=[D CB CAB CAP-1 ]
u(p) ulp+1) u(l—1)
vip—1) wv(p) - (-2 (37)
v=|vp—2) vip-1) - v( 3)
o0) (1) oll—p—1)

The matrix Y is partitioned with the system Markov parame-
ters such that

Y =[DCBCAB --- CAPVB] =Yy Y1 Y3 -+ Y]
(38)
from which the OMP are obtained.
Yo =D
Y, =CA*-VB
= [C(A+GC)*Y(B+GD) —C(A+GC)*+G]
=[50 ] k=128

(39)

The general relationship between the actual system Markov
parameters and the OMP can be shown to be

D=Y, =Y,

Ve =,V — ZY()Y(k 5 fork=1,..p

Z Y(Q)Y*(k 9

The next step is to use a singular value decomposition (SVD)
on the Hankel matrix:

(40)

fork=p+1,...,00

Yy Yit1 Yitp-1
Yir1  Yigo Yiis
Hk-1)=]| , )
Yita-1 Yita Yitatp—2
H(0) = P,2Q])

The ERA is then used to solve the Hankel matrix for the
desired state-space realization (A, B,C, D):

=y 12PTH(1)Q, %1 /?

(42)
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Note that A, B, and C are tbe gstipla}ed system matrices deter-
mined using OKID. The (A, B, C, D) represent the identified
discrete linear state-space system:

x(k+ 1) = Ax(k) + Bu(k)

A . (43)
y(k) = Cx(k) + Du(k)

V. FLIGHT INSTRUMENTATION SYSTEM

Several systems are developed to allow for in-flight dynamic
mode excitation and data collection.

A. Airframe Description

The system under test is a modified commercial off-the-shelf
(COTS) flight article derived from the Da-Jiang Innovations
(DJI) F450 vehicle [19]. The body of the F450 is replaced with
long ridged members making the vehicle axially asymmetric.
Holes are drilled in these long rigid beams to decrease the
weight. Figure 5 shows this modified vehicle, and Table I
displays pertinent performance parameters.

Fig. 5: Modified DJI F450 External Physical Characteristics

TABLE I: Parameters of the Asymmetric Quadrotor Including
the Mass of Payload and Batteries

Parameter Value
Dimensions  28x63x23 cm
Mass 2.5 kg
Mass Moment of Inertia - ... 54.7 kg = m?2
Mass Moment of Inertia - I, 15.6 kg * m?
Mass Moment of Inertia - /., 57.2 kg * m?2
Cross Moments of Inertia 0 kg * m?

The mass moments of inertia are experimentally determined
using the compound pendulum technique described in [20].
An image of this experiment in progress is shown in Fig. 6.
Note that the vehicle is not radially symmetric, but is axially
symmetric so the cross moments of inertia are zero.

Fig. 6: Measuring the Mass Moment of Inertia of the Asym-
metric Quadrotor

The motors and propellers are COTS that come standard
with the DJI F450. Parameters for the motors and propellers
are displayed in Table II.

TABLE II: Parameters of the Motors and Propellers

Value
10x45
1.6e-5 N/(rad/s)?
1.7e-6 N * m/(rad/s)?
1.8e-5 kg * m?
960 RPM/V

Parameter

Propeller Size

Propeller Thrust Coefficient - b
Propeller Torque Coefficient - d
Propeller Mass Moment of Inertia
Motor Velocity Constant - Ky,

Equations for the dimensional propeller thrust and torque
coefficients can be found by manipulating the definition of
a propeller’s non-dimensional thrust and torque coefficients,
producing the equations

b= CTpD4
d= CQpD5

where D is the diameter of the propeller, p is the air density,
and Cr and Cg are the non-dimensional propeller thrust
and torque coefficients respectively. These non-dimensional
propeller thrust and torque coefficients were obtained from
data contained in [21].

Using the propeller and motor model described in [22] a
relationship between commanded throttle setting (d7,) and
propeller RPM (£2;) can be determined. This relationship is
used to ensure that the analytical model above matches the
identified OKID model. It is easier to log é1, for each motor,
but it is easier to work with an analytical model in terms
of motor RPM. Note that in this conversion the internal
resistance of the motors is assumed to be negligible and the
input voltage is assumed to scale proportionally to the throttle
setting. The propeller’s mass moment of inertia is obtained
by approximating the propeller as a thin rod of length and
mass equal to the propeller’s. This is a reasonable assumption
because the propeller is rotating about its short axis so the
unusual shape is negligible.

(44)
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A model of the asymmetric quadrotor is obtained using
the analytical model developed above and the experimentally
determined values. This analytical model can then be used as a
comparison with the OKID identified model, and is presented
in the Appendix.

B. Instrumentation

Since the work done in [14] flight controllers are now
able to log measurements at over 100 Hz. This enhanced
capability greatly simplifies the system identification data
logging process. The system developed and used in the present
work is called the Developmental Flight Test Instrumentation
Two (DFTI2). The Pixhawk 2.1 Blue Cube by Cube Pilot is
selected as the stability augmentation system (SAS), and Ar-
duCopter version 4 is used as the software. The Blue Cube has
three redundant MPU9250 IMUs each with accelerometers,
gyroscopes, and magnetometers, in addition to two redundant
barometers. The Blue Cube has vibration isolation to improve
the reliability and lifetime of these sensors. The SAS software
is running on a STM32F427 Rev 3 Flight Management Unit
with a control loop update rate of 500 Hz. This configuration
allows for high speed collection of high quality data. The
command signal for the motors (i.e. d7,) can also be obtained,
and the lag between the angular velocities of the motors and
the commanded throttle input is assumed to be negligible.

Using USB 2 and the MAVLink protocol the data is
streamed to a companion computer and brought to the robot
operating system (ROS) using the open source software
MAVROS [23]. DFTI2 then serves as a ROS node that
subscribes to this published data and writes it to a data file.
This allows for a great degree of flexibility as data from
heterogeneous sources can easily be logged by publishing
the data via a ROS node. This system is also extensible
for real-time vehicle system identification. A Jetson Nano
running Linux Ubuntu 18.04 and ROS Melodic is used as
the companion computer. With a Quad-core ARM A57 CPU
running at 1.43 GHz and a 128-core Maxwell GPU, this
companion computer has the processing power to sustain high
speed data logging. Images of the Flight Controller Unit (FCU)
and Jetson Nano computer are shown in Fig. 7.

Jetson Nano Computer

o

Fig. 7: Locations of the Two Computer Element Before Holes
Were Drilled to Save Weight

Biue Cube FCU

After completion of the flight the data files are transferred to
a laptop or desktop computer where the user can post process
the data as needed. While data logging is performed at close
to 100 Hz, the post processing serves as a way to assert, via
interpolation, that the interval between data points be exactly
0.01 seconds. OKID is then performed using the data sets.
Fig. 8 shows an overview of the system architecture and data
flow.

Pilot

Blue Cube FCU

+
Ardupilot
- u Flotdos Y

. Ardupilot Blue Cube
EKF
Sensors
u Jetson Nano Computer
MAVROS DFTI2 C8vLog
File
Post
Processing

Fig. 8: System Architecture for Data Acquisition

VI. FLIGHT TEST RESULTS
A. Test Plan

Indoor flights are conducted to eliminate exogenous inputs
which degrade the overall quality of the data collected. The
vehicle is trimmed before each excitation is enjected to im-
prove test data quality.

B. Input Excitation

Automated excitation signals are excite the dynamic modes.
Since the modal composition of the asymmetric quadrotor
is not known a priori, several types of excitation signals
are injected. The excitation signals injected include singlets,
doublets, triplets, 3-2-1-1s, and multi-sinusoidal sweeps. One
signal type (such as the 3-2-1-1) is injected in a set of three
evenly spaced signals so that angular rotation is induced about
the inertial x-axis, y-axis, and z-axis. There is no mixing of
the signal types when creating the sets, meaning a set such
as 2 sine sweep signals paired with a 3-2-1-1 signal (or any
other combination of signals) are not injected. The change of
magnitude is kept at 10% or less to ensure that dynamics are
not driven into the nonlinear range. For the experimental tests
the magnitude changes are set to either 5% or 10%. A delay
of one second is used between each of the the three signals in
the set. The periods of singlet signals are set to 0.5 seconds,
and the periods of all other signals are set to 1.0 seconds. All
of the injected signals are automated by the DFTI2 system. It
is found that the 3-2-1-1 signals shown in Fig. 9 produced the
best models out of the candidate signal types used.
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C. Experimental Results

A total of 100 automated excitation maneuvers are per-
formed and considered for model generation. The maneuvers
are performed over 10 flights. A second-order Butterworth
filter is applied to the state and control data to remove
any noise present in the data. All 100 automated excitation
maneuvers that are considered produce unstable models of the
vehicle. As a result, the use of plots to compare the time
histories of the identified model with the flight data is of
little use due to the identified model diverging very quickly as
seen in Fig. 11. Therefore other indicators must be used when
considering the quality of the model.

The Mode Singular Values (MSV), Modal Controllability
Indices (MCI), and Modal Observability Indices (MOI) [24]
are used to select the identified modes. These indicators are
calculated by

MCT =100 - | By |max | By,|
MOI =100 - |Cyy|max |Cyy |

‘Bm| : |Cm|
11— <]

V ‘Bm| ) ‘Cm|
11— ¢l

where B, € R"™*" is the modal input matrix, nm is the
number of modes, Cy,, € R™*™ ig the modal output matrix,
and ¢ € R™™ is the eigenvalue vector. These indicators are
used to determine the quality of the model. The presence of a
SAS on the Blue Cube also presents a challenge in generating
a model. With the SAS active during the whole flight, it results
in closed-loop dynamics being present. This makes is difficult
to determine the open-loop dynamics, which is desired. To
minimize the presence of the SAS in the identified model,
only flight data from when the automated excitation signal
(which overrides the signal from the Blue Cube) is injected.

Comparing the analytical model derived in Section II to the
identified model from testing shows that the identified model
is close to the derived model, since the time derivatives of
the kinematic angles are shown to be primarily a function of
the angular rates p, g, as expected. Note that the sign for ¢
is flipped for 6 in A.3. The identified model also identifies
the velocities u,v as primarily a function of g6 and g¢
respectively, with the sign on the 6 column element in the p
row A.3 being opposite to the analytical model in A.1. Com-
paring the analytical and identified control influence matrices,
the identified B matrix A.4 control derivatives are smaller
in magnitude compared to those in the analytical B matrix
A.2. The identified modes and characteristics using OKID are
shown in Table III where w,, denotes the natural frequency
of second-order modes. The modal indicators of the identified
modes are shown in Table IV. The modal composition of the
identified model is four second-order modes with one first-
order mode. The identified model is an unstable model, with
two of the second-order modes and the first-order mode being
unstable.

(45)
MSV =100 -

max

TABLE III: Identified Modes of the Asymmetric Quadrotor

Mode Eigenvalue Damping Ratio  w,, (rad/s)
1 0.546 £ j4.09 -0.132 4.12
2 0.515 £ j2.93 -0.173 297
3 —1.51+j1.18 0.789 1.92
4 —0.172+£j0.871 0.194 0.888
5 0.561 — 0.561

TABLE IV: Modal Indicators of the Identified Modes

Mode MSV (%) MCI (%) MOI (%)
1 67.7 69.1 100.0
2 72.3 100.0 74.3
3 325 84.9 514
4 100.0 80.3 59.0
5 40.5 422 60.2

The use of automated inputs appear to improve the quality
of the model identified. Parametric sweeps have not been
performed to determine the ideal signal combination for good
identification results. Performing parametric sweeps are ex-
pected to further improve the results.

VII. CONCLUSIONS

This paper presented the dynamical modeling and verifica-
tion of an asymmetric quadrotor. Verification of the Linear
Time Invariant state-space model was done using offline
system identification. Results presented in the paper demon-
strate that the 3-2-1-1 input signal contributed to the best
identified models, based upon the Mode Singular Values.
The Observer/Kalman Filter Identification method correctly
predicted the order of the model, based upon all singular values
of the identified state matrix being large enough to justify no
reduction in model order. The Linear Time Invariant state-
space models of the asymmetric quadrotor generated using
system identification match the linearized analytical model
well in the non-coupling elements. The signs of the control
influence matrices match well but the magnitudes do not.

Future work will use the Observer/Controller Identification
method to generate an open-loop Linear Time Invariant state-
space model. This method will account for the presence of
the Stability Augmentation System in the control loop and is
expected to improve the identified models. Parametric sweeps
of the automated excitation signals will also be performed
to determine the signal characteristics that produce the best
identified models. Higher quality sensors, in particular a higher
quality Inertial Measurement Unit, will be used to obtain more
accurate state measurements.

APPENDIX
MODELS

A. Parametric Model

The full analytical state-space model is shown in equations
A.1 and A.2. This model is linearized about its hover state.
The state vector used is © = [u,v,w,p,q,7,¢,0,1%]T and
the control vector is w = [d7,, 0T, 07, 07,]7 where O, is
the commanded throttle of the ith motor as a percentage and
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Fig. 10: UAS State Responses to Control Inputs

ranges from O to 1. For the trimmed state, p1 = ¢1 = 71 =
u=v =w; = ¢ =6, =0, oy, = 70%,7 =1,2,3,4. All
units are SI.

o 0 0 0 0 0 0 =98 0]
00 0 0 0 0 98 0 0
00 0 0 0 0 O 0 0
00 0 0 0 0 O 0 0
A=|0 0 0 0 O O O 0 0 (A.1)
00 0 0 0 0 O 0 0
00 0 1 0 0 O 0 0
00 0 0 1 0 O 0 0
0o 0 0 0 0 1 0 0 04
r 0 0 0 0 7
0 0 0 0
-11.8 -11.8 -11.8 —11.8
—-170.5 —-170.5 170.5 170.5
B = 2657 —265.7 —265.7 265.7 (A2)
53.6 —53.6 53.6 —53.6
0 0 0 0
0 0 0 0
L 0 0 0 0

B. Identified Model

The full identified state-space model is shown in A.3 and
A.4. The state vector used is = [u, v, w, p, q, 7, ¢,0,1]" and
the control vector w = [67,, 67, 07,,67,]7 where 67, is the
commanded throttle of the ith motor as a Kercentage ranges
from O to 1. All units are SI. The identified A matrix is broken
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Fig. 11: Comparison of Identified Model and UAS Flight Data

up into the first 5 columns and the last 4 columns for spacing
purposes.

A=
r —0.38 —0.20 —0.13 —0.087 —0.064
0.0042 —0.35 —0.10 0.011 0.0072
0.10 0.0019 —0.073 0.095 —0.091
0.96 —0.48 —4.3 0.82 0.044
0.84 —0.066 19.5 —0.033 0.19
—0.44 —0.63 0.68 0.14 0.14
0.015 —0.015 0.014 1.0 —0.0028
—0.0024 0.011 —0.37 0.014 —0.97
L—0.0067 0.018 —0.017 0.032 —0.0047. (A.3)
r—0.0079 0.57 9.9 —0.057
—0.18 9.9 —0.27 —0.14
0.11 0.21 —0.27 —0.14
0.24 —7.8 —4.0 —0.33
—1.2 —3.6 15.4 1.7
—0.54 —1.23 —0.21 0.77
—0.021 —0.12 —0.0024 —0.020
—0.031 —0.017 —0.25 0.0048
L 0.96 —0.050 —0.027 0.027
—0.22 3.1 27  0.2717
—18 —33 5T —49
—0.66 —0.20 —0.46 0.63
524 315 —453 —27.3
B=|334 -507 —431 435 (A.4)
—48 53  —48 49
091 —086 —6.1 —4.5
~11 40 30 —14
[-0.50  0.75  —0.79  0.80 |
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