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Abstract— This paper presents a novel methodology to model
and optimize trajectories of a quadrupedal robot with spinal
compliance to improve standing jump performance compared to
quadrupeds with a rigid spine. We introduce an elastic model
for a prismatic robotic spine that is actively preloaded and
mechanically lock-enabled at initial and maximum length, and
develop a constrained trajectory optimization method to co-
optimize the elastic parameters and motion trajectories toward
enhanced jumping distance. Results reveal that a less stiff
spring is likely to facilitate jumping performance not as a
direct propelling source but as a means to unleash more motor
power for propelling by trading-off overall energy efficiency. We
also visualize the impact of spring coefficients on the overall
optimization routine from energetic perspectives to identify the
suitable parameter region.

I. INTRODUCTION

Contemporary legged robots steadily improve to achieve
some impressive locomotion skills. Several approaches, pri-
marily optimization-based, have been found effective to
stabilize diverse gaits [1]–[8] and achieve fast running for
quadrupedal robots [9]–[11]. Achieving agile locomotion is
also critical to improve the robot’s performance in realistic
unstructured and complex environments [12], [13]. Examples
of high-agility skills in legged robots include rapid turn-
ing [10], [14], [15], acrobatics such as back flips [10], [16],
and high jumping [15]–[18].

Standing long jump is also another important high-agility
skill, as it can significantly enhance the capability of a legged
robot to overcome wide gaps or obstacles [19]. Existing
quadrupedal robots actuated via electric motors can achieve
solid jumping performance by relying mostly on rigid body
dynamics and powerful actuators at joints (especially Direct-
Drive and Quasi-Direct-Drive motors) [10], [20]–[23]. Rela-
tive to their scale, these quadrupeds feature leg designs that
have been optimized over the recent years to exert large
ground reaction forces [10], [16], [24]–[26], and employ
actuators that are at or very near to the most optimal possible
selection in terms of output torque density [2], [10], [16],
[21]. Hence, further improving the jumping performance of
quadrupeds (e.g., in terms of distance covered in a single
long jump) may require rethinking of how the main body of
the robot is designed.

Quadrupedal robot body design that is optimized for long
jumping may draw from biological inspiration, especially
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Fig. 1: Sagittal Plane Models and Posture Descriptor. (Left) The
reference 5-link rigid model. (Right) Our proposed hybrid model
with lock-enabled elastic prismatic spine. General coordinates and
control inputs are denoted.

from jumping masters like Bobcats and Lynxes. These an-
imals harness morphological changes over their torso to
propel themselves forward during each jump [27]. They can
jump over distances several times their body length with
elegant manner [28]; this suggests the significance of utiliz-
ing both strong leg actuation and embodied compliance [29],
[30].

Previous works have demonstrated benefits of embedding
spinal compliance for locomotion control. For example, the
quadrupedal robot Canid [31] adopts a parallel actuated
elastic spine to achieve enhanced jumping compared to rigid
body. Inu [32] with the same spine mechanism also achieves
stable bounding. Lynx-Robot [33] uses a compliant seg-
mented spine to self-stabilize gaits like bounding at moderate
speeds. Kitty [34] employs its flexible spine as a controller
to generate different gaits while handling perturbations from
varying payloads carried by the robot. However, it remains
unclear how to best employ compliance and embed it within
quadrupedal robot body design optimized for long jumping.

The motivating question in this paper is how to enable a
quadrupedal robot with given leg design and actuators to ex-
tend its standing jump length by utilizing a compliant spine.
We seek to identify an appropriate spinal compliance setup
and develop a trajectory optimization strategy to extend the
maximum standing jump distance of the robot. To this end,
we propose a hybrid model with an elastic prismatic spine
(Fig. 1) that is preloaded by position-controlled servomotor
and mechanically locked at initial and maximum length, and
address the co-optimization problem [35], [36] of design
parameters (i.e. spring constant and rest length) and standing
jumping trajectories to improve maximum jumping distance.

To solve these problems, we develop an offline nonlinear
optimization-based framework for quadrupedal robots that
mainly contributes to 1) a constrained force-explicit elastic
model as a uniform description of the hybrid model, 2)



automatic characterization of suitable elastic parameters, and
3) trajectory optimization of standing jump with the aim to
enhance maximum jumping distance. Our work also offers
insights on the impact of spring coefficients on the overall
optimization routine from energetic perspectives, which can
be useful to identify the suitable region in parameter space.

II. QUADRUPED DYNAMIC MODELING

We focus on sagittal plane dynamics. A 5-link model [17],
[37] serves as the reference rigid model to compare our
proposed hybrid model (Fig. 1). In the hybrid model, the
rigid link-shaped spine of the 5-link model is replaced
with a spring-loaded prismatic joint that is preloaded by a
servomotor and mechanically locked at predefined initial and
final lengths. For fair comparison with the rigid model, we
set the final locked spine length equal to the spine length of
the rigid model; the initial length is tunable. Due to the spine
locking feature, the hybrid model consists of rigid and elastic
sub-models that activate based on a temporal scheduling (see
Section III).

A. Rigid Sub-model Dynamics

Articulated quadrupeds with rigid body are typically mod-
eled as floating-base systems [8], [38]–[40]. We follow this
approach here too. With reference to Fig. 1, the configuration
space is Q̄r := [x, z, θ, q1, q2, q3, q4]

T , with x, z, and θ being
position and orientation states of spine center of mass (CoM),
and q := [q1, q2, q3, q4]

T being the joint angles of fore
and hind legs. Ground reaction forces (GRFs) and actuator
torques at joints are denoted by Fc := [Ffx, Ffz, Fhx, Fhz]

T

and τ := [τ1, τ2, τ3, τ4]
T , respectively. Rigid body dynamics

can be derived from Euler-Lagrange equations as

Mr(Q̄r)
¨̄Qr+br(Q̄r,

˙̄Qr)+gr(Q̄r) = ST τ +JTc Fc, , (1)

Jc(Q̄r)
¨̄Qr + J̇c(Q̄r)

˙̄Qr = 0 , (2)

where Mr, br and gr are the mass matrix, Coriolis-
centrifugal vector and gravitational vector at generalized
coordinates, respectively. Jc is the Jacobian of foot locations;
selection matrix S maps τ to generalized coordinates Q̄r.

Rigid-body equations of motion (EoMs) (1)–(2) contain
all the important elements of the system. However, high
nonlinearity in dynamics and underactuation make it chal-
lenging to find an optimal (or even a feasible) solution for the
optimization problem, let alone the fact that more constraints
are applied.

To enlarge the reachable configuration space, we simplify
dynamics (1)–(2) by considering the fact that leg mass is
much smaller than that of the main body as shown in Table I
(this simplification is often used in practice [3], [41]), and
by treating joint angles q and ground reaction forces Fc as
inputs [3]. Thus, EoMs for the rigid body sub-model become

MrQ̈r + br + gr = Fr(Ur) , (3)

where Qr := [x, z, θ]
T , the input space is Ur := [q,Fc]

T ,
the generalized force is Fr = JTc,Qr

Fc, and Jc,Qr
is the

Jacobian of contact feet in configuration space. Further, Mr,
br and gr are time-invariant, and are given by

Mr =

 mB 0 0

0 mB 0

0 0 IB

, br = 0, gr =

 0

gmB

0

. (4)

TABLE I: Model Parameters1

Parameter Symbol Value Units

Body Mass mB 22.5 kg

mf , mh 11.25 kg

Body Inertia IB 1.05 kg · m2

If , Ih 0.06 kg · m2

Body Length lB 0.8 m

lf , lh 0.2 m

Leg Mass m1, m3 0.4 kg

m2, m4 0.28 kg

Leg Inertia I1, I3 0.004 kg · m2

I2, I4 0.0028 kg · m2

Leg length l1, l2, l3, l4 0.34 m

Spring Length ls,max 0.6 m

ls,min 0.4 m

Max Joint Torque τmax 230 N · m
Max Joint Velocity q̇max 21 rad/s

B. Elastic Sub-model Dynamics

The major difference between the rigid and elastic sub-
models is the addition of the elastic prismatic joint. Yet, the
system can still be modeled using floating-base coordinates
if either half of the body is regarded as the floating base [42].

For the elastic sub-model, the setup of states and inputs is
similar to the rigid sub-model, except that the configuration
space is expanded to Q̄s := [xh, zh, θ, ls, q1, q2, q3, q4]

T ,
with xh, zh, θ the position and orientation of hind torso
CoM, and ls the spring length. The full Euler-Lagrange
EoMs are in form (1)–(2) but with all terms modified to
account for new generalized coordinates Q̄s. We can derive a
reduced-order dynamical model for the compliant body using
the same considerations used to derive (3); however, in this
case the compliant force can be described either implicitly
or explicitly. In the implicit approach, spring dynamics is
included through a spring potential energy term during the
Euler-Lagrange formulation. The explicit method regards
spring force Fs as input constrained by Hooke’s Law.

Reduced-order dynamics for the elastic body sub-model
employs configuration Qs := [xh, zh, θ, ls]

T and is given by

Ms(Qs)Q̈s + bs(Qs, Q̇s) + gs(Qs) = Fs(Us) . (5)

1The parameters are selected based on MIT Cheetah 3 [3] for a more
realistic physical background. The peak joint torque is set to 0.8τmax for
actuator safety.



In the force-implicit elastic model, Us := [q,Fc]
T , Fs =

JTc,Qs
Fc, Jc,Qs is the Jacobian of contact feet, and Ms, bs

and gs are time-varying and given by

Ms=


mb 0 −mf sθ ls mf cθ

0 mb −mf cθ ls −mf sθ

−mf sθ ls −mf cθ ls mf ls
2 + Ib 0

mf cθ −mf sθ 0 mf

,

bs=


−mf θ̇

(
2 sθ l̇s + cθ ls θ̇

)
mf sθ ls θ̇

2 − 2mf cθ l̇s θ̇

2mf l̇s ls θ̇

−mf ls θ̇
2 − ks ls,rest + ks ls

 ,
gs= [ 0, gmb, −gmfcθls, −gmfsθ ]

T
. (6)

The total torso mass is mb = mf +mh, the sum of inertia
is Ib = If + Ih, and sin(θ) and cos(θ) are abbreviated as
sθ and cθ; all other parameters are listed in Table I.

In the force-explicit elastic model, Us := [q,Fc, Fs]
T

with scalar spring force Fs determined by Fs = ks(ls,rest −
ls), Fs = JTc,Qs

Fc + [0, 0, 0, Fs]
T , Ms and gs are same as

those (6), and bs is adjusted to

bs =


−mf θ̇

(
2 sθ l̇s + cθ ls θ̇

)
mf sθ ls θ̇

2 − 2mf cθ l̇s θ̇

2mf l̇s ls θ̇

−mf ls θ̇
2

 . (7)

Remark 1. To help distinguish between the implicit and
explicit methods, we note that there can be a collision that
results in the instantaneous velocity shift right before or after
the spring’s mechanical lockup, because the two half bodies
may have relative velocity along the spine when lockup
happens. In the implicit way, there is a discrete switching
between rigid and elastic sub-models when the spring locks
up, along with the velocity shift that can be computed by
conservation of momentum. The explicit method, however,
is more uniform to describe such hybrid EoMs. During rigid
mode, the elastic model can be utilized to represent the rigid
model with additional constraints by setting the spring length
changing rate l̇s to zero. During elastic mode, Hooke’s Law
is enforced onto the spring force. It is observed from our
implementation that even though the explicit method has
more constraints applied than the implicit way, its uniform
description of EoMs makes it more efficient to solve the
trajectory optimization problem as we explain next. Hence,
in the following we adopt the force-explicit elastic model.

III. NONLINEAR TRAJECTORY OPTIMIZATION
ARCHITECTURE

We aim to co-optimize the spring parameters and motion
trajectories of the hybrid system represented by the force-
explicit elastic model to maximize the standing jump dis-
tance, with control horizon targeted at takeoff.

Fig. 2: Phases of Standing Jump Process and their Temporal
Scheduling. A standing jump comprises double-contact Pdc, single-
contact Psc, and no-contact Pnc phases before landing at T5 for
both models, switched by events as fore-foot-liftoff at T1 and hind-
foot-liftoff at T2. Takeoff happens during T0 to T2. The proposed
model (shown in bottom row) also experiences rigid mode Mfr

and elastic mode Msp, switched by events as spring-release at T3

and spring-lock at T4. Hind legs can be arranged as knee-backward
(top) or knee-forward (bottom), which is discussed in Section IV-B.

A. Control Horizon

As shown in Fig. 2, a standing jump consists of three
phases, namely takeoff, flight, and landing. By ignoring
the leg dynamics, the parabolic trajectory x(t) and z(t) of
body CoM during flight phase is determined by translational
velocities ẋ(T2) and ż(T2) at the end of takeoff phase, or
ẋ(T5) and ż(T5) at the beginning of landing phase.

The symmetric principle can be applied to enforce trajec-
tories of rotational states θ(t) and θ̇(t) such that the body
pitch angle θ(t) is opposite between instants T2 and T5.
The symmetric principle is also used in the literature to
consider takeoff and landing reflected in every way [19].
The purpose of this present paper is to identify possible
jumping distance upper-bound(s) determined by either ẋ(T2)
and ż(T2), or ẋ(T5) and ż(T5), all four of which, however,
are not known. For landing phase, ẋ(T5) and ż(T5) are initial
conditions and their being unknown makes the nonlinear
trajectory optimization problem very hard to tackle. On the
other hand, ẋ(T2) and ż(T2) are final terms in takeoff phase
and can be indicated in the cost function in a straightforward
manner. Therefore, we choose to optimize trajectories for
takeoff phase.

During takeoff phase, Fig. 2 also illustrates several im-
portant events that switch the model dynamics within finite
types: contact switching events like fore foot lifting off and
hind foot lifting off, and mode switching events like spine
spring releasing and locking. Note that the effect of various
temporal scheduling lies beyond the scope of this paper and
is part of future work.

B. Rigid Model Standing Jump Evaluation

We first estimate the maximum standing jump distance
Dr with rigid model under specified timeline setup and
initial posture conditions. We preset trigger time of contact
switching events in the timeline as T1 and T2 in Fig. 2. The
initial posture is defined by simplifying the 5-link model to
a 3-link model (See Fig. 1): each 2-segment leg is replaced
by a 1-segment virtual leg that links hip joint and foot; the
initial posture is defined by torso position and orientation



xinit, zinit, θinit, and virtual leg attacking angles αinitf and
αinith ; the initial positions for leg joints q are then derived
by inverse kinematics.

The control horizon is set to be p time steps, with each
time step of duration Ts so that T2 = Tsp. Then, the
continuous-time nonlinear trajectory optimization problem is
organized over [T0, T2] as

minX,U J(X)

subject to Ẋ = f(X,U)

Ceq(X,U) = 0

Cineq(X,U) ≤ 0

(8)

where states X =
[
Qr, Q̇r, t

]T
, t is the time, inputs U =

Ur, and dynamic constraints Ẋ = f(X,U) are based on (3)
as

f =

 Q̇r

M−1
r (Fr(Ur)− br − gr)

1

 . (9)

Standard form for cost function needs reference trajecto-
ries for states and also minimizes the input effort [3], [17].
However, preset desired state trajectories may not lead the
system reaching the maximum jumping distance. Therefore,
we directly reflect the jumping distance D = 2ẋ(T2)ż(T2)/g
in cost function as

J = ẋ(T2)ż(T2) (10)

Equality and inequality constraints are enforced to satisfy
physical limitations of the robot and its interaction with the
environment as

• Symmetric flight limits: θ̇(T2) = − gθ(T2)
ż(T2)

• Contact feet limits: stance foot i position pi = constant
• Joint angle limits: qmin ≤ q(t) ≤ qmax
• Joint velocity limits: −q̇max ≤ q̇(t) ≤ q̇max
• Joint torque limits: −τmax ≤ τ(t) ≤ τmax, τ = Jc,qFc,

where Jc,q is Jacobian of stance feet in joint space
• Minimum ground clearance at joint qi: pqi,z > zmin
• Takeoff posture limits: ẋ(T2) > 0, ż(T2) > 0, θ(T2) <
0, and θ̇(T2) > 0

• Coulomb friction limits at stance foot i: −µ ≤ Fi,x
Fi,z
≤ µ

• Minimum normal GRF at stance foot i: Fi,z > Fmin
• Geometric limits for swing legs
The solution of the optimization problem gives the longest

jumping distance D∗
r for the rigid model.

C. Compliant Model Jumping Trajectories Optimization

Spring coefficients ks and ls,rest are unknown and need
to be properly selected. However, to our knowledge, there is
no direct design principle available to guide that selection.
Nevertheless, we can treat the spring coefficients ks and
ls,rest as additional constrained inputs in the trajectory
optimization problem, and seek to adjust these parameters
and evaluate final jumping distance simultaneously.

The pre-configuration for contact switching and initial
posture is same as that from Section III-B. Note that the

initial posture is set for the whole body CoM instead of the
hind half body only. Additionally, the trigger time of mode
switching events is preset as T3 and T4. The spring releasing
length is set as ls(T3) = ls(T0) = ls,min. The spring locking
length is set as ls(T4) = ls(T2) = ls,max = lB−0.5lf−0.5lh
such that the overall spine after T4 has the same length as
in the case of the rigid model spine.

We initialize ks(T0) and ls,rest(T0) with kinits and linits,rest,
and use the same horizon setup as in Section III-B and
the same general form of constrained trajectory optimization
problem (8), with terms adjusted as

X =
[
Qs, Q̇s, t

]T
(11)

U = Us = [q,Fc, Fs, ks, ls,rest]
T (12)

f =

 Q̇s

M−1
s (Fs(Us)− bs − gs)

1

 (13)

where Ms and gs are from (6). The jumping distance is

Ds = 2ẋc(T2)żc(T2)/g (14)

where ẋc and żc are velocities of torso CoM, and because
the rigid model is enforced at T2, they can be derived as[

ẋc

żc

]
=

[
ẋh − ls sθ θ̇

2

żh − ls cθ θ̇
2

]
(15)

therefore, the cost function is formed as

J = ẋc(T2)żc(T2). (16)

In the case that the desired enhanced distance is determined,
we can adopt J = (Ddes

s − Ds)
2 as the alternative. In this

paper, we focus on J in (16).
Equality constraints Ceq(X,U) = 0 and inequality con-

straints Cineq(X,U) ≤ 0 from Section III-B are enforced
with additional constraints as

• Hooke’ Laws on spring force: Fs(t) = ks(t)(ls,rest(t)−
ls(t)), t ∈ [T3, T4];

• Spring coefficients limits: ks(t) = ks(T3) > 0,
ls,rest(t) = ls,rest(T3) ≥ ls,max, t ∈ [T3, T4];

• Free spring limits: ls,min ≤ ls(t) ≤ ls,max, t ∈ [T3, T4];
• Locked spring limits: ls(t) = ls,min, t ∈ [T0, T3], and
ls(t) = ls,max, t ∈ [T4, T2].

The optimization solutions to the trajectories of system
states and inputs are described as

Q∗
s : = [x∗h, z

∗
h, θ

∗, l∗s ]
T
, Q̇∗

s :=
[
ẋ∗h, ż

∗
h, θ̇

∗, l̇∗s

]T
q∗ : = [q∗1 , q

∗
2 , q

∗
3 , q

∗
4 ]
T
, q̇∗ := [q̇∗1 , q̇

∗
2 , q̇

∗
3 , q̇

∗
4 ]
T

τ∗ : = [τ∗1 , τ
∗
2 , τ

∗
3 , τ

∗
4 ]
T

(17)

where joint velocities q̇∗ are evaluated based on q∗ and time
step Ts. The solution also provides the spring coefficients k∗s
and l∗s,rest refined from their initial values.
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Fig. 3: Energy Consumption During Takeoff. (Left four panels) Trajectories of motor torque amplitude at each joint. (Right four panels)
Progress of output power at each joint. The switching time at fore foot liftoff event is indicated as blue line.

IV. RESULTS AND DISCUSSION

A. Choices of Spring Initial Conditions

The optimizing solver with different initial conditions of
the spring parameters is likely to produce distinct results. To
better identify the reasonable parameter space, we approach
the problem from two perspectives. On the aspect of engi-
neering feasibility, the commercially available servomotors to
preload the spring confine the spring parameter space. The
limited space on the robot body requires the servomotor to
be compact. To our knowledge, most compact servomotors
(e.g., Robotis’ Dynamixel) offer stall torque less than 10 Nm,
and with lever length close to 5 cm and spring compressed
length near 0.5 m, the safe operational pulling force may
be less than 150 N and the spring constant less than 300
N/m. Note that the springs in the above parameter space are
not likely to store potential energy more than 50 J, a rather
small amount compared to total motor output work of the
rigid model that is more than 500 J. This observation implies
that the above parameter space may contribute to less stiffer
springs. On the other hand, if the spring is assumed to be the
major energy source for the jumping improvement over 20%,
the spring needs to store more than 100 J energy, accounting
for the spring constant close to 1000 N/m under the similar
estimation logic as above. In fact, the utilization of the spring
potential energy could be less efficient and it requires much
stiffer springs, altogether accounting for more servo effort
and weight. To alleviate the engineering challenge, we focus
on less stiff springs in the tests and leave stiffer spring setups
as part of future research.

B. Standing Long Jumping Results

We tested distinct setups for phase temporal scheduling
and initial posture; the majority of tests achieved over 10%
and many achieved over 20% extension of jumping distance.
Figure 4 depicts rigid and hybrid model jumping for a sample
optimized setup. For both models [T0, T1, T2, T3, T4] =
[0, 0.5, 1.0, 0.4, 0.8] s and [xinit, zinit, θinit, αinitf , αinith ] =
[0 m, 0.25 m, 10◦, 100◦, 80◦], with Ts = 0.02 s. The rigid
model jumps for 4.5545 m and the hybrid model exceeds
by 23% and reaches 5.6086 m. The spring parameters are
optimized as k∗s = 180 N/m and l∗s,rest = 0.7832 m, with
initial guess as kinits = 153 N/m and linits,rest = 0.7499 m.
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Fig. 4: Standing Jump Sequence. Jumping trajectories during
takeoff and flight for rigid (top) and hybrid (bottom) models with a
sample optimized setup (k∗

s = 180 N/m and l∗s,rest = 0.7832 m).
Ground is shown as red line. (Figure best viewed in color.)

We compared energy consumption between models. Motor
output power can be evaluated as Pout = τ · ω, with
τ as motor shaft torque and ω as shaft angular velocity.
As shown in Fig. 3, both models exhibit a similar motor
pattern. The motors at fore leg joints lead major work on
posture adjustment before fore foot lifting up, followed by
the motors at hind leg joints offering major contribution
to propelling the robot up-forward. In the double contact
phase, both models have similar peak torque on the fore leg
but for different joints. In the single contact phase, 1) both
models experience a smooth output power increase on the
hind leg within the last 0.2 s rather than an abrupt step-up;
2) the hybrid model spring is locked during the propelling
phase, implying that the spring contributes to the preparation
phase before propelling; 3) the rigid model experiences some
negative motor work right before propelling at about 0.8 s,
while the hybrid model has a smoother startup; 4) based on
these, the hybrid model exerts more motor power at both hip
and knee joints on the hind leg during propelling. The above
observations suggest that less stiff springs do not contribute
to propelling the body directly but instead assist the system
reach a better startup status right before propelling.

As indicated in Fig. 2, we adopted two arrangements for
hind leg as knee-backward and knee-forward. The knee-
backward arrangement appears more often for aggressive
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Fig. 5: Impact of Elastic Characteristics. Relation between spring parameters (ks, ls,rest) and indicators of interest. Collected data are
down-sampled and presented in the colored scatters. Contours are generated from the original database.

motion in the literature [10], [17] and in commercial products
(like Boston Dynamics’s Spot, Ghost Robotics’ Vision and
Spirit, and Unitree’s Laikago and A1), and the knee-forward
arrangement offers high-performance locomotion [2], [43].
Results obtained herein, appear to suggest that knee-forward
hind legs are more likely to produce better solutions with
less computing time even though both arrangements should
be dynamically identical in principle. Shedding more light
in this direction is part of future work, building upon recent
related findings that suggest the energetic efficiency of the
elbows-back, knees-forward arrangement [44].

C. Effect of Spring Coefficients

It was observed that different spring initial conditions did
not guide the optimization toward the same optimal solution
or, at least, to a tight region of solutions. Some solutions have
similar jumping distance but distinct results of the spring
coefficients, implying the nonconvexity of the optimization
problem. This finding suggests that optimizing for elastic
parameters ks and ls,rest using some random baseline may
lead to suboptimality. To visualize the limited region of the
coefficients that can benefit the system, we used the setup
from Section IV-B and searched the parameter space of less
stiff springs (ks = 50 ∼ 240 N/m and ls,rest = 0.6 ∼ 1.0 m)
explained in Section IV-A. Each sampled parameter pair
characterized a specific spring and was fixed into the model
to solve for a solution.

Results are presented in Fig. 5. The upper left graph shows
that the springs of moderate level in the less stiff range are
more likely to produce jumping distance larger than 5 m
(that is, at least 10% improvement). Increasing or decreasing
both stiffness and rest length may risk undermining the
performance. In the upper right graph, we demonstrate the
total motor output energy Em calculated by the sum of their
mechanical work. The similarity of the boundary pattern
is noticeable between contours in the upper left and right
graphs. This indicates that motor power enforces direct

effort onto the jumping distance and it is still the major
source in the hybrid model for the improvement of jumping
performance. On the other hand, it also reflects that a suitable
less stiff spring can help unleash more power from the
motors, as specifically explained in Section IV-B. In the
lower left graph, we illustrate the parameter effect on the
jumping benefit B of the spring potential energy, defined
by the jumping distance improvement δD over preloaded
spring potential energy Es (i.e. B = δD/Es). This indicator
also keeps the boundaries from the upper two graphs but
segments the area of the moderate level into several sub-
areas, some of which suggest better jumping performance
with less spring energy preloaded. The lower right graph
aims to exhibit the situation of energy efficiency reflected
by the conversion rate CV R from total output energy E to
the kinematic energy Ek at T2 (i.e. CV R = Ek(T2)/E,
E = Em + Es). Conventionally, the total input power is
required to compute CV R, but it is not available since there
is no specific assumption of motor power curve. Therefore,
we adopt motor output power for the calculation, which will
lightly increase the CV R though we expect the contour
pattern to be similar. From the results, we observe an energy
efficiency drop with the use of less stiffer springs. (For
reference, the rigid model efficiency is 31.02%.)

V. CONCLUSIONS

The paper contributes an optimization-based framework
for modeling and trajectory planning of quadrupedal robot
standing jump. A preloaded lock-enabled elastic model is
introduced for the spine, and a constrained trajectory opti-
mization method is proposed for co-optimization of spring
parameters and motion trajectories. Results suggest that
less stiff springs can help unleash more motor power and
eventually improve jumping performance. Future directions
of research include 1) study of the effect of much stiffer
springs, and 2) realization of the preloaded elastic spine on
a physical quadrupedal robot.
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