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a b s t r a c t   

Despite the necessity for being able to regulate the stiffness of the robotic platforms in physical contact with 
humans, and tremendous number of different variable stiffness actuators that have been developed so far, 
there is still no such actuator that has successfully passed the research lab phase and transferred into a real 
application. The main reason is due to the lack of understating on how to optimally design a stiffness 
adjustment mechanism based on desired performances of each application. If not optimally designed, the 
additional complexities within the actuators, prevent to win the trade-off between benefits of having a 
stiffness adjustment mechanisms versus its costs, such as the energy storage capacity of the elastic ele
ments compared to how much energy can be actually released at the output of the actuator, i.e. the link. 
Currently, this trade-off criterion is not in favor of introducing a stiffness adjustment mechanism into the 
actuator. Therefor, generally, having a simple series elastic actuator with active compliance has been pre
ferred over having a complex variable stiffness actuator, in many real applications. This work develops an 
understanding of how to optimally design the parameters of a stiffness adjustment mechanism by devel
oping a framework that can robustly maximize the energy efficiency of variable stiffness actuators. Five 
different design sets of stiffness adjustment mechanism are being considered and evaluated based on the 
proposed optimization framework. The resultant optimal design of each set is then compared with the 
original design in terms of energy efficiency. The proposed framework shows improvement of energy ef
ficiency up to 354%, while design constraints are all being satisfied. 

© 2021 Published by Elsevier B.V.    

1. Introduction 

In the context of physical Human-Robot Interactions (pHRI), the 
technology required to fabricate the robotic manipulators is funda
mentally different than the one developed for traditional industrial 
robots [7]. The fact that pHRI robots are supposed to physically in
teract with humans, make industrial robots sources of danger to the 
soft and delicate body of humans [16]. Furthermore, in contrast to 
industrial robots that should be operated in isolated work-space 
from humans where everything about the environment is already 
known and planned for, the existence of humans in pHRI applica
tions creates highly unknown environments as we, humans, are so 
unpredictable when it comes to motion, location and interaction 
forces [4]. In order to guarantee safety of humans in physical inter
actions with robotic manipulators, actuators as the sources of gen
erating mechanical power should behave soft [17]. There are two 

main approaches to make a robotic platform soft; one, that is called 
active compliance [5,30,31], is through the control framework, where 
the actuator should be facilitated with force/torque sensors to detect 
the collision and close loop feedback with different control strategies 
to prevent or at least reduce the level of risk [6]. This approach, 
however, cannot guarantee the safety in case of high bandwidth 
collisions such as impact forces and, as a result, the actuator would 
behave rigid in such scenarios. The other approach is to realize 
passive compliance embedded into the mechanical structure of the 
actuator, so that it can behave inherently soft in any interaction 
scenario [3,18,38,57,63]. Pioneer in this area, is the Series Elastic Ac
tuator SEA developed by Pratt [41], where a spring was located be
tween the motor and the output link, decoupling the high reflected 
inertia of the gearbox from that of the link. Therefore, when it comes 
to an interaction with a human body, only the link inertia will be in 
contact. Also, the spring can act like a force sensor, allowing to use 
the active compliance approach to regulate the reflected stiffness 
through the control framework on top of the mechanical stiffness  
[42,44]. But again when it comes to high bandwidth interaction 
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scenarios, the stiffness of a SEA would be the fixed stiffness level of 
its embedded spring [21]. 

Also note that, spring can save and release the energy, which in 
periodic motions can greatly enhance the energy efficiency [39,49]. 
However, in case of a SEA, this would be beneficial only when the 
frequency of the desired periodic motion matches the natural fre
quency of the compliant actuator [59]. In order to exploit the full 
advantage of having a source of storing and releasing energy, i.e. 
spring, in periodic motions with different frequencies, the mechan
ical stiffness level of the actuator should be adjustable [25,58]. 
Furthermore, In general, when a robotic manipulator moves fast, it 
should be soft to guarantee safety and when it moves slow and ac
curacy is desired, it should be rigid [52]. 

Variable Stiffness Actuators (VSAs) [24,46,61,64], have been de
veloped to address these needs in pHRI applications. A VSA needs 
two motors as it has to control two degrees of freedom; one is the 
output link’s position just like a normal rigid actuator and the other 
one is the output link’s stiffness [23,26,28]. Regulating the stiffness 
in VSAs is done by different Stiffness Adjustment Mechanisms 
(SAMs) that contain springs and other components [22]. SAMs can 
be categorized into two design groups; Antagonistic and Series [27]. 
In antagonistic designs, both motors are responsible to control the 
output link position and regulating its stiffness, whereas in series 
designs, one motor is dedicated to the link positioning while the 
other one adjusts the stiffness. 

Despite the great need of being able to regulate the stiffness of 
the robotic actuators in pHRI applications and tremendous number 
of different VSAs that have been developed so far, to our knowledge, 
there is not a VSA that has successfully passed the research lab phase 
and transitioned into a real application. The main reason is due to 
the lack of understating how to optimally design a SAM based on 
desired performances of different applications. 

In [29] some determinants for stiffness adjustment mechanisms 
were introduced and performance of different mechanisms were 
analyzed against the determinants. The mentioned work explained 
these determinants and presented a comprehensive framework to 
systematically analyze performances of different stiffness adjust
ment mechanisms. First, a classification of different stiffness ad
justment mechanisms was presented. Then, characteristics of each 
class regarding different determinants were evaluated and com
pared through numerical analysis. However, so far, no research work 
has addressed the optimal design problems with VSAs. 

Another work analyzed the correlation between the external 
loads, applied to different variable stiffness actuators, and their re
sultant output stiffness. Different types of variable stiffness actuators 
were studied considering springs with different types of non
linearity [22]. In addition, in [27] different variable stiffness design 
approaches with different types of springs (linear, quadratic, ex
ponential and cubic) are analyzed and compared with respect to the 
energy required to regulate the stiffness. The results gave some in
sights about the design parameters which mostly affect the energy 
consumption for the stiffness adjustment. However, these previous 
research works have not addressed the problem of optimal design 
parameters. 

If not optimally designed, the additional complexities that SAMs 
present to the actuators prevent to win the trade-off between ben
efits of having a SAM versus its costs. Some examples of these trade- 
off criteria are as following: the energy saving benefit of adjusting 
the stiffness in different periodic motions compared to how much 
energy is in fact required for the stiffness regulation, increased toque 
capacity due to having two motors compared to how much torque 
can be actually transferred to the output link, energy storage capa
city of the springs compared to how much energy can be actually 
released at the output link side, and adjusting the stiffness to a 
certain value compared to what is the actual stiffness of the output 
link in dealing with unknown external forces. Currently, these trade- 

off criteria are not in favor of introducing a SAM into the actuator. 
Therefor, generally, having a simple series elastic actuator with ac
tive compliance has been preferred over having a complex VSA  
[12,13]. This research seeks to understand how to optimally design 
the parameters of a SAM by developing a framework that can ro
bustly maximize the energy efficiency of VSAs for pHRI applications. 

Depends on a particular design, the design parameters of a SAM 
may include the dimensions of its principal components, e.g. cam, 
level arm, pulleys, etc, and stiffness of its springs. The constraints are 
user defined torque and velocity limitations of the motors, springs’ 
constants (stiffnesses), and size limitations of the principal compo
nents. 

The dimensions of principal components are real continuous 
variables, while stiffness of the spring and their dimensions, e.g. 
diameter,length and maximum allowable deflections, are categorical 
variables as springs are commercial products that come in different 
but discrete sizes and stiffness constants. The same holds true for 
motors and theirs maximum torques and velocities. Furthermore, 
since power is a product of torque and velocity, the nature of any 
energy-based optimization problem would be nonlinear. Therefore, 
we will be dealing a mixed-integer nonlinear optimization problem 
with large number of feasible solutions [9]. To solve this type of 
optimization problem, there are basically two main approaches; 
Heuristic (or Meta-Heuristic) [33] and Global optimal [20]. The 
heuristic approaches can quickly find optimal solutions but cannot 
guarantee that the yield solutions are the global optimum (as they 
may get trapped into local optimal solutions). Examples are: Tabue 
search [11], Simulated annealing [54], and Ant colony optimization  
[8]. The global optimal approaches, on the other side, may take a 
long time to find a solution, but once it is found, the solution is 
guaranteed to be the global optimal. Since computation time is not a 
critical factor in optimal design problems, therefore global optimal 
approach is preferred over the heuristic one. Examples are: Cutting 
plane method [15], Branch and Bound (BB) algorithm [32] and In
terval method [19]. 

For this optimal design problem, we propose to employ interval 
method as a mean to systematically enumerate candidate solutions 
in a BB algorithm. The so called interval based branch and bound 
algorithm can deal with nonlinear mixed-integer problems and has 
been shown to be effective in optimal actuator design problems, in 
particular [35,36]. 

This article is organized as follow: in Section 2, different sets of 
stiffness adjustment mechanism are introduced and their principal 
dimensions will be extracted. Section 3, explains the proposed op
timization framework, while Section 4 elaborates on the results 
obtained from the optimization framework and compares them with 
the original designs. Finally Section 5 presents conclusion and future 
works. 

2. Stiffness adjustment mechanisms - design sets and principal 
dimensions 

VSAs have been developed to address the safety, limited adapt
ability in interaction with uncertainties and energy efficiency issues 
which exist in traditional "stiff" robots. These types of actuators have 
two motors to regulate the stiffness and the position of the attached 
link. Springs are embedded into the system to realize the variable 
stiffness functionality using different design principles. In general, 
these designs can be divided into two main classes: antagonistic and 
series [55,56]. 

In antagonistic designs, two motors M1 and M2 are antag
onistically actuating a link through nonlinear springs (i.e. nonlinear 
force to deflection profile) that are placed between the motors and 
the link. The nonlinearity of the springs is an important factor as 
stiffness regulation cannot be achieved using linear springs in these 
setups. Based on different arrangements of the motors and springs, 
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these types of designs can be realized in three different sub-classes: 
simple unidirectional (e.g. [34]), cross coupling (e.g. [46]) and bi
directional (e.g. [40]) configurations as it is shown in Fig. 1-a-b-c. 

Alternatively, in the series design approaches, one motor M1 with 
a spring in series is dedicated to the link positioning while another 
motor M2 (usually smaller than M1) is set to change the stiffness. In 
one class of these design approaches (Fig. 1-d), nonlinear springs are 
employed where stiffness adjustment is done through changing the 
pre-tension of the springs using M2. Another class of these design 
approaches (lever-based) (Fig. 1-e) uses linear springs while the 

stiffness adjustment is done through changing another parameter 
such as location of the springs [26], the pivot point [24,50,51,53] or 
the point at which force is being applied to a lever mechanism [14]. 

These design approaches can be realized in many different ways, 
using different mechanisms or components. However, regardless of 
how they have been realized, there are always principal components 
in each class whose dimensions or properties are essential in de
termining functionality of the SAM as well as output performance of 
the VSA. In antagonistic SAMs, examples are: the radius of the link’s 

Fig. 1. Different classes of SAMs: Antagonistic Class: a) simple antagonistic, b) cross-coupling, c) bi-directional- Series Class: d) pre-tension based, and e) lever-based.  
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pulley, the radius of each motor’s pulley, the distances between 
center of rotation of each pulley as well as springs’ constants. 

In those SAMs that need nonlinear springs, sometimes linear 
springs are used together with a mechanism that can generate 
nonlinear force to deflection profile, such as cam-follower me
chanism in contact with a spring [45]. In this case, dimension of cam 
is also another principal component of the SAM as its profile de
termines the nonlinearity of the spring. 

In our proposed optimal design process, we only take into ac
count the principal components of a SAM, rather than every single 
elements (such as bearings, screws, etc) that are being used in a 
particular realization. However, our proposed approach is general 
and one can consider different detailing levels of a particular SAM in 
the optimization process. However, it may substantially add to the 
complexity of the process by increasing the number of variables 
while the output optimal result might not be significantly better. 

In addition, each motor M1 and M2 provides energy to the SAM 
that can be presented by considering torques and displacement/ 
velocity of an element due to that torque (e.g. motor shaft). Motors 
come in different torque and velocity capacities. These parameters 
which eventually affect the output performance of a VSA are discrete 
categorical variables. The same holds true for springs as they have 
different spring constants, sizes, free length, and maximum allow
able deflections, which all can affect the performance of a VSA. 

Therefore, in order to optimize the design process, different types 
of variables including continuous and integer or categorical variables 
have to be dealt with. This makes the design problem a nonlinear 
mixed-integer optimization problem. 

3. Optimization framework 

As discussed before, to design a SAM, we are dealing with some 
continuous design variables such as dimensions of its principal 
elements as well as some categorical variables such as stiffness, free 
length, diameter and maximum allowable deflection of the springs. 
We present continuous variables as vector Pr ∈ : IRn (where n is the 
number of continuous variables) and categorical variables as 

=P Kc i
c

i1
n (where cn is the number of categorical variables). 

This research work focuses on how to optimally design a SAM in 
order to maximize energy efficiency of a VSA when the output link 
capacity with regards to its energy saving storage is given. The 
reason this aim is important is the fact that SAMs are basically en
ergy storage and release elements of VSAs. They are located between 
the source of the energy to the system, i.e. motors M1 and M2 and the 
output link where energy is being transmitted to the external en
vironment. By maximizing energy storage and release ratio, we ac
tually minimize the amount of energy that is stored in a SAM but 
cannot actually be delivered at the output link. 

3.1. Cost function formulation 

Energy storage capacity of a SAM depends on number of springs 
as well as stiffness and maximum allowable deflection of each 
spring. All these parameters affect the overall size and weight of the 
SAM and eventually those of a VSA. The maximum energy storage 
capacity of a SAM ESAMmax can be expressed as follow: 

=
=

E K d dSAM i

n
s s s1 0 0max

s smaxi smaxi
i (1) 

where, smaxi
and Ksi are maximum allowable deflection and stiffness 

of ith spring, respectively, while ns is the total number of springs in a 
SAM. All these design parameters are categorical variables. 

On the other side, the output performance of a VSA depends on 
how much elastic energy can be stored into its output link. The 
maximum energy that can be stored at the output link is: 

=E K d dL L L ax L ax
0 0max

Lmax Lmax

m m (2)  

where KL and L axm are the output link’s stiffness and maximum 
deflection, respectively. These two design parameters are functions 
of both real continuous and categorical variables. 

If some part of energy storage capacity of the SAM cannot be 
released to the output link, it is actually wasted from the output 
link’s perspective, while it takes space (and also adds unnecessary 
weight to the overall system) to store that wasted part of energy 
inside the SAM. In a perfect scenario, the whole amount of energy 
that is stored into a SAM, should be released and be available to the 
output link, i.e. ESAMmax=ELmax. In order to make VSAs lighter, more 
compact but yet more functional, the ratio between the energy 
storage capacity of the SAM and the energy released to the output 
link =f P P E E( , ) 1c r SAM Lmax max should be minimized. 

Therefore, the optimization problem can be expressed as: 

=

=
P R P K f P P

g P P i l

h P P j m

I , ( , )

subject to:
( , ) 0, 1, ...,

( , ) 0, 1, ...,

c
n

c i

c
i c r

i c r

j c r

1
n

(3)  

where gi(Pc, Pr) and hj(Pc, Pr) are constraints that will be discussed 
in the following subsection. 

We will formulated this optimization problem 3 for each 5 
classes of SAM designs. This mixed-integer optimization problem is 
in fact an inverse design problem as oppose to a direct design pro
blem. However, problems of this type are generally nonlinear, non
quadratic, and also nonconvex. Generally, for these problems, the 
knowledge of all the expressions of the functions of the considered 
problem can be found through the principal components and their 
interactions based on what class of VSAs designs the SAM belongs to. 
However, the solution could not be found by iterating some re
solution of the direct problem as there are large number of feasible 
solutions. 

3.2. Constraints formulation 

The constraints of this optimization problem are due to the 
limitations on real continuous design variables, torque and velocity 
of the motors M1 and M2 as well as springs’ maximum allowable 
deflections smax. Here we just presents some examples for each type 
of these constraints. 

-Design constraints: In antagonistic designs, the principal com
ponents are basically the pulleys attached to each motor’s shaft and 
the output link, as well as the connections between each pair of 
pulleys (that can always be modeled as series combinations of rigid 
and extendable, i.e. springs, elements). The dimensions of interest 
therefore, are each pulley’s radius rM1, rM2, rp as well as the distance 
between each pair of pulleys d1, d2, d3. The distance between each 
pair of pulleys can be determined by taking into account the free 
length and maximum allowable deflection of the spring that should 
be placed between the two pulleys. For instance, for simple antag
onistic class as shown in Fig. 1-a, this means that: +l ds0 1max1 1

. 
In addition to that, there is another important design con

sideration for antagonistic VSAs: in order to achieve symmetrical 
behavior as well as contribution of both motors in moving the 
output link, springs have to be placed with a pre-tension and that 
pre-tension has to be half of their maximum allowable deflection, so 
when one spring becomes fully deflected, the other one will reach its 
free length. This pre-tension will also affect the maximum output 
link’s deflection Lmax. For instance for the spring #1 in the antag
onistic class as shown Fig. 1-b, this means that: ×r 0.5P L smax max1

. 
In series, pre-tension based class, design variables that can define 

the profile of the cam are essential. It is important to mention here 
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that the cam is a representative component of this class and it does 
not mean that all the pre-tension based VSA use a cam mechanism. 
However, SAM functionality of every pre-tension based VSA can be 
modeled using a cam profile. It is important to define the cam profile 
as a function of output link’s deflection, i.e. rc = f(δL). Another design 
variable in this class that can define the range of stiffness adjustment 
is the distance between the output of the stiffness motor and the 
center of rotation of the output link as shown in Fig. 1-d, dc. This 
distance should allow for full deflection of the spring at no-load 
condition: + +=l r do c s cat L max0 . 

In series class based on lever mechanism, length of the lever dl is 
an important variable to achieve a desired range for stiffness. Also in 
both series classes, i.e. the pre-tension based and the lever based, a 
transmission system TS (e.g. a ball screw mechanism) is required to 
convert rotary motion of the stiffness motor M2 into a linear motion. 
The conversion factor can be denoted by variable set NTS that in
cludes all variables that are required to define the torque/force and 
rotary/linear motion relationships. 

-Actuator constraints: In majority of the current VSAs, motors M1 

and M2 are usually electric DC motors. In these motors, the available 
torque is limited by the Stall torques Ts1 and Ts1 and the maximum 
velocity is max1 and max2: M maxi i and T T i 1, 2M si i . 

Furthermore, in these types of electric DC motors the available 
torque is a function of velocity: which is the faster the motor runs 
the less torque it can apply: TMi = × +( )T i1 1, 2s M maxi i i . 

It is important to mention that motor M1 and M2 are commer
cially available products and thus TM1, TM2, max1 and max2 are related 
to categorical variables as they come in different discrete values, 
depending on their types, sizes and manufacturers. 

-Spring constraints: Springs are also commercially available pro
ducts that come in different types and sizes and thus their stiffnesses 
(spring’s constants) ks, free lengths lo, and maximum allowable de
flections smax are categorical variables. Actual length of the spring at 
any time cannot be less/more that its free length when the spring is 
extension/compression type and also their amount of deflection at 
any time should be less than or equal to their maximum allowable 
deflection. In case of extension springs, for example: ls ≥ lo 

and s smax. 
It is also important to highlight here that commercially available 

springs are either extension or compression type, and therefore, in 
our models we don’t assume a spring that can be both extended or 
compressed. 

Another important feature of the springs that can be considered 
here is related to their free length. Sometimes springs have some 
level of pre-tension already built in their structure. This means that 
there is a threshold force level that needs to be overcome in order for 
the spring to start deflecting. This amount of force threshold affect 
the effective free length of the spring that is different that its actual 
free length. The actual free length is the length of the spring when 
there is no force acting on it, while the effective free length is by 
taking into account how much the force threshold could deflect the 
spring in the opposite direction and then subtract that amount from 
the actual free length of the spring. 

3.3. Interval based BB algorithm 

In order to find the global optimal solution to the problem 3, we 
propose to use interval based BB algorithm, as it is guaranteed that 
the global solution will be precisely enclosed at the end of the al
gorithm. 

The principle of this algorithms is based on subdivisions of the 
considered initial domain into smaller and smaller parts such that 
one can determine, using interval analysis [37], which box can be 
discarded. This is because interval computations will produce the 
proof that a box cannot contain the global solution or prove the fact 
that at least one constraint could not be satisfied in a box. Therefore, 

at the end of the algorithm, the global optimum will be enclosed 
with a given accuracy, however the algorithms must be capable to 
deal with both real continuous and categorical variables. 

The main idea is to subdivide the initial domain space 
× =X R KI n

i
c

i1
n into smaller sub-boxes Z ⊆ X and to delete the 

considered box Z, if and only if it can be proven that Z cannot contain 
the global optimum. 

In order to subdivide the domain into smaller boxes, we need to 
consider the space in which the boxes are located in. In this problem, 
this space is a combination of continuous as well as categorical 
variables. 

BB algorithms have been modified to deal with integer variables, 
such as in the author’s previous work in finding an optimal solution 
to the facility layout problem [47]. The categorical variables cannot 
be directly considered in subdivision of a box and an expression of a 
function. In this project, we propose a method to change categorical 
variables into integer ones. This is done through an univariate 
function a that assigns an integer to a categorical value. For example, 
if one spring has stiffness of 315 N/mm and stiffness of another 
spring is 450.5 N/mm, this univariate function assigns integer 
value = 1 to the first stiffness value and integer value = 2 to the 
second one: a(1) = 315 N/mm and a(2) = 450.5 N/mm. Therefore, 
while integer values 1 and 2 can be used for the purpose of sub
dividing the boxes, the values a(1) and a(2) will be used in calcu
lating the objective function and constraints. 

The classical principle of subdividing is to choose a coordinate 
direction parallel to which Z has an edge of maximum length. Then, Z 
is subdivided normal to this direction [37]. For continuous variables 
the subdivision of a box Z on its kth component into to boxes Z k1 and 
Z k2 will be applied at the midpoint (as defined in [37]) of the original 
box Z as follow: Z k1 = +Z Z Z[ , ( ) 2]k

L
k
U

k
L and Z k2 = +Z Z Z[( ) 2], ]k

U
k
L

k
U , 

where Zk
L and Zk

U denote the lower and upper bounds of kth com
ponent of box Z, respectively. For categorical variables, however, this 
subdivision rule has to be slightly modified as follow: 
Z k1 = +Z Z Z[ , [( ) 2] ]k

L
k
U

k
L

I and Z k2 = + +Z Z Z[[( ) 2] 1, ]k
U

k
L

I k
U , where 

[x]I is the integer part of x. 
At each step of the BB algorithm, and as the branches are gen

erated through subdividing the boxes, we will have an interval for 
each variable. The interval analysis proposed by [37] is a powerful 
tool to calculate upper and lower bounds of a function over a box. 
This is simply done by the concept of natural extension of a function. 

The natural extension of an expression of f into interval consists 
by replacing each occurrence of a variable by its corresponding in
terval (which encloses it), and then by applying the rules of interval 
arithmetic as explained in [37]. For example, if f(x) = x2 + x + 1 and 
x ∈ X = [1,2], then F(X) = ([1,2])2 + [1,2] + 1 (X and F(X) are both in
tervals) is the natural extension of f(x) over box X. It has been proven 
by [43] that the natural extension is always an inclusion function, 
which means that it encloses the upper and lower bounds of f over 
the box (or even all boxes when dealing with multiple variables) X. 
Therefore, =f X f x f x F X X( ) [min ( ), max ( )] ( )

x X x X
. 

Interval arithmetic is only defined for continuous functions, and 
thus in our method, the inclusion functions must be extended to 
deal with discrete variables as well. As mentioned before, we will 
convert categorical variables into integer variables through uni
variate functions. These integer variables will then be further relaxed 
into continuous variables. For example, if an integer variable belongs 
to set ZL, ZL + 1, ZL + 2, . . . , ZU, a continuous interval [ZL, ZU] will be 
considered for this variable. Replacing an integer set by its corre
sponding relaxed continuous interval, an inclusion function can then 
be constructed. The proof is obvious because it comes from the fact 
that the relaxed compact interval sets enclose by definition the in
itial discrete sets. 

In order to proceed with the elimination of the boxes that cannot 
contain the global optimum solution, just the computation of lower 
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bound of a given function f over a box Z, i.e. lb(f, Z), is needed. We 
will compute these bounds by using interval analysis as follow: 
Considering that f̃ denotes the current solution (in fact, it is just the 
best evaluation of f at this stage of the algorithm such that all the 
constraints are satisfied), one obtains the following: 

1) No global solution is in Z, if >ib f Z f( , ) ˜, a lower bound of f over 
Z is greater than a solution already found, then no point in Z can be a 
global minimum. 

2) No feasible solution is in Z, if it exists k such that ib(gk, Z)  >  0, 
or it exists k such that ib(hk, Z)  >  0 or ub(hk, Z)  >  0 (ub=upper 
bound). In this case, a very small positive real value can be con
sidered instead of 0, in order to address numerical approximation 
difficulties due to the floating point operations [37]. 

This implies that at the end of the algorithm, accurate enclosures 
of the global minimum value and of all their corresponding solutions 

can be expected. Indeed, at each step of the algorithm, one has the 
following properties for all the remaining sub-boxes Z ⊆ X: 1) 
lb f Z f( , ) ˜ and 2) all constraints are always satisfied. 

4. Results and discussion 

Five Representative examples of SAMs classes, Fig. 2, with their 
actuators’ constraints are being considered as following: Antag
onistic Class: VSA-HD [1] simple antagonistic; VSA-C [2] cross-cou
pling; BVAS [40] bi-directional- Series Class: FSA [10] pre-tension 
based, and AwAS-II[24] lever-based. Data regarding both actuators 
and designs constraints for each actuator is extracted from Variable 
Impedance ACTuation systems embodying advanced interaction 
behaviORS (VIACTORS) project’s website [62]. There are two missing 
values, first one is regarding the maximum torque hysteresis of 

Fig. 2. Representative examples for each classes of SAMs with their actuators’ constraints: Antagonistic Class: VSA-HD [1] simple antagonistic; VSA-C [2] cross-coupling; BVAS  
[40] bi-directional- Series Class: FSA [10] pre-tension based, and AwAS-II [24] lever-based. All data extracted from VIACTORS project’s website: https://viactors.org. 
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AwAS-II, which is being adopted from its previous version AwAS [26] 
as 21%, and the second one is the nominal stiffness variation in time 
for VSA-HD with nominal torque, which is being considered to be 
0.4 ms as the nominal stiffness variation in time with no load. 

The energy equation for each of these five representative ac
tuator example has been provided in VIACTORS’s data sheets on the 
specification page, row number 102 [62]. These energy equation are 
functions of joint stiffness, link deflection and other principal di
mensions for each actuator. Plugging the provided energy functions 
into Eqs. 1, 2 and performing the proposed optimization procedure 
on each actuator, the optimal design parameters for each actuator 
can be achieved while the design’s and actuator’s constraints pre
sented in Fig. 2 are all being satisfied. 

For each actuator, the torque versus link deflection, Fig. 3 has 
been obtained experimentally by applying a known weight to the tip 
of the link at a known distance (hence a known torque) and mea
suring the resultant angular deflection through a link encoder, while 
stiffness has been set to different levels in an off-line fashion. The 
static stiffness can then be calculated by taking derivative of each 
resultant torque versus deflection curve, to validate the stiffness 
regulation formulas that have been provided in the actuator’s data 
sheet in [62]. The calculated stiffness values are actuators’ con
straints that have to be satisfied while searching for optimal design 
parameters using the proposed algorithm. 

The result of the interval-based optimization framework is pre
sented in Figs. 4 and 5 for all five representative actuators. 

In Fig. 4,the maximum energy stored at the link of each actuator 
in its original design is plotted against that value when the actuator 
is optimally designed. The plotted value for the original actuators are 
in fact among the constraints mentioned in Fig. 2, and thus the 
optimization framework is forced to maintain those levels. However, 
as it is clear from the figure, some slight deviations have been no
ticed, even on the negative side. This is due to the floating-points 
round-off errors that are inevitable when dealing with mixed-in
teger optimization problems [48]. 

Fig. 5 shows the maximum energy storage for each re
presentative actuator example for its original as well as optimal 
designs. As it is clear from this figure, the maximum energy storage 

of all five actuators improved as the result of optimization algorithm, 
which the highest improvement belongs to VSA-HD actuator of 
around 260%. 

Fig. 3. Plotting static stiffness by applying a known torque and measuring the link deflection for: a) FSA [10], b)VSA-C [2], c) AwAS-II [24], d) VSA-HD [1] and e)BVAS [40]. Stiffness 
is the slop of each curve. 

Fig. 4. Maximum elastic energy of the link for FSA [10], AwAS-II [24], BVAS [40], VSA- 
C [2], VSA-HD [1], with original and optimal designs. 

Fig. 5. Maximum energy storage capacity for FSA [10], AwAS-II [24], BVAS [40], VSA-C  
[2], VSA-HD [1], with original and optimal designs. 
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The energy efficiency of each actuator is in fact, the maximum 
energy storage capacity of the actuator over the maximum elastic 
energy of its link, according to Eq. 3. The energy efficiency for all five 
actuators shows improvement as following: FSA by 154%, AwAS-II by 
136%, BVAS by 160%, VSA-C by 212% and VSA-HD by 354%. 

5. Conclusion 

This paper presents an interval-based optimization framework to 
maximize the energy efficiency of variable stiffness actuators, which 
is defined as the maximum energy that can be stored inside elastic 
elements of an actuator over the maximum elastic energy that is 
available to the output link. Maximizing energy efficiency of a vari
able stiffness actuator is an important aspects of the design as this 
type of actuator has the capability of storing and releasing energy 
which can help to minimize energy consumption while performing 
periodic motion [60,61]. Different design parameters are involved in 
such optimization including continuous, integer and even catego
rical variables. The proposed algorithm can deal with mixed-integer 
variables with a technique to convert categorical variables into in
teger ones. Five different variable stiffness actuators have been taken 
into account, each represents a class of stiffness adjustment me
chanisms, namely: simple antagonistic- cross-coupling, bidirec
tional, pre-tension based series and lever based series classes. 

The results of the optimization framework showed improve
ments in energy efficiency of all five representative actuators, as 
high as 354%. Such huge improvements implies the need to opti
mally designing variable stiffness actuators for specific applications 
in order to maximize their fusion into the real industrial markets. 

Future work aims to consider another cost functions such as 
robustness or output performance depending on the requirement of 
different applications, in terms of, for example, link trajectories or 
torque/stiffness profiles. 
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