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Abstract

The testing and study of emerging materials—such as additively manufactured

materials—demands for specimen designs that are cost effective and time

saving. The design of a small-sized bending-fatigue test specimen for an

ultrasonic fatigue testing system is reported in this paper. The design is opti-

mized based on the finite element analysis and analytical-solution results to

achieve the proper vibration shape and stress distribution. The proposed

design is evaluated in the high- and very-high-cycle fatigue regimes under

20-kHz frequency. Both simulation and testing results confirm that the

desirable vibration mode occurs and the specimen fails at the designated test

(gauge) section, where the maximum stress exists. The stress–life (S–N) curve
is obtained for Inconel alloy 718 and indicates an expected trend.
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1 | INTRODUCTION

Fatigue testing at high- and very-high-cycle life regimes
is time consuming and costly. However, it is crucial for
many engineering applications, in particular for automo-
tive, aerospace, and railway applications.1–4 To perform
high-cycle fatigue (HCF) experiments, ultrasonic fatigue
testers overcome the time- and cost-related limitations
associated with traditional fatigue testing machines, such
as mechanical driven machines (eccentric crank, power
screws, and rotating), electromechanical or magnetically
driven machines, or hydraulic/electrohydraulic driven
machines.5 Using an ultrasonic fatigue tester operating at
20-kHz frequency, 10 billion fatigue life cycles in the
very-high-cycle regime can be achieved in less than
6 days. Ultrasonic fatigue testers are used for HCF/very-
high-cycle fatigue regimes (VHCF), as a rapid testing
method. Nonetheless, high-frequency testing apparatus
have stringent requirements for their specimen design,

including shape, size, surface finish, and geometrical
tolerance.

Ultrasonic fatigue testing systems were employed for
studying the fatigue behavior of materials in different
fatigue testing types since they first constructed in
1950.6,7 Although torsional8 and three-point bending
multiaxial9 ultrasonic fatigue tests were later developed,
high-frequency uniaxial tension–compression fatigue
testing studies are more studied in the literature.10–12

Ultrasonic fatigue tests are generally carried out on
specimens of sufficient length to resonate in ultrasonic
frequency. Methods for the ultrasonic fatigue testing of
various designs such as cruciform specimen13—biaxial—
and even thin sheets have also been developed.7 In
addition to fatigue tests in the ambient temperature,
ultrasonic fatigue equipment also developed and used for
tests in high14 and cryogenic15 temperatures. In addition,
fretting fatigue property of different materials is also
studied using ultrasonic testing systems.16
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A wealth of studies is dedicated to characterizing the
behavior of materials made with different methods by
exposing them to static and cyclic loads under different
environmental conditions.4,17–24 In recent years, the
mechanical performance of additively manufactured
(AM) materials has caught the attention of research com-
munities due to their extensive applications.25–29 Despite
the conducted research up to this point, many aspects of
the AM materials are still less explored. For example,
given the high level of flaws observed in AM parts' micro-
structures, it is important to distinctly study their
performance under different load types. Developing new
AM alloys, investigating proper AM design, and studying
the effects of AM build parameters on the mechanical
performance require fabrication of various types and
number of AM test specimens. In particular, to assess the
effect of such parameters on material's mechanical
performance under cyclic loading (aka fatigue),30–34 a
large number of test specimens are required.

Utilizing subsized specimens for the fatigue-
related studies has been repeatedly reported in the
literature.35–37 Small-sized specimens are commonly
introduced and used when limited amount of testing
material is available, for the determination of fatigue
properties for nanostructured materials, assessment
of dilatometric samples used for thermal and
thermomechanical treatment development, local proper-
ties of weld joints, and so on.38 In addition, a wide variety
of metallic mechanical parts and components are in the
form of sheets—such as metal bellows and belts—where
the thin sheet fatigue properties need to be studied.39

Utilizing subsized samples also enables the study of
residual service life assessment of in-service components
and local properties determination for anisotropic proper-
ties assessment.37 The primary motivation behind this
study is its potential advantage for AM material testing.
The scientific barrier to accomplish the rapid qualifica-
tion of metallic AM parts is the lack of high-fidelity
processing strategy–structure–performance (PSP) rela-
tionships. Laser-based AM is a process far from equilib-
rium, resulting in a wide spectrum of kinetically
stabilized microstructures and pores/cracks that span
multiple length scales. To address these challenges, a
thorough understanding of complex microstructure
(including pores and cracks) formation/evolution during
the fabrication process and under mechanical loading is
needed to increase the confidence in tailoring the AM
processing strategies to achieve the desired performance
of parts.

The authors plan to link complex AM processing
strategies to mechanical and functional performance by
establishing correlations among processing strategy,
microstructure (including pores/cracks), and mechanical

performance on mesoscale building strategy sets. The
mesoscale building strategy sets are defined as a collec-
tion of localized laser scan strategies (variations among
adjacent tracks and among adjacent layers), machine
processing parameters (such as the ventilation flow speed
and direction), thermal history, and local powder/
substrate characteristics that will result in definitive
microstructures (including pores/cracks) and mechanical
performance in a quantifiable small volume (the discrete
building volume). Specimens with very small gauge vol-
ume for fatigue assessment (this study) could be used to
establish the detailed PSP relationships for discrete build-
ing volumes of AM parts. This study is the first step
towards this big goal. The small sheet specimens are not
necessarily be AM made directly. The authors have suc-
cessfully machined small sheet specimens out of AM
blocks using wire electrical discharge machining (EDM).
Of course, the location of the specimens in the original
AM block should be known, together with the related
local AM processing parameters. This would enable the
establishment of detailed PSP relationships for AM
building strategy sets in the future. For small samples,
the 3D microstructure information can be obtained from
nondestructive evaluation (NDE) methods such as X-ray
computed tomography (CT) scans.40 Modern X-ray CT
can detect micron-sized defects in metallic samples with
a cross-section of a few millimeter range.41 Knowing
such micron-sized defects in AM parts can significantly
improve the understanding to the fatigue life
performance.

During a fatigue test, a crack first incubates in the
specimen—the crack initiation phase—and then propa-
gates to a critical length at failure—the crack propagation
phases. Structural defects play a major role in the crack
initiation phase.42–45 From this standpoint, clearly quan-
tified defect information regarding the fatigue samples is
extremely beneficial for fatigue studies. As mentioned
previously, in order to achieve the defect detection reso-
lution in the order of a micron by X-ray CT, the metallic
sample size is limited to a few millimeters. Considering
that fatigue tests have to be repeated multiple times
to achieve statistically meaningful results, preparing
multiple conventional samples for testing is a costly and
time-consuming process.46 In contrast, small-sized test
specimens are beneficial from the affordability point of
view as they make the study of a wider processing
window more affordable and thus facilitate the produc-
tion of more quantifiable specimens under a variety of
processing conditions.

The above-mentioned points motivated this study and
led to the design of a small-sized test specimen for high-
frequency bending-fatigue testing. Although large num-
ber of studies on uniaxial tension–compression fatigue of
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AM specimens are available in literature,15,47–49 the
bending-fatigue testing of AM materials with small-sized
specimens particularly with provisions for high-
frequency testing is studied less. Therefore, in this study,
the design for a small-sized bending-fatigue test specimen
is discussed as well as the test setup using an ultrasonic
fatigue testing system. Using finite element and theoreti-
cal solutions, the vibration response of the designed spec-
imen (including natural frequencies, mode shapes, and
stress/strain distribution) and its fatigue performance are
investigated. In order to evaluate the proposed specimen
design, Inconel alloy 718 test specimens are fabricated
conventionally, and the stress–life curve is obtained using
the ultrasonic bending-fatigue test setup.

2 | SMALL-SIZED SPECIMEN
DESIGN FOR HIGH-FREQUENCY
BENDING-FATIGUE TESTING

2.1 | The existing fatigue testing system

A SHIMADZU USF-2000A ultrasonic fatigue testing sys-
tem is used in this study. The USF-2000A system is origi-
nally designed to generate tension–compression stress in
a tapered/straight rod-shaped testing specimen by

resonating the sample with 20-kHz longitudinal wave
oscillation. The ultrasonic resonance system includes a
power supply, an ultrasonic oscillator, a booster, and a
horn (see Figure 1). An electric signal with defined
amplitude and frequency is generated in the power sup-
ply. Then, a piezoelectric actuator/transducer element is
employed to transform the electrical signal to acoustic
wave (displacement). A booster and an acoustic horn are
installed in between the specimen and the converter to
adjust/amplify the input wave to the desired load/
displacement at the specimen gauge section. Because the
booster and the horn operate and resonate at 20 kHz, the
test specimen must be designed to experience the
desirable vibration mode at the frequency of 20 kHz for
performing constant stress/strain cyclic tests.

The operation principle of the fatigue testing system
is shown in Figure 1. During oscillations, the top and bot-
tom displacements of the specimen are equal, and the
specimen's center remains at the same height. Based on
the material properties and the amplitude of the vibration
(A0), the maximum stress applied at the center of the
specimen can be calculated. Figure 2 shows the shape of
stainless steel tapered/straight rod-shaped test specimens
for tension–compression fatigue testing. Although the
specimen dimensions may change for different metals,
the shape of the design stays the same.

FIGURE 1 The operation principle of the high-frequency fatigue system in use [Colour figure can be viewed at wileyonlinelibrary.com]
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To obtain the longitudinal movement of the speci-
men, a high-speed eddy-current sensor is employed, as
seen in Figure 2. Because the ultrasonic fatigue tests are
performed within the elastic limit of the specimen, the
stress value of the specimen can be calculated based on
the displacement amplitude. Additionally, because the
temperature of the specimen increases during the fatigue
test due to the high frequency of testing, a cooling system
with a compressed air jet is used to keep the temperature
of the specimen below 30�C (considering a room
temperature of around 25�C). The general setup for the
ultrasonic tension–compression fatigue tests includes the
test specimen, an eddy-current sensor for displacement
measurement, and a cooling system for specimen temper-
ature control make up (Figure 2).

2.2 | Bending-fatigue testing
arrangement for small-sized specimen

As explained in Section 2.1, the USF-2000A ultrasonic
fatigue testing system is designed to apply tension–
compression loads on the straight/tapered rod-shaped
test specimens. In general, the specimens for ultrasonic
fatigue testers are smaller in size relative to the
conventional fatigue specimens. Nonetheless, when
using additive manufacturing to fabricate the samples,
further reducing the size can be more beneficial and

facilitating from a manufacturing standpoint. In order to
test small AM samples, a thin-plate small-sized specimen
is proposed to fit into the system for bending-fatigue
tests (Figure 3). The small-sized bending specimen is
nestled between a straight rod-shaped tension–
compression specimen and the horn. To keep enough
distance between the upper face of the specimen and the
lower face of the horn's tip, a spacer washer is also
placed on top of the bending specimen. The rod speci-
men is fixed into the horn using the specimen fixer
shown in Figure 3. An eddy-current sensor (see Figures 2
and 3) is also used in the bending-fatigue setup to
measure the applied amplitude/displacement at the free
end of the straight rod (as introduced in Section 2.1). It
is worth noting that the straight rod in Figure 3 serves
both as a specimen holder when conducting the
bending-fatigue tests in this study and also reading the
applied displacement by the fatigue tester. It goes with-
out saying that this measured amplitude is equal to the
displacement amplitude at the fixed end of the bending-
fatigue specimen (A0).

2.3 | Bending-fatigue specimen design
approach and preparation

Important considerations around the proper design of a
small-sized bending-fatigue specimen include the natural

FIGURE 2 SHIMADZU USF-2000A tester is designed for high-frequency tension/compression fatigue testing; (A) straight rod-shaped

specimen, (B) tapered rod-shaped specimen (sizes are for stainless steel material), and (C) testing arrangement [Colour figure can be viewed

at wileyonlinelibrary.com]
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frequency, the vibration shape of the specimen, and the
induced stress distribution. For the testing system to
resonate at 20-kHz frequency, the natural frequency of
the entire system (including the horn, the straight rod,
and the new bending-fatigue specimen) should be kept
within an acceptable frequency range. Also, the induced
stress distribution within the small-sized specimen must
be suitable for bending-fatigue testing. In addition, the
designed specimen should have a geometry allowing it to
fit into the device easily. Accordingly, the specimen's
vibration shape and bending mode, as well as the
stress distribution along its length, are investigated.
Section 2.3.1 describes the design approach leading to an
optimized design, after a brief discussion regarding the
baseline design.

2.3.1 | Baseline shape of small-sized
bending-fatigue specimen

The baseline design mentioned in this study has a
rectangular shape in the gauge section (Figure 4) and is
used in a technical report from SHIMADZU,50 where
SHIMADZU implemented a high-speed video camera to
observe the movement of a metal plate vibrating at
20 kHz. This SHIMADZU report confirms that the
addition of the small-sized bending-fatigue specimen—
with a small mass—does not affect the overall system
resonance frequency and the ultrasonic fatigue testing

system could still operate properly. In the current study,
the same baseline design of bending-fatigue specimen
was cyclically loaded via the SHIMADZU ultrasonic
fatigue tester in the HCF and VHCF regimes.

To fabricate the bending-fatigue test specimens, wire
EDM is used. First, the baseline design specimens are
fabricated and prepared; then, the high-frequency
bending-fatigue test is performed. Throughout the
experiments, it is unanimously seen that the specimens
with the baseline design break from the root region
(Figure 4). The stress concentration at the root of these
test specimens causes cracks to emerge there and fail-
ure occurs from those points. Because the distribution
and nature of the stresses in this region are complex,
this area cannot be used as a the gauge section to study
fatigue behavior. Therefore, it can be concluded that
the baseline specimen design is not the best choice for
bending-fatigue tests. The optimized design—the main
outcome of this study—is discussed in the next
section and is shown in Figure 5.

2.3.2 | Optimized shape of small-sized
bending-fatigue specimen

The optimized shape for small-sized bending-fatigue test
specimen (Figure 5) is designed to avoid stress concentra-
tion and the subsequent premature failure of the
specimens. For this purpose, the gauge section is

FIGURE 3 Bending-fatigue testing setup using SHIMADZU USF-2000 ultrasonic tester [Colour figure can be viewed at

wileyonlinelibrary.com]
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designed to stay away from the root. The natural
frequency of the geometry is investigated, as well as the
shape of the bending mode and the stress/strain

distribution. The analyses in Sections 3 and 4 show that
the design (shown in Figure 5) can be viably used for
high-frequency bending-fatigue testing.

FIGURE 4 (A) Baseline design of bending-fatigue testing specimen and (B) crack initiation location on the baseline specimen, starting

from the stress-concentrated corners leading to early crack growth [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 5 Optimized design of high-frequency bending-fatigue testing specimen (sizes are for Inconel alloy 718 material) [Colour

figure can be viewed at wileyonlinelibrary.com]
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2.4 | Experimental methodology

2.4.1 | Material for validation testing

Inconel alloy 718 sheet metal is used in this study to
validate the design. Inconel alloy 718 benefits from good
mechanical strength and the ability to undertake
moderate-to-high levels of deformation, that is, 50% elon-
gation at break. Table 1 shows the chemical compositions
of Inconel alloy 718, and Table 2 indicates its mechanical
properties. The finite element analysis (FEA) simulations
and the theoretical analysis (Sections 3–5) are based on
these Inconel alloy 718 material properties.

2.4.2 | Specimen polishing process

In order to obtain fatigue test specimens with smooth
and mirror-finished surface, they were polished using a
single-wheel metallographic manual polisher (with vari-
ous grades of sandpaper) and a vibratory polisher. Addi-
tionally, before and after polishing, the thicknesses of the
specimens' gauge section were measured with a microm-
eter in various spots to ensure consistent thickness across
the specimen (see Figure 5). The specimens are glued to
the polishing face of the specimen holder after they were
cleaned (see Figure 6). Finally, the polished specimens
were inspected using scanning electron microscopy
(SEM) for signs of surface roughness in order to assess
the polishing quality.

The specimens are polished in three steps. First, a
single-wheel metallographic manual polisher is used to
manually polish the specimens. In this step, adhesive-
back metallographic silicon carbide polishing pads with
grits of 800, 1000, and 1200 were used. A single-wheel
metallographic manual polisher with 6, 3, and 1 micron
metallographic polycrystalline diamond abrasives and
magnetic polishing pads was used for the second step of
polishing. When using manual polishers in the first and
the second steps, the specimens were polished along their
longitudinal axis to achieve better quality. The final step
was accomplished via a vibratory polisher and proper

metallographic final polishing abrasive. The specimens
were polished for 24 h at the proper frequency in the
vibratory polisher. After vibratory polishing, the speci-
men was separated from the holder, and the polishing
process was repeated on the opposite side of the test spec-
imen. At this point, the polished specimens' thickness
was measured, and the polishing quality of specimens
was examined using SEM. Following the explained
polishing procedures, a 5% reduction in thickness was
observed, which is included in the calculations.

2.4.3 | Experimental vibration shape
measurement

To measure the displacements of the gauge section of the
small-sized test specimen under vibration, a KEYENCE
LK-G5000 high-speed laser displacement sensor with a
maximum sampling frequency of 500 kHz is employed. For
each specified location along the specimen's gauge
section (Figure 7), displacement readings were recorded at
2-μs intervals. The displacements along the specimen are
measured to confirm the vibration mode/shape. The mark-
ings on the test specimen and the arrangements used to
study the shape of the specimen while vibrating at 20 kHz
are shown in Figure 7. The acquired data for the ampli-
tudes of oscillation are extracted and discussed in Section 4.

3 | ANALYTICAL AND
NUMERICAL STUDY OF THE
VIBRATION SHAPE

In order to optimize the specimen shape, analytical solu-
tion and FEA are performed. FEA is also used to assess
the stress level across the gauge section of the specimens.

3.1 | Analytical

The vibration response of the bending-fatigue test
specimen is modeled and solved as a cantilevered beam

TABLE 1 Composition (wt%) for Inconel 718

C Mn Fe S Si Cu Ni Cr Al Ti Co Mo Ta B Nb P

0.03 0.07 18.36 0.001 0.06 0.04 53.45 18.30 0.52 0.94 0.10 2.98 0.01 0.003 5.07 0.011

TABLE 2 Mechanical properties of the tested Inconel 718 in this study

Density (kg/m3) Tensile yield strength (MPa) Tensile ultimate strength (MPa) Modulus of elasticity (MPa)

8195 490 910 2:08�105
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FIGURE 6 Polishing of the specimens via the metallographic polisher; (A) specimen holder configuration for polishing and (B) the

scanning electron microscopy (SEM) image from the polished specimen showing a smooth surface [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 7 The marked specimen for vibrational mode study [Colour figure can be viewed at wileyonlinelibrary.com]
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with a frequency of 20 kHz and an amplitude of A0 at the
base (fixed end). Because the maximum amplitude of the
specimen's tip (Max≈ 70 μm) is less than the thickness of
the specimen (≈500 μm) and the specimen's length
exceeds 10 times its thickness, the governing equation
are eligible for small deflection assumption.
Euler–Bernoulli beam theory is implemented in the

MATLAB programming environment to study the deflec-
tions and forced vibration characteristics of the specified
beam.51,52 Figure 8A displays a cantilever beam with the
supports and applied loads, as well as the internal forces
acting on a portion of the beam. f x, tð Þ is the applied
distributed force on the beam per unit length which is a
function of location and time. M and V represent internal

FIGURE 8 (A) Schematic presentation of a cantilever beam, supports, applied loads, and internal force. (B) Equivalent beam model.

(C) Boundary conditions applied in the theoretical solution [Colour figure can be viewed at wileyonlinelibrary.com]
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moment and shear force, respectively. The change in
the internal moment and shear force is denoted by dM
and dV .

Using the Newton's second law, the inertia force is
calculated for a horizontal beam element with the length
of dx (beam axis is in x direction), cross-section area of
A xð Þ, and deflection in y direction, w x, tð Þ. By including
the inertial force, the equilibrium of the forces in y
direction and the moment equilibrium about z axis is
considered as below:

� V þdVð Þþ f x, tð ÞdxþV ¼ ρA xð Þdx ∂
2w x, tð Þ
∂t2

, ð1Þ

MþdMð Þ� V þdVð Þdxþ f x, tð Þdxdx
2
�M¼ 0, ð2Þ

where ρ is the density of the beam material, t is time, and
the term ∂2w x, tð Þ

∂t2 represents the acceleration of the body in
y direction. By replacing dV ¼ ∂V

∂x dx and dM¼ ∂M
∂x dx

(ignoring dx�dx terms), one can arrive at the
Equations 3 and 4.

� ∂V x, tð Þ
∂x

þ f x, tð Þ¼ ρA xð Þ ∂
2w x, tð Þ
∂t2

, ð3Þ

∂M x, tð Þ
∂x

�V x, tð Þ¼ 0: ð4Þ

By incorporating Equation 4 into the beam bending
theory, the bending moment can be written as
M x, tð Þ¼EI xð Þ ∂2w x, tð Þ

∂x2 . This equation explains the rela-
tionship between the bending moment and beam deflec-
tion in which EI xð Þ represents the flexural rigidity. E is
the modulus of elasticity and I xð Þ is the second moment
of inertia of the beam's cross-section area. I xð Þ is calcu-
lated with respect to the z axis crossing in the centroid of
the cross-section area of A xð Þ. The cross-section area is
considered to vary in the x direction; thus, A xð Þ and I xð Þ
are functions of location. Accordingly, for a beam with
uniform section profile in length I xð Þ¼ I and A xð Þ¼A.
Equation 3 is substituted for M and V to obtain the
following equation for the forced transverse vibration of
a beam (or dynamic beam equation).

∂2

∂x2
EI xð Þ ∂

2w x, tð Þ
∂x2

� �
þρA xð Þ ∂

2w x, tð Þ
∂t2

¼ f x, tð Þ: ð5Þ

The above is the equation for dynamic
Euler–Bernoulli beam or the Euler–Lagrange equation
for a beam with variable cross-section in length (x direc-
tion) and the applied external distributed force of f x, tð Þ

in length of the beam.51,52 The term c xð Þ ∂w x, tð Þ
∂t may be

added to the left side of the Equation 5 in order to con-
sider the damping coefficient of c xð Þ over the length of
the beam.51

For a homogeneous beam with uniform cross-section
area along the length—where E, I, and A are not
dependent on x—the dynamic Euler–Bernoulli turns to
the following equation.

EI
∂4w x, tð Þ

∂x4
þρA

∂2w x, tð Þ
∂t2

¼ f x, tð Þ: ð6Þ

Equation 6 is a fourth-order partial differential equa-
tion (PDE) which describe the relationship between the
applied vertical time-varying distributed load (represen-
ted by f x, tð Þ) and the beam's transverse displacement
(represented by w x, tð Þ). In absence of the external forces,
f x, tð Þ is equal to zero.

3.1.1 | Analytical: Equivalent beam model

As mentioned earlier, the baseline design fails near
the root due to stress concentrations (Figure 4). The
optimized design (Figure 5) has a smooth, rounded edge
bevel near the root regions, in comparison with the
baseline design. In order to solve Equation 6 analytically,
the chamfered design is represented by a simple
continuous cantilever beam with a step in the middle
(cantilever beam with two prismatic parts). Equivalent
area approach is used for the geometry simplification
(Figure 8B).

In this study, the clamped end of the cantilever beam
in Figure 8 is subjected to a vertical reciprocating dis-
placement with an amplitude equal to A0. Because the
amplitude of the lower end of the horn is sinusoidal, the
boundary condition for the clamped end is described by a
displacement equal to w x¼ 0, tð Þ¼A0sinωt. In this equa-
tion, t represents time, and ω is the angular frequency
(ω¼ 2π

T ¼ 2πf , where f represents the test frequency of
20 kHz and T refers to the period). Also, because the

slope is zero at the clamped end, then ∂w
∂x ¼ 0. In addition,

the bending moment and shear force are both zero at the

free end of the modeled beam so ∂2W
∂x2 ¼ 0 and

∂
∂x EI xð Þ ∂2W∂x2
� �

¼ 0 (the applied boundary conditions are

shown in Figure 8C).

Each part of the beam at Figure 8C has a uniform
cross-section throughout its length; thus, I xð Þ¼ I and
A xð Þ¼A. Because there are no external forces during the
fatigue test, f x, tð Þ is equal to zero. As a result, Equation 6
takes the form shown below, where c¼

ffiffiffiffi
EI
ρA

q
.

10 GHADIMI ET AL.



c2
∂4w x, tð Þ

∂x4
þσ2w x, tð Þ

σt2
¼ 0: ð7Þ

For solving the above equation, one can assume
w x, tð Þ¼W xð ÞT tð Þ based on the separation of variables.
When the proposed form of the solution in Equation 7 is
replaced and rearranged, the equation below is formed.

c2

W xð Þ
d4W xð Þ
dx4

¼� 1
T tð Þ

d2T tð Þ
dt2

¼ω2, ð8Þ

where ω2 is a positive constant and ω represent the angu-
lar velocity. Separate form of the Equation 8 adds two fol-
lowing equations, where β4 ¼ ω2

c2 ¼ ρAω2

EI .

d4W xð Þ
dx4

�β4W xð Þ¼ 0, ð9Þ

d2T tð Þ
dt2

þω2T tð Þ¼ 0: ð10Þ

The solution for Equation 9 is proposed as
W xð Þ¼Cesx , where C is a constant. By substituting this
solution in Equation 9, one arrives at s4�β4 ¼ 0.
Because the roots of s for the latter equation are s1,2 ¼� β
and s3,4 ¼� iβ, the final solution form for Equation 9 can
be written as in Equation 11, where C1 to C4 are con-
stants obtained from the boundary condition. Moreover,
the final form of the solution to Equation 10 is
Equation 12.

W xð Þ¼C1cos βxþC2sin βxþC3cosh βxþC4sinh βx, ð11Þ

T tð Þ¼Acos ωtþBsin ωt: ð12Þ

For the equivalent beam model, in order to take into
account the impact of the sudden shift in cross-section,
two separate coordinate systems x1 and x2, as shown in
Figure 8C, are considered. Here, x1 is 0≤ x ≤L1, and x2 is
as L2 ≤ x ≤L,x2 at x¼ L1ð Þ¼ 0,x2 at x¼Lð Þ¼ L2. Also, as
β4 ¼ ω2

c2 ¼ ρAω2

EI , for each part of the cantilever beam a sepa-
rate β is described as below:

Consequently, after solving Equation 11, separate
equations for each of the two beam sections are derived
as follows:

W 1 x1ð Þ¼C11cos β1x1þC21sin β1x1þC31cosh β1x1
þC41sinh β1x1, ð13Þ

W 2 x2ð Þ¼C12cos β2x2þC22sin β2x2þC32cosh β2x2
þC42sinh β2x2, ð14Þ

In Equations 13 and 14, constants C11,C21,C31,
C41,C12,C22,C32, and C42 are calculated by solving
the equations considering four boundary conditions at
the fix and free ends and four continuity conditions of
cross-section change point at x¼ x1 ¼L1 or x2 ¼ 0. At
the point of discontinuity, vertical displacements/
deflections, slope of the beam, internal bending
moments, and internal shear forces of the beam in Parts
1 and 2 are equal. W 1 x1ð Þ and W2 x2ð Þ functions are
generated by solving boundary and continuity equations
and calculating the constants. The following are the
continuity conditions:

W 1 x1 ¼ L1ð Þ¼W 2 x2 ¼ 0ð Þ, ð15Þ

∂W 1 x1 ¼L1ð Þ
∂x1

¼ ∂W 2 x2 ¼ 0ð Þ
∂x2

, ð16Þ

EI1
∂2W 1 x1 ¼L1ð Þ

∂x21
¼EI2

∂2W 2 x2 ¼ 0ð Þ
∂x22

, ð17Þ

∂

∂x
EI1

∂2W 1 x1 ¼ L1ð Þ
∂x21

� �
¼ ∂

∂x
EI2

∂2W 2 x2 ¼ 0ð Þ
∂x22

� �
: ð18Þ

Accordingly, the equivalent matrix form of the eight
equations mentioned above is given below:

1 � � � 0

..

. . .
. ..

.

B1β
3
1sinβ1L1 � � � �B2β

3
2

2
64

3
75�

C11

..

.

C42

2
664

3
775¼

A0

..

.

0

2
664

3
775: ð19Þ

For Part 1 ð0≤ x ≤L1Þ β¼ β1,I¼ I1,A¼A1,width¼B1,and β1
4 ¼ω2

c21
¼ ρA1ω2

EI1
:

For Part 1 ðL1 ≤ x ≤L2Þ β¼ β2, I¼ I2,A¼A2,width¼B2,and β2
4 ¼ω2

c22
¼ ρA2ω2

EI2
:
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After solving the above-mentioned equations
obtaining W 1 x1ð Þ and W 2 x2ð Þ functions, T tð Þ also should
be solved in order to find the final answer for w x, tð Þ¼
W xð ÞT tð Þ equation. The oscillations begin at time t¼ 0,
when the displacements, and thus, the vertical deflec-
tions are zero (Figure 1). So, when solving Equation 12,
the A constant is zero. In addition, at time when ωt¼ π

2,
the amplitude reaches its maximum value of A0; there-
fore, B¼ 1. Consequently, the solution for Equation 12 is
T tð Þ¼ sinωt and w x, tð Þ¼W xð ÞT tð Þ is explained.

3.1.2 | Analytical: Natural frequencies

The natural frequencies of an undamped system (for
the equivalent beam model presented in Figure 8B)
with no external forces (and with A0 ¼ 0) can be
determined by solving the related eigenvalue problem,
which yields an equation identical to Equation 19
when the right side of this equation is set to be zero. The
trivial solution to the eigenvalue equation is
C11,C21,C31,C41,C12,C22,C32, and C42 ¼ 0. The nontrivial
solution is obtained by setting the determinant of the
coefficient matrix to zero which yields the following
equation. For each natural frequency, the following equa-
tion produces ωn values, where n is the natural mode
number and ω is the angular velocity.

1 � � � 0

..

. . .
. ..

.

B1β
3
1sinβ1L1 � � � �B2β

3
2

�������

�������
¼ 0: ð20Þ

3.1.3 | Test specimen design criterion No. 1

Analytical solution for vibration response of the test spec-
imen provides a deep knowledge for the specimen design.
A computer program is written using MATLAB to solve
the analytical equations listed in Section 3.1 for the
equivalent beam model (Figure 8B). The material proper-
ties (such as density and Young's modulus) can be found
in Table 2. To show the vibration response of the equiva-
lent beam and investigate the effect of the excitation fre-
quency on the transverse deflections of the specimen, the
vertical displacement amplitudes of the free-end point of
the equivalent beam (x¼L¼L1þL2 or x2 ¼L2) are calcu-
lated by determining W 2 x2 ¼L2ð Þ under different excita-
tion frequencies (frequency range from 0 to 35 kHz)—see
Figure 9A. The first, second, and the third natural fre-
quencies can be found in Figure 9A. As expected, due to
the resonance, the vertical deflection (vibration)

amplitude of the target point (x2 ¼ L2) increases in fre-
quencies close to the resonance natural frequencies of
the beam. In addition, Figure 9B–D depicts the bending
mode shape for the modeled equivalent beam at resonant
natural frequencies (at times when ωt¼ π

2).
As the vertical displacement of points along a

beam is proportional to the induced stress, the
excessive displacement/stress distribution near the
resonant frequency would hamper the bending-fatigue
test. Therefore, test specimen design criterion No. 1: the
natural frequencies of the bending-fatigue specimen
should be different from the excitation frequency or the
natural frequency of the elements in between the speci-
men and the power supply source, i.e. 20 kHz.

3.1.4 | Test specimen design criterion No. 2

As mentioned in Section 3.1, the internal bending
moment can be calculated using Mz x, tð Þ¼EI xð Þ ∂2w x, tð Þ

∂x2

for any point along the beam. Furthermore, the
maximum normal stress in x direction can be obtained
using σMax ¼ cMz

I (where c is the maximum vertical
distance—in y direction—away from the neutral axis
of the beam and is equal to half of the beam's
thickness). Based on the above explanations and the
formulation provided in Section 3.1, the internal bending
moment distribution and the normal stress distribution
throughout the length of the beam (specimen) are
obtained.

When a beam vibrates in its first and third bending
modes, the maximum internal bending moment and,
consequently, the maximum normal stress occur in a
location close to the fixed end of the beam. Figure 10D,
E shows the internal bending moment distribution
along the beam's length while the beam vibrates below
the first mode and above the third bending mode. The
optimized test specimen is designed for the second
bending mode with the 20-kHz excitation force in
between the second and the third natural frequencies
(Figure 9A). As a result, in f = 20 kHz, the vibration
(deflections) amplitude of the specimen is not affected
by the resonance phenomenon and the deflection
amplitudes/corresponding stresses remain within
acceptable range for fatigue studies (design criterion
No. 1). For the optimized specimen design, design crite-
rion No. 2 is applied and the internal bending moment
distribution graph is shown in Figure 10C. The maxi-
mum internal bending moment and deflection
(Max: jW �A0 j) occur in the same position on the beam,
which are away from the root and correspond to the
location of the maximum normal stress. Changing the
amplitudes of the excitation vibration (A0), fixed at
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20 kHz, produces the same vibration shapes with
different vertical displacements (W values) for the speci-
men. Hence, different maximal stress values can be gen-
erated at the gauge section by altering the amplitude of
the excitation force. As a result, various stress levels of
bending-fatigue tests can be studied via this setup.

For the small-sized bending-fatigue specimen follow-
ing the two design criteria, Figure 10A illustrates the
specimen shape at times when ωt¼ π

2 and ωt¼ 3π
2 for a

particular case where the horn's tip displacement is
20 μm (A0= 20 μm). Also, Figure 10B demonstrates the
change in the profile of the test specimen between times
t¼ 0 and t¼ T

4 (where T is period of cycles) at four divi-
sions. As it can be seen, the position with the maximum
displacement (location of Max: jW �A0 j), with respect to
the unchanged shape of the specimen (shape of the test

specimen in time t¼ 0) in a specific vertical displacement
is always in the gauge section of the specimen where the
distance from the clamped end is ≈9.5mm (also see
Figure 5).

3.2 | Finite element analysis

Finite element method is commonly used for analyzing
the load and strain distribution in a proposed design
under operational conditions.53–55 In order to find the
optimal design, studying the natural frequency of
bending-fatigue/straight rod specimens and the stress
distribution under different modes of vibration is
required. To this end, ANSYS Workbench software
package is used for FEA simulations. The final output of

FIGURE 9 (A) The deflection amplitudes of the free-end point of the simplified equivalent beam (x2 ¼L2) under different excitation

frequencies. (B) First, (C) second, and (D) third bending mode shape via the analytical model (the finite element results are used for the

purpose of illustrating the deflection modes) [Colour figure can be viewed at wileyonlinelibrary.com]
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the applied acoustic wave by the fatigue tester is in
the form of forced vibrating displacement at 20-kHz
frequency. Hence, different oscillatory displacement

amplitudes (as measured by the eddy-current sensor)
ranging from 10 to 50 μm are applied to the ring-like end
of the models.

FIGURE 10 Analytical solution showing (A) the shape of the beam at ωt¼ π
2 and

3π
2 ; (B) the shape of the beam in a cycle from time t¼ 0

to t¼ T
4 for A0= 20 μm, f= 20 kHz; and (C–E) the internal bending moment distribution under three different excitation frequencies

(20, 1, and 32) and A0= 20 μm [Colour figure can be viewed at wileyonlinelibrary.com]
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The geometry of the proposed specimens is drawn in
the ANSYS Design Modeler environment and meshed
with the 8-node quadratic SOLID185 ANSYS elements. A
mesh analysis is performed to ensure mesh independence.
It is found that a total of 29,000 elements/137,593 nodes
are adequate. During the simulations, a modal analysis is
first performed to verify the mode shapes at different
natural frequencies. Subsequently, a harmonic analysis is

performed to obtain the stress/strain distribution at given
cyclic displacement amplitudes and 20-kHz frequency.

4 | RESULTS AND DISCUSSION

Prior to conducting the tests, the results of the FEA
simulations and the theoretical solution were employed

FIGURE 11 (A) The mode shape and the location of the only peak in this vibration mode (at 20 kHz) obtained via finite element modal

analysis. (B) Finite element analysis (FEA) simulation result for the equivalent stress distribution across the specimen. The values shown in

the legend are in MPa and (C) FEA simulation result for strain distribution (in y direction) through the specimen under 48.9 μm
displacement amplitude (A0 = 48.9 μm) and 20-kHz frequency [Colour figure can be viewed at wileyonlinelibrary.com]
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to ensure that the proposed design behaves in a desir-
able manner. The natural frequencies, bending modes,
vibration shapes, deflections, and stress distribution
along the designed fatigue test specimens were reliably

determined and studied using numerical FEA as
described in Section 3.2. Additionally, the theoretical
solution put forward in Section 3.1 was employed to
rapidly explore the designed specimen's vibrational

FIGURE 12 (A) Comparing the results for the deflected shape of the beam/specimen form the theoretical solution and the finite

element analysis (FEA) simulation for at ωt¼ π
2, f= 20 kHz, and A0= 20 μm; (B) defined path in FEA model; (C) maximum deflection/stress

region in FEA simulation; and (D) displacement across the gauge section of the optimized designed specimen via laser displacement

measurements and FEA simulation [Colour figure can be viewed at wileyonlinelibrary.com]
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response and to obtain a better understanding of the
bending modes and the effects of frequency/base
amplitude on the vibration shape of the specimen. The
theoretical solution with the simplified geometry based
on the beam theory also served to compare against the
results of the FEA simulations where the complete
model form was used. The results with the two
methods are consistent.

Multiple configurations were modeled, simulated
numerically, built, and tested. The vibration shape and
failure behavior of these configurations were studied to
achieve an optimal design for the specimen. In
Section 2.3, two of the examined designs were intro-
duced. To evaluate and compare the performance of the
two designs, the bending-fatigue test was conducted with
both of the baseline (Figure 4) and optimized (Figure 5)

designs. Because of the high-stress concentration in the
base corners, the baseline specimens unanimously broke
from this area in all the experiments. Hence, the final
proposed design (see Figure 5) is used and proposed for
the high-frequency bending-fatigue tests.

Based on results from the FEA simulations (shown in
Figure 11) and the theoretical solution (shown in
Figure 10), the final proposed design indicates the desired
and proper bending mode shape (second mode of bend-
ing as shown in Figure 10) at the system testing fre-
quency of 20 kHz. With the gauge section away from the
ring (Figure 5), the second bending mode is the proper
shape and ideal bending mode for the bending-fatigue
test specimen.

To obtain the distribution of stress/strain through the
specimen, the displacement amplitudes derived from the

FIGURE 13 Crack initiating in the gauge section for the optimized specimen design [Colour figure can be viewed at wileyonlinelibrary.

com]
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eddy-current sensor (Figure 3) are used in a harmonic
response analysis. FEA simulation results display the
equivalent (von Mises) stress distribution along the speci-
men as presented in Figure 11A. The peak of the mode
shape (Figure 11), where maximal bending deflection
occurs has the highest stress value. Furthermore, the
strain distribution through the specimen (Figure 11C)
reveals that the greatest damaging deflection occurs in
the same region as the maximum equivalent stress
(Figure 11B). The findings of the theoretical approach
also agree with the FEA simulation's results for the maxi-
mum vertical deflection and, by extension, the maximum
stress position.

Moreover, Figure 12A compares the theoretical solu-
tion with the results of the ANSYS FEA simulations. The
deflections amplitudes along the specimen are measured
for the horn's tip displacement amplitude of 20 μm (A0

= 20 μm), the vibration frequency of f = 20 kHz, and
the time t when ωt¼ π

2 orωt¼ 2nπþ π
2 wheren¼ 0,1,…ð Þ.

To further verify and ensure the desirable behavior of
the proposed design under testing, the displacements
along the length of the specimen's gauge section is
obtained via the laser displacement sensor (as explained
in Figure 7) and compared against the calculations via
FEA simulation. In Figure 12D, the experimental read-
outs and numerically determined values for upward
(at times when ωt¼ 3π

2 ) and downward (at times when
ωt¼ π

2) bends are plotted. Figure 12D is plotted for
the applied horn's tip displacement amplitude of 12.4 μm
(A0= 12.4 μm) and the vibration frequency of f= 20 kHz.
The experimental and simulation results are in good
agreement.

To further evaluate and gain more insight on the opti-
mized test specimen's behavior until failure, the fatigued
samples were studied under SEM. In all of the tests, the
test specimens consistently broke from the desired gauge
section region. This observation is consistent with the
results of studying the position of the maximum deflec-
tion and stress. Furthermore, the fracture locations found
from the experiments are consistent with the locations of
the maximum stress/deflection obtained via both the the-
oretical solution and the FEA simulation. The location of
the break on the test specimens and the fractured cross-
section SEM image are shown in Figure 13.

High-frequency bending-fatigue test (with zero mean
stress) was carried out by employing the test setup
described in Section 2.2. The tests were stopped and
fatigue lives were recorded once the specimens visibly
break and fail. Also a run-out point was considered when
a specimen did not break or show any sign of a looming
failure after around 40 million cycles. The obtained
stress–life Wohler curve derived from the tests results is
presented in Figure 14. The variations of life cycles with

stress follows a Weibull function on a normal-log plot,
which is commonly seen in the literature. The stress
amplitudes in Figure 14 are the stress values obtained via
FEM that correspond to the applied displacement ampli-
tude of testing.

It is well known that in the VHCF regimes, the micro-
structural defects that exist through the material thick-
ness appear to be strong stress raisers. In Figure 14, when
approaching the VHCF, the rate of decline with decreas-
ing the load/stress amplitude significantly decreases and
gradually stabilizes. This merely indicates that the fatigue
limit is being approached, where the stress level is not
highly sufficient to trigger the initiation and growth of
microcracks from these points. Such behavior further
indicates the reliability of the obtained curve.

5 | SUMMARY AND
CONCLUSIONS

A design methodology for a small-sized test specimen is
put forward with the provision for bending-fatigue exper-
iments via high-frequency fatigue tester systems, and the
findings were compared with experimental results. The
proposed design is modeled using the finite element
method, and modal analysis is performed to investigate
the natural frequencies and mode shape of the specimen
at frequency of f = 20 kHz. The displacement and stress/
strain distribution through the test specimen are both
determined using harmonic analysis. Theoretical solution
is used to rapidly screen the specimen design and provide
the understanding to the vibration behavior.

FIGURE 14 Fatigue life at different stress amplitudes (with

zero mean stress) for high-frequency bending-fatigue test

employing the proposed small-sized specimen design for Inconel

alloy 718 material using SHIMADZU fatigue testing system [Colour

figure can be viewed at wileyonlinelibrary.com]

18 GHADIMI ET AL.

http://wileyonlinelibrary.com


Commercial Inconel alloy 718 sheet metal is used to
verify the performance of the proposed design. The laser
displacement sensor measurements showed good consis-
tency with the theoretical solutions and FEA simulation
results. SEM observations on Inconel 718 bending-fatigue
specimens reveal that the crack begins in the gauge
section of the specimen and the specimen breaks from
the expected location, confirming the FEA simulation
and the theoretical solution results. Finally, stress–life
Wohler curve is obtained and plotted.

The proposed thin-plate small-sized design ensures
that the test specimen performs properly during bending-
fatigue experiments, avoiding premature failure due to
stress concentration. With the emergence of high-
frequency testers and the needs for HCF/VHCF testing
outcomes for novel and hard-to-get materials, the
proposed thin-plate small-sized design offers an cost-
effective approach for rapid testing of fatigue life.
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NOMENCLATURE

A(x), A cross-section area (m2)
A0 horn tip's displacement amplitude (m)
E modulus of elasticity (Pa)

f frequency (Hz)
f(x) applied external distributed force (N)
I(x), I Second moment of inertia of the cross-section

area (m4)
L total length of the beam (m)
L1 length of the Part 1 (m)
L2 length of the Part 2 (m)
M(x,t), M internal bending moment (N.m)
T period (s)
t time (s)
V(x,t), V internal shear force (N)
w(x,t) deflection of beam in y direction (m)
x global x coordinate (m)
x1 x coordinate for beam Part 1 (m)
x2 x coordinate for beam Part 2 (m)
y global y coordinate (m)
z global z coordinate (m)
ρ density (kg/m3)
σ normal stress (MPa)
ω angular frequency (rad/s)
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