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a b s t r a c t

We present an analytical calculation of the response of a driven Duffing oscillator to low-frequency
fluctuations in the resonance frequency and damping. We find that fluctuations in these parameters
manifest themselves distinctively, allowing them to be distinguished. In the strongly nonlinear regime,
amplitude and phase noise due to resonance frequency fluctuations and amplitude noise due to
damping fluctuations are strongly attenuated, while the transduction of damping fluctuations into
phase noise remains of order 1. We show that this can be seen by comparing the relative strengths
of the amplitude fluctuations to the fluctuations in the quadrature components, and suggest that this
provides a means to determine the source of low-frequency noise in a driven Duffing oscillator.

© 2021 Elsevier B.V. All rights reserved.
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1. Introduction

Phase noise (also frequency noise) is ubiquitous in the field of
scillators. Understanding the fundamental processes that cause
his noise is of interest to both physicists and engineers [1–3].
rom the engineer’s point of view, a clear understanding of the
undamental noise processes leads to better designed oscillators,
nd more stable oscillator frequencies. Improved oscillator sta-
ility leads to more accurate time keeping, more precise GPS,
ore accurate Doppler radar, increased data transmission rates,

educed transmission power, etc. [4]. In the world of micro-
nd nano-mechanical oscillators, increased frequency stability
as facilitated high resolution neutral mass spectrometry, with
he eventual goal of reaching single Dalton resolution [5,6]. From
he physicist’s point of view, noise carries important information
bout a system under study, from gaining access to the spectrum
f fundamental excitations through the fluctuation dissipation
heorem [7], to constraining models of the early universe from
bservations of the noisy cosmic microwave background [8] .
In this paper we are concerned with the question of how

hase noise can be transduced in an open-loop driven Duffing
scillator, and whether it is possible to determine the method
f transduction from measurements of the noise. This ques-
ion initially arose from recent experiments involving micro-
lectromechanical (MEMS) oscillators interacting with quantum
urbulence in superfluid 4He [9,10]. In these experiments, when
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he MEMS was operated in the strongly nonlinear regime, it was
bserved that turbulent fluctuations were being transduced into
hase noise. In the context of these experiments, it is known that
he damping of the device is significantly affected by the presence
f quantum vortices [9], and the density of vortices around the
evice fluctuates. Therefore, it is expected that turbulent fluc-
uations lead to damping fluctuations, which then induce phase
oise. However, we have found that there is minimal discussion
n damping induced noise in driven Duffing oscillators. Recently,
easurements of a SiN NEMS resonator have demonstrated a
ethod for measuring damping fluctuations in a driven Duffing
scillator [11]. However, that method requires many measure-
ents of the transition frequencies in order to determine their
tatistical distribution. For devices with long relaxation times, this
ethod can be time consuming. The transduction of parameter
oise into phase noise for nonlinear resonators has also been
iscussed in the context of optimal operating points [12–16].
here, the discussion is focused on feedback driven (closed-
oop) configurations and any discussion of damping fluctuations
s cursory. Here, we present a complementary analysis of the
ransduction of parameter noise into phase noise for open-loop
riven nonlinear resonators, with emphasis on damping fluctua-
ions. We also describe a means to discriminate between damping
nd other parameter fluctuations which does not rely on lengthy
easurements.
For mechanical oscillators, sources of noise can be extrin-

ic – from the coupling of the oscillator to the driving and
easurement circuitry – or intrinsic — from unavoidable cou-
ling of the oscillator to environment. An example of extrin-
ic noise is thermal Johnson noise from resistive elements in
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he measurement circuit [6], while some examples of intrin-
ic noise are thermomechanical [5,6,17], thermoelastic [5,6,17],
dsorption–desorption [6,17,18], diffusion noise [17,19], and de-
ect motion [20]. These processes can be further classified into
dditive noise, where the noise results from a random force in
ddition to the drive, and multiplicative (or parametric) noise,
here the noise arises from a fluctuating device parameter, such
s the mass. A thorough discussion of these noise processes and
heir effects on a nano-mechanical oscillator can be found in
efs. [17,21].
The canonical additive noise for a mechanical oscillator is

hermomechanical fluctuations. These fluctuations arise from the
evice being in thermal equilibrium with its surroundings, and
esult in a random force with a white spectrum acting on the
evice. This force results in random motion of the device. When
his motion is superimposed on the driven motion of the device,
t appears as a noise in the amplitude and phase of the oscillator.
his type of noise is always associated with energy loss and can be
irectly related to the damping of the oscillator, Γ , or the inverse

of the quality factor, 1/Q , through the fluctuation dissipation
theorem.

Multiplicative, or parametric noise, differs from the additive
noise in that the parameters of the oscillator are changing with
time. Changes in the oscillator parameters then lead to changes
in the phase or amplitude of oscillation. For small parametric
fluctuations, the power spectrum of the observed noise is re-
lated to the power spectrum of the fluctuating parameter [17]
through

Sα(ω) =
⏐⏐⏐⏐dαdβ

⏐⏐⏐⏐2 Sβ (ω), (1)

where

Sα(ω) =
∫

∞

−∞

α(t)α∗(t)e−iωtdt, (2)

and α and β are indices representing the fluctuating parameters,
e.g. α = φ (phase) and β = m (mass). In the literature, it is
commonly considered that parametric phase noise is mediated
through fluctuations of the resonance frequency, ω0 =

√
k/m,

which is true for most operating environments [3]. Unless the
resonator is in a perfect vacuum, the surface of the oscillator
will be bombarded with gaseous particles that are constantly
adsorbing and desorbing from the surface. If the resonator’s mass
is sufficiently small, the fluctuating mass of adsorbed particles
will cause an appreciable change in the resonance frequency
of the device [5,6]. Changes in the stiffness will also shift the
resonance, which can occur from fluctuations of the tempera-
ture of the oscillator, through the temperature dependent elastic
modulus and internal stress [3,5]. Interestingly, to date none of
these mechanisms can explain the excess phase noise observed
in N/MEMS resonators [3].

While it may be uncommon, it is also possible to have fluctu-
ations in the damping rate, Γ . These fluctuations often negligibly
affect the oscillator response, and are ignored. For example, take
the case of a fluctuating mass. Fluctuations in the mass will also
cause fluctuations in Γ , because Γ = γ /2m, where γ is the
constant of proportionality for some linear damping force, i.e. F =

γ v. However, these fluctuations are suppressed by a factor of 1/Q
compared to fluctuations in ω0. The typical method of operating
the resonator exactly on resonance in the linear regime also
renders the damping fluctuations unimportant. In this regime of
operation, dφ/dΓ = 0, and fluctuations in the damping are not
transduced into fluctuations of the phase. However, for certain
applications, when large amplitudes of motion are needed, the
nonlinear behavior may become important. When operating in
2

the nonlinear regime, we must revisit the response of the oscil-
lator to parametric fluctuations and determine whether damping
fluctuations become important. If they are important, can their
effect on the phase noise be distinguished from fluctuations in
ω0?

To answer these questions, we consider the first order re-
sponse of a driven Duffing oscillator to small low-frequency fluc-
tuations in ω0 and Γ , and compare the responses of the oscillator.
The fluctuation frequency is considered low if the time scale
of the fluctuations, τ , is larger than the response time of the
oscillator, 1/Γ , i.e. τ > 1/Γ . In this limit, ω0 and Γ are sta-
tionary over the response time of the oscillator, and any transient
response from the changing parameters is damped and negligible.
To determine the response of the oscillator to fluctuations of this
type, it is sufficient to determine the steady state response for
constant values of ω0 and Γ , and introduce the time dependence
of these parameters directly into the steady state solution.

We consider an oscillator driven in an open-loop configuration
by a noiseless ideal-source, i.e., constant driving frequency, ω, and
constant driving force amplitude, f0. This system is described by
the following differential equation:

ẍ+ 2Γ ẋ+ ω2
0x+ α3x3 = g0 cos(ωt), (3)

where α3 characterizes the conservative nonlinear restoring force
and g0 = f0/m. A general solution to Eq. (3) will have the form
x(t) = a(t) cos(ωt + φ(t)), where a(t) and φ(t) vary slowly over
one period of motion. The steady state solution is determined by
setting ȧ = aφ̇ = 0.

The solution to Eq. (3), with static parameters and small α3,
can be found in most textbooks on nonlinear oscillators, e.g.
Refs. [22–24]. Upon solving, the following relationships are found:

g0 sinφ = 2aΓ ω, (4)

g0 cosφ = a
(
ω2

0 − ω2
+ 2Πa2ω0

)
. (5)

Here,Π =
3
8
α3
ω0

characterizes the amplitude dependent resonance
frequency shift. These equations can be rearranged to yield the
common description of the Duffing oscillator

a(ω) =
g0√(

ω2
0 − ω2 + 2Πa2ω0

)2
+ (2Γ ω)2

, (6)

tan(φ(ω)) =
2Γ ω

ω2
0 − ω2 + 2Πa2ω0

. (7)

From the experimental point of view, it is common to work with
the quadrature components:

X = a cosφ, (8)

Y = a sinφ. (9)

Typically, X and Y are referred to as the in- and out-of-phase
components, respectively.

Determining the spectrum of fluctuations of the dynamical
variables (a and φ or X and Y ) from the spectrum of the os-
cillator parameters (ω0 and Γ ) is equivalent to computing the
first derivatives of the dynamical variables with respect to the
oscillator parameters, as indicated by Eq. (1).

2. Results

Here, we present the analytical solutions and their plots for
varying amplitudes and phases of oscillations. We then provide a
discussion of the difference in responses and identify how to dis-
criminate phase noise driven by resonance frequency fluctuations
from phase noise driven by damping fluctuations.
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Fig. 1. Response functions for an incremental change in either the damping, Γ , or the resonance frequency, ω0 , plotted as a function of both phase of the oscillator,
, and the normalized amplitude, a∗ . The response functions plotted in log scale and normalized by Γ and a0 where appropriate to make them dimensionless.
a)–(d) Response to changes in Γ for a, φ, X , and Y , respectively. (e)–(h) Response to changes in ω0 for a, φ, X , and Y , respectively. The color scale indicated in
a) is representative of all plots. The border between stable and unstable oscillations (i.e. dω/da = 0) is shown in all plots by a dashed yellow line. The dome of the
nstable region is labeled in (a) as ‘‘US’’. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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amping fluctuations. The amplitude and phase responses are
ound by implicitly differentiating Eqs. (4) and (5), then solv-
ng the system of equations. When computing the response to
hanges in damping, we take g0, Π , ω0, and ω to be constant.
his yields the following response functions:

dφ
dΓ

=
cosφ sinφ + 2(a∗)2 sin4 φ

1+ 2(a∗)2 cosφ sin3 φ
, (10)

da
dΓ

=
−a0 sin3 φ

1+ 2(a∗)2 cosφ sin3 φ
. (11)

ere a0 = g0/2Γ ω0 is the amplitude of motion on resonance
(i.e. φ = π/2), and (a∗)2 = a20Π/Γ is dimensionless parameter
which measures the degree of nonlinearity. In the linear regime
(a∗)2 = 0.

The quadrature response is determined by differentiating
Eqs. (8) and (9), which yields

Γ
dX
dΓ

= a0

[(
2 cos2 φ − 1

) (
Γ

dφ
dΓ

)
− cosφ sinφ

]
, (12)

dY
dΓ

= a0

[
2 sinφ cosφ

(
Γ

dφ
dΓ

)
− sin2 φ

]
. (13)

t is notable that the quadrature response is directly related to
he phase response, dφ/dΓ . By comparing the quadrature fluctu-
ations to the amplitude fluctuations, we have a measure of the
relative strength of the phase and amplitude fluctuations. The
solutions to Eqs. (10)–(13) for 0 ≤ a∗ ≤ 8 and 0 ≤ φ ≤ π are
hown in Fig. 1(a)–(d) in log scale.

requency fluctuations. The response to resonance frequency fluc-
uations is calculated in the same way as before, except that g0,
Π , Γ , and ω are held constant. The following response functions
are found:

Γ
dφ

=
− sin2 φ

3 (14)

dω0 1+ 2(a∗)2 sin φ cosφ

3

Γ
da
dω0

=
−a0 cosφ sin2 φ

1+ 2(a∗)2 sin3 φ cosφ
(15)

Γ
dX
dω0

= a0
(
2 cos2 φ − 1

) (
Γ

dφ
dω0

)
(16)

Γ
dY
dω0

= 2a0 sinφ cosφ
(
Γ

dφ
dω0

)
(17)

Similarly, the quadrature response is directly related to only the
phase response, dφ/dω0. The solutions to Eqs. (14)–(17) for 0 ≤

a∗ ≤ 8 and 0 ≤ φ ≤ π are shown in Fig. 1(e)–(h) in log scale.

iscussion. From Fig. 1, we observe several distinctive features
etween damping and resonance frequency driven fluctuations.
irstly, when the fluctuations are present in ω0, the response of
he device on resonance (φ = π/2), is independent of the am-
litude of motion, even in the nonlinear regime, see Fig. 1(e)–(h).
or fluctuations in Γ , this is only true for the amplitude response
Fig. 1(a)), while the phase response (Fig. 1(b)) goes from zero in
he linear regime to a large value in the nonlinear regime, which
cales as (a∗)2, see Eq. (10). Because of this behavior, fluctuations
n Γ can no longer be ignored when operating in the nonlinear
egime. Secondly, in the strongly nonlinear regime, (a∗)2 ≫ 1,
he response functions are peaked where the solutions transition
etween the stable and unstable branches. The border between
he stable and unstable regions is located where dω/da = 0,
nd is shown in Fig. 1 as a dashed yellow curve. Away from
hese points the responses are attenuated. While all responses
re attenuated away from the transition points, the attenuation
n the phase channel from damping fluctuations (Fig. 1(b)) is
ore gradual, especially when in comparison to the attenuation
f the amplitude response function (Fig. 1(a)). This gradual at-
enuation is mirrored in the response of the quadrature channels
Fig. 1(c)–(d)), whose responses are determined by the phase
esponse.

The differing attenuation in the responses suggests a simple
ethod for discriminating between the origin of noise in the
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Fig. 2. Responses of the quadrature components relative to the amplitude
response for changes in damping, Γ , or resonance frequency ω0 , plotted as a
unction of both the phase of the oscillator, φ, and the normalized amplitude, a∗ .
In the strongly nonlinear regime, (a∗)2 ≫ 1, resonance frequency fluctuations
can be distinguished from damping fluctuations by the relative strength of the
quadrature and amplitude responses off resonance (i.e. φ ̸= 2π ). The color
scale indicated in (a) is representative for all plots. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 3. Stable frequency responses of a Duffing oscillator for an upward fre-
uency sweep. The solid, dashed, and dot-dashed curves represent the a, X , and
channels, respectively. (a) Responses for two different damping parameters.
ere Γr = 1.1Γb , while all other parameters are fixed. Curves r and b are

shown in red and black, respectively. (b) Responses for two different frequency
parameters. Here ωr − ωb = Γ , while all other parameters are fixed. For both
figures the curves correspond to a∗ = 5.1. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

driven Duffing system: comparison of the relative strengths of
the amplitude and quadrature noise off resonance. Fig. 2 shows
the response of the quadrature channels scaled by the response
of the amplitude channel for both damping and resonance fre-
quency fluctuations. It can be seen that away from resonance
and the transition points, the quadrature response is significantly
larger than the amplitude response, when damping fluctuations
are dominant. As the device is driven further into the nonlinear
regime this discrepancy increases. This effect can be noticed in
the scaling of response functions with a∗, off resonance. For large
 r

4

a∗, da/dΓ ∼ 1/(a∗)2 while dφ/dΓ , dX/dΓ , and dY/dΓ all be-
come independent of a∗ and of order 1. While, for resonance fre-
quency driven fluctuations, all response functions scale as 1/(a∗)2.
Therefore, driving the Duffing oscillator into the strongly non-
linear regime acts to filter out noise except for damping driven
phase noise, and actually amplifies the phase noise when driven
on resonance. Indeed, very similar behavior has been observed in
a SiN NEMS oscillator driven into the nonlinear regime [11].

To better understand how the damping and resonance fre-
quency changes result in changes of the amplitude and phase,
it is helpful to consider the frequency response of the oscillator.
Several frequency responses of the Duffing oscillator are shown
in Fig. 3. Only the stable branches are shown for an upward
frequency sweep. The solid, dashed, and dot-dashed curves cor-
respond to the amplitude (a), in-phase (X), and out-of-phase (Y )
channels, respectively. Fig. 3(a) shows the response of the Duffing
oscillator with different damping parameters. Curve r (red) has
10% larger damping than curve b (black), Γr = 1.1Γb. For constant
driving frequency, it can be seen that the quadrature components
vary significantly compared to the amplitude, when off reso-
nance. In Fig. 3(b) the frequency response of the Duffing oscillator
with two different resonance frequencies is shown. The resonance
frequencies of the curves differ by Γ , i.e., ωr − ωb = Γ . Here, it
can be seen that the changes in the quadrature components are
comparable to the change in the amplitude, almost everywhere.

3. Conclusion

With the goal of determining the importance of Γ fluctuations
on the nonlinear Duffing oscillator, we calculated the response
of the oscillator to low-frequency fluctuations in Γ and ω0. We
demonstrated that on resonance, the response of the oscillator
to fluctuations in ω0 is unaltered in the nonlinear regime. In
contrast, the response to fluctuations in Γ becomes important,
nd are amplified by driving further into the nonlinear regime.
e also demonstrated that in the strongly nonlinear regime,

a∗)2 ≫ 1, the source of noise can be determined by comparing
he relative strength of the amplitude and quadrature fluctuations
ff resonance.
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