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Abstract

In this work, we consider the deterministic optimization using random projections
as a statistical estimation problem, where the squared distance between the predictions
from the estimator and the true solution is the error metric. In approximately solving
a large scale least squares problem using Gaussian sketches, we show that the sketched
solution has a conditional Gaussian distribution with the true solution as its mean.
Firstly, tight worst case error lower bounds with explicit constants are derived for any
estimator using the Gaussian sketch, and the classical sketching is shown to be the
optimal unbiased estimator. For biased estimators, the lower bound also incorporates
prior knowledge about the true solution. Secondly, we use the James-Stein estimator to
derive an improved estimator for the least squares solution using the Gaussian sketch.
An upper bound on the expected error of this estimator is derived, which is smaller
than the error of the classical Gaussian sketch solution for any given data. The upper
and lower bounds match when the SNR of the true solution is known to be small and
the data matrix is well conditioned. Empirically, this estimator achieves smaller error
on simulated and real datasets, and works for other common sketching methods as

well.



1 Introduction

One of the simplest and most ubiquitous of optimization problems is the least squares prob-
lem. The least squares problem applies to several common models such as linear regression,
maximum likelihood estimation, and loss functions in neural networks. The unconstrained

least squares problem can be defined as
. 2
wrs = argmin || Az — y/;
z€R4

The data matrix A € R™*? and the data vector y € R™ are fixed and known, and g is
the least squares solution. In this work, we consider n > d. This problem has a unique
analytical solution 2, = ATy where AT = (AT A)~*AT is the pseudoinverse of A, whenever
rank(A) = d. This analytical solution can be computed efficiently using singular value
decomposition, or Cholesky or QR decomposition, all of which require O(nd?) time.

Often in modern datasets, we deal with very large scale data, i.e. n and d are very
large, making the computation of the true least squares solution very expensive. We can
approximate the least squares solution by projecting A and y onto a lower dimension m < n,
and then solving the least squares problem using the projected data. This method is known

as sketching, and can be defined as
7 = argmin ||SAz — Sy||;
z€R4

where S € R™*" is a random projection matrix. m is called the sketch size. This sketched
problem can be solved in O(md?) time, plus the time to compute the sketch SA. Apart
from reducing computation time, sketching can also be useful to provide differential privacy
[1,12) 3]. A reasonable sketch size must be larger than d, and grows proportionally to d.
The error of the sketched estimator can be measured as the distance between the pre-

dictions due to the estimator and the true solution ||A(Z — x1s)||> (prediction error), which



we will consider in this work. It is known that this approximately grows as d/m for several
sketching methods [4] [5] [6].

There are several common sketching methods, discussed in [7, 8, [9} [10]. One simple
method is forming SA and Sy by sampling m rows of A and y [7, 8, [11,[12]. One can instead

. . L Lid.
use a random matrix S from a data-oblivious distribution. S;; "~

j—mN (0,1), called the
Gaussian sketch, is the canonical example [8]. Many other sketching methods, such as the
Rademacher sketch, and the Fast Johnson-Lindenstrauss (JL) sketch, tend to behave very
similar to the Gaussian sketch.

The Gaussian sketch has many desirable properties. Firstly, the expected error can
be exactly computed. Secondly, fundamental to our results, the sketched solution Z has
a Gaussian distribution with mean xyg, when conditioned on SA. The latter property
allows us to view the deterministic optimization problem as a task of statistical estimation
- estimating the mean zrg from Z. To our knowledge, previous studies have not considered
the estimation aspect of sketching.

Despite its simplicity and effectiveness, there are very few results about error lower bounds
for the Gaussian sketch, and these lower bounds involve constants that are hard to compute
[5, 6] 13]. Thus there are no results about the optimality of the sketching methods. In
this paper, we provide two error lower bounds for the Gaussian sketch. The first one which
holds for unbiased estimators only, shows that the classical sketching method is the optimal
unbiased estimator. The second lower bound holds for general estimators in the presence of
prior knowledge about the solution, and is in terms of explicit constants. Further, much of
the previous work assumes a statistical observation model on the data, such as y = Az* + e,
where e is Gaussian noise, which is restrictive and may not be valid in many cases. Instead,
our lower bounds assume no such model. Interestingly, the statistical nature of the problem
arises because of the randomness in the sketching only, and not from the data model.

We also note that standard sketching methods are based on a sketch-and-solve approach

(i.e. solving the original problem with the sketched data), which lead to unbiased estimators



in the Gaussian sketch. However, this may not be the best approach, e.g., iterative sketching
methods perform better [5]). For estimating the unknown mean of a high-dimensional Gaus-
sian vector, it is known that a “shrinkage estimator” (e.g. the James-Stein estimator) has
lower variance than the maximum likelihood (ML) estimator. We use this fact to derive an
improved estimator for x g, based on the Gaussian sketch. This estimator is biased, however,
has lower error than the classical Gaussian sketch, more so when the data is noisy. Further-
more, this estimator achieves our lower bound when the SNR of the true solution is known
to be small and the data matrix is well conditioned. Thus, our analysis introduces a bias-

variance trade-off in sketching methods to improve the classical sketch-and-solve paradigm.

1.1 Owur Contributions

We first show two worst case lower bounds on the prediction error of any estimator that can
be obtained from the Gaussian sketch. The first one holds for unbiased estimators of zg,
and shows that the classical sketching method is the minimum variance unbiased estimator
(MVUE) of z15. Although MVUE is a well known concept for statistical estimation under
additive Gaussian noise, this is a novel result for sketching the deterministic least squares
optimization problem where the only source of randomness is the sketching matrix. The
second lower bound holds for biased estimators as well. The second lower bound deals with
constrained least squares problems in general, and this allows us to incorporate the effect
of prior knowledge about the least squares solution (such as constraints on the norm or
SNR). Both the lower bounds are easy to evaluate in terms of properties of the data (and
the constraints). To derive the lower bounds, we use the Fisher information, along with
the Cramér-Rao inequality for the unbiased case, and the van Trees inequality [14] for the
general case.

Our second result is an improved estimator for the Gaussian sketch, based on the James-
Stein estimator. We provide an approximate form of the estimator which can be evaluated

from the Gaussian sketch solution without much additional computation. We derive an



upper bound on the prediction error of this estimator, and show that the error is lesser than
that of the classical Gaussian sketch for any given data, even more so when the signal-to-
noise ratio (SNR) of the data is low. Finally we show that the lower and upper bounds
match for large m upto constants in the additive term, when the SNR of the data is known
to be small and A is well-conditioned.

Empirically, we show that our estimator achieves lower prediction error for synthetic as
well as real data, especially when the SNR is small. We also show that our estimator works
equally well for other sketching methods such as sampling and Fast JL sketch. We also show

extensions of our results to matrix regression problems.

1.2 Previous Works

There are many different sketching methods in literature [7,(8,[9, 10]. Among sampling strate-
gies, a simple uniform sampling can perform poorly in the worst case, but sampling based on
leverage scores is known to be better [11]. Other than Gaussian, common sketching matrices
are the Rademacher sketch (S;; ~ \/LmUnif{—i—l, —1}), and the Fast Johnson-Lindenstrauss
(JL) sketch [12, (7, [15]. Multiplying A with a dense matrix S can require O(mnd) time. But
the Fast JL sketch introduced in [16] (based on a randomized Hadamard transform) can be
computed efficiently in O(ndlogn) time. The Clarkson-Woodruff (CW) sketch [17] can be
computed in just O(nd) time and has performance similar to the Fast JL sketch [10] [18].
The statistical perspective of sketching is not new, and has been considered in [18] for
Gaussian, Fast JL and CW sketches, in [19] for sparse Rademacher sketches, and in [20]
for leverage score sampling. [4] and [6] analyze asymptotic properties of various sampling
and sketching methods. While for Gaussian sketches, it is possible to analyze statistical
properties for finite n, d, the other sketches are analyzed only in asymptotic regimes. In fact,
[18] and [19] show that the solutions from Fast JL, CW and sparse Rademacher sketches
asymptotically converge to the Gaussian sketch estimator in distribution. Although our

analysis of upper and lower bounds is based on the Gaussian sketch, using this result we



can argue that our results apply to a broader class of sketching matrices in the asymptotic
regime (n — 00).

Error lower bounds on sketching for convex constrained least squares are shown in [5]
6, 13]. [13] gives lower bounds on the sketch size m for the residual error to be within
(14-6) times the residual error of the true solution. [5] provides a worst case prediction error
lower bound using tools from hypothesis testing and Fano’s inequality. [6] verifies that this
lower bound is tight up to constants for Gaussian, Fast JL sketches and certain sampling
methods. However that lower bound involves properties of the convex constraint set that are
hard to evaluate, and constants that are not tight. In this work, we provide a lower bound
for Gaussian sketches, which can be exactly evaluated. This is done by using a different
technique for minimax lower bounds using the Fisher information, which was shown in [21]
to give lower bounds with simpler analysis and precise constants. Another difference is that
while the lower bound in [5] assumes a statistical model on the data, our lower bound is a

worst case bound for any given data.

1.3 Organization

Section [2| provides the background about properties of the Gaussian sketch and the James-
Stein estimator that will be useful to understand our results. Section 3| gives the two lower
bound results. Section [4| gives the improved estimator, and an upper bound on its error,
and analyzes the tightness of the upper and lower bounds. Section |5 contains empirical
results on simulated and real data, on other sketching methods, and on alternate forms of
the proposed estimator. Section [6 gives the conclusion and interesting directions opened by

this work. Proofs of all theoretical results are given in Section



2 Background

2.1 Gaussian Sketches for Least Squares Optimization

Consider an unconstrained least squares optimization problem
. 2
r1s = arg min || Az — yl[3 (1)
z€R4

where the data matrix A € R"*? and the data vector y € R" are fixed and known. It is
assumed that n > d. Throughout this project, we will assume that rank(A) = d, so that

AT A is invertible. The classical Gaussian sketch is defined as
7 = arg min ||SAz — Sy||; (2)
zER4

where A and y are replaced by low dimensional projections SA and Sy, where S € R"™*"

has i.i.d. entries S;; ~ \/—%N(O, 1). Note that the sketching matrix S satisfies E[STS] = I,,.

Lemma 1 The classical Gaussian sketch T satisfies
T=uxp5+ (SA)TSy* (3)

where (SA)T = (ATSTSA) AT ST s the pseudoinverse of SA and y* =y — Axps such that
ATyt = 0. ||yLH§ is called the residual error. Further, Sy, and the columns of SA are

independent multivariate Gaussians, and
~ 1 _
7o N (m, Ll arsrsa 1) | 54 (4)

Here the notation | SA means conditioning on the random variable SA. Also Lemma
assumes that ATSTSA is invertible, which is true with probability 1, if AT A is invertible

22).



This property allows us to look at the least squares optimization problem as a statistical
estimation problem of estimating the mean of a multivariate Gaussian from its sample,
conditioned on the matrix SA. Note that this property holds irrespective of the distribution
of the data, and is a property of the Gaussian sketch method. In particular this means that
7 is an unbiased estimator of x.g since E[Z] = zps.

The expected error of the classical Gaussian sketch can be evaluated exactly. This is

known from earlier works as well [18], and is stated below again.

Lemma 2 The prediction error of the classical Gaussian sketch T is:

E[IAG — 1)I3] = ol )

m—d —

2.2 James-Stein Shrinkage Estimator

Suppose we are given X ~ N(6,1;) where §# € R? is an unknown mean vector. We want
to design an estimator a(X ) such that it minimizes the expected squared error R(éA’, ) =
EH@\— 0]|3. The maximum likelihood estimator for 6 is §(X ) = X which is an unbiased

estimator, i.e. E@ = 6. However, from [23] and [24], we have that the estimator given by
~ d—2
(X)) = (1 - —) X (6)
X113

results in a lower variance than the maximum likelihood estimator for d > 2 for any value of
0. In statistical language, §(X ) = X is an inadmissible estimator and @ strictly dominates
the former. This is a ”shrinkage estimator” (as it shrinks the estimate towards 0), now
known as the James-Stein estimator. This estimator has been very useful in statistics, see
[25] for example. A simple proof and explanation of this result can be found in [26] and [27].
There are also several improvements and generalizations of this estimator [28] 29] 130} [31]

to other shrinkage estimators. Particularly, we look at the generalization to the case where

X ~N(6,%).



Lemma 3 Suppose X ~ N (0,%) where 0 € R is the unknown mean with d > 2. ¥ and a

single sample X are known. Then consider the estimator for 0 as

0(X) = (1 - ng;—?)» X (7)

Then, its expected normalized squared error is given by

E[(6—6)"S " (@ —60)] = d— (d— 2)°E [ﬁ] (8)

-~

If we used the estimator (X) = X, then we would have E[(X — 0)TX"1(X —0)] = d
and the estimator shown above achieves strictly lesser expected error for any value of 0
when d > 2. However, this is a biased estimator and the expected squared error will be
lower when the true value of 6 is close to zero, as compared to € far from zero. More
generally, we can also shrink the estimator towards any other point 8y and derive an estimator
o+ (1 — (d—2)/XTS71X) (X — ), so that the error is smaller when 6 is close to .

The above section motivates us to use the shrinkage estimator to estimate the true least

squares solution ;¢ from the solution = of one sketched least squares problem.

3 Error Lower Bounds for Gaussian Sketch

This section presents lower bounds for estimators derived from the Gaussian sketch. The
following two theorems give prediction error lower bounds for any estimator of x ¢ that uses
only the Gaussian sketched data SA and Sy. Theorem (4 is a lower bound for unbiased
estimators only while Theorem [5 holds for biased estimators as well. All the proofs are given

in Section



3.1 Lower Bound on Error for Unbiased Estimators

Theorem 4 For any unbiased estimator T of xps, (i.e. E[Z] = xps) obtained from the

Gaussian sketched data SA and Sy,

d

E [|AF — 21s)3] > m’

el (9)

From Lemma |2 the classical Gaussian sketch achieves the lower bound for unbiased esti-
mators and is the minimum variance unbiased estimator of x;¢ using only the Gaussian

sketched data SA and Sy. Thus we have the tight lower bound

. N d
inf E [ A@ - z1s)ll3) = m\

12
10
#(SA,Sy)ElF]=zLs vl (10)

where the infimum ranges over all unbiased estimators of ¢ that are functions of (SA, Sy).
However, it can be seen ahead that when biased estimators are allowed, the classical Gaussian

sketch is sub-optimal.

3.2 A More General Lower Bound

For the purpose of this theorem, consider a constrained least squares optimization problem
. 2
rrg = argmin || Az — y||; (11)
zeC

where C is a convex constraint set. For the unconstrained problem, set C = R

Theorem 5 Suppose there exists B > 0 such that [—B, B]* C C. Then for any estimator T

for xps obtained from the Gaussian sketched data SA and Sy,

N d Gl |
E [ AG —zus)l3] = — [y, (1 T B ATA) "

where (AT A) is the minimum eigenvalue of AT A. In particular, for unconstrained least

10



squares optimization,

E [|AG — z19)I2] = & |y (13)

The proof will use a method based on the van Trees inequality which uses the Fisher in-
formation to lower bound the error [14]. This method has been inspired from [21] and it
provides a neat lower bound in the constrained optimization case too. The lower bound in
must be seen as a worst case lower bound (since it holds for all possible values of z ).
In practice, if we wish to impose any regularity conditions on the solution (such as small
norm) based on prior knowledge, then we would have a constraint with B < oo and thus

would hold which can give us a lower error lower bound.

4 James-Stein Estimator for Least Squares

4.1 The Improved Estimator

Using the Gaussian distribution in (4) with § = x5 and ¥ = %HyLHz(ATSTSA)_l, and the

James-Stein estimator in , we get the following estimator for zg:

b <1 . %) : 14)

m|| SAZ|;

where yt = y— Az g is as defined in Lemma and 7 is the solution of the classical Gaussian

sketch )

However, HyL”2 = |y — Angﬂg cannot be computed directly without knowing the true

solution x g itself. So we approximate ||yL H; as follows (an alternate approximation is shown
in Section .

—d—1,
ot ~ =147 — (15)

11



With this approximation, we use the following shrinkage estimator for zg:

. (1 ([d=2)(m—d—1)] A7 - yn%) . (16)

m(m — 1)||SAZ];

4.2 Upper Bound on Error

Theorem 6 (a) The approximation in 18 an unbiased estimate, i.e.

m—d—1, . 2
E {ﬁ”!‘m —y||§] = [ly], (17)

(b) Form > d+3, the error of the shrinkage estimator (16)) in the ||SA(-)|, norm is upper

bounded as

~ 2 d 112 1 - GI(da m)
E||SA Tshr — XL, ol = — 9 1-— 5 5 18

— _9)2
where 6/(d7 m) = 4(22 2 + d(mfgc)l(ﬂi)fdfi'») ’

(¢c) If m > O((d+1og(1/8))/€?), then with probability greater than 1 — &, the || A(-)]l,

norm of the error (prediction error) is upper bounded as

R 9 d, 12 1—¢€(d,m
B G = eslle] < (49l (1‘ 1+<m/d>||A(asLs||%/||yL||§> o

Part (c) follows from part (b) since the Gaussian sketching matrix is an Oblivious Subspace
Embedding [32].
To examine this upper bound in more detail, we look at the ratio of the prediction errors

due to the shrinkage estimator and the classical Gaussian sketch.

= R(A,y)
(20)

E [|A(Zshr — 715)|I5] m—d—1( 1—¢(d,m)
1+ (

1+e
E[|A@ - z9)l3] S T m/d)[| Az s|3/ |l )3

12



Clearly, R(A,y) < (14 €). But for large enough m, we expect to have R(A,y) < 1 for any
A,y. (Through empirical results we will see that this happens for m that is not much larger
than d). As m becomes very large, R(A,y) — 1, indicating that the error of the shrinkage
estimator approaches the classical Gaussian sketch as m becomes large.

The factor p(A,y) = HAxLSHg/HyLH; = ||Azps|3/ | AzLs — y||5 can be interpreted as a
signal-to-noise ratio (SNR). R(A,y) is smaller when p(A,y) is small, i.e. the original least
squares problem is more noisy. The shrinkage factor in also depends on the factor
ISAZ|2/||AZ — yl|5 which can be regarded as an approximation of p(A,y). When this ratio
is large (with respect to d/m), the shrinkage estimator will be very close to the classical
Gaussian sketch.

Note that this upper bound can be smaller than the lower bound because it is a
worst case lower bound, and the worst case occurs when p(A,y) — oo. Indeed there cannot

be any estimator that beats the lower bound in for all values of A, y.

4.3 Matching the Upper and Lower Bounds

The lower bound in Theorem [5] and the upper bound in Theorem [6] have very similar forms
and we show that the shrinkage estimator achieves this lower bound under certain conditions.

Suppose we know that the true solution xg satisfies the SNR condition p(A,y) < n?. If
lzLslZ < n?l[yt |5/ domas (AT A),

Azl omae(ATA)lzrslly _ doma(ATA)||lzsls, o
p(Ay) = —T5" < e < — <
Y15 Y115 Y115

So we can choose B? = 772HyL||§ /A0 maz(ATA) in the lower bound . The lower bound

becomes

B (14 - aso)l}) 2 5 (1 - St

mn20min (AT A)

If d > 1and m > d , we ignore €(d,m) and the 1 in the denominator and the upper

13



bound now becomes:

~ d d
E [ A@ur —ars)ll3) < (14— [y, (1 _ W)

Comparing this with the lower bound in , it is achieved for large m upto the constant

of 72 in the lower bound, when:
1. we know that p(A,y) < n? (or the corresponding upper bound on the ¢? or £*° norm),
2. d and m are large enough so that d/m and e are small, and
3. the data matrix A is well-conditioned so that c,q.(ATA) & opin (AT A).

Condition 1 can be seen as a regularity condition on the solution which is typically
desired. As will be seen in the empirical results, Condition 2 can be satisfied for m that is

not too large. Thus the only data-dependent condition is Condition 3.

5 Empirical Results

The decrease in prediction error due to the shrinkage estimator will be demonstrated em-
pirically on both simulated and real datasets. The behaviour of the shrinkage estimator is
examined for different SNR values of the data, and also compared with the upper and lower
bounds. In all the following plots, the (normalized) prediction error refers to || A(Z — zs) [Es

(unless otherwise specified).

5.1 Results on Simulated Data

Figure (1) compares the prediction error for the classical Gaussian sketch and the shrinkage
estimator on simulated data. For these experiments, we generate each row of A from a
multivariate Gaussian distribution with mean g; = 1 and covariance ¥;; = (0.5)=9l. We

choose x5 as an i.i.d. random normal vector and normalize such that ||Az;g||, = 1. Then

14



we choose y = Azpg+aVw where V is a basis for the null space of AT and w ~ N(0, 021, _4)
(Gaussian noise model) with n = 1024 and d = 100. By choosing @ = (y/p||[Vw||,) ™", we set
the SNR p(A,y) = p for different values of p. This will be referred to as Gaussian data.
In Figure 1] the shrinkage estimator achieves much lower error, and the decrease is most
noticeable at lower sketch sizes. The decrease in error due to the shrinkage estimator is not
much when the SNR is large (Fig. , but it is considerable when the SNR is small (Fig.
. These plots also show the lower bound for unbiased estimators @ and that the classical
Gaussian sketch achieves the lower bound. Figure 1d| compares the errors L[| A(Z — « )|l
and ||SA(Z — z15)||5 for the shrinkage estimator, showing that the (1 4 ¢) factor in
becomes close to 1 for a sketching dimension that is not too large. The +|[SA(Z — z15)|l5

error is also compared with the upper bound in , showing that the upper bound matches

the empirical error.

5.2 Shrinkage Estimator on other Sketching Methods

Although the analysis for the shrinkage estimator has been done only for the Gaussian sketch,
it is seen to work equally well when applied to the estimate obtained from other types of
sketching matrices such as uniform row sampling and the Fast JL transform (Figure . In
fact, it also works equally well for the CW Sketch, Rademacher sketch and sampling based

on row norms or leverage scores (results not shown here).

5.3 Alternate Approximation to (15)

Instead of approximating HylH; using , we can also use the following approximation:
1112 ~ m e 2
”y Hz ~ o — dHSAx - Ssz (21)

This is also an unbiased estimator (see proof of Theorem @), and is useful when only the

sketched data SA and Sy can be be observed but not the original data A and y. This

15
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Figure 1: Shrinkage estimator applied to Gaussian data. (a-c): Error -||A(Z — x93
for the classical Gaussian sketch as well as the shrinkage estimator, versus the sketch size
1

(m), for different values of p(A,y). (d): Comparison of the errors || A(Zsn, — z15)||5 and

LSA(Z o — z15)||5, and the upper bound . All the plots are averages over 100 inde-
pendent sketches and the error bars show the standard deviation on each side.

can be the case when the measurement system itself gives a compressed measurement, or in

scenarios with memory constraints. This gives us the alternate estimator

—2)||SAZ — Sy||;
Ealt — 1— (d )HS T AS2y||2 ZC\ (22)
(m — d)||S Az,

Figure [3a] shows that the true James-Stein estimator , the original approximation

and the alternate approximation achieve similar expected errors.
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Figure 2: Comparing the classical uniform sampling and Fast JL. Transform based sketches
with the shrinkage estimator applied on them. All the plots are averages over 100 indepen-
dent sketches and the error bars show the standard deviation on each side.

5.4 Positive Part Shrinkage Estimator

The James-Stein estimator shrinks the estimate of the mean towards 0. However it is possible
that the shrinkage factor can be too large causing the estimator to switch signs. To avoid
this, we can use a positive-part James-Stein estimator which is known to have strictly lower

expected squared error than the James-Stein estimator too.

5 = m{(l _(d=2)(m—d— 1>||ffc;—y||§> 70}§ -
m(m — 1)|[SA;

In these experiments, it was seen that there is an improvement in the error only at very low

values of p(A,y) (Figure[3b).

5.5 Results on Real Data

We present empirical results on 4 real datasets. The CPU dataset (n = 8192,d = 12) and the
Years dataset (n = 463715,d = 90) [33] are regression datasets. We compare the shrinkage
estimator and classical Gaussian sketch for both these datasets with varying levels of added

noise, i.e. we add Gaussian noise of variance /@”ylH; to y to vary the SNR p. The results
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Figure 3: (a): Comparison of the true James-Stein estimator, the proposed shrinkage esti-
mator and the alternate approximation. (b): Comparison of the shrinkage estimator and
the positive part estimator. All the plots are averages over 100 independent sketches

are seen in Figure [4a,b for CPU data and in Figure [4f,d for the Years data. The shrinkage
estimator performs much better than the classical sketch when the data is very noisy and
when n > d, and performs equally well as the classical sketch otherwise.

We also show results for least-squares based classification on the MNIST and SVHN
datasets. For SVHN (n = 20000, d = 3072), we classify between two digits using vectorized
images in the rows of A and 0-or-1 labels in y. For MNIST (n = 48000, d = 1000), we perform
a multiclass classification with vectorized images passed through a randomly initialized ReLLU
layer in the rows of A € R™¢ and Y € R"*1° is a matrix with one-hot vector labels. Thus we
have a Frobenius norm regression problem: minimize ||AX — Y||fT With X as the solution
of the sketched version (minimize |[SAX — SY|%), the shrinkage estimator in this case is

simply
(d—2)(m—d— 1)HA)? Yy

2
Xow=1|1- F|X (24)

m(m — 1)HSA)?

2
F

This estimator satisfies the same error upper bound with the vector norms replaced by
the Frobenius norms.

Figure |5| shows the prediction error on these two datasets. Since HAf—yHﬁ =

18



Gaussian Sketch on CPU Data : k=0, p=2.514 Gaussian Sketch on CPU Data : k=10, p=0.089

—e— Classical gaussian sketch —e— Classical gaussian sketch
—&— Shrinkage estimator —8— Shrinkage estimator
_ 10714 - 1
5 5 10
@ @
c | =
o o
S S
k=1 T
2 9
o o 100 |
o o
(] @
e N
© -2 ©
E 10 £
= =
<] S
Z =
10—] 4
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
Sketch size Sketch size
(a) (b)
Gaussian Sketch on Years Data : k=0, p=0.311 Gaussian Sketch on Years Data : k=5, p=0.016
104 —e— Classical gaussian sketch —e— Classical gaussian sketch
—&— Shrinkage estimator 1024 —8— Shrinkage estimator
g 8
@ @
c | =
S 10°% 8
= S 104
o o
id id
o a
o o
(] @
B 10-14 L
© © 10%5
E £
= =
<] S
z 2
-2 4
10 10-14
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Sketch size Sketch size

(c) (d)

Figure 4: Results of shrinkage estimator and classical Gaussian sketch on the CPU data
(n = 8192,d = 12) and Years data (n = 463715,d = 90). & is the variance of the added

noise scaled by Hyle and p is the SNR.

|A(Z — 2s)|7 + [|AzLs — yl)5, the mean squared error loss is only a constant added to
the prediction error. While the SNR of MNIST is high and the shrinkage estimator performs
only slightly better than the classical Gaussian sketch, the shrinkage estimator performs

much better than the classical Gaussian sketch in SVHN.
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Figure 5: Results of shrinkage estimator and classical Gaussian sketch on the MNIST (n =
48000, d = 1000) and SVHN data (n = 20000, d = 3072). p is the SNR.

6 Conclusion and Further Directions

Applying the James-Stein estimator to sketched least squares optimization results in smaller
prediction error, especially when the data is more noisy. The estimator is easy to compute
based on the classical sketching methods, and can allow us to reduce the sketch sizes greatly.
The analysis is interesting as it looks at an optimization problem as a statistical estimation
problem. This idea works irrespective of the distribution of the data. Empirically it works
for many common sketching methods as well. From prior results that show that common
sketching solutions asymptotically converge to the Gaussian sketch solution in distribution
[18] 19], we can argue that our results apply to those sketches as well.

The lower bounds derived in this project are new, and easy to compute, unlike existing
ones such as in [5]. We proved that the classical sketching method is the optimum unbiased
estimator based on the Gaussian sketch. Additionally our lower bound can incorporate prior
knowledge about the solution through constraints. The error of the shrinkage estimator
can be made arbitrarily close to the lower bound for large m and d, when the data is well
conditioned (upto the factor of 72), so the bounds are tight.

Since the shrinkage estimator shrinks the sketched solution towards 0, it can be regarded
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as a regularizer. To the best of our knowledge, there are no results showing whether an ¢2
norm regularized sketching solution strictly dominates the classical sketching solution from a
statistical perspective. But our shrinkage estimator is shown to strictly dominate the classical
Gaussian sketch solution. It would be interesting to study the generalization properties of the
shrinkage estimator proposed here, and compare it with standard regularization methods.
Another interesting direction is to apply such shrinkage estimators for right sketching
methods for the minimum norm solution of underdetermined equations. Since the minimum
norm solution also has the same form and has a similar distribution under Gaussian sketch,

such an estimator would give lower error in that case as well.
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7 Proofs

7.1 Proof of Lemma

The solution xpg of (1) satisfies V|[Az — y|; = 0, i.e. AT(Azps —y) = 0. By solving this
equation we get xpg = (ATA)"tATy = Aly (assuming that A is full column rank, so that
AT A is invertible). By setting y* = y — Axpg, we get ATyt = 0. Similarly, the sketched
solution 7 of (2) satisfies (SA)T(SAZ — Sy) = 0. Solving this, we get

T = (ATSTSA)LATST Sy
= (ATSTSA)TATSTS(Axpg +yth)
= x5+ (ATSTSA) AT ST Syt

=xLs + (SA)TSyL

Since each element of SA and Sy* is a sum of independent Gaussians, each column of SA,
and Sy* follow a multivariate Gaussian distribution. In particular, Sy ~ N(0, % HyL H;[m)

Further,
E[(SA)'Syt] = B[ATST Sy*t) = ATE[ST Syt = ATyt =0 since E[STS] =1

Thus, SA and Sy* are uncorrelated Gaussian random variables, so they are independent

too. Finally, we note that conditioned on SA, ¥ must have a Gaussian distribution (since
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Syt is Gaussian) with E[Z | SA] = x5 since E[Sy* | SA] = E[Sy!]| = 0, and

Cov[ | SA] = E[(F — 216)(F — 215)" | SA]
= (SA)E[(Sy ) (Sy™)" | SA|(SA)™
= (SA) Cov[Sy* | SA)(SA)IT
= (SA) Cov[Sy*](SA)T
= (ATSTSA)LATST (%Hyiuijm) SA(ATSTSA)

= [y (A7S754) "

7.2 Proof of Lemma

From Lemma [1]
PN (m, %Hyﬂ\jw‘ﬁsml) 54

Hence we have

E [HA(f— ZL’LS)H; | SA] =Etr [A(/ZL’\— .%‘Ls)(/l‘\— JILs)TAT ’ SA]
=tr [AE [(?E\ - ILs)(i’\ - ZL’Ls)T | SA] AT]

1
= tr {A (—Hyﬂjz(ATSTSA)l) AT]
m
Taking expectation with respect to SA on both sides,

- 1 _
E[|A®Z - :cLS)H;] =Egu tr {A (EHyLHz(ATsTsA) 1) AT:|

1 _
- EHylH;tr [AEg4 [(ATSTSA)'] AT]
Since each row of S A has an independent multivariate Gaussian distribution A/ (O, %ATA) ,
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AT ST S A follows a Wishart distribution W, (m, %ATA), and so its inverse follows an inverted

Wishart distribution that satisfies E [(ATSTSA)™!] = —2—(ATA)™! [22].

E (A — 1)) = -y | A" (A7 4) A7
= Iy (AT ) A7)
= e [ATA) AT
=

7.3 Proof of Lemma

The proof is a consequence of Stein’s lemma from [34] which can be proved using the inte-

gration by parts formula for multivariable calculus. With 0 as in 1}

E[@—0)S"(§—0)] =E (X—e_ (d—2)X>T21 (X_Q_ (d—Q)X)]

XTS-1X XTS-1X
(X —6)TS1X
XTS-1X

=E[(X -0 (X -0)] —2(d—-2)E {

+ (d — 2)°E {m}

The first term can be simplified as

E[(X —0)"YS X - 0)] = Etr[(X — )2 (X —0)]
=Etr[27H(X - 0)(X —0)T]
= tr(STE[(X - 0)(X —0)"])
= tr(%7'Y)

=d
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For the second term, we use the following identity from multivariable calculus [35]:

/uV-VdQ = /uV-ﬁdF—/V(u)-VdQ
Q r Q

where Q CR% u: Q = R, V:Q — R T is the boundary of 2 and 1 is the outward normal
to I'. V(u) is the gradient of v and V - 'V is the divergence of V.

We choose @ = RY u = f(x) as the density function of A (#,X) such that V(u) =
—f(z)X7(z —0), and V = =%+ Since the density function goes to zero at the boundary
of €, the first integral on the right side is zero.

o 6)T
E{(XXTQE ?X X} / S a:TZ ?x - df
/ _Vf(z)- % )

- 107 ()
== [ (ﬁ)]

Xd: XTY1X — 2X;(271X);
(XTY1X)2

=E

i=1

_ (d-2)E {m}

Putting these parts together, we get

B0~ 0)7S7 (0~ 0) = d — (1= 2FE | |
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7.4 Proof of Theorem

We first note by the definition of y* that
g: Sy = SAZELS + SyL

where SAx ;¢ and Syt are both Gaussian random vectors, and are independent to each other
(from Lemma . So, conditioned on SA, y is also a Gaussian random vector with mean

SAzps and the vector Syt acting as independent, zero-mean Gaussian noise, i.e.
~ 1 112
y~N|(SAzxs, EHy HzIm | SA (25)

Our problem is to estimate the parameter x;¢ in the mean of this Gaussian distribution.
Let f(y;xrs) be the density function of the Gaussian shown above, parameterized by zg.

Then we define the Fisher information matrix for estimation of x;¢ from ¥ as
I3 215) = E [Va,g 108 f(7;215) Va,s log f (7 21s) "

Since log f(¥; z1s) = —(1/2)(y — SAzps)” (%HyLH;Im) - (y — SAxLg)+ constant,

N 1 - _ 1 -
I(g;ars) =E | (SA)T (EHyLllifm) (y — SAzLs)(y — SAzps)" (EH?JHE%) SA

— ﬁATSTSA since E [(ﬂ— SAxps)(y — SA:ULS)T] = %Hylelm
Y~llo

For unbiased estimators, we have a lower bound which is easily derived using the Cramér-
Rao lower bound. According to the following version of the Cramér-Rao lower bound which

only holds for unbiased estimators [36], page 147],

E[(Z —2ps)(@ — a1s)" | SA] = I(;01s) ™!
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where the inequality A > B means that A — B is positive semi-definite. Since the Gaussian
distribution and the Fisher information above are conditioned on S A, this lower bound holds

under the same conditioning. We can lower bound the mean squared error as follows:

E [|AF — 2rs)|ls | SA] = tr [AE [(F — 215)(F — 715)" | SA] A”]

l 2
Z HymH2tI' [A(ATSTSA)_lAT]

After taking expectation with respect to SA on both sides, we follow the same steps as

in the proof of Lemma 2/ to get

d

~ 2
E[|A@ - z19)ll] = ——— [yl

7.5 Proof of Theorem

Define the Fisher information matrix /(y; xps) as in the proof for Theorem {4} In this proof,
we will have to use slightly different and more sophisticated tools because the Cramér-Rao
bound used in the proof for Theorem [4| holds only for unbiased estimators.

Let A(xps) be the density function of some prior distribution for x g, which has support

on [—B, B]? and let I()\) be the matrix defined by
](/\) = E [V log )\(%LS)V IOg /\(l’Ls)T]

Let T be an estimator of zg derived from 7. Let A = (ATA)~!. Our problem is to
estimate the parameter xg € C such that [—B, B]? C C. We use the following special case
of Theorem 1 from [14], which holds under certain regularity conditions which are explained
therein. These regularity conditions are easily satisfied by the Gaussian distribution. [14]

states a lower bound on the expected error averaged with respect to the density A(xpg).
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Since we do not consider any probabilistic model on the data, we can lower bound the worst

case error by the average error.

d2
tr [ATI(y; xrs)] + Ep g tr [ATI(N)]

E [(E_ 37LS)TA71<:TV— xrs) | SA] > =

TLS

In this case, the two quantities in the denominator do not depend on x;g and hence the

expectations with respect to xyg are trivial. We then take the expectation of both sides with

respect to SA.

E [|A@ — 21s)ll3) = Esa [E [ AG — 21s)]5 | SA]]

d2
>
R [ATI(y; 218)] + tr [ATI(N)]
> & from E ! > L
= Eoa tt[ATI(§; 215)] + tr [ATT(V)] PREY S Ex
We upper bound the two quantities in the denominator as follows:
ESA tI[ATI(g; (L‘Lg)] = ﬁESA tI‘[(ATA)_lATSTSA]
Y=z
_ TQtr[(ATA)‘lESA[ATSTSA]]
v+l
= T Str[(ATA) AT A] since E[STS] =T
v+l
~ md
ly* 115
tr[ATI(\)] = tr[(ATA) " T (N)]
< ||(ATA)_1H2tr[[(/\)] because (AT A)™! is symmetric and I(\) = 0
1 _ _ -1
= mtr[[()\)] ||(ATA) 1H2 = Opmas(ATA) ™" = (0in(ATA))

The minimum value of tr[I(\)] over all distributions A(.) which satisfy the regularity condi-
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tions and have support in [—B, B]?, is dw?/B?. This result can be found in [36, page 172]
and has been used in [21] as well. Since the worst case bound holds for any prior distribution,
we use this minimum value.

d2

d dn?
[T

E [||AF — z1s)[3] >

dy o2 7r2HyJ‘H§
A (e

) from (1—}—:1:)_121—3:

This bound holds for any B > 0 such that the hypercube [—B, B]¢ lies within the set of

feasible xyg values. For unconstrained optimization, we can take B — oo and we get

~ d 2
E[IA@ - zs)l2] = — [l ],

7.6 Proof of Theorem (6

From Lemma [1, we have

PN (m, %HyHE(ATSTSA)—l) 154

~

We use the estimator 6(X) from Lemmawith X =70=ux55,and X = %”yLH;(ATSTSA)_I

to get the estimator

CXTy-lX

_ 12
O T A
m||SAZ|l;

e (1022 ) x
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We look at the approximation of HyLHz For proving part (a),

E [||AZ — y|l3] = ||Azrs — yls + E[JJA@ — 21s)||3]  since ATy* = 0 from Lemma 1]

— ||yiH§ + HyL”; from Lemma [2]

m-—d—1
m— 1

_ L1112
= [l

Alternatively, we can also approximate Hyle as = ||SAT — Syl|2 (see Section . This
is also an unbiased estimator, as seen below. Firstly, (SA)T(Sy — SAZ) = 0 from the

optimality condition for the sketched problem. Then,

E [[[SAZ — Syll;] = E [[|SAzLs — Syll;] — E [[ISAE@ — z1s)]l5]
= |Azs — y||> — Ega [E[||SA(@ — z15)|l5 | SA]] since E[STS] =1
2 d 2 . - 1 2 _
== Sl since @ A (s o AT S ) ) | 5
m m
m—dy, |2
)

For the purpose of deriving the upper bound in part (b), we will assume that we make
two independent draws of the random matrix .S : S; and S;. We will first solve the sketched
problem using S; to obtain a solution Z;, and use that to compute ||AZ, — yl[5, for our
approximation of Hyl H; Then we solve the sketched problem using S, to obtain a solution

To, and then compute the final estimator as

~ 2
T, = 1_(d 2)(m —d 1)||fil’12 yll5 %
m(m — 1)[|S2 AZ,||5

Note that this is only a trick used to simplify the derivation of the error bound. In

practice, it is enough to use a single instance of S to compute the estimator.
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Let us start by analyzing the approximation term. Since y* =y — Ax;g and ATyt = 0,

1Az — g2 = [ly* s + | A@: — z19)]I2

14z = ylly = ly* I, + 2l 514G — 29l + [AG — z29)ll3
2d

m—d— 1HyLH;+E[HA@1 _$LS)”;] from Lemma [2

E (|47 — yld] = "I+

E

(m —1)?

(m—d—1)? ~ 4
WE [||A($1 - xLS)“z}

Lyt d? L4, (m—d—1) . 4
= ||y HQ"(;;jigaﬂy H2+'—7;;j?T;r‘E[HA($1-stNb}

—d—1, 2 —d—1)(m+d—-1
("=t ol ] s L e Y

(26)

To compute the last term on the right hand side, let z = A(Z; — zg), then
1
Y (0, K- _HyL||§A<ATslT51A>1AT) 54
m
We require the 4" order moments of this Gaussian, which is as follows:

E [|A@ —2rs)ly | S1A] =B | Y > 272

i=1 j=1

=> Y (2K} + KuKj))

i=1 j=1

Since each row of S; A has an independent multivariate Gaussian distribution N (O, %ATA),
ATST S, A follows a Wishart distribution W, (m, AT A), and so its inverse follows an in-

verted Wishart distribution W (m, m(A”A)~"'), and therefore

K~ Wi (m, ||y, A(AT 4)7 A7)
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Let P = A(ATA)~'AT be the “hat matrix”. Using the covariance of elements of an inverted

Wishart matrix from [22],

E [|A@: —21s)ll,] = Esia Z Z (265 + KiKy5)
::i;ji(mEUQﬂ2+2Vm%K%)+EHKMEHKQ]+va@ﬁmKﬁ»
_ ‘l‘_yl;‘; ( 20PIE  2(m—d+ D||IP|F +20m — d— 1) tr(P)?
P\ (m—d-1) (m —d)(m —d—1)*(m —d - 3)
e L

vt @IPIE + te(P)?)
- (m—d—1)(m—d—3)

For the hat matrix, tr(P) = tr(A(ATA)"'AT) = tr((ATA)TATA) = d, and ||P|3 =
tr(PTP) = tr(P) = d.

Iyl +2)

E[IA@ ~w2s)le] = =g~ D —a—3)

Substituting this in ,

E

m—1 m — 1)2 (m—1)%2(m—d

m—d—1, 2\’ L4 d? La o dd+2)(m—d—1), |
(Mot =) | = - gl = e
(27)

Now, we look at the following conditional expectation.
E [(Zonr — 2105) S (Zonr — z1s) | S14, S2A]

Since 71 and Ty are independent (even when conditioned on S;A, SyA), we can first take
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expectation with respect to Zp, and using , this becomes

E[(ZTs —x1s)' 27 (Ts — wrs) | S24] - d(;ld_—f))z K {@Tzllgj
d(d+2)(d —2)*(m —d — 1) 1
- m—d—3) " [AEA}

where ¥ = %HyLH;(ATSQT SyA)~! and Tg (the un-approximated estimator) is calculated

using So and Tp. Then we use the normalized error from Lemma |3|to get

E [(fL’\S - JJLs)Tz_l(fL’\S - CL’Ls) | SQA} =d— (d - 2)2E |: L :|

fnglfb‘\g

Substituting ¥ = %HyLHz(ATSgSQA)*l, and using E+ > £,

m

HyLHQE [152AFohr — wr5)|l5 | S24]
2

:d_E[_;L_}(M_2y+d%d—®2 dM+QXd—®%m—d—1U

Is-17, (m—12  (m—12(m—d—3)
- (d —2)2 dd+2)(m—d—1)
=4 d+wM&AmﬂQMHﬁ<l+0n—D2 On—U%m—d—3Q

At this stage we replace the notation S, back by S which has the identical distribution
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Taking expectation with respect to SA on both sides,

E [“SA(/fshr - ILS)”%}

Il [, =22 (4 i — s
=T d +ml||SAzLs|3/Ily*1l3
) o2 2 d(d+2)(m—d-1)
< 1], d— =2 <1 e (mﬂ)?(m*d*?’)) from B > —=
< 4+ mEga[l|S Az s |3/ lv I XEX
; (d-22/d (1+ s — A3y
_ _”yLHz 1_ (m-1) ] ( L1)2( d—3) since E[STS] =1
m d+ml|Azrs|l3/ [yt

d 1112 1_€,<dam)
= (1 T
m L+ (m/d)||[Azpsl3/ 1y

4(d—1) 2(d—2)2
d? + d(m—1)(m—d-3)"

where €'(d, m) =
Finally for proving part (c), we use the fact that S is an Oblivious Subspace Embedding
[32] so that when m > O ((d + log (1/4))/€*), with probability greater than 1 — 4,

(1= o)l Azll; < [|SAz[l; < (1+ ¢)[|Az];
Then for sufficiently small € such that (1 — €)™ & (1 +¢),

E [[|A@r — 215)ll) < (1 + B [|SA@r — 215)]l5)

<arot (1o o

1 —¢€(d,m) )
(m/d)|| Az rs|3/ly* 13
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