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Individuals typically differ in their identities—the behaviors they deem
ideal for themselves and for themembers of their network—and in their
tolerance for behaviors that deviate from their ideals. This paper studies
compromise—that is, departures from one’s ideal point, to be accepted
by others. I show that an individual’s compromise in equilibrium is
bounded by the difference between her tolerance level and the lowest
tolerance level in society. Relatively intolerant individuals, who serve as
“bridges,” are critical for reciprocated compromise. When individuals
with extreme identities are systematically less tolerant, societies polarize.
In contrast, intolerance among moderates encourages cohesion.
I. Motivation
Bernard Crick defines tolerance as “the degree to which we accept things
of which we disapprove” (Crick [1963] 1971). It is the ability or willingness
towithstandopinions or behaviors that onemay not necessarily agree with.
There is a large body of evidence documenting the presence of homo-

phily in human relationships—the tendency to associate with those similar
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to oneself (for recent examples, see Marmaros and Sacerdote 2006; Hal-
berstam and Knight 2016; for a survey, see McPherson, Smith-Lovin, and
Cook 2001).1 This literature has long highlighted the role of preferences
in explaining why people associate and bondmore with those who are sim-
ilar to themselves. However, there is an important distinction to be made
between individuals caring about the innate identity of their friends—their
type—and individuals caring about the conduct of their friends—their be-
havior. There are settings in which individuals care about others’ type—for
example, gender, ethnicity, religion, or sexual orientation (see Currarini,
Jackson, and Pin 2009; Currarini, Matheson, and Vega-Redondo 2016).
However, inmany settings, individuals may caremore about others’ behaviors:
their religious practices, the political opinions they voice, how conservatively
they dress, or even how “white” they act (see Berman 2000; Lagunoff 2001;
Austen-Smith and Fryer 2005; Carvalho 2013). This paper focuses on such
preferences.
In this paper, individuals interact in social networks. There is a benefit

from forming a link with others, what the paper calls “making friends,”
which includes actual friendships but also mutual help or working rela-
tionships. The common underlying factor among all these relationships is
that they require social interactions and that people care about the behav-
ior of individuals with whom they interact. Each individual has an ideal be-
havior—their identity. A person’s utility depends onhow close her own con-
duct, as well as the conduct of those in her network, is to her identity. An
individual’s tolerance level is the largest deviation from her identity that she
can accept in a friend. Individuals can differ in their tolerance. Before
forming social networks, individuals choose their behavior anticipating
the need to fit in during the subsequent process of network formation.
Compromising by adopting a conduct that differs from one’s innate identity
comes at a cost. The onlymotive for compromising in thismodel is tomake
friends. For instance, a religious person may abstain from displaying reli-
gious symbols in an environment with many nonbelievers, while an atheist
may silence his criticism of the church to be accepted by devout friends.
Conservative college students may express views that are more liberal than
their own ideology on college campuses (Barker 1994; Braghieri 2020), as
liberals might keep their leftist views to themselves in conservative small
towns.
This paper explores the limits of compromise. In equilibrium, an indi-

vidual’s ability to compromise is bounded by the difference between her
tolerance level and the lowest tolerance level in society. Consequently, if
1 “Birds of a feather flock together” is attributed to Burton ([1651] 1927), but scholars
have described the pattern starting in the antiquity: “we love those who are like themselves”
(Aristotle’s Rhetoric) or “similarity begets friendship” (Plato’s Laws).
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all individuals have the same tolerance levels, thencompromise is impossible.
In such a setting, everyone would choose their preferred behavior, and in-
dividuals would form links with each other if and only if they tolerate each
other’s ideal points.
The key insight is the incentive to only minimally compromise for oth-

ers. During the network formation stage, individuals will be friends with
anyone whose conduct is acceptable. Since compromise is costly, this gives
individuals the incentive to compromise just enough to be accepted by
their set of friends. Any individual who compromises in equilibrium must
minimally compromise for at least one other individual. With symmetric
tolerance levels, this other individual must also compromise. Moreover,
this other individual’s compromise must be larger for her to be a worth-
while friend. Each compromise implies the existence of another person
who compromises by even more, which is not indefinitely possible.
Heterogeneity in tolerance is thus necessary for compromise. Introduc-

ing less tolerant individuals allows for the possibility of compromise in equi-
librium.With differences in tolerance levels, tolerant individualsmay value
friendships with relatively intolerant individuals, even when the latter do
not compromise, resulting in unilateral compromise. Moreover, relatively
intolerant individuals can enablemore tolerant individuals of the same tol-
erance level to compromise for each other. I show that these relatively in-
tolerant “bridge” individuals are essential for reciprocal compromise.
The joint distribution of tolerance levels and identities matters for the

patterns of compromise across different tolerance levels. If individuals with
more extreme identities are systematically less tolerant, it can be shown
that reciprocal compromise is impossible in equilibrium. In this case, be-
haviors tend to bemore polarized than ideologies. In contrast, more toler-
ance at the extremes encourages amore connected society. These findings
are related to the work of Esteban and Ray (1999; see sec. V), who study
differences in the distribution of observable behaviors and the underlying
distribution of extremist types in a model of conflict.
The next section discusses the related literature. Section III formalizes

themodel described above. Section IV describes simple examples that pro-
vide the intuition for the main results. Section V contains this paper’s key
results. Section VI discusses some of the assumptions of themodel and im-
plications of the results. Finally, section VII notes concluding thoughts.
II. Literature
This work relates to several strands of existing literature. First, this paper
contributes to a growing theoretical literature on homophily in the forma-
tion of social networks (Gilles and Johnson 2000; Currarini, Jackson, and
Pin 2009;Golub and Jackson2012;Currarini,Matheson, andVega-Redondo
2016; Gauer and Landwehr 2016; Iijima and Kamada 2017; Jackson 2019).
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Like these papers, I assume that individuals prefer to associate with similar
others. A crucial difference is that I assume that individuals care about oth-
ers’ conduct as opposed to their identity.
Second, this work pertains to the general framework of Akerlof and

Kranton (2000), where individuals have identity-basedpayoffs that depend
on their own actions and on others’ actions and where they can modify
their identity at a cost. However, in contrast tomodels of endogenous iden-
tity (e.g., Shayo 2009; Grossman and Helpman 2018) or intergenerational
transmission of identity (e.g., Bisin and Verdier 2001; Carvalho 2016), in-
dividuals in this paper cannot change their innate identities. They can, at
some cost, compromise and adopt a behavior that differs from their innate
identity. Specifically, this paper provides amodel where an endogenous so-
cial network may provide incentives for individuals to compromise.
Third, the analysis here is closely related to the literature on conform-

ism. In models of conformism, individuals have a preferred conduct but
also care about the extent to which their actions differ from those chosen
by other members of their social group to gain esteem, conform to the
norm ( Jones 1984; Glaeser, Sacerdote, and Scheinkman 1996; Cervellati,
Esteban, and Kranich 2010; Richter and Rubinstein 2021), or avoid reveal-
ing their true type (Bernheim 1994; Kuran 1995). In particular, a number
of papers study conformism in exogenously given networks (Bisin, Horst,
andOzgur 2006; Patacchini and Zenou 2012; Ozgur, Bisin, and Bramoulle
2018), though only Boucher (2016) studies the formation of networks in
the presence of conformism. This paper is significantly different in that in-
dividuals evaluate others’ behaviors in comparison to their own ideals as
opposed to a societal norm. Section VI.E discusses this crucial distinction
and its implications.
A different strand of the literature in evolutionary economics studies

the stability of norms of tolerance, where tolerance is defined as the will-
ingness to interact with individuals from another group (Muldoon, Bor-
gida, andCuffaro 2012; Cerqueti, Correani, andGarofalo 2013). These pa-
pers use replicator dynamics to study why intolerance may persist even
when being tolerant presents an advantage in trading environments. In
contrast, this paper treats tolerance as an immutable attribute of an indi-
vidual’s preferences.
Finally, this paper contributes to the literature on diversity and social

capital (see Dasgupta and Serageldin 1999; Putnam 2000; Portes and Vick-
strom 2011). According to Putnam (2000), there is an important distinc-
tion between bridging (inclusive) and bonding (exclusive) social capital.
Bonding social capital networks are inward looking and tend to reinforce
exclusive identities andhomogenous groups.On the other hand, bridging
social capital networks are outward looking and include people across
“diverse social cleavages.” This paper highlights the role of intolerant indi-
viduals as bridging agents.
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III. Premises of the Model

A. Individuals and Preferences
Consider a population of sizeN indexed by i ∈ f1, 2, ::: ,N g. Each individ-
ual i has an ideal point ii ∈ ½0, 1� that denotes her identity. Here identity
represents an individual’s ideal code of conduct and is immutable. In con-
trast, individuals select a codeof conduct—a behavior, ai ∈ ½0, 1�. For exam-
ple, an individual’s religious identity would represent their intrinsic faith
in god, whereas their religious behavior could range from carrying a rosary
to burning Bibles. Another example is the expression of political opinions.
In this case, one’s identity corresponds to one’s ideology, ranging from the
extreme left to the extreme right, while one’s behavior consists in the ex-
pressed political opinions.
I study a model of social interaction, where individuals first choose their

conduct and then form their social network. Think of an individual’s con-
duct as a set of public behaviors or expressed attitudes that individuals
choose to convey their image or “adopted identity” within society.2 Then
individuals form their social network, by establishing links that allow them
to interact with each other. I call these links friendships and the individuals
in this network friends. These links may represent actual friendships but
also work collaborations or other mutually beneficial relationships. Cru-
cially, these relationships require interactions, and people care about the
behavior of individuals with whom they interact on a regular basis.
While individuals value the benefits that flow from their friendships,

they also care about the behavior of their friends. I assume that individ-
uals judge all behaviors in comparison to their identity. In particular, an
individual’s utility strictly decreases in the Euclidean distance between a
behavior and her ideal point. Individual i derives a benefit viðjii 2 aj jÞ from
a link to an individual j with behavior aj. The link has a strictly positive value
when aj is equal to ii, but this value strictly decreases as aj differs from i’s
identity. Individuals may differ in the benefits they derive from a friendship
and in their tolerance for behaviors that differ from their ideal point.
Finally, individuals also care about their own conduct. Choosing a be-

havior that departs from one’s own identity comes at a cost cðjii 2 ai jÞ that
strictly increases as ai departs from ii.
Consider an individual i with ideal point ii, behavior ai, and links to a

friendship set S. Denoting the profile of behaviors of individual i’s friends
by aS, individual i’s utility can be expressed as

uiðai , aSÞ 5 Ui o
j∈S
vi ii 2 aj

�� ��� � !
2 cið ii 2 aij jÞ, (1)
2 This paper considers only one choice of conduct, but one could imagine individuals se-
lecting different conducts for separate “societies” (say, their work and their neighborhood).
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where the benefit from friendship vi is continuous, strictly decreasing in
the distance between ii and aj with vi(0) strictly positive but finite; Ui is
strictly increasing with Uið0Þ 5 0; and ci is continuous, strictly increasing
with cið0Þ 5 0.
Note that this specification is quite flexible. It allows for the utility from

friendships to be additively separable if Ui is linear but also allows for non-
additive benefits, such as diminishing return to friendships if Ui is strictly
concave (as in Currarini, Jackson, and Pin 2009).
A key attribute of the chosen specification in (1) is the notion of a tolerance

level, which represents the largest deviation from individual i’s ideal point
that is still consistent with a valuable friendship. Formally, we define individ-
ual i’s tolerance level ti by viðtiÞ 5 0; it is the largest tolerable distance.3

Person i is happy to be friends with person j as long as j’s behavior is
within a distance ti of i’s ideal point: jii 2 aj j ≤ ti. An individual’s tolerance
level reflects both howmuch the individual values a friendship and the ex-
tent to which she dislikes departures from her ideal behavior.
Let us define i’s tolerance window as qi ; ½ii 2 ti , i 1 ti � and say that a be-

longs to i’s tolerance window if a ∈ qi . Figure 1 illustrates these concepts.
Individual i is said to compromise if her chosen behavior differs from

her ideal point jii 2 aij > 0.
B. Timing
This model is a two-stage game with full information. In the first stage, in-
dividuals choose a code of conduct. In the second stage, they form their
social network by choosing their friends.When people choose their behav-
ior in the first stage, they anticipate the friendship networks they might
form in the second stage. They may want to compromise in order to be
accepted—to “belong.”
This timing enables individuals to commit to a conduct—a public im-

age—before interacting with others. Note that if individuals could revise
their behavior after forming their network, they would never compro-
mise and would always select their ideal points. But this alternative tim-
ing assumes away the possibility for individuals to stop interacting with
anyone who does not bring them utility. A more realistic assumption that
would be equivalent to our model would be to have individuals choose
their behavior and possible friends simultaneously but simply permit indi-
viduals to revise their choice of friends afterward. This gives individuals the
possibility to stop interacting with anyone who does not bring them utility.
As a result, like in the original timing, no one in equilibrium has an incen-
tive to adjust their action knowing that others can then respond to this by
adjusting their friendships.
3 This definition of tolerance may be closer to what Murphy (1997) calls toleration,
though there is no consensus on the distinction between tolerance and toleration.
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In this simple model, friendships are not dynamic. But one could ex-
tend the model to allow for the formation of relationship capital among
some pairs. This would make some friendships more valuable over time,
thereby increasing one’s tolerance toward these friends.
C. Network Formation
I assume that link formation is costless. As a result, the process of network
formation is trivial. Given a vector of behaviors a in the population, individ-
ual i is happy to form a link with individual j if and only if aj ∈ qi.
Following most of the network literature, I consider networks that are

pairwise stable. Jackson and Wolinsky (1996) defined a network to be
pairwise stable if (i) no player would be better off if they severed one
of their links and (ii) no pair of players would both benefit from adding
a link that is not already in the network.
I assume that if both players are indifferent, they form a link. Then, for

any given profile of behaviors a, there is a unique pairwise stable graph G
such that individuals i and j are friends if and only if their behaviors lie in
each other’s tolerance windows: gij 5 1 if and only if aj ∈ qi and ai ∈ qj .
IV. Examples
This section provides intuition for the main results of the paper through
some simple examples. For the purpose of these examples, I assume the
following linear functional form:

uiðai, aSðiÞÞo
j∈SðiÞ

Fi 2 bi ii 2 aj

�� ��� �
2 ci ii 2 aij j, (2)

where Fi represents the intrinsic value of a friendship for i, while ci and bi
capture her aversion to behaviors that deviate from her ideal for herself
and for others, respectively. In this setting, individual i’s tolerance level is
given by
FIG. 1.—Tolerance.



ti 5
Fi
bi
:

Note that this simple expression captures well the fact that an individual’s
tolerance level depends on the benefit that she derives from a friendship
as well as her dislike of differences. The more she values friendships, the
more she is willing to befriend individuals who differ from her ideal
point.
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A. No Compromise with Homogeneity
Assume that identities differ but ti 5 t for all i. When two individuals
have the same level of tolerance, then either both individuals’ identities
belong to each other’s tolerance window ii ∈ qj and ij ∈ qi or both indi-
viduals’ identities lie outside of each other’s tolerance window ii ∉ qj

and ij ∉ qi.
In figure 2A, individuals i and j are sufficiently tolerant such that their

ideal points already belong to the other’s tolerance window. They there-
fore have no incentive to compromise and can be friends in spite of their
differences.
In contrast, figure 2B illustrates a situation where i and j do not be-

long to each other’s windows though their tolerance windows do overlap.
Thus, the only way for them to become friends is for both to compromise.
Since there is no incentive to unilaterally compromise, it is easy to see why
there exists an equilibrium without compromise. However, what may be
surprising is that this no-compromise equilibrium is unique. This paper
shows why this unique no-compromise equilibrium is not simply a coor-
dination failure.
FIG. 2.—Homogeneity in tolerance.
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Assume that i and j compromised for each other as illustrated in fig-
ure 3A. This cannot be an equilibrium, as individual i would benefit from
reducing her compromise as shown in figure 3B (and so would individual
j). Since compromise is costly, individuals have an incentive to minimally
compromise for others—to do the least possible in order to be accepted.
However, this implies that their friendship is not worth compromising for
in the first place. Figure 3C shows that if i minimally compromises for j,
her friendship is not valuable to individual j. The latter therefore had lit-
tle incentive to compromise herself. It follows that individuals i and j in
figure 2B cannot compromise for each other. In both of the above cases,
individuals choose their preferred actions and are friends only if they be-
long to each other’s tolerance window when tolerance levels are the same.
B. Heterogeneity Enables Compromise
To see howheterogeneity in tolerance levels enables compromise, take two
individuals j and k whodiffer in tolerance levels. If j ismore tolerant than k,
then we can have k’s ideal point belonging to j ’s tolerance window but not
vice versa—ik ∈ qj but ij ∉ qk , as illustrated in figure 4A. Individual j values
being friends with k even if k does not compromise. If j values this friend-
ship enough so as to be willing to bear the disutility from compromising, j
and k will be friends. If she compromises, jwould clearly choose the small-
est compromise needed to be friends with k: the behavior aj in qk that is
FIG. 3.—No compromise in equilibrium.
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the closest possible to ij as shown in figure 4A. Hence, j compromises and
befriends k if

Fj 2 bj ij 2 ik
�� �� 2 cj ij 2 aj

�� �� ≥ 0: (3)

It naturally follows that the presence of less tolerant individuals can allow
more tolerant individuals to compromise and become friends. Consider
the example in figure 2 where i and j have the same tolerance levels. Now
suppose that there were a less tolerant individual k placed between them
so that qk ⊆ qi , wk ⊆ qj , ii ∉ qj , and ij ∉ qi , as in figure 4B. If i compro-
mises to be acceptable to k, she becomes attractive to j as well and vice
versa. Let l and r denote the left and right thresholds of k’s tolerance win-
dow, respectively. There is an equilibriumwhere ai 5 l , ak 5 ik , and aj 5 r ,
and all three individuals are friends if the following two inequalities hold:

½Fi 2 bi ik 2 iij j� 1½Fi 2 bi r 2 iij j� ≥ ci l 2 iij j 
and

Fi 2 bi ik 2 iij j ≥ ci l 2 ðij 2 tjÞ
�� ��:

The first inequality requires the overall value of the compromise to be
positive: the value of the friendships with j and k exceeds the cost of com-
promise. The second inequality guarantees that i prefers choosing l and
being friends with both i and j, rather than choosing the left extremity
of j’s tolerance window, ij 2 tj , and being friends only with j. Both these
constraints are satisfied for a sufficiently low cost of compromise. This equi-
librium is illustrated in figure 4B.
FIG. 4.—Compromising for an intolerant person.
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Example.—Assume that i and j have ideal points ii 5 0:2 and ij 5 0:8.
They are otherwise identical, with bi 5 bj 5 1 and Fi 5 Fj 5 0:5. Now con-
sider individual k, who has an ideal position in between, ik 5 0:5, and is
less tolerant than i and j, with bk 5 5 and Fk 5 0:5. Individuals i and j
have the same disutility from their own actions deviating from their ideal
points, ci 5 cj 5 1:1. Interestingly, i would not compromise for k alone,
but ai 5 l 5 0:4, ak 5 ik , and aj 5 r 5 0:6 is an equilibrium.
C. Compromise Builds on Compromise
We have just seen examples of tolerant individuals who minimally com-
promise for a less tolerant person. But it is possible for a tolerant individ-
ual to minimally compromise for another tolerant individual in equilib-
rium. Indeed, there is a compromise multiplier encouraging reciprocal
compromise.
This is illustrated in figure 5, where i and j are high tolerance, while k is a

low-tolerance person. In this example, k does not compromise. Individual j
minimally compromises for k, thereby becoming valuable to i. Individual i
compromises not just for k but also for j. A complete network is achieved.
V. Main Results
After these illustrative examples, I return to the most general setup: agents
i ∈ f1, 2, ::: ,N g with preferences represented by (1). Let ti denote the
tolerance level of individual i, and let t and �t denote the lowest and high-
est tolerance levels in society, respectively.
A. Limits to Compromise
This section characterizes the limits to compromise. Before proceeding,
I will introduce some definitions that are useful for the proof and the rest
of the paper.
Definition 1. j is valuable to i if aj ∈ �ii 2 ti, ii 1 ti ½.
Definition 2. i compromises for j if jii 2 ij j > tj ≥ jij 2 aij.
FIG. 5.—Compromise builds on compromise.
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Definition 3. i minimally compromises for j if i compromises for j
and ai 5 argminai∈qj

jai 2 iij.
In words, an individual i is said to compromise for j if i ’s ideal point

is outside of j’s tolerance window but her chosen behavior is inside j’s tol-
erance window. Individual i minimally compromises for j if she compro-
mises for j while deviating as little as possible from her ideal point.
We now turn to our first proposition.
Proposition 1. An individual i with tolerance ti never compromises

by more than ti 2 t in equilibrium.
The detailed proof of this proposition is in the appendix, but the in-

tuition for the proof is simple. Assume that there is an equilibrium vec-
tor of actions such that individual i violates the claim in the proposition.
Lemma 1 tells us that if i compromises at all then there must exist a
valuable individual j (in the sense of definition 1) for whom i minimally
compromises (in the sense of definition 3). If not, i could compromise a
bit less and still keep the same number of friends. Lemma 3 then uses
the fact that j is valuable to i while i is just acceptable to j to show that
the difference between j ’s compromise and his tolerance must be larger
than the difference between i’s compromise and her tolerance. This im-
plies that jmust also be compromising by more than tj 2 t. Repeating this
argument would imply an infinite sequence of individuals m 5 fi, j , :::g
along which would be ever increasing, a clear contradiction to the finite
number of individuals in the society.4

The incentive to minimally compromise for others drives this result.
There is strategic complementarity between individuals’ decisions to choose
behaviors within each other’s tolerance window but not to compromise
beyond the minimum needed to be acceptable.
Proposition 1 has several implications. Since �t ≥ ti, proposition 1 im-

plies an upper limit to the compromise that can be achieved in a society:
Corollary 1. Individual compromise cannot exceed �t 2 t in

equilibrium.
Another straightforward but powerful corollary of proposition 1 is that
there cannot be any compromise when all individuals have the same toler-
ance levels (though the underlying utility functions could differ).When all
tolerance levels are the same, only individuals whose ideal points belong
to each other’s tolerance window can be friends in equilibrium. This result
generalizes the example of section IV.A.
Corollary 2. If all individuals have the same tolerance, ti 5 t, for

all i,

1. compromise is not possible;
2. i and j are friends if and only if i ∈ qj and j ∈ qi.
4 Proposition 1 also holds with a continuum of agents, though the proof differs.
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It also follows directly fromproposition 1 that individuals with the lowest
tolerance level, ti 5 t, do not compromise.
Corollary 3. The most intolerant individuals never compromise in

equilibrium.
Finally, the bounds on compromise imply a maximal distance between

the ideal points of any two friends (see the proof in the appendix).
Corollary 4. In equilibrium, jii 2 ij j ≤ ti 1 tj 2 t for all pairs ij ∈ G .
B. Role of Bridges
The previous section showed that equilibrium compromise is bounded
and that no compromise is possible with homogenous tolerance levels. In
contrast, the examples of sections IV.B and IV.C demonstrate that hetero-
geneity in tolerance levels makes compromise possible.
Now, clearly the presence of a variety of individuals leads to multiple

equilibria. A relatively tolerant individual may compromise in one direc-
tion or the other depending on the behavior of others. This means that
observed behaviors or the views expressed in a society can change rapidly,
from moderate to extreme positions for instance, with little change in
the underlying distribution of preferences. This would be consistent with
the rise and rapid fall in political correctness observed over the last few
years (Pew Research Center 2019). Also related is the evidence of “con-
tingent extremists”: individuals with long-held extreme ideology who will
express their support (and vote) for extremist parties only when they
think that a sufficient number of others share their views (see Jakli
2020).
Characterizing the full set of equilibria in a given setting is difficult,

though proposition 1 and its corollaries help by limiting the range of pos-
sible behaviors. Proposition 2 helps by identifying the necessity of a bridge
individual in between any two individuals who compromise for each other.
Definition 4. Individuals i and j reciprocally compromise if i com-

promises for j and j compromises for i.
Proposition 2. If i and j (with ideal points ii ≤ ij) reciprocally com-

promise, then there exists an individual k such that

1. ik ∈ ðqi \ qjÞ and
2. ik 2 tk or ik 1 tk ∈ ðqi \ qjÞ.
Proposition 2 tells us that there must be a bridge individual between
any pair of individuals who reciprocally compromise: an individual whose
ideal point and one edge lie in the intersection of the pair’s tolerance
windows. Note that this bridge individual is necessarily strictly less tolerant
than the individuals she is bridging. Taken together with the relationship
between identity and tolerance, this proposition has important consequences
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for whether compromise will contribute to the polarization or cohesion of
a society.
C. Extremism and Polarization
There is some evidence pointing toward intolerance and extremism be-
ing correlated (see van Prooijen et al. 2015; van Prooijen and Krouwel
2017). A direct implication of proposition 2 is that if there is systemati-
cally more intolerance at the extremes, there cannot be any reciprocal
compromise, leading to polarization.
Consider a form of “single-peaked” relationship between identity and

tolerance:
Assumption [T ]. There is a deterministic mapping T :½0, 1�→R1

from identity to tolerance such that, for any ii < ij < ik , if T ðijÞ < T ðikÞ
then T ðiiÞ ≤ T ðijÞ and if T ðiiÞ > T ðijÞ then T ðijÞ ≥ T ðikÞ.
This mapping allows for two scenarios. T(i) either is monotonic or

increases then decreases over the interval. In the latter scenario, we say
that the extremes are less tolerant.
Proposition 3. Under assumption [T ], in equilibrium,

1. there is no reciprocal compromise;
2. if ij ∈ G and ti ≥ tj , then ij ∈ qi; and
3. when the extremes are less tolerant, behaviors are more polarized

than identities.
Theproof is simple. Assumption [T ] implies that for any two individuals
i and j with ii < ij , no individual k with ik ∈ ½ii, ij � can be strictly less tolerant
than both i and j. Without the possibility of a bridge between them, prop-
osition 2 tells us that i and j cannot reciprocally compromise. So if two in-
dividuals are friends, it must be that one person’s ideal point lies within
the other one’s tolerance window. This implies that more tolerant individ-
uals necessarily compromise toward less tolerant individuals.
If tolerance is monotonic in identity, all compromise will be in one di-

rection: toward the least tolerant individual. If tolerance first increases
and then decreases along the interval, as illustrated in figure 6, then be-
haviors tend to be more polarized than identities in the following sense:
there are identities il and ir (il < ir) such that all individuals with identities
to the left of il can compromise only to the left, while all individuals to
the right of ir can compromise only to the right.5 Individuals with identities
5 Assume that T is continuous, and let�i be (one of) the identity associated with the high-
est level of tolerance. The threshold il is the maximum between zero and the largest i ≤ �i
such that there exists i0 ≥ �i with T ðiÞ 5 T ði0Þ 5 ji0 2 ij or such that T ðiÞ 5 T ð1Þ. Similarly,
let ir be the minimum between one and the smallest i ≥ �i such that there exists i0 ≤ �i with
T ðiÞ 5 T ði0Þ 5 ji0 2 ij or such that T ðiÞ 5 T ð0Þ.
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between il and ir may compromise in one direction or the other depend-
ing on the circumstances or even the particular equilibrium considered.
In figure 6, individual i ’s identity is to the left of il. If i compromises, her
behavior will be to the left of her ideal point. Figure 6 shows j compro-
mising to the right. But since ij is to the left of ir, there could exist differ-
ent equilibria or settings where j would compromise to the left.
Until recently, the literature had found more evidence of higher in-

tolerance among conservatives, but recent research finds evidence for
intolerance on both sides of the political spectrum (Brandt et al. 2014;
Crawford and Pilanski 2014). Newspaper articles frequently document
the rise of intolerance among liberals and have coined the term “cancel
culture” to refer to this phenomenon.6 Simultaneously, polarization in
the United States has dramatically increased over the last few years
(Boxell, Gentzkow, and Shapiro 2017). These patterns could easily be
understood in the context of this model.
D. Centrism and Cohesion
Though we often associate intolerance with extremism, this need not be
the case. For example, in postwar western Europe, there were calls for a
strong commitment to moderation. In his very influential book The Open
Society and Its Enemies, Popper ([1945] 2012) argued against the tolera-
tion of extremist ideas (see also Walzer 1997). Such a commitment could
translate into lesser tolerance among moderates. Assumption [U ] formally
defines this premise, and proposition 4 derives its consequences.
Assumption [U ]. There exists a deterministicmappingT :½0, 1�→R1

from identity to tolerance, and T is decreasing and then increasing.
FIG. 6.—Intolerance at the extremes and polarization.
6 See the New York Times podcast about cancel culture: https://www.nytimes.com/2020
/08/10/podcasts/the-daily/cancel-culture.html.

https://www.nytimes.com/2020/08/10/podcasts/the-daily/cancel-culture.html
https://www.nytimes.com/2020/08/10/podcasts/the-daily/cancel-culture.html
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Figure 7 provides an example of such a mapping. Let m be an individ-
ual with the lowest level of tolerance t, and let l 5 maxj ij 2 tj and r 5
minj ij 1 tj .
Proposition 4. Under assumption [U ], behaviors are less polarized

than identities. If ½im 2 t, im� or ½im, im 1 t � ⊂ intð\i≠mqiÞ, then for sufficiently
low costs of compromise, equilibrium behaviors are

ai 5

l if  ii < l ,

ii if  ii ∈ ½l , r �,
r if  ii > r ,

8>>><
>>>:

(4)

and the equilibrium network is complete.
Proposition 4 tells us that assumption [U ] encourages moderation

and cohesion. Any individual who compromises will do so toward m. In-
tuitively, suppose that an individual to the left of m compromised to the
left. Such a compromise would be worthwhile only if it were reciprocated
by another individual to the left ofm, which would be impossible without
a bridge (in the sense of proposition 2) in between them (the formal
proof is in the appendix).
When individualm acts as abridge,moderatingbehaviors listed in (4) char-

acterize the equilibrium when the cost of compromise is sufficiently low.
Figure 7 illustrates this with an example. Here m and r 5 m 1 tm ⊂
intð\i≠mqiÞ. When the cost of compromise is sufficiently low, individuals
to the right of r would unilaterally compromise to r. Thus, individuals
to the left of l would compromise to l (in fig. 7, l 5 ij 2 tj) to be friends
with everyone else. Individuals with identities that lie within [l, r] have no
reason to compromise. As a result, observed behaviors are more moder-
ate in comparison with identities.
FIG. 7.—Intolerance at the center and cohesion.
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Note that sufficiently low costs of compromise may implicitly assume
individuals to be more sensitive to others’ behaviors than their own. This
suggests that some hypocrisy—judging others more harshly than oneself—
may be required to have a cohesive society.
VI. Discussion
This section further discusses some of the implications and the assump-
tions of the model.
A. Welfare
It shouldnot come as a surprise that theremaybe suboptimal equilibriawith
too little compromise. Take two individuals i and j with the same tolerance
level, ti 5 tj 5 t. While corollary 5(1) tells us that no compromise is possible
in equilibrium, it is easy to show that compromise could benefit them both.
A necessary condition for compromise between two individuals i and j

to be optimal is that, for both i and j, the gain in their utility as the other
moves toward them must be greater than their loss from moving away from
their ideal position.
In the case of linear utility, as in the examples of section IV, this occurs

when individuals are more sensitive to others’ behaviors than their own:
bi higher than ci in equation (2). While we probably all know of people
who are stricter with others than they are with themselves—judging others
for their lack of religiosity, their overindulgence with their children, or their
promiscuity, while always having good reasons to allow themselves not to
attend religious services, give in to their kids, or enter a new relationship—
it seems unlikely to be the case for all.
With concave utility functions, an increase in the distance between an

individual’s ideal point and her friend’s behavior causes more disutility
the larger this distance is to begin with. In this case, compromise can be
optimal even when the disutility from a person’s own deviations from her
ideal point is greater than or similar to the disutility she experiences from
a friend’s deviation from her ideal. This is illustrated in the following
example.
Example.—Take the case of two individuals i and j with the same qua-

dratic preferences:

ukðak , aSÞ 5 o
l∈S
½F 2 b ik 2 al j2� 2 c

�� ��ik 2 akj2,  c ≥ b > 0: (5)

Let l 5 c=bð≥ 1Þ. In such a setting, the Pareto optimum is given by

a*i 5
ij 1 lii

1 1 l
  and  a*j 5

ii 1 lij

1 1 l
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when jii 2 ij j <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðð1 1 lÞ=lÞp

t. In particular, if b 5 c, then meeting in
the middle is optimal for i and j as long as they are sufficiently tolerant:
jii 2 ij j <

ffiffiffi
2

p
t .
B. Nonmonotonicity of Payoffs in t
We can build on the previous example to see that the payoffs to the tol-
erant individuals in a society are nonmonotonic in the tolerance levels of
less tolerant individuals. Consider two individuals, i and j, whose identi-
ties lie just outside each other’s tolerance window but for whom recipro-
cal compromise would be optimal. Now let us introduce a relatively less
tolerant person, k, with an ideal point located between ii and ij.
If k is almost as tolerant as i and j, as illustrated in the left panel of fig-

ure 8, no one compromises. Individuals i and k are within each other’s
tolerance window and are friends. The same is true for individuals j and
k. As we reduce k’s tolerance level, we first reach a point where k’s toler-
ance window lies just outside of i and k’s ideal point. If compromise is
not too costly, i and j will minimally compromise for k, and further re-
ductions in k’s tolerance level would decrease i and j’s payoff. However,
as k becomes even less tolerant, there is a point at which k’s entire toler-
ance window lies within i and j. At that point, compromising for k allows
i and j to be friends with each other (as shown in the right panel of fig. 8).
In a given range, k brings the Nash equilibrium closer to the Pareto
optimum and increases their utility by being less tolerant.
Figure 9 plots the tolerance level of individual k and the corresponding

equilibrium payoff of i and j for the following parameter values: ii 5 0:1,
ik 5 0:5, ij 5 0:9, and preferences given by (5) with F 5 0:5 and c 5 1.
Assume that bi 5 bj 5 1, which corresponds to a tolerance of �t 5 0:7
for i and j. Let us steadily decrease the tolerance level for k by increasing
bk from one to high values (reading the graph from right to left). Initially,
a decrease in k’s tolerance level hurts i and j as it forces them to compro-
mise to remain friends with k until the point where compromising for k
allows them to all be friends. Further decreases in the tolerance of k ben-
efits them.
Despite our focus on tolerance levels, it is worth noting that it is not

the only characteristic of the preferences that determines compromise.
Take two agents i and j such that ij ∈ qi and ii ∉ qj . Whether i wants to
FIG. 8.—Nonmonotonicity of payoff in t.
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compromise for j will depend on the level of utility that he derives from
the friendship and the cost of compromise.
C. Uncertainty
One might think that some uncertainty about the exact tolerance levels
of the others may help reciprocal compromise. This section shows that
uncertainty by itself is not enough.
Consider two individuals i and j with identities ii < ij (such as the two

individuals of sec. VI.A). Now assume that the utility of friendship and
associated tolerance level t are private information. Suppose that there
is a finite set S of types of agents, where a type is the utility of friendship.
For each type s, the individual utility of friendship vs is continuous, strictly
decreasing, and bounded and has an associated tolerance level ts ∈ ½ t,�t�.
The distribution from which these preferences are drawn is common
knowledge, but the realized values are private information.
A perfect Bayesian equilibrium consists of strategy profiles m desig-

nating strategies for each type of individual i and j, mi : S→ ½0, 1� and
mj : S→ ½0, 1�, and inference functions fi and fj, characterizing the be-
liefs of individuals i and j at each information set, such that m is sequen-
tially rational for each player given f 5 ðfi, fjÞ and f is derived from m

using Bayes’ rule whenever possible.
First, inference does not affect the network formation stage. Given be-

haviors a 5 ðai , ajÞ, individuals i and j of any type are friends if and only
if their behaviors lie within each other’s (type-specific) tolerance windows.
Let 1a,si ,sj be the indicator that a link will be formed given a and the indi-
vidual types.
Taking mj as given, the utility that individual i of type si maximizes by

choosing ai is
FIG. 9.—Nonmonotonicity of payoff in t.



uisiðaiÞ 5 Esj1a,si ,sj visi ii 2 mjðsjÞ
�� ��� �

2 cið ii 2 aij jÞ: (6)

Observation 1. If�t < jij 2 ii j or if t ≥ jij 2 ii j , then the perfect Bayes-
ian Nash equilibrium exhibits no compromise. Compromise can occur only
if t < ij 2 ii < �t.
Despite the uncertainty regarding the other person’s tolerance level,

observation 1 proves that there is no compromise if �t < jij 2 ii j. As with-
out uncertainty, the result is driven by the incentive tominimally compromise
for others, which in turn reduces the value of the potential friendship. Be-
cause compromise is necessary from (some of the types of) both individ-
uals, i and j are unable to become friends.
If t ≥ jij 2 ii j, then i and j will be friends and do not need to compro-

mise in order to do so. Individuals i and j may compromise for each other
only if �t > jij 2 iij and t < jij 2 ii j. The logic is similar to the role of het-
erogeneity in section IV.B. Compromise is sparked by the willingness of
a relatively high-tolerance individual to compromise for a relatively low-
tolerance type, even when the latter does not compromise.
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D. Externalities
The assumption that individuals care only about the behavior of their
friends may not seem plausible in all contexts. The behavior of those out-
side our friendship networks may affect us. The results of this paper hold
even if we relax this assumption by allowing individuals to care about the
behavior of all individuals. As long as individuals care more about those
in their direct network than others, the results in the paper hold.
E. Changing Identity
In this paper, individuals’ identities are set. Individuals may adopt behav-
iors that differ from their ideal points to fit in, but this changes neither
who they are nor how they judge their friends.
If instead we allowed individuals to pick a new identity ai and use this

new identity to judge others’ behaviors, we would get a model of conform-
ism in social networks (see Boucher 2016). In such a “moving”model, an
individual i with an adopted identity ai would get a benefit viðjai 2 aj jÞ
from his friendship with a person with adopted identity aj. This modeling
assumptionmight workwell in some settings. For instance, identities could
represent physical locations and individuals could choose their addresses
to be close to others. The proximity of the new addresses would be the rel-
evant distance in sucha setting. Similarly, whenkids choose extracurricular
activities, they may have preferences over the activities themselves but also
care about participating in the same activities as their friends (the context
studied in Boucher 2016).
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However, when we think of identities as normative values, individuals
may not be able to change their identities at will. Although people’s views
on certain issuesmay evolve over the course of their lives, there is evidence
that fundamental values and orientations are set early in life and may be
hard to change. This is especially true in the context of religious values
or political attitudes (Hamberg 1991; Lai et al. 2016; Ghitza, Gelman,
and Auerbach 2019). A famous longitudinal study of women who studied
at Bennington College (Alwin, Cohen, and Newcomb 1991, 64) finds that
“through late childhood and early adolescence, attitudes are relativelymal-
leable with the potential for dramatic change possible in late adolescence
or early adulthood. But greater stability sets in at some early point, and at-
titudes tend to be increasingly persistent as people age.” At the same time,
there is some evidence supporting the contact hypothesis (Pettigrew and
Tropp 2006) according to which a person’s social networkmay affect their
identity over time. Even assuming the premise, the model presented in
this paper would characterize individual decision-making in the short- to
medium-term better than a moving model.
Notice that the predictions from the two models are very different.

In contrast to this paper, a moving model would predict that intoler-
ant individuals would compromise the most, a potentially testable
implication.
VII. Conclusion
This paper presents a model of compromise in social networks. Individ-
uals’ identities characterize their preferred conduct for themselves and
for others. An individual’s tolerance level is the largest deviation from her
identity that she finds acceptable in a friend’s behavior. The need to be
acceptable to others can incentivize individuals to compromise and deviate
from their preferred conduct.
The paper characterizes the limits to compromise and shows that the

bounds to compromise decrease in the tolerance level of the least toler-
ant individual. When all individuals have the same tolerance level, there
cannot be any compromise in equilibrium. In contrast, heterogeneity in
tolerance levels enables compromise. The paper finds that relatively in-
tolerant bridge individuals play a key role in reciprocated compromise.
The paper explores how different joint distribution of tolerance and iden-
tity can lead to polarization or moderation in a society. Finally, it shows how
welfare and compromise are nonmonotonic in the lowest level of tolerance
in society.
Note that the distinction this paper makes between identity and be-

havior has implications for measures of diversity and tolerance in a soci-
ety. Looking at the identity of the members of a person’s social network
may overestimate the tolerance exhibited by the person. The distance
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between a person’s identity and her friends’ behaviors would likely tell us
more about her tolerance.
In future research, it would be interesting to study a dynamic version

of the current model in which individual behaviors affect the intergen-
erational transmission of identity.7 This model can also be used to study
the effect of new opportunities for friendships owing to population growth
or social media.
Appendix

Proofs

lemma 1. If i compromises in equilibrium, then the set of individuals who
are valuable to i and for whom i minimally compromises, Xi, is nonempty.

Proof. Let Si be i’s set of friends in equilibrium. Denote as Vi ⊆ Si the subset
of friends who are valuable to her (in the sense of definition 1) and as Xi ⊆ Vi

the subset of these for whom she minimally compromises (in the sense of defini-
tion 3). Suppose that Xi is empty: there is no j valuable to i and for whom i min-
imally compromises. Then, there is a 0

i such that jii 2 a 0
i j < jii 2 ai j and jij 2 a 0

i j ≤ tj
for all j ∈ Xi . Clearly, a 0

i represents a profitable deviation: i could compromise less
and keep all her valuable links. QED

Lemma 2. If i minimally compromises for j, then jij 2 ai j 5 tj and jii 2 ij j 5
jii 2 ai j 1 tj .

Proof. By definition, if i minimally compromises for j, then jii 2 ij j > tj and
ai 5 argminai∈qj

jii 2 ai j. The claim follows directly from these two facts. QED
Lemma 3. If i minimally compromises for j and j is valuable to i, jij 2 aj j 2 tj >

jii 2 ai j 2 ti .
Proof. Lemma 2 tells us that if i minimally compromises for j, then

ii 2 ij
�� �� 5 ii 2 aij j 1 tj : (A1)

If j is valuable to i, then jii 2 aj j < ti . Given that

ii 2 ij
�� �� 2 ij 2 aj

�� �� ≤ ii 2 aj

�� ��,
it follows that

ii 2 ij
�� �� < ij 2 aj

�� �� 1 ti : (A2)

Together, inequalities (A1) and (A2) imply that

ii 2 aij j 2ti < ij 2 aj

�� �� 2tj : (A3)

QED
Proof of proposition 1. Assume that the proposition does not hold. That is,

there is an equilibrium vector of behaviors a and a (nonempty) set of individuals
7 I am grateful to an anonymous referee for raising this point.
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K so that jik 2 ak j > tk 2 t for all k ∈ K . Let i be an individual in this set K with the
largest jii 2 ai j 2 ti .

Since i belongs to K, jii 2 ai j > ti 2 t, and therefore i compromises. Lemma 1
implies that there exists at least one individual j who is valuable to i and for whom
i minimally compromises. Lemma 3 tells us that

ii 2 aij j 2ti < ij 2 aj

�� �� 2tj ,

which contradicts the selection of i. QED
Proof of corollary 4.

ii 2 ij
�� �� ≤ ii 2 aj

�� �� 1 ij 2 aj

�� ��: (A4)

It follows from proposition 1 that jij 2 aj j ≤ tj 2 t. Also, if i and j are friends, then
jaj 2 ii j ≤ ti . Using these two inequalities in (A4) tells us that

ij 2 ii
�� �� ≤ ti 1 tj 2 t :

Lemma 4. If ij ∈ G , then ai and aj ∈ ðqi \ qjÞ.
Proof. For j to accept i’s friendship, it must be that ai ∈ qj ; ai ∈ qi follows di-

rectly from proposition 1. QED
Lemma 5. If i minimally compromises for j and j is valuable to i,

jij 2 ai j 5 tj > jij 2 aj j > jij 2 ii j 2 ti .
Proof. If i minimally compromises for j, then jij 2 ai j 5 tj . By capping com-

promise, proposition 1 implies that jij 2 aj j < tj . Finally, if i values j, then
jij 2 aj j > jij 2 ii j 2 ti (see eq. [A2] in the proof of lemma 3). QED

Proof of proposition 2. Assume that the converse is true. Then, there must exist
individuals i and j who reciprocally compromise but no intermediary individual k
with identity ik in ðqi \ qjÞ and an extremity, either ðik 2 tkÞ or ðik 1 tkÞ, in
ðqi \ qjÞ. Without loss of generality, assume that ii < ij so that ii < ai .

The proof consists in showing that this would imply an infinite sequence of
distinct individuals {xm} form ∈ f1, 2, :::g who compromise for each other—an im-
possibility. To simplify notation, we denote ideal points along the sequence im,
their tolerance tm, and their actions am for m ∈ f1, 2, :::g. The sequence that we
construct originates at i—that is, x1 5 i.

Since x1 compromises, there exists a valuable individual x2 with i2 > i1 (which
may or may not be j ) for whom x1 minimally compromises (lemma 1). Since
a1 > i1, this tells us that a1 5 i2 2 t2. Lemma 4 implies that i2 2 t2 ∈ ðq1 \ q2Þ.
It must then be that i2 ∉ ðq1 \ q2Þ (otherwise we would have a contradiction
since ðq1 \ q2Þ⊆ðqi \ qjÞ). It follows that x2 compromises and i2 > a2.

Take anym ≥ 2. It follows from lemma1 that if xm compromises, witham > ð<Þim for
odd (even)m, then there exists a valuable xm11 for whommminimally compromises.
Lemma 4 implies that am 5 im11 2 tm11ðim11 1 tm11Þ ∈ ðqm \ qm11Þ if m is odd
(even). Lemma 5 tells us that am 5 im11 2 tm11 < am11 < im 1 tm 5 am21ðam 5 im11 1
tm11 > am11 > im 2 tm 5 am21Þ if m is odd (even). This implies two things. First,
xm11 is a distinct individual from all xn for n ≤ m. Second, ðqm \ qm11Þ ⊂
ðqm21 \ qmÞ and therefore ðqm \ qm11Þ ⊂ ðqi \ qjÞ. It must then be that im11 ∉
ðqm \ qm11Þ (otherwise we would have a contradiction) so that xm11 compromises
as well. Repeating this argument implies the existence of an infinite sequence of
distinct individuals—a contradiction to the finite number of individuals. QED
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Proof of proposition 4. Assume that an individual i to the left ofm (m being an in-
dividual with the lowest level of tolerance) chooses ai < ii . Lemma 1 tells us that i
mustminimally compromise for some j < i, and assumption [U ] implies that tj ≥ ti .
It follows that i and j must reciprocally compromise. However, assumption [U ]
rules out the possibility of the bridge that proposition 2 showed to be necessary
for there to be reciprocal compromise. This leads to a contradiction.The same logic
applies to show that no individual to the right of m could choose a behavior to the
right of their identity. Hence, behaviors are less polarized than identities.

Let l 5 maxj ij 2 tj and r 5 minj ij 1 tj . Now assume that ½im 2 t, im � ⊂
intð\i≠mqiÞ (a similar argument applies if ½im , im 1 t� ⊂ intð\i≠mqiÞ), which implies
that l 5 im 2 t.

Consider the following choice of behaviors:

ai 5

l if  ii < l ,

ii if  ii ∈ ½l , r �,
r if  ii > r :

8>><
>>:

As long as the overall utility from friendships Ui is not bounded, a sufficient con-
dition for any individual i to not want to deviate is that

cið l 2 iij jÞ < Uiððn 2 2ÞviðiiÞ 1 viðmÞÞ 2 Uiððn 2 2ÞviðiiÞÞ if ii < l , (A5)

cið ii 2 rj jÞ < Uiððn 2 2ÞviðiiÞ 1 viðlÞÞ 2 Uiððn 2 2ÞviðiiÞÞ if ii > r : (A6)

Intuitively, the cost of compromise should be low enough that compromise
would be worth it just for one additional friend with the least desirable equilib-
rium behavior.

It is also easy to check that if the inequalities in (A5) hold, this the only equi-
librium. For any individual i with ii < l , choosing l dominates any other choice,
even if choosing l as opposed to ii serves in gaining the friendship of only a single
individual (individual m). Given that, anyone to the right of r would want to uni-
laterally deviate to l even if it is just to gain the friendship of one individual whose
behavior is at least l. Individuals between l and r have no reason to compromise.
QED

Proof of observation 1. If t ≥ jij 2 ii j, then the claim is trivial. Any type of agent
who compromises in equilibrium would increase her utility by compromising
less, as she does not need to compromise to be tolerable to the other.

Consider the situation where �t < jij 2 ii j. The claim is that there is no compro-
mise in equilibrium. Assume that the claim is incorrect. Then there must be some
type of individual who compromises. Among all types of individuals who compro-
mise, select i of type tsi to be the type of agent (or one of them if there aremultiple)
with the largest compromiseminus tolerance jii 2 miðsiÞj 2tsi . Since i compromises,
the previously stated logic applies: type tsi must be minimally compromising for
some type sj of agent j, jij 2 miðsiÞj 5 tsj , and that agent must be valuable to i,
jii 2 mjðsjÞj < tsi . This implies that tsj 1 jii 2 mjðsjÞj < tsi 1 jij 2 miðsiÞj. Since
ii ≤ miðsiÞ, mjðsjÞ ≤ ij , we have that jii 2 mjðsjÞj 5 jij 2 ii j 2 jij 2 mjðsjÞj and
jij 2 miðsiÞj 5 jij 2 ii j 2 jii 2 miðsiÞj. Using these equalities in the previous inequality
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yields tsj 1 jij 2 ii j 2 jij 2 mjðsjÞj < tsi 1 jij 2 ii j 2 jii 2 miðsiÞj. Rewriting the latter
gives jii 2 miðsiÞj 2 tsi < jij 2 mjðsjÞj 2tsj . Since j must compromise as well to be valu-
able, it contradicts the selection of i. QED
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