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By coherently combining advantages while largely avoiding limitations of two mainstream plat-
forms, optical hybrid entanglement involving both discrete and continuous variables has recently
garnered widespread attention and emerged as a promising idea for building heterogenous quantum
networks. Di↵erent from previous results, here we propose a new scheme to remotely generate hy-
brid entanglement between discrete-polarization and continuous-quadrature optical qubits heralded
by two-photon Bell state measurement. As a novel nonclassical light resource, we further utilize it
to discuss two examples of ways – entanglement swapping and quantum teloportation – in which
quantum information processing and communications could make use of this hybrid technique.

Quantum entanglement is an indispensable resource
for implementing optical quantum information process-
ing (QIP) [1-7]. Traditionally, two classes of methodolo-
gies have been fostered in parallel for entanglement acqui-
sition by exploiting one of the two incompatible facets of
light in accordance with the wave-particle duality. Con-
sequently, these developments lead to two distinct direc-
tions in encoding information by utilizing either discrete-
variable (DV) states of finite dimensions (such as pho-
ton number and light polarization) [1-4] or continuous-
variable (CV) states of infinite-dimensional Hilbert space
(such as field quadrature components) [5-7]. In prac-
tice, both encodings have displayed their respective ad-
vantages but also exposed individual weaknesses. With
less concern of photon loss, the DV protocols involving
single photons generally enjoy almost unit-fidelity, but
rely on probabilistic implementations and high-e�cient
single-photon detectors. In contrast, the CV alternatives,
using quadrature components of an electromagnetic field,
celebrate unambiguous state discriminations, uncondi-
tional operations and perfect homodyne detection e�-
ciency, but su↵er from photon loss and inherent low state
fidelity because of its coupling to vacuum. Recently, no-
table e↵orts [8-22] have been devoted to harnessing mer-
its of both approaches so as to overcome the intrinsic
individual limitations. Progress on integrating DV and
CV technologies in unified hybrid architectures has man-
ifested the capability of distributing and interconnecting
optical DV and CV quantum states (or qubits). One
could envision a heterogenous quantum network demand-
ing fitting information transfer between the two encod-
ings. Therefore, these hybrid techniques shed new light
towards realizing scalable QIP and quantum communi-
cations.

Although the endeavor of combining DV toolboxes
with CV frameworks has been started two decades ago
in generating non-Gaussian states, it becomes only re-

cently feasible to form hybrid optical entanglement be-
tween particle- and wave-like qubits in experiments [10-
16]. The DV-CV hybridization turns out to enable po-
tentially more powerful hybrid protocols. Among them
include demonstrations of remote state preparation [14],
quantum teleportation [12,13], entanglement swapping
[16] and Einstein-Podolsky-Rosen (EPR) steering [15].
Despite of these impressive achievements, unfortunately
in most of these demonstrations [8-12,14-22], the DVs
are encoded in the superposition of a vacuum and single-
photon number states and CVs are encoded in continuous
quadrature components, except the work [13]. Alterna-
tively, the success of these works is determined by the re-
alization of single-photon entanglement. It is well known
that single-photon detection cannot tell the di↵erence be-
tween the vacuum state and single-photon state with de-
tection loss. As such, such a DV entangled state in these
hybrid schemes is incompatible with many existing QIP
photonic platforms which make use of light polarizations
or spatial/temporal modes for information encoding [1-
4]. In addition, the involved DV and CV states can be
by nature described within the same Hilbert space, owing
to the fact that the vacuum and single-photon states can
be expressed as CV wave functions in the phase repre-
sentation and the CV states can be decomposed into the
superposition of photon-number states in the Fock space.
This hidden interconnection implies that the employed
DV and CV spaces are not fully independent. Rather,
they both rely on homodyne detection, thereby resulting
in an unavoidable crosstalk in measurement, especially
in the presence of photon loss and vacuum noise. Fur-
thermore, the generation of hybrid DV-CV entanglement
in these studies [8-12,14-22] are highly sensitive to phase
fluctuations of two indistinguishable optical pathways be-
fore the beam splitter [17], which adversely make scalable
QIP and quantum communications challenging.

We are aware of a recent work [13] that has been put

ar
X

iv
:2

10
5.

04
60

2v
1 

 [q
ua

nt
-p

h]
  1

0 
M

ay
 2

02
1



2

Figure 1. (color online) Conceptual scheme for generating hybrid entanglement between single-photon DV polarizations and
CV cat states at a distance. Alice sends one mode b of a two-photon polarization entangled state (|1Hia|1Hib+ |1V ia|1V ib)/

p
2

towards a center station (gray area), while Bob transmits a small portion of a polarization-coupled cat state (|Cat+
H
i +

|Cat�
V
i)/

p
2. The two modes are superposed and ready for a two-photon joint Bell state measurement (BSM). Each successful

coincidence event between single-photon detectors D1 and D3 (or D2 and D4) heralds the formation of the targeted state (1)
between Alice and Bob, which will serve as a powerful resource for further information processing and quantum networks. �/2:
half-wave plate.

forward with use of the DV qubits encoded in the po-
larizations. However, in this DV-CV scheme, the DV
polarization modes are not in a true single photon state
because they are from mixing of a weak coherent light
beam and photons subtracted from a squeezed vacuum
state. Therefore, its DV components are still incompati-
ble with the existing true single photons based QIP pho-
tonic platforms [1-4].

Here we propose a new hybrid DV-CV scheme to bridge
a single photon’s discrete polarizations and continuous
quadrature variables to breach these obstacles aforemen-
tioned. Unlike the previous proposals [10-12,14-22], we
utilize two orthogonal polarizations of a single photon to
encode the DV information. Di↵erent from the recent
work with mixing weak coherent light [13], we create the
hybrid entanglement using polarization entangled pho-
ton pairs and a joint two-photon Bell-state measurement
(BSM). This choice helps to not only eliminate the ef-
fect of the vacuum and detection loss on measurement
results, but also remove any possible crosstalk between
two encoding spaces. Moreover, our DV-CV hybrid en-
tanglement generation is based on two-photon Bell-state
measurements (BSMs), which is not sensitive to opti-
cal path-length fluctuations. On the other hand, the
CV encoding basis accordingly consists of even and odd
Schrödinger states with orthogonal polarizations. These
advantages will enable our hybrid network to provide
trustworthy links between single-photon-counting-based
DV quantum computing nodes and CV quantum com-
puting nodes. This new technique also opens up an al-

ternative avenue for entanglement swapping, quantum
state conversion and teleportation, promising a versatile
platform for quantum networks.
Hybrid entanglement generation. In our study, the

ideal form of maximal hybrid entanglement as the tar-
get state is

| i = 1p
2
(|1Hi|Cat+

H
i+ |1V i|Cat�V i), (1)

where H/V represents the horizontal/vertical polariza-
tion, {|1Hi, |1V i} is the Fock basis for single-photon
states, |Cat±i stand for positive and negative cat states
N

±(|↵i ± | � ↵i) with the normalization factors N
± =

1/
p
2± 2e�2↵ [23-25], and ±↵ being amplitudes of co-

herent states | ± ↵i, respectively.
To obtain the state (1), we are interested in the simple

optical circuit illustrated in Fig. 1, where Alice (denoted
by A hereafter) and Bob (B) are, respectively, using DV
and CV encodings for QIP. In order to establish the in-
ternode link, they start with locally prepared nonclassical
light states. Specifically, through spontaneous paramet-
ric down conversion (SPDC) [26] or spontaneous four-
wave mixing (SFWM) [27], a two-photon polarization
entangled state (or Bell state) | iab = 1p

2
(|1Hia|1Hib +

|1V ia|1V ib) is employed at Alice’s side, where subscripts
‘a’ and ‘b’ indicate the spatial modes of paired pho-
tons; whereas a polarization-coupled Schrödinger cat
state | Bi = 1p

2
(|Cat+

H
i + |Cat�

V
i) is adopted on Bob’s

site, which can be attained with a two-mode squeezed
vacuum state [28] in an excellent approximation. A small
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Figure 2. (color online) Schematics of entanglement swapping assisted by hybrid DV-CV entanglement: (a) DV-(DV-BSM-
DV)-CV swapping and (b) CV-(DV-BSM-DV)-CV swapping.

fraction of light in | Bi (on average one photon) is tapped
o↵ by a beam splitter (BS) with amplitude reflectivity
r ⌧ 1, and the state then evolves to (1 + rĉd̂

†)| Bic|0id
with ĉ and d̂

† being the annihilation and creation opera-
tors for modes c and d. Note that ĉ|Cat±i = ↵N

⌥

N± |Cat⌥i.
On Alice’s node, meantime, a polarization beam-splitter
(PBS) is applied to direct the photon in mode b into a
center station where it is superposed with the subtracted
photon in mode d for a joint BSM. It is not di�cult to
show that in the center station, the two-photon coinci-
dence events C13 (or C24) between single-photon detec-
tors D1 and D3 (or D2 and D4) will project modes a and
c onto the hybrid entangled state akin to Eq. (1),

| (1)iac = �+|1Hia|Cat+Hic + ��|1V ia|Cat�V ic, (2)

except for the normalization. Here, �+ = r↵N
+
/N

�

and �� = r↵N
�
/N+. For ↵� 1, the above state begins

to overlap with the form given in (1). The nonclassical
and entanglement properties of this state can be exper-
imentally approached with two single-photon detectors
on Alice’s node and two homodyne detectors on Bob’s
side. Thanks to the two-photon joint detection in the
center station, it largely reduces the weight of the prop-
agated vacuum state and makes photon losses less a↵ect
the negativity [29] of the state in its Wigner function
representation. This coincidence counting measurement
also ensures the negativity of the reconstructed density
matrix after partial transposition to be close to the up-
per theoretical bound of 0.5 for the model state (2) when
↵� 1.

If placing a half-wave plate in mode b before the first
PBS, one can show that in this case the joint trigger clicks
will herald the generation of

| (3)iac = �+|1Hia|Cat+V ic + ��|1V ia|Cat�Hic. (3)

Similarly, another two hybrid entangled states

| (3)iac = ��|1Hia|Cat�Hic � �+|1V ia|Cat+V ic, (4)

| (3)iac = �+|1Hia|Cat+V ic � ��|1V ia|Cat�Hic, (5)

can be conditionally produced by preparing the Bob’s
initial state to be | 0

B
i = 1p

2
(|Cat+

H
i � |Cat�

V
i) with the

insertion of a half-wave plate in the channel c. Inter-
estingly, the four states (2)-(5) form a complete set of
DV-CV hybrid Bell entanglement. In addition, each of
them resembles the spirit of the Schrödinger Gedanken
experiment on entangling two macroscopic states with a
microscopic degree of freedom. Unless otherwise speci-
fied, the following discussions are mainly based on ex-
pression (2) by assuming �± = 1/

p
2.

Hybrid entanglement swapping. Entanglement swap-
ping [30-33], at the heart of quantum repeaters [34,35],
aims to transfer entanglement to two parties that are pro-
duced independently and never interacted previously. In
the course of a hybrid network, the swapping technique
is the key to link and transfer entanglement between di-
verse nodes.
Dissimilar to the past demonstrations [16,33,36], our

hybrid entanglement swapping is accomplished by inter-
fering one DV port from each bipartite system subse-
quently followed a two-photon BSM. Dependent on the
Bell states prepared on the nodes of Alice and Bob, we
propose two di↵erent solutions to realize hybrid entan-
glement swapping (see Fig. 2). In the first solution, as
schematic in Fig. 2(a), Alice and Bob first locally prepare
their respective Bell pairs, say, | iA1A2 and | (1)iB1B2 .
The resulting initial state is |�iin = | iA1A2 | (1)iB1B2 .
Next, they send the DV qubits A2 and B1 to a third
party Charlie. Charlie then carries out a Bell projection
on the two receiving qubits. By chance the measure-
ment outcome will swap the original entanglements to
the two remaining modes A1 and B2, i.e., h |A2B1 |�iin =
| (1)iA1B2 . As one can see, the two end nodes eventu-
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ally arrive at sharing the DV-CV hybrid entanglement
jointly in spite of one of them beginning with a DV-only
system. The conditioned state | (1)iA1B2 may be exper-
imentally verified and characterized by quantum state
tomography [37] in the relevant basis (single-photon po-
larizations {|1Hi, |1V i} for DV and coherent-state super-
positions {|Cat+

H
i, |Cat�

V
i} for CV). In the case of the

other three BSM outcomes, Charlie could communicate
the measurement results with Alice and Bob, and sug-
gest them to make local corrections by performing proper
Pauli operations. Due to the nature of the initially in-
volved states, we call this scheme as the DV-(DV-BSM-
DV)-CV swapping. In the second scenario as sketched in
Fig. 2b, Alice and Bob both start with the same hybrid
entangled states | (1)iA1A2 and | (1)iB1B2 , and route
their DV parts A2 and B1 to Charlie for a two-photon
BSM. Following the similar procedure, one can show that
an entangled cat state can be established to link the two
CV end nodes even far way from each other, | iA1B2 =
(|Cat+

H
iA1 |Cat+HiB2 + |Cat�

V
iA1 |Cat�V iB2)/

p
2, provided

by the successful Bell measurement on Charlie’s station.
Such entanglement can be revealed by fulfilling quan-
tum state tomography in the basis of {|Cat+

H
i, |Cat�

V
i}

on each CV node. In the light of the first protocol, we
accordingly name this one as the CV-(DV-BSM-DV)-
CV swapping. Although the hybrid entanglement (2)
is picked to lay out the two swapping schemes, one can
examine that the algorithms also work for other hybrid
Bell triplet states (3)-(5).

Hybrid quantum teleportation. Quantum teleportation
[38-42] is able to transfer quantum information between
di↵erent physical systems via shared entanglement and
classical communication channels. Though it is central
to many quantum technologies including quantum com-
munications and QIP, the most realizations [42] based on
either CV or DV solution have their own strengths and
limitations. By taking advantages of both, hybrid quan-
tum techniques [13,18,22,41] o↵er a versatile and com-
pelling way to mitigate their downsides. As such, hybrid
quantum teleportation [42] has become superior to the
mainstream protocols. Here, we develop a hybrid tele-
portation technique, akin to the recent demonstration
[13], which is compatible to the current platforms of QIP
and quantum communications.

Our protocol is built upon one of the auxiliary states
(2)-(5). Let us suppose a single-photon polarization qubit
in Alice’s possession that will be conveyed to Bob,

| iA = cH |1HiA + cV |1V iA, (6)

where the complex numbers cH and cV satisfying the nor-
malization condition |cH |2 + |cV |2 = 1 are unknown to
either of them. Their locations will be entangled through
any one of the resource states (2)-(5), which is fixed in ad-
vance by the mutual agreement. To ease the discussions,
let us assume that | (1)iCB will be shared by Alice and
Bob. In particular, the DV part is transmitted to Alice

Figure 3. (color online) Schematic of teleporting an unknown
single-photon polarization qubit via hybrid DV-CV quantum
entanglement.

while the CV part is retained for Bob. Now, the state of
the total system becomes | iA| (1)iCB = (cH |1HiA +
cV |1V iA)

N 1p
2
(|1HiC |Cat+HiB + |1V iC |Cat�V iB). To

perform the teleportation, Alice will then carry out a
local measurement on two available single photons in the
DV Bell basis defined by

|⌦±iAC = (|1HiA|1HiC ± |1V iA|1V iC)/
p
2, (7)

|⇥±iAC = (|1HiA|1V iC ± |1V iA|1HiC)/
p
2. (8)

By recasting the state of Alice’s two quibits
in terms of the superpositions of Bell ba-
sis, the total state assumes the following
form: | iA| (1)iCB = [|⌦+iAC(cH |Cat+

H
iB +

cV |Cat�V iB) + |⌦�iAC(cH |Cat+
H
iB � cV |Cat�V iB) +

|⇥+iAC(cH |Cat�
V
iB + cV |Cat+HiB) +

|⇥�iAC(cH |Cat�
V
iB � cV |Cat+HiB)]/2. The actual

teleportation takes place when Alice accomplishes her
BSM on A and C in the four Bell basis. Apparently,
Alice’s local detection induces the above total state
to collapse to one of the four components with equal
probability, and enforces the state of the Bob’s CV qubit
to pick up the coe�cients of the DV state (6). Given
the above expression, there are four possible states for
Bob’s qubit, corresponding to transformation images of
the source state. By communicating with Alice on her
result through a classical channel, Bob will know which
of the four states that his qubit belongs to and then
accordingly, implement a unitary operation to recover it
to the desired state | iB = cH |Cat+

H
iB + cV |Cat�V iB .

To this end, the teleportation is completed.
We notice that with some modifications, the teleporta-

tion scheme can be geared towards applications for quan-
tum wavelength conversion between a single-photon po-
larization qubit and a two-mode squeezing with use of
a CV quantum teleportor. For a theoretical analysis,
please refer to Ref. [43] for details.
In summary, we have shown how to hybridize an opti-

cal polarization qubit and a CV cat qubit as a new entan-
glement resource based on the herald of two-photon Bell
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polarization-state measurements. Compared with most
of the previous protocols based on the single-photon en-
tanglement, our solution is not only compatible with the
existing frameworks of QIP and communication network,
but also enables a flexible hybrid technological develop-
ment. In this regard, we especially considered entangle-
ment swapping and quantum teleportation as examples.
Nevertheless, our proposal could serve as an attractive
alternative for the realization of heterogenous quantum
network empowered by intriguing properties of hybrid
DV-CV entanglement but avoiding shortcomings of each
individual.

J.W. was supported by NSF (1806519 and EFMA-
1741693). I.N. acknowledges financial support from
AFOSR(FA9550-19-1-0066). C.Q. was supported by
NSF (CNS-1750704 and CPS-1932447). C.Z. was sup-
ported by AFOSR (FA9550-20-1-0220), NSF (PHY-
1806227), and ARO (W911NF-17-1-0128). S.D. acknowl-
edges the STARs (40071050) and Start-Up (40037055)
fundings from The University of Texas at Dallas.

⇤ Corresponding author: dusw@utdallas.edu
[1] M. A. Nielsen and I. L. Chuang, Quantum Computation

and Quantum Information (Cambridge University Press,
2010).

[2] P. Kok, W. J. Munro, K. Nemoto, T. C. Ralph, J. P.
Dowling, and G. J. Milburn, “Linear optical quantum
computing with photonic qubits,” Rev. Mod. Phys. 79,
135 (2007).

[3] H. J. Kimble, “The quantum internet,” Nature 453, 1023
(2008).

[4] J. L. O’Brien, A. Furusawa, and J. Vucković, “Photonic
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