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Observation of higher-order exceptional points in a
non-local acoustic metagrating
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Higher-order exceptional points have attracted increased attention in recent years due to
their enhanced sensitivity and distinct topological features. Here, we show that non-local
acoustic metagratings enabling precise and simultaneous control over their multiple orders of
diffraction can serve as a robust platform for investigating higher-order exceptional points in
free space. The proposed metagratings, not only could advance the fundamental research of
arbitrary order exceptional points, but could also empower unconventional free-space wave
manipulation for applications related to sensing and extremely asymmetrical wave control.
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uniquely supported by non-Hermitian systems!~7. EPs for

classical waves have been realized by employing gain and/or
loss, and unconventional wave behaviors have been demonstrated
when the eigenvalues and eigenvectors of the system’s Hamilto-
nian or scattering matrix (S-matrix) simultaneously coalesce.
Pivoted on the concept of EPs, new mechanisms for controlling
light®-12 and sound!®-16 have been identified. Examples include
but are not limited to unidirectional wave propagation®! 11215,
coherent perfect absorption!®, and phonon lasing!”. Early
research in non-Hermitian wave physics showed that 2nd-order
EPs can be realized by using two coupled cavities or waveguides,
and such low-order EPs can be leveraged for sensing
applications!8-20, Subsequent studies, however, emerged to show
that a far greater sensitivity can be realized at higher-order EPs®.
These higher-order EPs were made possible by increasing the
number of cavities or waveguides in the system®!%42122 The
major downside of this scheme, however, is that the waves are
confined in closed systems and hence limited to 0-D or 1-D wave
propagation. EPs for open systems permitting wave propagation
in higher-dimensions, on the other hand, would entail richer
physics and offer a greater variety of wave functionalities.

Driven by these prospects, more recent studies have drawn
inspiration from the progress in 2D wave functional
materials?3-28 and shown that lossy acoustic metasurfaces!>2?-33
could serve as a fertile platform for engineering EPs. In particular,
it was illustrated that a second-order EP derived from a
2 x 2 scattering matrix, which portrays a 2-channel metasurface,
could give rise to extremely asymmetrical retro-reflection3.
Extending this concept to higher-order EPs, however, is not tri-
vial, since conventional metasurfaces do not offer precise and
simultaneous control over the multiple propagating orders
existing in the corresponding higher-order scattering matrices,
which is instrumental for achieving higher-order EPs. This hurdle
can be attributed to the fact that traditional metasurfaces treat
each subunit separately without considering their non-local
interaction, and as a result the diffraction efficiency is funda-
mentally limited.

This paper reports on the experimental observation of a
higher-order EP in an open acoustic system, and illustrates that
non-local metagrating®*~ is the key enabler for this observation.
We start by establishing a mathematical framework to construct
an S-matrix that can give rise to arbitrary order EPs. The meta-
gratings that are then proposed comprise lossy and non-lossy
sub-units, where the former represents loss in a passive Parity-
Time (P7) symmetric medium!5. Our non-local metagratings
can be conveniently tuned to tailor the S-matrix, offering a robust
approach for engineering EPs of arbitrary orders. This is enabled
by harnessing the non-local response of the constituent sub-units
via evanescent wave fields, thereby offering the ability to effi-
ciently mold the energy flow to multiple channels of reflection.

Exceptional points (EPs) are singularities in parameter space,

Results
Generalized higher-order degeneracy in a scattering system.
Without loss of generality, a square matrix, A, of arbitrary order,
N, has its eigenvalues and eigenvectors coalesce simultaneously
only when it is a similarity matrix of the Jordan-block canonical
form, J, which can be expressed as:
E, 1
E, 1
AN o ](N)(Eo) —
E, 1
Ey

where ~ denotes similarity and E, is the degenerate eigenvalue.
Here, accessing the EPs in higher-order S-matrices resorts to a
scattering system (i.e., a grating) that offers complete control over
the multiple modes of diffraction.

As per the classical diffraction theory, the relationship between
the incoming wave and an n-th order diffracted wave reads
ko(sin 8, — sin 9.—) = nG, which is also known as the generalized
law of reflection. Here, ky, is the wavenumber in free space and 6,
and 0, are the angles of incidence and reflection, respectively.
G =2n/D is the reciprocal lattice vector, where D is the grating
period that can be tailored to enable different orders of
diffraction. Here we assume the operating frequency is 3430 Hz.
In the case of the third-order reflected system, for example, we
require the existence of three propagating channels (Fig. 1), left
45°, normal 0° and right —45° respectively. Then
sinf,,sin 0, € (—+/2/2,0,4/2/2). Substituting these into the
generalized law of reflection, then D must be /2 times the
wavelength, A, and would result in a G = (4/2k;)/2. The response
of the resulting system can be then described as

{pf,pf,p’;}T = S{pf‘,p}“r,pf}T, where the vector on the left
denotes the output sound field (reflection) while that on the right
denotes the input (incidence). Here, p is the complex pressure
amplitude, whose superscript indicates the left (L), normal (N)
and right (R) channels of the grating, and the subscript refers to
the reflection (r) or incidence (i). The S-matrix that connects
these two vectors can be written as:

norhoTh
§= "111 ”(];J ”5—1 ) @)
rt, on

where the individual elements denote the reflection coefficient of
each mode. The superscripts indicate the directions of incidence
and the subscripts represent the orders of reflection. The non-
clinodiagonal terms correspond to the specular (r},rf) and
anomalous reflection (rf,,rN ¥, 7% ) cases, where in both
cases the wave is reflected to a port different from that of the
incident one. The clinodiagonal terms (r%,, ry’, %)) of the matrix

Melamine cotton

Fig. 1 Schematic diagram of a non-local and non-Hermitian acoustic
metagrating at the higher-order exceptional point. This metagrating is
composed of six surface-etched grooves in a period (D). The global
response of the metagrating to the external excitation can be engineered by
tuning the groove depth (h,), width (t,), and the spacing (dx,), where s is
the index of groove in a period (s=1, 2, ..., 6). The variation of dx. can be
used to tune the non-local interaction between grooves. White and blue
rays show the channels with strong and eliminated retro-reflection,
respectively. The propagating waves are represented by black arrows, while
the suppressed waves are indicated by gray dashed arrows. p is the
complex pressure amplitude, whose superscript indicates the left (L),
normal (N) and right (R) channels of the grating, and the subscript refers to
the reflection (r) and incidence (i). In each period, three grooves are filled
with sound-absorbing materials (melamine cotton) to introduce loss, as
marked by white dashed rectangles.
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Fig. 2 Difference between eigenvalues (E;, E;, E;) of gradient index metasurfaces and non-local metagratings. The x-axis represents the real part of the
difference while the y-axis shows the imaginary part. The dots represent samples with randomly assigned imaginary parts of sound speed for gradient
index metasurfaces (a-c) and samples with randomly assigned real and imaginary parts of sound speed for non-local metagratings (d-f).

denote retro-reflection, where the wave goes back in the same
direction from where it is incident.

Here, we focus on an extreme scenario where r§, rf, i, rY},
r® ., and % all vanish, r*, is as large as possible, while r*, and
™, approach zero (they cannot be exactly zero, otherwise the
system will just yield a second-order EP). With the target S-
matrix, (0,0,0;~ 1072,0,0;1,~ 1072,0), our design results in
an acoustic mirror that strongly retro-reflects the wave that is
incident from one direction, but near completely absorbs those
incident from the other two directions, as shown in Fig. 1. Note
that, we choose to demonstrate the third-order EP with the most
asymmetrical wave behavior, while other types of third-order EPs
also exist in the three-channel scattering system. See another
example at a different third-order EP in Supplementary Note 1.

Degeneracy of S-matrices for conventional gradient meta-
surfaces and non-local metagratings. Although gradient meta-
surfaces have been utilized to approach the second-order EP%, it
is not trival to extend this concept to a higher-order EP, since
gradient metasurfaces lack the precise and effective control over
the multiple propagating modes in a higher-order S-matrix. In
order to clearly show whether the eigenvalues of the higher-order
S-matrix of a gradient metasurface could collapse, we first
investigate a 3-channel metasurface consisting of six grooves, with
a period D = +/2A, by randomly assigning imaginary parts of the
speed of sound {c'} (n=1,2,..,6) to the six grooves. The real
part of the speed of sound {c} follows the standard design
procedure for gradient metasurfaces governed by the generalized
law of reflection3. To ensure sufficient sampling to fully populate
the parameter space, we randomly generate 100,000 sets of {c' },
which represents the imaginary part of the normalized sound
velocity and has the lower and upper bounds of 0 and 1. For each
set of randomly assigned {c }, the differences between each two
eigenvalues of the corresponding S-matrix are plotted in
Fig. 2a—c. Here the x- and y-axes are the real and imaginary parts
of the difference of the eigenvalues. A second-order EP can be
manifested by data points covering the origin in any of the three
figures, while a third-order EP requires that the data points cover
the origins in all three figures. For this traditional gradient
metasurface, a large blank area around the origin is found in
Fig. 2a, b, while only the 2nd and 3rd eigenvalues may collapse
(Fig. 2c), indicating a second-order EP. Therefore, a traditional
metasurface is not an ideal candidate for accessing higher-order

EPs. The detailed geometrical parameters of the gradient meta-
surface and, among these samples, the behavior of a metasurface
approaching a second-order EP can be found in Supplementary
Note 2.

We then investigate a metagrating that also comprises six
grooves periodically arranged as shown in Fig. 1. As opposed to
conventional metasurfaces that are designed based on a local
phase gradient, the metagrating here harnesses the interaction
between the constituent grooves. In order to show that the non-
local effect between sub-units are vital for the degeneracy of
multiple eigenvalues, we again generate 100,000 non-local
metagrating samples with randomly assigned imaginary parts of
the speed of sound {c} (n=1,2, ..., 6), while their real parts {c’},
relaxed from a gradient feature, now follows a particular
distribution determined by the depths of the six grooves shown
in Fig. 1. The results are shown in Fig. 2d—f. The data points are
seen to spread more uniformly and in particular, those data
points appear to cover the origins in all three figures, indicating
the high probability of finding a third-order EP in such a
scattering platform.

The results presented in Fig. 2 are generated using the coupled-
mode theory, which takes non-local effects into account. To
confirm the probability and exactly pinpoint the third-order EP, a
global optimization algorithm is utilized (see details about the
design procedure and parameters of the metagrating in
Supplementary Note 3). Note that, to induce non-Hermicity,
the metagrating is assumed to have three grooves that are lossy in
one period. The lossy grooves possess complex effective sound
speeds, whose imaginary parts can be conveniently tuned by
sound absorbing materials of the appropriate thickness.

Behaviors of the non-local metagrating around the higher-
order EP. As an example, Fig. 3a shows the trajectories of the
theoretically calculated eigenvalues as a function of the loss factor
of the second groove, ¢} (normalized imaginary part of the sound
velocity), while those of the fourth and sixth grooves, ¢, and c,,
are 0.053 and 0.601, respectively. As can be seen here, when c}
reaches 0.091, the trajectories of the three eigenvalues meet at a
crossing point that is a direct manifestation precondition of the
third-order EP.

Figure 3b-d shows the amplitudes of the wave that is retro-
reflected through the left, normal and right channels, respectively.
The three channels respond very differently to the same varying
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Fig. 3 Eigenvalue and reflection coefficient distribution near the third-order exceptional point (EP). a Variation of trajectories of the eigenvalues as
functions of c"z (normalized imaginary part of the sound speed in the second groove). E;, E; and E; represent the three theoretically calculated eigenvalues,
with the corresponding curves marked by different colors. The gray globe in the center represents the third-order EP. Calculated amplitude of retro-
reflection coefficients, r* ,,ry, %, as functions of fo (working frequency) and c, in the left (b), normal (c) and right (d) channels, respectively. |rj], |r%,| =
0.1 inside the white regions in ¢ and d. e-g Phases of the retro-reflection coefficients around the EP with the variation of fg and c,.

loss. While the left channel retro-reflection remains stable (a high
efficiency around 0.81 for the reflection coefficient), the normal
and the right channels are highly sensitive to even small
variations of the loss factor. As can be seen, the system reaches
the third-order EP, when ¢} =0.091 and f, = 3430 Hz, and as a
result, the retro-reflections to the right and normal channels
vanish, while the one to the left channel still remains strong.
Furthermore, the vanishing channels experience a peculiar
increase in amplitude beyond the EP, despite the very high loss
factor in these regions of parameter space. This peculiar
phenomena is known as loss enhanced reflection®”. The phase
variations shown in Fig. 3e-g also demonstrate the distinct
behavior that corresponds to the occurrence of the third-order
EP: a virtually constant phase shift throughout, for the left
channel, but a trip point together with an abrupt phase shift at the
EP for the normal and right channels. Furthermore, the
amplitude and phase profiles are very much identical to those
of the other diagonal coefficients (rf, rf), as well as r%, and r,

(Supplementary Note 4).

Enhanced sensitivity around the higher-order EP. The strong
parameter dependence observed above can be of great importance
for detectors that require high sensitivity. Prior studies® have
shown that the sensitivity, AE, of a non-Hermitian system would
increase with the order of the EP, as AE o 8/N, where AE is the
difference between real parts of the two eigenvalues and &
represents the external perturbation. To corroborate this trend in
the case of non-local metagratings, a two-channel metagrating
that features a second-order EP is designed as shown in Sup-
plementary Note 5, and its sensitivity is compared with that of the
third-order metagrating discussed here. The external perturbation
is induced in the lossy subunit as a disturbance in ¢, as
¢ =d|., + 08, where ci|_, =0.091. The green stars in Fig. 4
show results from the analytical model and the curve-fitted solid
red line illustrates that the sensitivity of the designed 3-channel
metagrating follows a cube-root dependence on the induced
perturbation (A « 8'/3). The second-order grating on the other
hand has A « 612, as shown in Supplementary Fig. 6 in Supple-
mentary Note 5.
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Fig. 4 Sensitivity of the designed metagrating at the third-order
exceptional point (EP). AF on the y-axis represents the difference between
real parts of the first and second eigenvalues varying with the extemnal
perturbation §, i.e., disturbances in c"z (normalized imaginary part of the
sound speed in the second groove). The green stars represent the
difference calculated by the coupled mode theory. Red solid line shows
corresponding fitting curves. The inset confirms the variation trajectory in
the logarithmic scale.

Experimental demonstration of the non-local metagrating at
the higher-order EP. The proposed metagrating is then experi-
mentally verified via a sample of length 1.42 m (10 periods) that
was placed in a two-dimensional waveguide of height 4 cm, where
a 0.62m line array with 17 speakers was used as the source.
Figure 5a shows the constitution of experimental platform.
Metagrating prototype is presented in the inset. To scan the field,
a microphone moved with a step size of 0.01 m over the regions
(0.4 x 0.2 m?) that correspond to the three channels, marked by
the red dotted lines in Fig. 5b—-d. They show the results from
numerical simulations, in comparison to the measured results
(normalized by the incident pressure) and indicates good agree-
ment in Fig. 5e-g. Importantly, the strongly asymmetrical wave
behavior is observable in experiments. When the left channel is
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Fig. 5 Experimental demonstration of the third-order exceptional point (EP). a Experimental platform and the metagrating sample attached with
melamine cotton. Simulated and experimental results (reflected field) of the multi-channel metagrating at the third-order EP under left (b), normal (c), and
right (d) incidences. In each case, the scanning region is marked by a dotted-line box in the simulated wave field. The propagating waves are represented
by white arrows while the less-visible arrows indicate the suppressed retro-reflection waves. For comparison, the measured reflected fields are shown with
white borders on the side. e-g The simulated (lines) and measured (dots) pressure distributions along the center line of the scan area, as presented with
white dotted lines in the upper panel. 4 is the wavelength of the working frequency.
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Fig. 6 Non-local intensity flow distribution. The x-components of the sound intensity (normalized by the incident field) along the metagrating surface
under left (a), normal (b) and right (c) incidences. D is the period of the metagrating. The regions in gray identify the locations of lossy grooves. d-f The y-
components of the sound intensity along the metagrating surface. The sound field distributions near the surface of the metagrating under left (g), normal
(h) and right (i) incidences, where the color maps illustrate the acoustic pressure distributions and the gray arrows represent the energy flow. Areas
bounded by dotted lines represent the lossy grooves. The white large arrows indicate the direction of incidence.

excited, retro-reflection is clearly observable, and the estimated
reflection coefficient reaches around 0.75 (from the simulation
and measured data in the lower inset of Fig. 5b). When sound is
incident on the normal and right channels, however, the retro-
reflection is strongly suppressed (Fig. 5c, d). Details of the
experimental setup and the metagrating sample can be found in
Method in reference.

Energy exchange along the surface of the non-local metagrat-
ing. To shed light on the mechanism that gives rise to the
asymmetric behavior in this non-local non-Hermitian metagrat-
ing, the local intensity distribution of the sound field is numeri-
cally calculated. Figure 6a—c shows the local acoustic intensity in
the x-direction (I, = 1Re[px (v,)*]), ie., the product of pressure
and complex conjugate of the local velocity in the x-direction) at
the surface of metagrating for the cases of left, normal, and right
incidence cases, respectively. Here, the “lossy” sites (three grooves
with absorbing layers) are denoted by the regions in gray. It can
be observed that I, changes abruptly at the boundaries of these
“lossy” regions, manifesting a strong nonlocality-induced lateral
energy exchange with the neighboring grooves. Figure 6d-f shows

the intensity in the y-direction (I, = 1Re[px (v},)*]), and illustrate
that I, is negative in the lossy regions due to absorption. It can be
notedy that the intensity here, fluctuates only slightly for the left
incidence case (Fig. 6a, d) and suggests that the lossy grooves
respond weakly and therefore renders a stable, highly efficient
retro-reflection. This is in accordance with what is observed in
Fig. 3b. Figure 6g-i shows the energy flow fields, where celadon
arrows in the figures indicate the direction of the local intensity,
and the length of arrows represent the intensity amplitude. The
directions of the arrows are strongly distorted in the area very
close to the surface, in sharp contrast to those in the far field. This
unveils the fact that the designed metagrating utilizes the eva-
nescent fields as a mechanism for channeling the energy along the
surface of its sub-units.

Conclusion

To conclude, we have theoretically and experimentally investi-
gated a non-local acoustic metagrating to illustrate the asymme-
trical wave behavior that exists at the higher-order EP of its
S-matrix. Since the general condition for engineering S-matrices
with EPs of arbitrary orders is now established, more complicated
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wave behavior can be envisioned (see the fourth-order EP shown
in Supplementary Note 6). Our design suggests an efficient
approach toward extremely asymmetric multi-channel wave
manipulation with a high and controllable sensitivity and paves
the way for acoustic impedance engineering via multi-functional
anisotropic acoustic devices.

Method

Numerical simulations. COMSOL Multiphysics and the frequency domain in
acoustics in it are used here for the full-wave simulations. Density and velocity of
air are set with py =1.28 kgm—3 and ¢, = 343 m s~ 1, respectively. In Fig. 5b-d,
scattering distribution is extracted from the semicircular sound field. The perfectly
matched layers are used around them to reduce the edge reflections. Total field
simulation around surfaces are shown in Fig. 6g-i. Floquet periodic conditions are
applied into the left and right boundaries.

Details of the experimental setup and the metagrating sample. The top of the
two-dimensional waveguide is an organic glass plate, which covers the sample in the
experiment. The height of the waveguide is 4 cm to guarantee only the fundamental
mode existing in y-direction in Fig. 1. The waveguide is surrounded by wedge cotton
to allow waves to propagate out from the domain without reflection. The waveguide
works in the range from 3 to 4.3 kHz. The sample of the metagrating was fabricated
with stereo lithography apparatus, fed with sound waves generated by 17 one-inch
loudspeakers, which can be controlled by the power amplifier (Britel & Kjar Type
2734) at 3420 Hz. The 10 Hz difference in frequency between the theory and
experiments could be explained by that sound speed in the lab environment is not in
complete agreement with theory, i.e., 343 m/s. Signals of acoustic pressure and phase
are collected by a 1/8-inch microphone (Briiel & Kjar Type 2670), which are then
send to the data-acquisition hardware (NI PXI-4461 in NI PXIe-1071). In the
experiment, the sound field was scanned twice, with and without the presence of
sample. Then the reflected field from the metagrating can be obtained by subtracting
the incident field (without the sample) from the total field (with the sample).

For the designed metagrating, loss is induced into three grooves, whose imaginary
parts of the effective sound velocity are ¢, = 0.091, ¢, = 0.053, and ¢} = 0.601,
respectively. In the experiment, it can be realized by tuning the thickness of the bottom
absorbing layers (made of melamine cotton) in these grooves. The cross-section of the
filling cotton is in consistent with the respective grooves. Here we numerically scanned
the thickness of each packed cotton layer and calculated scattering field based on the
Johnson-Champoux-Allard model (a poroacoustics model) from the Melamine cotton
manufacturer. Then we found the corresponding cotton thickness that renders the
groove reaching the same scattering field predicted by the prescribed . Following this,
now the 2nd, 4th and 6th grooves are filled with cotton with a ratio of 90%, 60%, and
100%, respectively. We note the limited accuracy in the cotton thickness may be one of
the major factors that leads to the small deviation between the numerical prediction
and the experimental results shown in Fig. 5b-g.

Data availability

All data supporting the conclusions in the paper are present in the Supplementary
Materials, Additional data that support the findings of this study are available from the
corresponding author upon reasonable request.
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