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Abstract

Helmholtz stereopsis (HS) exploits the reciprocity prin-
ciple of light propagation (i.e., the Helmholtz reciprocity)
for 3D reconstruction of surfaces with arbitrary reflectance.
In this paper, we present the polarimetric Helmholtz stere-
opsis (polar-HS), which extends the classical HS by con-
sidering the polarization state of light in the reciprocal
paths. With the additional phase information from polar-
ization, polar-HS requires only one reciprocal image pair.
We formulate new reciprocity and diffuse/specular polari-
metric constraints to recover surface depths and normals
using an optimization framework. Using a hardware proto-
type, we show that our approach produces high-quality 3D
reconstruction for different types of surfaces, ranging from
diffuse to highly specular.

1. Introduction

Reconstructing 3D surfaces from 2D images is a long-
standing ill-posed problem in computer vision. The com-
plex surface reflectance properties of real-world objects
make the problem highly challenging. All existing methods
are limited to certain types of surface reflectance. For ex-
ample, passive techniques examine the optical appearance
of a surface under non-tightly focused illumination (e.g., a
distant light source) and often assume photo-consistency or
Lambertian reflectance model for 3D reconstruction.

Helmholtz Stereopsis (HS) [55] is a 3D reconstruction
technique that can recover surfaces with arbitrary and un-
known reflectance. HS exploits the symmetry of surface
reflectance; this is accomplished by using reciprocal im-
age pairs (minimal three) that are captured with exchanged
camera and light source positions. The reciprocity prop-
erty guarantees that the relationship between the intensities
at corresponding pixels depends only on the surface shape,
and is independent of surface reflectance.

In this paper, we present a novel method we call polari-
metric Helmholtz Stereopsis (polar-HS), which extends the
classical HS by considering the polarization state of light in
the reciprocal paths. We investigate the reciprocity relation-
ship when the polarization states of incident and outgoing

light are unrestricted (in which case the original Helmholtz
reciprocity property cannot be directly applied). We de-
rive a transpositional reciprocity relationship based on the
Stokes-Mueller formalism, and formulate a reciprocity con-
straint for depth and normal estimation. We also exploit
polarimetric cues under different types of reflections. We
propose a new polarimetric image decomposition method
that allows us to apply the polarimetric constraints under
different circumstances. By combining the reciprocity and
polarimetric constraints, our method can recover the sur-
face depth and normal with only one reciprocity pair, which
greatly simplifies the capture process. Unlike other one-
pair HS methods [56, 48] that assume continuous paramet-
ric depth functions, polar-HS works for discontinuous depth
and does not require priors on surface geometry and mate-
rial properties.

We validate our method with both synthetic and real ex-
periments. We build a real polar-HS acquisition system
with a rotating wheel to allow exchange of camera and light
source positions. We perform experiments on objects with
various shapes and reflectances, and on different composite
scenes. Results show that our method is state-of-the-art.

Contributions. Our key contribution is the derivation
of the transpositional reciprocity relationship when unre-
stricted polarization states are being considered. The orig-
inal Helmholtz reciprocity property has strong restrictions
on the polarization states of the light beams in the recipro-
cal paths, which is hard to satisfy in practice. The transpo-
sitional reciprocity we derive allows the classical HS to be
extended to the polarimetric case.

We propose a new image decomposition formulation
that consists of three components: polarized-specular,
polarized-diffuse, and unpolarized-diffuse. The decompo-
sition provides a more accurate estimation of the angle of
polarization for regularizing the surface normal, because
it separates diffuse and specular (the angles of polariza-
tion under these two cases have a 90◦ shift). Shape-from-
polarization methods usually use the overall angle, and as-
sume a dominant type of reflection. This decomposition
also provides a specular map that allows us to apply the po-
larimetric cues under different types of reflection.

Polar-HS reduces the minimal number of image pairs to
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only one, without imposing any surface prior. Compared to
other shape-from-polarization methods, polar-HS does not
have the problem of angular ambiguity and does not require
the refractive index of the surface to be known.

2. Related Work

We first briefly review physics-based methods for 3D
shape recovery before focusing on two specific classes of
methods that are most relevant to our work: reciprocity-
based and polarization-based. Table 1 summarizes a com-
parison of our method (polar-HS) with classical methods.

Physics-based Shape Recovery. Physics-based techniques
examine the optical appearance of a surface under certain
illumination mode and often assume photo-consistency or
Lambertian reflectance model for 3D reconstruction. We
can categorize the techniques as passive or active based
on the illumination mode. Passive methods use unknown
and non-tightly focused illumination (e.g., a distant light
source). Notable examples include multi-view stereo [41,
42, 46] and structure-from-motion [49, 1, 13]. As passive
methods heavily rely on the object’s intrinsic appearance
for feature matching, they are ineffective on textureless sur-
faces. Active techniques use known and controlled illu-
mination as a probe; examples include photometric stereo
[53, 9, 23], time-of-flight [15, 22, 35], and structured light
[30, 20, 19, 21]. These methods can produce dense 3D
reconstruction, but are usually sensitive to view-dependent
specularity and the inter-reflection caused by concave sur-
faces. All these methods have limitations due to the com-
plex reflectance of real-world surfaces.

Helmholtz Stereopsis (HS). The method is first introduced
by Zickler et al. [55]. It is an active approach that is capa-
ble of recovering surfaces with arbitrary reflectance. Much
progress has subsequently been made to improve the origi-
nal HS. Tu and Mendonça [48] solve HS with a single pair
by assuming a piece-wise linear curve constraint. Zickler et
al. [56] formulate a PDE constraint by assuming C1 conti-
nuity in depth, so as to perform HS under a binocular set-
ting. Jankó et al. [25] introduce a general radiometric cal-
ibration method for HS. Delaunoy et al. [17] extend HS to
full-body scanning by using variational approach to opti-
mize over the entire surface. Weinmann et al. [51] combine
HS with a structured light technique to improve the recon-
struction accuracy. Mori et al. [33] introduce an integration-
based Helmholtz condition which reduces the noise sen-
sitivity of HS. Roubtsova and Guillemaut [39, 40] derive
a Bayesian framework for HS optimization, and use color
multiplexing to simultaneously capture the reciprocal pair
in order to handle dynamic scenes. Our method extends HS
by expanding the reciprocity constraint to polarimetric re-
flectance and incorporating the polarimetric cues for more
accurate 3D reconstruction.

Method
Min #
Inputs

Surface
Assumption Accuracy

MVS 2 Lambertian Moderate
PS 3 Lambertian High
SL > 10 Arbitrary High
SfP 3 Dielectric Low
HS 6 Arbitrary Moderate

polar-HS 4 Arbitrary High

Table 1. A comparison of polarimetric Helmholtz Stereopsis
(polar-HS) with classical 3D reconstruction methods. Note: MVS
- multi-view stereo; PS - photometric stereo; SL - structured light;
SfP - shape-from-polarization; HS - Helmholtz stereopsis.

Shape-from-Polarization (SfP). This class of methods
model the surface normal using the degree or angle of po-
larization. The surface’s refractive index is usually assumed
to be known. Miyazaki et al. [29] and Atkinson and Han-
cock [4] leverage the diffuse polarization for shape esti-
mation. Rahmann and Canterakis [38] propose a specu-
lar polarization model and apply it on reflective surfaces.
SfP methods usually suffer from the azimuth angle ambigu-
ity which may cause the normal estimation being flipped.
To resolve this ambiguity, additional shape priors or vi-
sual cues (such as convexity prior [29, 31], boundary nor-
mal prior [4], shading cues [5], photometric cues [18, 37],
and multi-spectral measurements [24]) are combined with
the polarization model. Smith et al. [44, 45] use SfP to
solve for surface height to mitigate the angular ambiguity.
Many works use SfP to recover fine surface details given
a coarse shape estimated from another technique, such as
multi-view stereo [3, 12, 54], photometric stereo [2, 47],
space carving [28], structure-from-motion [16], or RGB-D
sensors [26, 27]. Beak et al. [7] jointly estimate the polari-
metric reflectance and the surface geometry. Ba et al. [6]
propose a data-driven approach that estimates the surface
shape from polarimetric images with a deep neural network.

3. Helmholtz Stereopsis

Helmholtz stereopsis (HS) [55] works by exploiting the
symmetry of surface reflectance. It uses several reciprocal
image pairs with exchanged camera and light source posi-
tions to estimate surface normal and depth. Let Oa ∈ R3

and Ob ∈ R3 be two 3D positions. A reciprocal image
pair I = {Ia, Ib} is captured by swapping the camera and
light source at Oa and Ob (i.e., Ia is captured with the light
source at Oa and the camera at Ob; Ib is captured with the
light source at Ob and the camera at Oa). Given a point on
the object surface, the goal is to estimate its 3D position P
and normal vector n.

Let f(i,o) be the bidirectional reflectance distribution
function (BRDF) of the surface point. f is calculated as the
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r ati o of t h e o ut g oi n g r a di a n c e ( al o n g t h e dir e cti o n o ) a n d t h e
i n ci d e nt irr a di a n c e ( al o n g t h e dir e cti o n i). T h e H el m h olt z
r e ci pr o cit y i n di c at es t h at f is s y m m etri c a b o ut t h e i n ci d e nt
a n d o ut g oi n g dir e cti o ns, i. e., f (i, o ) = f (o , i). L et v a =
(O a − P )/ ∥ O a − P ∥ 2 a n d v b = ( O b − P )/ ∥ O b − P ∥ 2 b e t w o
u nit dir e cti o ns fr o m P t o O a a n d fr o m P t o O b . T h e t w o
i nt e nsit y i m a g es i n t h e r e ci pr o c al p air c a n b e f or m ul at e d as

I a = f (v a , v b )E ρ a (v a · n ),

I b = f (v b , v a )E ρ b (v b · n ),
( 1)

w h er e E is t h e li g ht s o ur c e i nt e nsit y, ρ a = 1 / ||O a − P ||2

a n d ρ b = 1 / ||O b − P ||2 ar e dist a n c e att e n u ati o n f a ct ors,
a n d v a · n = c o s θ a a n d v b · n = c o s θ b ar e a n g ul ar f all- off
f a ct ors.

B y di vi di n g t h e a b o v e t w o e q u ati o ns, w e eli mi n at e t h e
li g ht s o ur c e i nt e nsit y E a n d t h e s urf a c e B R D F ( n oti n g t h at
f (v a , v b ) = f (v b , v a )). We t h us o bt ai n t h e f oll o wi n g r e-
ci pr o c al c o nstr ai nt t h at r e g ul ari z es d e pt h a n d n or m al wit h
r es p e ct t o t h e r e ci pr o c al i m a g e p air:

(I a ρ b v
⊤
b − I b ρ a v ⊤

a )n = 0 . ( 2)

Gi v e n a pr e- c ali br at e d c a m er a a n d li g ht s o ur c e p ositi o ns
(O a a n d O b ), t h e s urf a c e p ositi o n P a n d n or m al n c a n b e
s ol v e d wit h at l e ast t hr e e r e ci pr o c al p airs. T his is b e c a us e
gi v e n a n esti m at e d P , w e n e e d at l e ast t hr e e e q u ati o ns t o
u ni q u el y s ol v e f or n ∈ R 3 .

4. P ol a ri m et ri c H el m h olt z St e r e o psis

O ur p ol ari m etri c H el m h olt z st er e o psis ( p ol ar- H S) us es
a li n e arl y p ol ari z e d li g ht s o ur c e a n d a p ol ari z ati o n c a m er a
t o a c q uir e t h e r e ci pr o c al i m a g e p air. O ur i m a g es t h er ef or e
e m b e d t h e p ol ari z ati o n st at e of li g ht. N ot e t h at t h e ori gi n al
H el m h olt z R e ci pr o cit y Pri n ci pl e r estri cts its a p pli c a bilit y t o
c orr es p o n di n g p ol ari z ati o n st at es f or i n ci d e nt a n d o ut g oi n g
li g ht [ 1 4] (i. e., w h e n t h e li g ht p at h is r e v ers e d, t h e p ol ar-
i z ati o n st at es of t h e t w o li g ht b e a ms s h o ul d als o b e i nt er-
c h a n g e d). It c a n n ot b e dir e ctl y a p pli e d t o u nr estri ct e d r e p-
r es e nt ati o ns of t h e p ol ari z ati o n st at es. We d eri v e t h e r e ci-
pr o cit y r el ati o ns hi p u n d er t h e u nr estri ct e d c as es, a n d us e it
as a c o nstr ai nt f or s urf a c e r e c o nstr u cti o n ( S e cti o n 4. 1).

We i ntr o d u c e p ol ari m etri c c o nstr ai nts t h at ar e d e p e n d e nt
o n t h e s urf a c e r e fl e cti o n t y p es ( i. e., s p e c ul ar p ol ari z e d, dif-
f us e p ol ari z e d, a n d diff us e u n p ol ari z e d), a n d pr o p os e a n e w
i m a g e s e p ar ati o n m et h o d t o e n a bl e t h e us a g e of t h e p ol ari-
m etri c c o nstr ai nts ( S e cti o n 4. 2). A n o pti mi z ati o n fr a m e-
w or k is us e d t o j oi ntl y esti m at e t h e s urf a c e n or m al a n d
d e pt h b y c o m bi ni n g t h e r e ci pr o cit y a n d p ol ari m etri c c o n-
str ai nts ( S e cti o n 4. 3).

4. 1. P ol a ri m et ri c R e ci p r o cit y

We us e t h e St o k es v e ct or t o d es cri b e t h e p ol ari z ati o n
st at es.  A St o k es v e ct or h as f o ur c o m p o n e nts: S =

Li g ht s o u r c e
C a m e r a

P ol a ri z e r

P ol a ri z e r

P

O a

O b

Li g ht s o u r c e
C a m e r a

P ol a ri z e r

P ol a ri z e r

O b

O a

S u rf a c e

v a
n

N o r m al

P

v a
n

N o r m al

v b v b

Fi g ur e 1. C o n fi g ur ati o n of t h e p ol ari m etri c H el m h olt z st er e o psis.

[S ( 0) , S( 1) , S( 2) , S( 3)] ⊤ , w h er e S ( 0) s p e ci fi es t h e r a di a nt
i nt e nsit y of li g ht ( e q ui v al e nt t o t h e i nt e nsit y i m a g e), S ( 1)
s p e ci fi es t h e pr ef er e n c e of h ori z o nt al t o v erti c al li n e ar p ol ar-
i z ati o n, S ( 2) s p e ci fi es t h e pr ef er e n c e of 4 5 ◦ t o 1 3 5 ◦ li n e ar
p ol ari z ati o n, a n d S ( 3) s p e ci fi es t h e pr ef er e n c e of ri g ht t o
l eft cir c ul ar p ol ari z ati o n. A d diti o n al c o nstr ai nts o n St o k es
v e ct or v al u es ar e: 1) S ( 0) ∈ R + , 2) S ( 1) , S( 2) , S( 3) ∈
[− S ( 0), S( 0)] , a n d 3) S ( 0) 2 ≥ S ( 1) 2 + S ( 2) 2 + S ( 3) 2 .
N ot e t h at a St o k es v e ct or is r el ati v e t o t h e s el e cti o n of r ef-
er e n c e a x es ( i. e., a t w o- di m e nsi o n al ort h o g o n al b asis o n t h e
w a v e pl a n e t h at is p er p e n di c ul ar t o t h e li g ht’s pr o p a g ati o n
dir e cti o n). H er e w e ass u m e li n e arl y p ol ari z e d li g ht.

We us e t h e s a m e c o n fi g ur ati o n as t h e st a n d ar d H S, e x-
c e pt t h at t h e li g ht s o ur c e is li n e arl y p ol ari z e d wit h St o k es
v e ct or S l a n d t h e c a m er a is p ol ari z ati o n-s e nsiti v e s o t h at it
c a n m e as ur e t h e St o k es v e ct ors of t h e li g ht r e c ei v e d. Fi g. 1
ill ustr at es o ur c o n fi g ur ati o n. Gi v e n a r e ci pr o c al St o k es v e c-
t or p air S = { S a , Sb } , S a is m e as ur e d wit h t h e li g ht s o ur c e
at O a a n d t h e c a m er a at O b , a n d S b wit h s w a p p e d li g ht
s o ur c e a n d c a m er a p ositi o ns. Si mil ar t o t h e st a n d ar d H S,
w e c a n f or m ul at e t h e St o k es v e ct ors m e as ur e d b y t h e c a m-
er a ( S a a n d S b ) wit h t h e p ol ari m etri c s urf a c e r e fl e ct a n c e
al o n g wit h t h e dist a nt a n d a n g ul ar f all- off f a ct ors as

S a = M (v a , v b )S l ρ a (v a · n ),

S b = M (v b , v a )S l ρ b (v b · n ).
( 3)

T h e 4 × 4 m atri x M ( M u ell er m atri x) r e pr es e nts t h e p o-
l ari m etri c s urf a c e r e fl e ct a n c e t h at d es cri b es h o w t h e St o k es
v e ct or is c h a n g e d aft er r e fl e cti o n.

N o w t h e q u esti o n is: d o es M still f oll o ws t h e s a m e
r e ci pr o c al r el ati o ns hi p as t h e B R D F ( i. e., M (v a , v b ) =
M (v b , v a )) w h e n t h e St o k es v e ct ors of t h e i n ci d e nt a n d
r e fl e ct e d li g ht ar e r e pr es e nt e d u n d er ar bitr ar y ( or u nr e-
stri ct e d) r ef er e n c e a x es ? T h e ori gi n al H el m h olt z R e ci-
pr o cit y Pri n ci pl e [ 5 0] is as f oll o ws:

T h e o r e m 1 ( H el m h olt z R e ci pr o cit y). S u p p os e a c ert ai n
a m o u nt of li g ht J l e a vi n g t h e p oi nt A i n a gi v e n dir e cti o n is
p ol ariz e d i n a , a n d t h at of t his li g ht, t h e a m o u nt K arri v es
at p oi nt B p ol ariz e d i n b . T h e n, w h e n t h e li g ht r et ur ns o v er
t h e s a m e p at h, a n d t h e q u a ntit y of li g ht J p ol ariz e d i n b pr o-
c e e ds fr o m t h e p oi nt B , t h e a m o u nt of t his li g ht t h at arri v es
at p oi nt A p ol ariz e d i n a will b e e q u al t o K .
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Gl o b al 
R ef er e n c e 

S c e n e

L o c al
R ef er e n c es 

Fi g ur e 2. We r ot at e t h e l o c al r ef er e n c e a x es t o a gl o b al r ef er e n c e
s o t h at T h e or e m 1 c a n b e a p pli e d t o d es cri b e t h e r e ci pr o cit y r el a-
ti o ns hi p b et w e e n t h e t w o p at hs.

T h e or e m 1 h as r estri ct e d a p pli c a bilit y o n c orr es p o n d-
i n g p ol ari z ati o n st at es f or i n ci d e nt a n d o ut g oi n g li g ht (i. e.,
w h e n t h e li g ht p at h is r e v ers e d, t h e p ol ari z ati o n st at es of
li g ht s h o ul d als o b e i nt er c h a n g e d). I n r e alit y, it is h ar d t o
a c q uir e t h e St o k es m e as ur e m e nt u n d er t his r estri ct e d cir-
c u mst a n c e. F or e x a m pl e, b ot h t h e c a m er a a n d li g ht s o ur c e
h a v e t h eir o w n St o k es r e pr es e nt ati o n u n d er l o c al r ef er e n c e
a x es. It is i m pr a cti c al t o e x c h a n g e t h eir St o k es r ef er e n c e
a x es w h e n t h eir p ositi o ns ar e s w a p p e d. We t h er ef or e d eri v e
a n e w r e ci pr o cit y r el ati o ns hi p w h e n t h e r e pr es e nt ati o n of
p ol ari z ati o n st at e is u nr estri ct e d ( i. e., t h e p ol ari z ati o n st at es
of i n ci d e nt a n d o ut g oi n g li g ht ar e n ot i nt er c h a n g e a bl e d u e
t o diff er e nt r ef er e n c e a x es). O ur r e ci pr o cit y r el ati o ns hi p is
st at e d as f oll o ws:

L e m m a 1. 1. W h e n t h e t w o li g ht b e a ms i n a r e v ersi bl e p at h
ar e r e pr es e nt e d b y St o k es v e ct ors wit h r ef er e n c e a x es t h at
ar e ass o ci at e d wit h t h e li g ht b e a ms, t h e r e ci pr o cit y r el a-
ti o ns hi p c a n b e e x pr ess e d as a tr a ns p ositi o n of t h e M u ell er
m atri x t h at c orr el at es t h e t w o St o k es v e ct ors.

Pr o of. C o nsi d er t w o li g ht b e a ms wit h St o k es v e ct ors S i

a n d S o t h at pr o p a g at e al o n g dir e cti o ns i a n d o , r es p e cti v el y.
B ot h S i a n d S o ar e r e pr es e nt e d i n t h eir l o c al r ef er e n c e a x es
b i = { x i , y i } a n d b o = { x o , x o } ( w h er e { x i , y i } a n d
{ x o , x o } ar e t w o p airs of ort h o g o n al a x es o n t h eir r es p e cti v e
w a v e pl a n e). L et M b e t h e M u ell er m atri x t h at c orr el at es S i

a n d S o . We c a n writ e t h e f oll o wi n g e q u ati o ns:

S o = M (i, o )S i ,  Si = M (o , i)S o . ( 4)

As b i a n d b o ar e ass o ci at e d wit h t h e li g ht b e a ms a n d ar e
s wit c h e d w h e n t h e li g ht p at h is r e v ers e d, T h e or e m 1 c a n n ot
b e dir e ctl y a p pli e d t o d es cri b e t h e r e ci pr o cit y r el ati o ns hi p
b et w e e n M (i, o ) a n d M (o , i).

I n or d er t o a p pl y T h e or e m 1, w e d e fi n e a gl o b al r ef er e n c e
b asis b g = { x g , y g } a n d tr a nsf or m t h e t w o St o k es v e c-
t ors fr o m t h eir l o c al r ef er e n c es t o t h e gl o b al r ef er e n c e (s e e
Fi g. 2). T h e gl o b al r ef er e n c e a x es ar e d e fi n e d as: y g = i× o ,

x g = y g × i f or p at h i, a n d x g = y g × o f or p at h o . T h e
gl o b al r ef er e n c e a x es s atisf y t h e c o n diti o n of T h e or e m 1 as
it is ass o ci at e d wit h t h e p at hs i nst e a d of t h e li g ht b e a ms.

B y m ulti pl yi n g t h e M u ell er m atri c es t h at r ot at e t h e l o c al
r ef er e n c es t o t h e gl o b al o n e, w e o bt ai n t w o n e w St o k es v e c-
t ors S ′

i a n d S ′
o t h at ar e r e pr es e nt e d i n t h e gl o b al r ef er e n c e

a x es: S ′
i = M r ( Φ i )S i a n d S ′

o = M r ( Φ o )S o . Φ i a n d Φ o ar e
t h e a n gl es s p a n n e d b y y i a n d y g , a n d y o a n d y g , r es p e c-
ti v el y. L et M ′ b e t h e M u ell er m atri x t h at c orr el at es S ′

i a n d
S ′

o . T h us M ′ s atis fi es t h e r e ci pr o cit y r el ati o ns hi p d es cri b e d
i n T h e or e m 1: M ′(i, o ) = M ′(o , i) = M f , l e a di n g t o

S ′
o = M f S ′

i ,  S′
i = M f S ′

o . ( 5)

B y s u bstit uti n g S ′
i a n d S ′

o wit h S i a n d S o (r es p e cti v el y) i n
E q. 5, w e h a v e

S o = M − 1
r ( Φ o )M f M r ( Φ i )S i ,

S i = M − 1
r ( Φ i )M f M r ( Φ o )S o .

( 6)

Usi n g t h e d e fi niti o ns f or S o a n d S i i n E q. 4, E q. 6 b e c o m es

M (i, o ) = M − 1
r ( Φ o )M f M r ( Φ i ),

M (o , i) = M − 1
r ( Φ i )M f M r ( Φ o ).

( 7)

Si n c e t h e r ot ati o n al M u ell er m atri c es ar e ort h o n or m al
(i. e., M − 1

r = M ⊤
r ) a n d M f is di a g o n all y s y m m etri c (i. e.,

M f = M ⊤
f ) [ 1 1], w e c a n d eri v e t h e f oll o wi n g r e ci pr o cit y

r el ati o ns hi p i n t h e f or m of tr a ns p ositi o n:

M ⊤ (i, o ) = ( M − 1
r ( Φ o )M f M r ( Φ i ))

⊤

= M − 1
r ( Φ i )M f M r ( Φ o )

= M (o , i).

( 8)

S e k er a [ 4 3] d eri v es a tr a ns p ositi o n al r e ci pr o cit y r el ati o n-
s hi p si mil ar t o L e m m a 1. 1 i n t h e s c att eri n g pr o c ess es.

R e ci p r o cit y C o nst r ai nt. As t h e St o k es v e ct ors of t h e
c a m er a a n d li g ht s o ur c e ar e o bs er v e d i n t h eir l o c al r ef er-
e n c e a x es, t h e s urf a c e r e fl e ct a n c e M u ell er m atri x M f oll o ws
t h e tr a ns p ositi o n al r e ci pr o cit y a c c or di n g t o L e m m a 1. 1:
M ⊤ (v a , v b ) = M (v b , v a ). B y s u bstit uti n g t his r e ci pr o cit y
r el ati o ns hi p i nt o E q. 3 a n d eli mi n ati n g M , w e o bt ai n t h e
f oll o wi n g r e ci pr o cit y c o nstr ai nt:

(S a ⊗ S g
l ρ b v

⊤
b − S g

l ⊗ S b ρ a v ⊤
a )n = 0 . ( 9)

w h er e S g
l is t h e tr a ns p os e of t h e ps e u d oi n v ers e of S l ; ⊗ is

t h e Kr o n e c k er pr o d u ct.
We us e E q. 9 t o esti m at e s urf a c e d e pt h ( ρ a, b a n d v a, b

ar e d eri v a bl e fr o m d e pt h) a n d n or m al n i n a n it er ati v e w a y
w h e n gi v e n r e ci pr o c al St o k es v e ct or p air S = { S a , Sb } a n d
pr e- c ali br at e d li g ht s o ur c e St o k es v e ct or S l . M or e d et ails

5 0 4 0
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Fi g ur e 3. T h e pr o p os e d d e c o m p ositi o n. We first c o n v ert t h e i m-
a g es c a pt ur e d b y a p ol ari z ati o n c a m er a t o t h e St o k es v e ct ors. We
t h e n d e c o m p os e t h e St o k es v e ct ors i nt o t hr e e c o m p o n e nts.

o n t h e o pti mi z ati o n al g orit h m c a n b e f o u n d i n S e cti o n 4. 3.
Gi v e n a d e pt h esti m ati o n, w e n e e d at l e ast t hr e e e q u ati o ns
t o u ni q u el y s ol v e f or t h e n ∈ R 3 .

T h e st a n d ar d H S g e n er at es t h e t hr e e e q u ati o ns fr o m
t hr e e r e ci pr o c al p airs. I n o ur p ol ari m etri c c as e, w e o bt ai n
t w o e q u ati o ns f or o n e r e ci pr o c al p air b y c h a n gi n g t h e p o-
l ari z ati o n st at e of li g ht s o ur c e, b e c a us e o ur r e ci pr o cit y c o n-
str ai nt ( E q. 9) is d e p e n d e nt o n t h e li g ht s o ur c e ( w hil e t h e
st a n d ar d H S is n ot). T h e m a xi m u m n u m b er of i n d e p e n d e nt
e q u ati o ns w e c a n o bt ai n f or o n e p air is t w o. T his is b e c a us e
t w o d ot pr o d u cts (i. e., v a · n a n d v b · n ) r e d u c e t h e t er ms
t h at i n v ol v e t h e n or m al t o s c al ars.

I n pri n ci pl e, if w e us e o nl y t h e r e ci pr o cit y c o nstr ai nt, w e
w o ul d n e e d at l e ast t w o r e ci pr o c al p airs ( i. e., 4 e q u ati o ns) t o
s ol v e f or t h e d e pt h a n d n or m al. H o w e v er, b e c a us e t h e o b-
s er v e d p ol ari z ati o n st at es ar e dir e ctl y r el at e d t o t h e s urf a c e
g e o m etr y a n d r e fl e ct a n c e t y p e, w e us e t h e p ol ari m etri c c o n-
str ai nts ( S e cti o n 4. 2) t o f or m ul at e o n e a d diti o n al i n d e p e n-
d e nt e q u ati o n o n n or m al. T his m e a ns t h at w e c a n esti m at e
d e pt h a n d n or m al usi n g o nl y o n e r e ci pr o c al p air .

4. 2. P ol a ri m et ri c C u es

We c o nsi d er t h e p ol ari m etri c c o nstr ai nts u n d er diff er e nt
t y p es of r e fl e ct e d li g ht. We d e c o m p os e t h e m e as ur e d St o k es
v e ct ors i nt o t hr e e c o m p o n e nts of diff er e nt r e fl e cti o n a n d p o-
l ari z ati o n c h ar a ct eristi cs (i. e., s p e c ul ar vs. diff us e, p ol ar-
i z e d vs. u n p ol ari z e d), a n d t h e n d eri v e a s p e ci fi c p ol ari m et-
ri c c o nstr ai nt f or e a c h t y p e of r e fl e cti o n.

P ol a ri m et ri c I m a g e D e c o m p ositi o n. T h e pr o bl e m h as
b e e n st u di e d i n p ol ari z ati o n- b as e d s p e c ul arit y r e m o v al [ 5 2,
3 6, 3 4]. A n i m a g e is oft e n d e c o m p os e d i nt o a s p e c ul ar c o m-
p o n e nt a n d a diff us e c o m p o n e nt, d e p e n di n g o n t h e p ol ari z a-

ti o n st at us. It is c o m m o nl y ass u m e d t h at t h e s p e c ul ar c o m-
p o n e nt is p ol ari z e d w hil e diff us e is u n p ol ari z e d. H o w e v er,
as s h o w n i n [ 4], diff us e r e fl e cti o n als o e x hi bits us ef ul p o-
l ari m etri c c h ar a ct eristi cs t h at r e g ul ari z e t h e s urf a c e n or m al.
H er e w e pr o p os e a n e w d e c o m p ositi o n f or m ul ati o n t h at
s e p ar at es t h e o bs er v e d St o k es v e ct ors ( S ) i nt o t hr e e c o m-
p o n e nts: s p e c ul ar- p ol ari z e d ( S s p ), diff us e- p ol ari z e d (S d p ),
a n d diff us e- u n p ol ari z e d ( S u d ):

S = S s p + S d p + S d u . ( 1 0)

S u p p os e w e h a v e t w o li n e arl y p ol ari z e d li g ht s o ur c es
wit h t h e s a m e i nt e nsit y b ut p er p e n di c ul ar a n gl es of p ol ar-
i z ati o n. Wit h o ut l oss of g e n er alit y, w e ass u m e t h eir a n gl es
of p ol ari z ati o n ar e 0 ◦ a n d 9 0 ◦ . T h eir St o k es v e ct ors ar e S 0

l

a n d S 9 0
l , r es p e cti v el y. N ot e t h at t h es e li g ht s o ur c es c a n als o

pr o vi d e us t h e t w o r e ci pr o cit y c o nstr ai nts. L et S 0 b e t h e
St o k es v e ct or r e fl e ct e d fr o m a s urf a c e p oi nt a n d o bs er v e d
b y t h e c a m er a w h e n li g ht s o ur c e is S 0

l , a n d S 9 0 is o bs er v e d
u n d er S 9 0

l (s e e S e cti o n 4. 1 f or c o m p ositi o n a n d pr o p erti es
of t h e St o k es v e ct or). H er e w e ass u m e S 0 a n d S 9 0 ar e li n-
e arl y p ol ari z e d ( i. e., S 0 ( 3) = S 9 0 ( 3) = 0 ).

We n o w s h o w h o w S 0 c a n b e d e c o m p os e d; S 9 0 c a n b e
si mil arl y d e c o m p os e d. F or n ot ati o n si m pli cit y, w e dr o p
t h e s u p ers cri pt f or d e gr e e i n t h e d e c o m p ositi o n c o m p o n e nts
(S s p , S d p , a n d S d u ). Si n c e t h e li g ht s o ur c es’ a n gl es of p o-
l ari z ati o n ar e cr oss e d b y 9 0 ◦ , t h e p ol ari z ati o n p ar a m et ers i n
S 0

l a n d S 9 0
l h a v e t h e f oll o wi n g r el ati o ns hi p:

S 0
l ( 1) + S 9 0

l ( 1) = 0 ,  S0
l ( 2) + S 9 0

l ( 2) = 0 . ( 1 1)

Si n c e t h e s p e c ul ar r e fl e cti o n is al w a ys f ull y p ol ari z e d a n d
its a n gl e of p ol ari z ati o n is t h e s a m e as t h at f or t h e li g ht
s o ur c e, w e us e t his r el ati o ns hi p t o c a n c el o ut t h e p ol ar-
i z ati o n p ar a m et ers i n S s p b y a d di n g S 0 a n d S 9 0 . Si n c e
S d u is u n p ol ari z e d, it h as o nl y t h e i nt e nsit y p ar a m et er:
S d u = [ S d u ( 0) , 0 , 0 , 0] ⊤ . T h e p ol ari z ati o n p ar a m et ers i n
S 0 + S 9 0 ar e t h e n s ol el y r el at e d t o S d p , yi el di n g

S d p ( 1 ) =
S 0 ( 1 ) + S 9 0 ( 1 )

2
, Sd p ( 2 ) =

S 0 ( 2 ) + S 9 0 ( 2 )

2
. ( 1 2)

T h e p ol ari z ati o n p ar a m et ers i n S s p ar e c o m p ut e d as

S s p ( 1 ) = S 0 ( 1 ) − S d p ( 1 ) ,  Ss p ( 2 ) = S 0 ( 2 ) − S d p ( 2 ) . ( 1 3)

We c al c ul at e S ( 0) f or b ot h S d p a n d S s p usi n g t h e St o k es
v e ct or c o nstr ai nt S ( 0) 2 = S ( 1) 2 + S ( 2) 2 + S ( 3) 2 , as t h e
t w o c o m p o n e nts ar e f ull y p ol ari z e d. Fi n all y, w e c o m p ut e
t h e i nt e nsit y of S d u as

S d u ( 0) = S 0 ( 0) − S s p ( 0) − S d p ( 0) . ( 1 4)

Usi n g E qs. 1 2- 1 4, w e c a n d e c o m p os e a r e fl e ct e d St o k es
v e ct or i nt o t hr e e c o m p o n e nts. Fi g. 3 s h o ws a n e x a m pl e of
o ur d e c o m p ositi o n.
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P ol a ri m et ri c C o nst r ai nts. B ot h t h e s p e c ul ar a n d diff us e
p ol ari z e d r e fl e cti o ns c a n r e g ul ari z e t h e s urf a c e n or m al. A c-
c or di n g t o Fr es n el’s e q u ati o ns, t h e s p e c ul ar r e fl e cti o n is
d o mi n at e d b y s- p ol ari z e d li g ht, w h os e a n gl e of p ol ari z a-
ti o n is p er p e n di c ul ar t o t h e r e fl e cti o n pl a n e (i. e., t h e pl a n e
f or m e d b y t h e s urf a c e n or m al a n d t h e r e fl e ct e d li g ht). T his
h a p p e ns w h e n t h e i n ci d e nt li g ht is n ot o bli q u e t o t h e l o c al
s urf a c e. I n t h e diff us e r e fl e cti o n c as e, t h e a n gl e of p ol ari z a-
ti o n h as a 9 0 ◦ p h as e s hift [ 4] w hi c h m e a ns t h at t h e vi br ati o n
dir e cti o n li es o n t h e r e fl e cti o n pl a n e. T h er ef or e, b y pr oj e ct-
i n g t h e a n gl e of p ol ari z ati o n a n d s urf a c e n or m al o nt o t h e
i m a g e pl a n e, w e c a n f or m ul at e t h e t w o c o nstr ai nts f or t h e
diff us e- a n d s p e c ul ar- p ol ari z e d r e fl e cti o ns:

[ si n(ϕ ), − c o s( ϕ ), 0] n = 0 , ( 1 5 a)

[ si n(ϕ + 9 0 ◦ ), − c o s( ϕ + 9 0 ◦ ), 0] n = 0 , ( 1 5 b)

w h er e ϕ = ar ct a n( S d p ( 2)/ S d p ( 1)) / 2 is t h e a n gl e of p o-
l ari z ati o n i n t h e diff us e c as e. E q. 1 5 a is t h e c o nstr ai nt f or
diff us e- p ol ari z e d r e fl e cti o n. E q. 1 5 b is f or t h e s p e c ul ar-
p ol ari z e d c as e, w h os e a n gl e of p ol ari z ati o n is s hift e d 9 0 ◦ .

Si mil ar c o nstr ai nts ar e us e d i n [ 4 4, 4 5]. H o w e v er, m ost
m et h o ds dir e ctl y us e t h e o v er all St o k es v e ct or t o c o m p ut e
t h e a n gl e of p ol ari z ati o n. We e m piri c all y s h o w t h at w e ar e
a bl e t o esti m at e a m or e a c c ur at e a n gl e of p ol ari z ati o n b y
usi n g t h e diff us e- p ol ari z e d c o m p o n e nt.

I n or d er t o us e t h e p ol ari m etri c c o nstr ai nts, w e t hr es h ol d
S s p ( 0) t o a bi n ar y m as k t h at i n di c at es t h e s p e c ul ar pi x els.
We us e E q. 1 5 b as t h e a d diti o n al c o nstr ai nt f or t h e s p e c ul ar
pi x els, a n d E q. 1 5 a f or all ot h er pi x els c o nsi d er e d diff us e.

4. 3. D e pt h a n d N o r m al Esti m ati o n

B y c o m bi ni n g t h e r e ci pr o cit y a n d p ol ari m etri c c o n-
str ai nts, w e c a n f or m a li n e ar s yst e m f or t h e s urf a c e n or m al
n , i. e., W (d )n = 0 ; t his is si mil ar t o t h e st a n d ar d H S [ 5 5].
T h e c o ef fi ci e nt m atri x W is a f u n cti o n of t h e s urf a c e d e pt h
d , a n d w e s ol v e f or d a n d n .

We first o pti mi z e t h e d e pt h. Gi v e n t h e tr u e d e pt h d ∗ ,
t h e r a n k of W (d ∗ ) s h o ul d b e 2, s o t h at t h e s urf a c e n or-
m al n will b e u ni q u el y d et er mi n e d. If t h e d e pt h v al u e is
i n c orr e ct, t h e r a n k of W will b e gr e at er t h a n 2. T his i n di-
c at es t h at if w e a p pl y S V D o n W : W = U Σ V ⊤ , w h er e
Σ = di a g (σ 1 , σ2 , σ3 ), σ 1 ≥ σ 2 ≥ σ 3 , t h e r ati o σ 2 / σ 3 will
b e i n fi nit el y l ar g e at t h e tr u e d e pt h d ∗ . T h us, w e us e t h e e x-
p o n e nti al d e c a y f u n cti o n pr o p os e d i n [ 4 0] as o ur d at a t er m
f or d e pt h esti m ati o n:

E d a t a (d ) = e x p( − µ
σ 2 (d )

σ 3 (d )
), ( 1 6)

w h er e µ = 0 .2 l n( 2) [ 4 0]. We als o us e a s m o ot h n ess t er m
t o r e d u c e n ois e i n t h e d e pt h esti m ati o n :

E s m o o t h (d ) =
( p, q ) ∈ N

mi n( ∥ d p − d q ∥ , K), ( 1 7)

R e c o v er e d N or m al N or m al Err or
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Fi g ur e 4. N or m al r e c o nstr u cti o n wit h s y nt h eti c d at a. “ W hit e bil-
li ar d ” a n d “s p e ctr al o n ” ar e t h e s urf a c e m at eri als.

w h er e p a n d q ar e t w o pi x els i n t h e n ei g h b or h o o d N ; K
is a tr u n c ati o n t hr es h ol d t h at pr e v e nts t h e dis c o nti n u o us
d e pt hs fr o m b ei n g s m o ot h e d. T h e c o m bi n e d c ost f u n cti o n
f or d e pt h esti m ati o n is:

d ∗ = ar g mi n
d

(E d a t a + λ E s m o o t h ), ( 1 8)

w h er e λ is a b al a n ci n g w ei g ht. I n o ur e x p eri m e nts, w e us e
λ = 0 .0 1 . We us e gr a p h- c ut [ 1 0] t o s ol v e t h e d e pt h as a
m ulti-l a b eli n g pr o bl e m.

O n c e t h e d e pt h v al u es ar e esti m at e d, w e c a n s ol v e t h e
n or m al n usi n g W (d )n = 0 . We t h e n it er ati v el y r e fi n e
t h e d e pt h a n d n or m al wit h t h e f oll o wi n g st e ps: 1) w e a p pl y
P oiss o n i nt e gr ati o n o n n t o o bt ai n a n e w s et of d e pt h d ′;
2) w e us e d ′ as a n a d diti o n al g ui d a n c e i n E q. 1 8 t o o pti mi z e
t h e d e pt h wit h a fi n er d e pt h i nt er v al; 3) w e us e t h e esti m at e d
d e pt h t o f or m W (d ) a n d s ol v e f or t h e n or m al a g ai n. We us e
t h e n or m al diff er e n c e t o d e ci d e w h et h er t h e r e fi n e m e nt h as
c o n v er g e d. I n o ur e x p eri m e nts, it us u all y c o n v er g es aft er
t w o it er ati o ns.

5. E x p e ri m e nts

We v ali d at e o ur m et h o d wit h b ot h s y nt h eti c a n d r e al e x-
p eri m e nts o n s c e n es wit h v ari o us s h a p es a n d r e fl e ct a n c e.

5. 1. S y nt h eti c E x p e ri m e nts

We us e t h e Mits u b a 2 r e n d er er 1 t o si m ul at e p ol ari m eri c
i m a g es as c a pt ur e d b y a p ol ari z ati o n c a m er a. S p e ci fi c all y,
w e us e t h e p ol ari z e d r e n d eri n g m o d e t o si m ul at e f o ur dir e c-
ti o n al p ol ari z ati o n i m a g es: I 0 , I 9 0 , I 4 5 , a n d I 1 3 5 ( e a c h wit h
r es ol uti o n 5 0 0 × 5 0 0 ). I n t h e p ol ari z e d r e n d eri n g m o d e,
t h e r e n d er er will tr a c k t h e f ull p ol ari z ati o n st at e of li g ht
d uri n g si m ul ati o n. T h e s yst e m c o n fi g ur ati o n mirr ors o ur
r e al e x p eri m e nt al s et u p. We us e t h e r e al- c a pt ur e d K AI S T

1 h t t p s : / / w w w . m i t s u b a - r e n d e r e r . o r g

5 0 4 2
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Figure 5. Synthetic results with respect to different material types.
We show rendered color images of the materials, recovered normal
maps, and cross-sections of the recovered shapes.

❳❳❳❳❳❳❳❳❳Method
SNR/dB

10 20 30 40

HS (3-pair) 23.41 13.59 8.05 6.87
polar-HS (1-pair) 14.71 8.05 6.53 6.27
polar-HS (2-pair) 19.16 6.43 2.14 0.95

Table 2. Mean angular error (in degree) of the normal estimations
with respect to the noise levels.

pBRDF dataset [8] to model the polarimetric surface re-
flectance. We test on a variety of 3D models and surface re-
flectance. Fig. 4 shows our rendered images and recovered
normal maps with two reciprocal pairs. We evaluate the
reconstruction with per-pixel angular errors and the mean
angular error (MAE). More results on normal and surface
reconstruction can be found in the supplementary material.
Ablation on Material Types. We use different pBRDFs
provided by the KAIST dataset on a sphere object to test
our performance with respect to the material types. Fig. 5
shows recovered normal maps and cross-sections of the re-
covered shapes. Here the results are computed using one
reciprocal pair. Results on more materials and two recipro-
cal pairs can be found in the supplementary material. We
can see that the one-pair results are sensitive to the material
type as the polarized reflection of some materials (e.g., mint
silicone) is weak, which results in the angle of polarization
being highly noisy and unreliable. The two-pair results (see
supplementary material) are more robust as the reciprocity
constraint alone provides sufficient regularization.
Ablation on Noise Levels. We evaluate our method with
respect to different levels of noise. In this experiment, we
use a sphere object with the “white billiard” material. We
add Gaussian white noise to the rendered images and use the
signal-noise ratio (SNR) to quantify the noise level (smaller
SNR number indicates higher noise level). We evaluate the
reconstruction using MAE of the normal estimation. We
test our method (polar-HS) using one and two reciprocal
pairs respectively, and compare with the standard HS that

Ball (Polyester)

Corner (Cardboard)

Normal Map  Cross-Section ComparisonModel Photograph

Ground Truth

HS (3-Pair)

Ours (1-Pair)

Ours (2-Pair)
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Figure 6. Quantitative evaluation of the normal and shape recon-
struction on real scenes.

uses three pairs. The results are reported in Table 2. We can
see that both our one-pair and two-pair methods are more
accurate than the three-pair HS, and less sensitive to noise.

5.2. Real Experiments

Prototype. We implement a physical system for capturing
the polar-HS image pairs. We mount a polarization camera
and a pico projector on an automated rotating wheel so that
their positions can be precisely exchanged. Both the camera
and the project are calibrated geometrically [32] and radio-
metrically [25]. More details on the system construction
can be found in the supplementary material. A reciprocal
pair is captured by rotating the wheel at 180◦. At each po-
sition in the pair, we capture two polarization images under
0◦ and 90◦ polarized light.
Quantitative Evaluation. We quantitatively evaluate our
method on two real scenes: a billiard ball (59mm diameter)
and a cardboard corner (corner angle of 110◦). We com-
pare the normal and surface reconstruction of our method
with one pair and two pairs, and the standard HS with three
pairs. The scene settings and the reconstruction results are
shown in Fig. 6. We report the MAE of recovered normals,
and compare the recovered shapes in cross-sections. Our
one-pair reconstruction results have large errors at oblique
polarization angles (i.e., ϕ = 90◦) where the polarimetric
constraint becomes unstable. However, our two-pair results
are highly accurate in both scenes.
Qualitative Evaluation. We test our method on a vari-
ety of scenes with different types of reflectance, ranging
from purely diffuse to highly specular. Some are compos-
ite scenes that contain multiple surfaces types. Fig 7 shows
our recovered surfaces. Here we demonstrate the two-pair
results as they are more accurate than one-pair ones. Results
on more scenes and one reciprocal pair can be found in the
supplementary material. We can see that our recovered sur-
faces preserve fine geometric details (for example, bandage
on the statue and beard of the gnome). Our method also
works for concave scenes that do not exhibit very strong
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Figure 7. Surface reconstruction results on real scenes. Here the results are computed with two reciprocal pairs.

SfP SL PS HS Ours (1-pair) Ours (2-pair)PS HS Ours (1-pair) Ours (2-pair)

Orange

SfP SLSL 

Figure 8. Comparisons of our method with classical 3D reconstruction methods. We show the recovered normal maps (row one), relit
surfaces (row two), and zoom-in views of the surfaces (row three).

interreflection (for example, the soap dish and bunny ears).
We also compare our method against classical 3D re-

construction methods: shape-from-polarization (SfP) [44],
structured light (SL) [30], photometric stereo (PS) [53], and
standard HS [55] with three pairs. We show visual compar-
ison results on an orange scene in Fig. 8. The overall shapes
of our one-pair and two-pair results are closer to the struc-
tured light scanned result (SL). Our method is also able to
recover more surface details than SL.

6. Conclusion and Discussion
In summary, we extend the classical Helmholtz stereop-

sis to the polarimetric case by deriving a new transpositional
reciprocity relationship. We exploit the polarimetric cues
and reduce the minimal number of reciprocal pairs to per-
form HS to one. Our proposed polar-HS can recover various
types of surfaces with high accuracy.

Limitations. Although we have demonstrated successful
3D reconstruction on a variety of scenes, our method has

limitations on handling strong interreflection and transpar-
ent scenes (see failure examples in the supplementary mate-
rial). If the interreflection is too strong and results in caus-
tic effects on the surface, our method fails at the regions
where the caustics occurs. As for the transparent objects,
the captured images are transmission dominant. However,
our method relies on analyzing the reflected light for sur-
face reconstruction. One possible solution is to separate the
weak reflected image from the transmitted one.

Future Directions. As our one-pair solution suffers from
large errors at oblique polarization angles, we plan to ex-
ploit additional physical constraints (e.g., shading cues or
multi-view constraint) for improvement. As our polar-HS
only needs one reciprocal pair in theory, it is possible to
build a compact acquisition system without using a rotat-
ing wheel (e.g., in a binocular setting with polarization-
multiplexing), which makes our solution more practical.
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