REPEATED PATTERNS IN PROPER COLOURINGS

DAVID CONLON AND MYKHAYLO TYOMKYN

ABSTRACT. For a fixed graph H, what is the smallest number of colours C such that there is a
proper edge-colouring of the complete graph K, with C colours containing no two vertex-disjoint
colour-isomorphic copies, or repeats, of H? We study this function and its generalisation to more
than two copies using a variety of combinatorial, probabilistic and algebraic techniques. For example,
we show that for any tree T' there exists a constant ¢ such that any proper edge-colouring of K,
with at most cn? colours contains two repeats of T, while there are colourings with at most ¢'n®/?
colours for some absolute constant ¢’ containing no three repeats of any tree with at least two edges.
We also show that for any graph H containing a cycle there exist k£ and ¢ such that there is a proper
edge-colouring of K,, with at most ¢n colours containing no k repeats of H, while, for a tree T with
m edges, a colouring with o(n{™*1/™) colours contains w(1) repeats of T.

1. INTRODUCTION

A considerable body of recent work in extremal combinatorics is devoted to the study of rainbow
patterns in proper edge-colourings of complete graphs. To mention two such results (amongst
many [3, 4, 11, 12, 14, 15, 16, 21, 22, 25, 26, 28, 29, 30]), there is the work of Alon, Pokrovskiy
and Sudakov [1] showing that any proper edge-colouring of K, contains a rainbow path of length
n — o(n) and the work of Montgomery, Pokrovskiy and Sudakov [27] and, independently, Keevash
and Staden [20] resolving a celebrated conjecture of Ringel, one of whose statements involves finding
a rainbow copy of any tree with n edges in a particular proper edge-colouring of Ka,11. For the
most part, this recent work has focused on finding large structures in proper edge-colourings. We
instead study small structures, our aim being to understand when a proper edge-colouring contains
two or more repeats of a particular graph H.

To be more precise, we say that two copies of a graph H in a colouring of K, are colour isomorphic
if there exists an isomorphism between them preserving the colours. The following function is our
main object of study.

Definition 1.1. For k,n > 2 and a graph H, define f;(n,H) to be the smallest integer C' such
that there is a proper edge-colouring of K, with C' colours containing no k vertex-disjoint colour-
isomorphic copies (or ‘repeats’) of H.

We make several remarks about this definition. First, one could, in principle, ask the same
question without the restriction to proper colourings. However, this changes the character of the
question completely. Indeed, consider the colouring of the complete graph on vertex set {1,2,...,n}
where we colour the edge 75 with ¢ < j by the colour ¢. Then this is a colouring with n — 1 colours
which does not even contain two disjoint edges of the same colour. On the other hand, when we
restrict to proper colourings, we have that fy(n, K2) > [ﬁ (3)1 by a straightforward application of
the pigeonhole principle. For n sufficiently large in terms of k, it also follows from several well-known
decomposition results, such as Gustavsson’s theorem [18], that this bound is tight.

Our second remark collects together several simple observations that we will use throughout.

Conlon was supported by NSF Award DMS-2054452 and Tyomkyn by ERC Synergy Grant DYNASNET 810115,
the H2020-MSCA-RISE Project CoSP- GA No. 823748 and GACR Grant 19-04113.
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Remark 1.2. The quantity fi(n,H) is monotone increasing in n, but decreasing in k and in H
(with respect to taking subgraphs). Moreover, since every proper colouring has at least n—1 colours,

(Z) > fo(n, H) > n— 1.

Finally, although our definition contains no requirement that the copies of H should be rainbow,
all of the results where we find repeats of a particular graph H remain true up to a constant factor
if we insist that each copy is rainbow. This then brings our work more fully in line with the body
of research discussed at the outset. With these preliminaries out of the way, we now describe our
main results.

In the classical Turdn problem, the growth rate of the extremal function ex(n, H) is subject to
a well-known trichotomy. Namely, non-bipartite graphs, bipartite graphs with a cycle and forests
satisfy ex(n, H) = ©(n?), n'*0) < ex(n, H) < n?>~Y and ex(n, H) = ©(n), respectively. Our
first theorem shows that something broadly similar holds for fa(n, H), although, unlike the extremal
function, our function can, and usually does, degenerate for bipartite graphs with a cycle. Note
that here and throughout, all terms in the O-notation are to be interpreted with respect to n, with
all other variables treated as constants.

Theorem 1.3. The growth rate of fa(n, H) satisfies:
(i) fa(n, H) = ©(n?) if H is a forest. Otherwise, fo(n, H) = O(n?>~?M),
(ii) If H is non-bipartite, then fa(n,H) < n+ 1.

(iii) If H is bipartite and e(H) > 2|H| — 2, then fa(n, H) = O(n).

(iv) There exist bipartite graphs H with n'T%0) < fo(n, H) < n?=20),

For three or more repeats, the class of graphs for which we know that fi(n, H) = O(n) grows as
k increases. In fact, for any graph H containing a cycle, we can show, by using a variant of Bukh’s
random algebraic method [5], that there exists k such that fx(n, H) = O(n).

Theorem 1.4. For any graph H containing a cycle, there exists k such that fr(n, H) = O(n).

For trees, the situation is much more involved, as spelled out in the next theorem, whose proof
relies on a mixture of novel combinatorial and algebraic methods.

Theorem 1.5. For any tree T with m edges and any k > 3:
() fe(n, T) = Q¥ =D Moreover, if T has at least two edges, then f3(n,T) = ©(n3/?).
(ii) fr(n,T) = QnD/™) and there exists k' such that fi(n,T) = O(n(m+TD/m),

The paper is structured as follows. In Section 2, we collect some general upper and lower bounds
for fr(n, H). We then proceed to study trees in Section 3. In Section 4, we study even cycles. We
conclude, in Section 5, by discussing a broad range of open problems suggested by our work. Unless
otherwise specified, the term ‘colouring’ will refer to proper edge-colourings of a complete graph.

2. PRELIMINARY OBSERVATIONS
Since it is not entirely obvious, we first verify that finding fx(n, H) is indeed an extremal problem.

Lemma 2.1. For any k,n, H and (g) > C > fr(n,H), there exists a C-colouring of K, which does
not contain k repeats of H.

Proof. Suppose for contradiction that the statement does not hold for some C' > fi(n, H) and
consider an fi(n, H)-colouring of K, which avoids k repeats of H. In this colouring, take any
C — fr(n, H) edges from colour classes of size at least 2, leaving at least one edge in each colour
class and recolour each of these edges with an entirely new colour. By assumption, the resulting
C-colouring contains k repeats of H. Since each new colour class has only one edge, the repeats
must be in the old colours, a contradiction. O
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The following lemma effectively reduces the problem to connected graphs.

Lemma 2.2. Suppose that H is a graph with connected components Hy,...,Hy. Then, for all
k> 2,
fr(n, H) = @(Heli[;}l{fk(na H;)}).
(2

Proof. Since containing no k-fold repeat of one of the H; implies that there is no k-fold repeat of
H, we immediately have

fr(n, H) < %}E{fk(na H;)}. (2.1)

For the other direction, let £ > 2 be fixed. We will prove the result by induction on ¢, noting first
that the statement is obviously true for £ = 1. Given ¢ > 2, H and n, we may assume, without loss
of generality, that

1€[¢]

and let H' := H\ Hy. By the induction hypothesis, there exists a constant ¢ = ¢(k, ¢, Hy,..., Hyp_1)
such that

fe(n,H) > c- -H[?nu fr(n,H;) > ¢+ fr(n, Hy).
1€b—

Observe now that

fk(n,H) Zmin{fk(n,Hg),fk(n—/<:|Hg|,H’)}, (2.2)
as otherwise we can find a k-repeat of H; and then a k-repeat of H' on the remaining vertices,
resulting in a k-repeat of H. If fi(n, Hy) < fr(n — k|Hy|, H'), then, by (2.2) and (2.1), fx(n,H) =
fr(n, Hy) and we are done. So suppose now that fx(n, Hy) > fr(n — k|Hy|, H'), in which case (2.2)
becomes

fu(n, H) > fi(n — k|H|, H'). (2.3)

The right-hand side of (2.3) is at least fx(n, H') — k|Hg|n, as can be seen by extending a colouring
of the complete graph on n — k|H/| vertices containing no k-repeat of H' to a colouring of K,, with
the same property by using a new unique colour for each edge (for a total of at most k|Hy|n new
colours). Therefore,

fr(n, H) > fr(n — k|He|, H') > fi.(n, H') — k|Heln > ¢ - fi(n, He) — k|He|n. (2.4)
It 2(k/C)|Hg‘n < fk(anf)7 then, by (24)>
c c
fe(n, H) > cfy(n, Hp) — §fk(n, Hy) = §fk(n, Hy).
On the other hand, by Remark 1.2, we have fr(n,H) > n — 1 > n/2. Hence, if 2(k/c)|H¢n >
fk:(naHf)v then
n  2(k/c)|H¢n c
H)> - = > H
completing the induction step and the proof. ]

Next, we quickly resolve the case of non-bipartite graphs, proving Theorem 1.3(ii).
Theorem 2.3. If H contains an odd cycle, then fr(n,H) <mn+ 1.

Proof. 1t suffices to show this for k¥ = 2 and H = Cqp41. To this end, consider the following well-
known colouring c¢. Suppose that n = 2p+1 is an odd number, let V(G) = Z,, and put c(a, b) := a+b
mod n. Clearly this is a proper colouring using n colours. Moreover, whenever there is a copy of

Cap+1 with vertices v, ..., vop41 = vp, labelled along the cycle, we have ¢; := c(v;, vi+1) = vi + Vig1
mod n for each i. The vertices vy, ..., vor are then uniquely determined by the colours ¢y, ..., coy,
since vg = (cop—ci1+ca—- - -+cgr)/2 mod n and a similar identity holds for the other v;. Hence, no two

distinct, let alone vertex-disjoint, cycles will be colour isomorphic. This proves that fi(n, H) < n
when n is odd. For even n, monotonicity implies that fi(n,H) < fx(n+1,H) <n+ 1. O
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For odd n, the proof of Theorem 2.3 gives fr(n,H) < n, which is best possible, as this is the
minimum number of colours in any proper colouring when n is odd. For even n, the bounds in
Remark 1.2 and Theorem 2.3 differ by 2. We refer the reader to Section 5 for further discussion.

For upper-bound constructions, the following observation will be very useful. A not necessarily
proper edge-colouring of K, is called b-bounded if each colour class is a graph of maximum degree
at most b.

Proposition 2.4. For any graph H and integers b,k,n > 2, any b-bounded C-colouring of K,
without k repeats of any (not necessarily proper) colouring of H can be refined to a proper colouring
with at most (b4 1)C' colours and no k-repeat of H.

Proof. Since each colour class is a graph of maximum degree b, Vizing’s theorem implies that the
edges in each colour class can be recoloured with at most b+ 1 new colours so that the new colouring
is proper. A k-repeat of H in the new colours would imply the same in the old colours and is therefore
impossible. O

The next theorem provides, via a simple probabilistic argument, a general upper bound for
fr(n, H). In light of Theorem 2.3, it is only meaningful for bipartite H.

Theorem 2.5. For any graph H with v vertices and e edges,
kv—2
fr(n, H) = O(max{n,n®=De}).

Proof. This is a standard application of the Lovész Local Lemma (see, for instance, [2]). We would
like to find a probability p = p(n) and assign each edge of K,, independently one of 1/p colours so
that with positive probability the following will hold:

(P1) There is no k-fold repeat of any (not necessarily proper) colouring of H.
(P2) The colouring is (kv — 2)-bounded.

For this, we define two collections of ‘bad’ events, as follows. Given k disjoint copies of H in K,
say Hy,...,Hy, let A(Hy,...,Hy) be the event that Hy, ..., Hy, are colour isomorphic. We have
qa = P(A(Hy,..., Hy)) = ©(p*-1e).
For every copy S of Sy, the star with ¢ := kv — 1 edges, we define B(S) to be the event that all
edges of S receive the same colour. We have
gp == P(B(S)) =p "

For every fixed Hy, ..., Hy, the event A(Hj, ..., Hy) is independent of any event where the sub-
graphs involved do not share an edge with any of Hy, ..., Hi. Therefore, the number of dependent
events is at most

A = O(nkv—2 + n(€+1)—2) _ O(nf—l)‘
Similarly, each B(S) is independent from all but at most A = O(n*~1) other events. By the Local

Lemma, in order to establish that P(( AN () B) > 0, it suffices to show that max{qa, g} < 1/eA.
This will be the case when

p < ’ymin{n_l,nfﬁ}
for some constant v = y(k,v,e) > 0. Therefore, there exists a (kv — 2)-bounded colouring with
O(max{n,n%}) colours satisfying (P1). By Proposition 2.4, it can be refined to a proper
O(max{n, n%})—colouring with no k-repeat of H, as desired. O
We immediately deduce the following corollary, which includes Theorem 1.3(iii) as a special case.

Corollary 2.6. If H is a bipartite graph with e(H) > % |H| — 25, then
fr(n, H) = ©(n).
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For e(H) > |H| 4 1, this already implies that there exists k = k(H) such that fy(n, H) = O(n).
We will later show that this holds for all graphs containing a cycle, but using Theorem 2.5 gives
an explicit upper bound for the smallest k such that fi(n, H) = O(n), namely, k < [<=2], that our
later approach does not provide.

3. TREES
Applied to trees, Theorem 2.5 reads as follows.
Corollary 3.1. For any tree T with m edges,

k(m+1)—2
fe(n,T) = O(n &=Dm "),
On the other hand, we have the following general lower bound for trees, showing that Corollary 3.1
is not far from the truth for large trees.

Theorem 3.2. For any tree T with m edges, any k > 2 and n sufficiently large,
where q = (4k(km + 1)(k? — k + 1))ﬁ

Proof. Fix k and T, let ¢ be as above and suppose that for some large n we have a colouring of
G = K, with C' = n%/q colours. Let F' be the following auxiliary graph. Set V(F') = (V%G)),
that is, each vertex of F' is a vertex subset of G of order k. Two vertices of F', corresponding to sets
U={uy,...,up} and W = {wy,...,wx}, are connected by an edge if U N W = () and the bipartite
graph G[U, W] has a matching of size k which is monochromatic.

By the above definition, each monochromatic k-matching gives rise to edges of F', while
each edge of F' is accounted for by at most k different k-matchings. This implies that

Qkfl

Fy> —F
e(F) > % k>

where E}, is the number of monochromatic k-matchings in G.
Note now that for the average degree of F', we have
2¢(F) _ 2FE,
dapg(F) = > .
=R 2 R

2k—1

By the convexity of binomial coefficients,

5> o(H0)

Thus,
1(n
ch(a(z)) nk ¢!
davg(F) > ——-E 2 = (1 )—r—=1(1 1)+—.
W(F) 2 =t = (o) ey = (Lo
By a folklore fact, F' therefore contains a subgraph F’ with
davg(F) ¢!
= N > U9\ ) 2
d:=06(F") > 5 > (1+0(1)) 5%
Let vg, ..., vy, be the vertices of T' ordered so that each v; is a leaf attached to T'[vg, ..., vi—1].

We claim that there exists an embedding ¢ : T — F’ such that the k-vertex sets of G corresponding
to ¢(vo), ..., ¢(vy) are disjoint.

We let ¢(vg) be an arbitrary vertex of F” and proceed inductively. Suppose that for some 1 < i <
m we have defined ¢(vy), ..., ¢(vi—1) and let v; be the unique neighbour of v; in T'[vy, . .., v;—1]. Take
any d vertices in Nps(¢(v;)) and consider the underlying k-sets in V/(G). This defines a k-uniform
hypergraph H.
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Observe that the maximum degree in H is at most k, since for every vertex u ¢ ¢(v;) there are
at most & monochromatic matchings in G' connecting ¢(v;) and a set containing u. Thus, the line
graph of H has maximum degree at most k(k — 1), so we can properly vertex colour it greedily with
at most k% — k + 1 colours. Take the largest colour class: this is a matching u C E(H) of size at
least d/(k* —k +1). But

d qk—l
—_— > (1 ))——5———=
g1 2 U eWgms =
Therefore, when n is sufficiently large, we have |u| > km+1 > ki+1, so there exists e € p such that
the underlying k-vertex set in G satisfies e N ¢(vy) = () for all £ =0,...,7 — 1. We can therefore let
o(v;) := e, completing the induction step. The resulting copy of ¢(T') C F’ gives k vertex-disjoint
colour-isomorphic copies of T" in the original colouring of K,,, completing the proof. O

=(24o(1))(km+1).

In particular, when k = 2, we have the following result.

Corollary 3.3. For any tree T with m edges and n sufficiently large,
1
Ty > ——— 2
20 T) 2 gy

This also completes the proof of Theorem 1.3(i). Indeed, if H is a forest, then fao(n, H) = O(n?)
by Corollary 3.3 and Lemma 2.2. Conversely, if H is not a forest, it has a connected component
H' with e(H') > |H'|. By Theorem 2.5, fa(n, H') = O(n?>~(Y), so the same then holds for H by
Lemma 2.2.

We now observe that the bound in Corollary 3.3 is tight up to an absolute constant.

Lemma 3.4. For every tree T with m > 2 edges,

n2

fa(n,T) < (1+ 0(1))2m.

Proof. By Wilson’s theorem [31], there is an edge decomposition of all but o(n?) edges of K,, into
at most (g) / (2m2+1) copies of Kopi1. We colour each of the o(n?) edges in a unique colour and
decompose each of the copies of Ky, into at most 2m + 1 (near-)perfect matchings, each of
which we view as a separate colour class. Since any two copies of Ky, +1 share at most one vertex,
there will be no repeat of T' with colours from two different Ks,,11. On the other hand, since
2m+1 < 2(m+1) and T has m + 1 vertices, there cannot be two vertex-disjoint copies of 7" inside

any Kopmy1- O

Next, we show that the bound in Theorem 3.2 is essentially tight when k = 3, thus completing
the proof of Theorem 1.5(i).

Theorem 3.5. For any tree T with at least 2 edges, f3(n,T) = O(n3/?).

Proof. Suppose that A is a vertex set of order n < ¢? = (1 + o(1))n for some prime g, noting that
such a prime exists by the prime number theorem. Our aim is to find a proper colouring of the
complete graph on A with O(n3/ 2) colours such that no three vertices are incident to the same two
colours. In particular, this will imply that the colouring has no 3-fold repeat of the star with two
edges and, hence, no 3-fold repeat of any tree T' with more than one edge.

To achieve this, let A be indexed by Fg, where F, denotes the finite field of order q. We first deal
with certain ‘degenerate’ edges in (‘;‘) For us, these will be edges between two vertices u = (a,b)
and v = (¢, d), where either ¢ = ¢, @ = 1 or ¢ = 1. Note that there are O(¢®) = O(n®/?) such
edges, so we may colour each of them with a unique colour. To each remaining edge {u,v} € (’3)
with u = (a,b) and v = (c,d), we assign the colour (z1,22,23) € Fs (so that there are at most

¢® = O(n®/?) additional colours) satisfying the equations 1 + zoa + z3a® = b, T + xoc + 3¢ = d
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and 1 + x2 + x3 = a + ¢. This system of three equations has a unique solution (x1,x2,x3), since
the underlying matrix is a Vandermonde matrix (and, since a,c and 1 are all distinct, the matrix
is non-singular). Now, for a fixed u = (a,b), how many non-degenerate edges uv with v = (¢, d)
receive the colour (z1,z2,23)7 Each such edge has to satisfy ¢ = x1 + z2 + 23 — a, so ¢ is fixed
by the choice of u and the colour (1, z2,x3). Moreover, since d = 1 + z2c + x3¢2, d is also fixed.
Hence, there is at most one edge of each colour adjacent to w. That is, we have a proper colouring.

Note now that each non-degenerate colour (zi,z9,x3) incident to a vertex (a,b) satisfies the
equation z1 4+ x9a + x3a® = b. Therefore, since there is at most one quadratic passing through any
three points in Iﬁ‘g, no three vertices can be incident to the same two colours. O

Remark 3.6. If H is not a forest, f3(n, H) is always polynomially smaller than n3/2. Indeed, if H
is not a forest, it has a connected component H' with e(H') > |H'|. By Theorem 2.5, f3(n,H’) =
O(n3/2=%W) | so the same then holds for H by Lemma 2.2.

We conclude this section by establishing the first part of Theorem 1.5(ii).

m—+1

Proposition 3.7. For any tree T with m edges and any k > 2, fr(n,T) = Q(n"m ).

Proof. For convenience of notation, we will instead prove the equivalent statement that a proper
C-colouring of K,, with C' = o(n%) colours contains w(1) repeats of T'. The number of copies of T
in K, is ©(n™*!) = w(C™). Thus, some m-tuple of colours will be repeated w(1) times. Since the
colouring is proper, every vertex appears in at most |T| = m + 1 copies of T' with a fixed colouring.
Hence, w(1) of the above repeats will be vertex disjoint. O

4. CYCLES

We begin this section by proving two of our main results at once, Theorem 1.4 and the second
part of Theorem 1.5(ii).

Theorem 4.1. For every bipartite graph H containing a cycle, there exists k = k(H) such that
For every m-edge tree T, there exists k = k(T) such that

m+1
filn, T) = O(n").
In the proof of this theorem, we will make use of Bukh’s random algebraic method [5] (see
also [6, 8]). It will be useful to briefly recall some basic _terminology from algebraic geometry. Let
IF, stand for the algebraic closure of Fy. A wvariety over I, is a set of the form

W={zel,: fi(z) = = fi(z) =0}

for a collection of multivariate polynomials fy,..., fs: FZ — F,. We also write W(F,) := W n IFZ.
The variety W is said to be defined over I, if the coefficients of fi,..., fs are in IF,. Finally, we say
that W has complexity at most M if s,t and the degrees of the polynomials f; are all at most M.
We will repeatedly use the following lemma, a consequence of the well-known Lang—Weil bound [24].

Lemma 4.2 ([6], Lemma 2.7). Suppose W and D are varieties over F, of complexity at most M
which are defined over Fy. Then one of the following holds for all q sufficiently large in terms of
M:

o [W(E,)\ D(F,)| > a/2 or

o |W(F,)\ D(F,)| < c, where ¢ = cpr depends only on M.

Proof of Theorem 4.1. By Remark 1.2, it suffices to prove that, for a cycle or a tree H with (v, e) :=
(IV(H)|,|E(H)]), there exists k such that

fiu(n, H) = O(n/).
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Suppose first that H is a cycle, so v = e. Let n < ¢ = (1 4 o(1))n be a prime, guaranteed for
large n by the prime number theorem. We also let d and ¢ be positive integers, with d chosen to
be sufficiently large in terms of ¢ and ¢ sufficiently large in terms of v. We write Py for the set
of all two-variable polynomials over F, of degree at most d and let g be a polynomial taken from
P4 uniformly at random. Such a polynomial can be generated by selecting a coefficient a4, 4, € Fy
independently at random for each pair of non-negative integers (dj, da) with d; +ds < d and writing

9(X1,X2) =) aq,a, X1 X52.

We will make repeated use of the following property of such random polynomials. Because we will
need it below, we state the result for the more general case of t-variate random polynomials.

Lemma 4.3 ([6], Lemma 2.3). Suppose that ¢ > ('}) and d > m — 1. Then, if g is a random
polynomial from Py and x1,...,xy are m distinct points in FZ,

Plg(x; = 0) for all i=1,...,m] =1/q™.

Define a g-colouring of G = K|, by assigning each edge ij with ¢ < j the colour 9(i,7). We claim
that with positive probability this colouring has the following properties:

(Q1) Every (not necessarily proper) colouring of H occurs fewer than k = k(H) times.
(Q2) The colouring is 2d-bounded.

Given a colouring satisfying these conditions, we can apply Proposition 2.4 to obtain a proper
colouring with at most (2d 4+ 1)g = O(n) colours and no k-repeats of H.

Suppose now that H has vertices 1,...,v. We consider all copies of H in G of fixed order
and colour type. That is, given an ordering (71,...,7,) of 1,...,v and a sequence of e colours
(bij : ij € E(H)), we consider only those copies of H in G where the images y1,...,y, of 1,...,v
in [n| satisfy y;, < --- < y,, and the edge between y; and y; is coloured with colour b;; for all
ij € E(H).

Let W be the variety defined by the system of equations

g(mi,j,l, :EZ'J’Q) = bij for Zj S E(H) (4.1)

with v variables x1, ..., x,, where each (z;;1,; j2) equals (x;,2;) if 7; < 7; and (x;, ;) otherwise.
Let D be the variety defined by the equation

H (xi—mj) =0.

1<izj<v

Note that the number of copies of H of given type is at most S = |[W (F,) \ D(F,)/|, i.e., the random
variable counting the number of ‘non-degenerate’ solutions to the system of equations (4.1).
By Lemma 4.3, for any s < d + 1 distinct points y1,...,ys in IF% and any bq,...,bs € Fy, we have

Plg(yi) = b; forall i =1,...,s] = 1/¢°.

Now consider S?, observing that it counts ordered collections of ¢ (potentially overlapping or iden-
tical) copies of H. Note that the graph H; spanned by any collection of ¢ copies of H will satisfy
e(H;) > |Hy|, since each connected component of H; contains a cycle. Therefore, for d sufficiently
large in terms of v and ¢,

where the factor s** is an upper bound for the number of ordered ways of placing ¢ ordered copies

of H on a fixed set of s vertices.
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Since W and D are defined over IF, and their complexities are bounded by a function of d and
v, Lemma 4.2 implies that there exists a constant K = K(d,v) such that the random variable
S = |W(Fy) \ D(F,)| satisfies either S < K or S > ¢/2. Thus, by Markov’s inequality,

E[S"]
(¢/2)"

This gives an upper bound on the probability of having at least K distinct copies of H for any
given order and colour type. Since there are at most v! different order types and at most ¢¢ = ¢
choices for the sequence of colours, the union bound implies that, for ¢ sufficiently large in terms
of v, there are with high probability fewer than K distinct copies of H for each order and colour
type. Therefore, writing k& = v!K, we see that with high probability the colouring has fewer than k
copies of H for each colour type and so it satisfies (Q1) with probability 1 — o(1).

To see that it also satisfies (Q2), we have to show that with high probability, for each fixed i and
a, the equations g(x,7) = a and ¢(i,y) = a have at most d solutions, i.e., that each of g(x,i) and
g(i,y) has a non-constant coefficient not equal to zero.

Consider g(x,7) and note that, when viewing g as a polynomial in F,[X5][X1], the coefficient of
X" is a random univariate polynomial h,(X3) of degree d — p with the coefficient for each different
p being independent. Hence, the probability that k(i) is 0 for all p > 1 is ¢~¢. Since there are at
most ¢? choices for i and a, the union bound implies that with high probability g(x,i) = a has at
most d solutions for all ¢ and a. Together with the analogous result for g(i,y) = a, this establishes
(Q2) with probability 1 —o(1). By the union bound, with positive probability the colouring satisfies
both properties (Q1) and (Q2), as claimed.

Suppose now that H is a tree with m > 1 edges. Let ¢ be a prime with n'/™ < ¢ = (14o0(1))n'/™.
Let d and ¢ again be positive integers, with d chosen to be sufficiently large in terms of ¢ and ¢
sufficiently large in terms of m, while P; is now the set of all 2m-variable polynomials over I, of

P[S > K] =P[S > q/2] = P[S? > (¢/2)]] < < (vt)?(q/2)7".

degree at most d. Let g1, ..., gm+1 be m~+1 polynomials taken from P; independently and uniformly
at random.
Fix an ordering < on Fy* and associate V (K,) with a subset of Fy*. We define a ¢ !-colouring

on (F;?n) by assigning each edge ij with i < j the colour (g1(7,7), ..., gm+1(%,7)), where we interpret
(,7) as an element of Fy xFg = Fgm. As in the cycle case, we claim that with positive probability

the following statements hold (in which case we are again done by Proposition 2.4):

(Q1) Every (not necessarily proper) colouring of H occurs fewer than k = k(H) times.
(Q2') The colouring is k’-bounded for some k' = k/'(H).

Define order and colour types as before, but with respect to the ordering <. For a fixed order
type (71,...,Tm+1) and colour type (b;; : ij € E(H)), let W be the variety defined by the system
of equations

gg(.%'i,jyl, xi’j’g) = bgf) for ij € E(H) and ¢ € [m + 1]

with m + 1 variables x1,..., 2,41 € Fy?, where each (v;;1,%;2) equals (v, ;) if 7, < 7; and
(xj, ;) otherwise and b;; = (bgjl.), cee bg}nﬂ)). For each {i,j} € (mgl), let D;; be the variety defined

by the system of equations
xge) = xy) for ¢ € [m],
()

i

()

and x ; are the (-th coordinates of z; and z; € F", respectively, and let

p= |J Dy

1<i#j<m+1

where x

We again have that the number of copies of H of given type is bounded above by S = |W (F,)\D(F,)|.
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By Lemma 4.3 and the independence of the g,, for any s < d+ 1 distinct points 1, ..., ys in Fgm
)

and any choice of b, € F, for each i € [s] and ¢ € [m + 1], we have

Plge(yi) = by) for all i € [s] and £ € [m 4 1]] = 1/¢*™*+Y),

Now consider S?, observing that it counts ordered collections of ¢ (potentially overlapping or iden-
tical) copies of H. Note that the graph H; spanned by any collection of ¢ copies of H will satisfy
e(Ht) > 25 |Hy|, since each connected component of H; is either a tree with at least m edges or
contains a cycle. Therefore, for d sufficiently large in terms of m and ¢,

(m+1)t g(m+1)t ms

S
= qin:j—l s(m+1)

E[S!] < < (2mt)*mt,
Since W and D are defined over F, and their complexities are bounded by a function of d and

m, Lemma 4.2 implies that there exists a constant K = K(d,m) such that the random variable
S = |W(F,) \ D(F,)| satisfies either S < K or S > ¢/2. Thus, by Markov’s inequality,

E[S*
PLS > K] = PIS > a/2 = PIS' > (a/2)'] £ o), < (2mt) ™ (/2)"
q
Hence, as in the case of cycles, writing &k = (m + 1)!K, we obtain that with high probability the
colouring has fewer than k copies of H for each colour type and so it satisfies (Q1) with probability
1—0(1).
To see that it also satisfies (Q2'), we have to show that with high probability, for each fixed
i € Fy and a = (ag)gejm+1] € IF;”“, the systems of equations

ge(x,1) = ay for £ € [m + 1]

and
90(i,y) = ag for £ € [m + 1]
have at most k’/2 solutions for some k" = k/(d). For this, we again resort to the random algebraic
method.
Fix i € Fy". For each £ € [m + 1], define g;y(x) := ge(x,). It is not hard to see that gy(z) is a
uniformly random m-variable polynomial of degree d. Note also that the set

{x e F' : gy(x) = ag for all £ € [m + 1]} (4.2)

is of the form W'(F,) for a variety W’ of complexity bounded by a function of d and m. Moreover,
by Lemma 4.3 and the independence of the g, for any s < d + 1 distinct points z1,...,z, € Fy'
0

and any choice of a;’ € Fy for each j € [s] and £ € [m + 1], we have

Plgj(z;) = a}" for all j € [s] and ¢ & [m +1]] = 1/g"™+1).

Consider the random variable S’ = |W’'(F,)| and observe that S counts ordered collections of ¢
(not necessarily distinct) solutions to (4.2). Therefore, for d sufficiently large in terms of ¢,

t t s
tsqsm t
E[s"] <) Fo) > <q> <L
s=1

s=1
By Lemma 4.2, there exists a constant K’ = K’(d,m) such that S’ satisfies either S’ < K’ or
S" > q/2. Thus, by Markov’s inequality, provided ¢ is sufficiently large in terms of m,
E[S"] 2! 1

PlS' > K'] =Pl 2] = P[9" )| < ——— <= < .

[5°> K] =P[S" > q/2] = P| >(Q/)]_(q/2)t<qt<q3m+1
In other words, the system of equations gy(z,7) = a; with ¢ € [m + 1] has with high probability
at most K’ solutions. Together with the analogous result for the system of equations g,(i,y) = ay
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with £ € [m + 1], a union bound over all i € F;* and a = (ag)sem11) € Fj't! establishes (Q2') with
high probability for ¥ = 2K’. By another simple application of the union bound, with positive
probability the colouring satisfies both properties (Q1) and (Q2'), as claimed. O

We finish this section by completing the proof of Theorem 1.3. Indeed, Theorem 2.5 implies that
fa(n,Cs) = O(n®/3), while the next lemma says that fa(n,Cs) = Q(n*/3). Together, these results
establish Theorem 1.3(iv) with H = Cs.

Theorem 4.4. fy(n,Cs) = Q(n*/3).

Proof. Suppose that C' = yn/3, where ~ is a small constant. Suppose also that n is taken sufficiently
large and we have a C-colouring of G = K,,. For simplicity in our notation, we will also assume that
n is even. Take an arbitrary equipartition of V(G) into parts X and Y. Let U := ()2(), W = (g)
and let F' be the following auxiliary graph, similar to the graph used in the proof of Theorem 3.2.
The vertex set is V(F) := UUW and F = F[U,W] is bipartite with vw € E(F) for v = {x1, 22},
w = {y1,y2} if and only if at least one of {z1y1,z2y2}, {x1y2, T2y1} is a monochromatic matching

in G. Therefore,
2 2

Fl=o(") = aro) 2

and e(F) > E3/2, where Fj is the number of monochromatic matchings of size 2 between X and
Y, as every such matching gives rise to an edge of F' and each edge is counted at most twice. By
the convexity of binomial coefficients, we obtain

Ey, C (;é) nt nd/3  |F|A/3

F>2>Y _ > .
‘M z525{%)> 2000 = 2000 > 2007

The theta graph 03 ¢ is the bipartite graph composed of ¢ internally-disjoint paths of length 3 shar-
ing the same pair of endpoints. For example, 639 = Cs. A theorem of Faudree and Simonovits [13]
(see also the recent paper [7]) states that, for every £ > 2, ex(n,03,) = Oy(n*/3). Hence, by this
and (4.3), putting £ = 60, there exists vy such that if v < 79, then F' contains a copy of 03 go, noting
that, since F' is bipartite, its endpoints cannot be in the same part.

Suppose now that v € U and w € W are the endpoints of our copy of 05 9, the neighbours of u and
w are wy ..., wp and uq, ..., uy, respectively, and vw;u;w is a path for each i = 1,2,...,£. We claim
that, after relabelling, there are three indices 1,2, 3 such that the eight vertex pairs in G encoded
by the vertices u, w, u1, ug, us, wi, we, w3 are disjoint. Since u, u1, ue, us € U and w, wy, wo, ws € W,
we only need to make sure that the vertex pairs are disjoint in each part.

To this end, note, by the same hypergraph colouring argument used in the proof of Theorem 3.2,

(4.3)

that any set of ¢t vertices wj,,...,w;, € Np(u) contains a subset of size at least ¢/3 in which all
vertices correspond to disjoint pairs in G. The same holds for any set of ¢ vertices in Np(w).
Thus, at least 15 of the vertices wq, ..., wy correspond to pairs in Y that are disjoint from each

other and from w (since there are at least 20 of the w; whose corresponding pairs are disjoint from
each other and w overlaps with at most two of these). Relabelling, we can assume that these vertices
are wi,...,wis. Applying the same argument to u,...,u15 and relabelling if necessary, we obtain
three vertices uq, uo, ug corresponding to pairs in X which are disjoint from each other and from w.

Let u := {2}, 22}, w = {y',y?}, u; := {x},2?} and w; := {y},y?} for i = 1,2,3. By the definition
of F', without loss of generality we may assume that we have monochromatic pairs {xlyil, nyf} and
{y}al,y?a?} for i = 1,2,3. For each of the three edges u;w € E(F), we have two options: either
the matching {x}!y', 22y?} is monochromatic or the matching {z}y? z?y'} is. By the pigeonhole
principle, there will be two indices, say ¢ = 1, 2, where the same situation occurs. In the case where

{zlyl, 22y} is monochromatic for i = 1,2, we have a 2-repeat of Cg with copies zlyjxiylzlyla?

and z2y?x?y?x3y3x?. If instead, {milyQ,:U?yl} is monochromatic for ¢ = 1,2, our 2-repeat of Cg

consists of the copies z'yiziy?riyia! and 2?9223y adyda’. 4
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5. OPEN PROBLEMS

Trees. Proposition 3.7 and Theorem 4.1 together imply that for each m-edge tree T', there exists
a constant kg = ko(7T') such that, for all k& > ky,
m+1
fe(n,T)=0O(n"m ).

It would be interesting to prove a tight bound for ky — we suspect that the answer might be m + 1
for any m-edge tree. When T is the star with 2 edges, our Theorem 3.5 verifies this suspicion.
When T is the star with m edges, this problem seems closely related to the Zarankiewicz problem
for Ky, m+1, suggesting that it may already be very difficult for m > 3. An easier problem might
be to give an upper bound for f3(n,T) when T is an m-edge tree which matches the lower bound
Q(n3/2/\/m) of Theorem 3.2 up to an absolute constant factor.

Bipartite graphs containing a cycle. Corollary 2.6 tells us that if e(H) > 2|H| — 2, then
f2(n, H) = O(n). How sharp is this bound? Recalling that 3 ¢ is the bipartite graph consisting of ¢
internally-disjoint paths of length 3 sharing the same pair of endpoints, an extension of Theorem 4.4
implies that, for any £ > 2,
fa(n,030) = Q(n*/?).

Since e(f3,) = 3|63,¢| — 3, we see that Corollary 2.6 cannot be improved to say that e(H) > 3|H|—3
implies that fa(n, H) = O(n). An interesting test case for deciding whether the latter bound can
be pushed closer to 2| H| might be to study f2(n, K}), where K] is the 1-subdivision of the complete
graph K;. The extremal properties of these graphs have received close attention in the recent
literature [9, 10, 19] and some of the ideas developed in these papers might also prove useful in our
context.

Even cycles. There are an abundance of open problems regarding even cycles, with the simplest
being whether fy(n,Cy) = ©(n). We have only shown that fo(n,Cy) = O(n*?), as a particular
instance of Theorem 2.5. It would also be interesting to determine the correct exponent for C's. That
is, determine the exponent «, if it exists, such that fa(n,Cs) = ©(n®). Our results only show that
4/3 < a < 5/3. Finally, for longer cycles, we suspect that the exponent approaches 2. That is, is it
true that for every & > 0, there exists mg = mg(g) such that, for all m > mq, fa(n, Cop) = Q(n?75)?
This problem seems to bear some relation to the even cycle case of Conjecture 3.1 from [17].

Non-bipartite graphs. When H is non-bipartite, we know, by the remark after Theorem 2.3,
that fo(n,H) = n for n odd. On the other hand, when n is even, we have only shown that
fa(n, H) < n+ 1. However, in many cases, this bound can be improved to fa(n,H) =n —1. To
see this, we start with the colouring of K,,_; with n — 1 colours used in the proof of Theorem 2.3
and then consider the unique extension of this colouring to K,,. The resulting colouring does not
contain repeats of ‘most’ non-bipartite H, such as graphs containing two disjoint odd cycles, so that
fa(n, H) = n—1 for these graphs. Similarly, this colouring allows us to conclude that f3(n, H) = n—1
for n even and any non-bipartite H. However, it remains to determine fa(n, H) exactly in the natural
case where n is even and H is an odd cycle. Curiously, when H is a triangle, each 1-factorization
of K,, has ("gl) triples of possible colours, which is less than (g), the total number of triangles.
Hence, by the pigeonhole principle, there will be two colour-isomorphic triangles, but they may not
be vertex disjoint.

Repeats of other patterns. Our results all yield repeated rainbow copies, where the edges in
each copy all receive a different colour, but one could also ask for repeats of other patterns. For
instance, what is the smallest number of colours in a proper edge-colouring which does not contain
a 2-repeat of the properly 2-coloured path of length 37 From the construction in Theorem 3.5, it is
not hard to deduce an upper bound of O(n3/ 2), whereas a simple counting argument yields a lower
bound of Q(n*/?). We believe the latter to be tight.
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A problem in Ramsey theory. Our original motivation for studying repeats came from a prob-
lem in generalised Ramsey theory raised by Krueger [23, Problem 1.2]. His question asks for the
minimum number of colours in an edge-colouring of K,, such that every copy of P;, the path with
t vertices, where t is odd, contains at least % colours. In our context, the most closely related
problem is to study lower bounds for the appearance, in proper edge-colourings, of the pattern

consisting of two repeats of the path P, )/, sharing an endpoint. At present, the best lower bound

for Krueger’s problem is (NZ(n?’/ 2) for all t > 9. It would be interesting to determine if the exponent
tends to 2 as t tends to infinity both for this problem and ours.

Hypergraphs. Finally, we note that there are several ways to generalise our problem to the setting
of r-uniform hypergraphs, depending on how we define a proper colouring. Indeed, forany 1 <t < r,
one could ask that any two hyperedges sharing at least ¢ vertices receive distinct colours, resulting
in a family of problems. It may also be interesting to study proper colourings of Steiner Triple
Systems, looking for repeats of fixed linear 3-graphs.
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