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Abstract

A graph G contains another graph H as an immersion if H can be obtained from a sub-
graph of G by splitting off edges and removing isolated vertices. There is an obvious
necessary degree condition for the immersion containment: if G contains H as an immer-
sion, then for every integer k, the number of vertices of degree at least k in G is at least
the number of vertices of degree at least k in H. In this paper, we prove that this obvious
necessary condition is “nearly” sufficient for graphs with no edge-cut of order 3: for every
graph H, every H-immersion free graph with no edge-cut of order 3 can be obtained by an
edge-sum of graphs, where each of the summands is obtained from a graph violating the
obvious degree condition by adding a bounded number of edges. The condition for having
no edge-cut of order 3 is necessary. A simple application of this theorem shows that for
every graph H of maximum degree d > 4, there exists an integer ¢ such that for every
positive integer m, there are at most ¢ unlabelled d-edge-connected H-immersion free m-
edge graphs with no isolated vertex, while there are superexponentially many unlabelled
(d — 1)-edge-connected H-immersion free m-edge graphs with no isolated vertex. Our
structure theorem will be applied in a forthcoming paper about determining the clustered
chromatic number of the class of H-immersion free graphs.

Keywords: Graph immersions, structural theorems.

1 Introduction

All graphs in this paper are finite and allowed to have loops and parallel edges. For graphs
G and H, we say that G contains an H-immersion (or G contains H as an immersion) if there
exist functions my and 7g such that

e 7y is an injection from V(H) to V(G),
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e 7 maps each edge of H to a subgraph of G such that for each e € E(H), if e has distinct
ends x,y, then wg(e) is a path in G with ends 7wy (z) and my(y), and if e is a loop with
end v, then mg(e) is a cycle containing 7y (v), and

o if e1, ey are distinct edges of H, then mg(e;) and g (eq) are edge-disjoint.

The immersion containment is closely related to the minor and topological minor containments.
A graph G contains another graph H as a topological minor if some subgraph of G is isomorphic
to a subdivision of H. And G contains H as a minor if H is isomorphic to a graph that can
be obtained from a subgraph of G by contracting edges. It is clear that G contains H as a
topological minor implies that G contains H as a minor and as an immersion, but the minor
containment and immersion containment are incomparable. However, immersion, minor and
topological minor are equivalent for subcubic graphs.

Immersion was considered by Nash-Williams [26] when he worked on well-quasi-ordering
theory. The study of well-quasi-ordering is stimulated by a conjecture of Véazsonyi stating that
subcubic graphs are well-quasi-ordered by the topological minor relation. It is known that
Viazsonyi’s conjecture cannot be generalized to all graphs, as there exists an infinite antichain
with respect to the topological minor relation. In contrast, Nash-Williams conjectured that
graphs are well-quasi-ordered by the immersion relation and hence provided a possible gen-
eralization of Vazsonyi’s conjecture to all graphs. Nash-Williams’ conjecture was proved by
Robertson and Seymour [31] by reducing it to a strengthening of their famous Graph Minor
Theorem.

The cornerstone of Robertson and Seymour’s proof of the Graph Minor Theorem is a struc-
ture theorem that describes, for any fixed graph H, the structure of H-minor free graphs [29].
Their theorem is stated in terms of tree-decomposition. Roughly speaking, a tree-decomposition
of a graph G describes how to construct G by starting with a “piece” of G by repeatedly gluing
other “pieces” of G in a “tree-like” fashion. The main result in [29] states that if G does not
contain H as a minor, then G admits a tree-decomposition such that every “piece” can be
“nearly embedded”! in a surface in which H cannot be embedded. In fact, this statement can
be considered as a global version of the decomposition theorem. There is a local version (also
proved in [29]) which states that for every “highly connected subgraph” (or more precisely, tan-
gle) of G, there is a tree-decomposition such that the underlying tree is a star and the central
piece contains this “highly connected subgraph” and is “nearly embeddable” in a surface in
which H cannot be embedded. In either version, every H-minor free graph can be decomposed
into pieces that are “nearly simpler” than H in the sense of its Euler genus.

Decomposition theorems for excluding topological minors were developed in the same line:
there are global versions [10, 13] and a local version [19] in the literature. The first such
theorem was a global version proved by Grohe and Marx [13] stating that every H-topological
minor free graph admits a tree-decomposition such that each small “piece” is either of “nearly
bounded maximum degree” or “nearly embeddable” in a surface of bounded Euler genus. Grohe
and Marx used this to derive algorithmic results such as showing that for every graph H, the
graph isomorphism problem on H-topological minor free graphs is polynomial time solvable
[13]. However, unlike Robertson and Seymour’s decomposition theorem for minors, Grohe and
Marx’s theorem does not ensure that each piece in the decomposition is nearly simpler than

!The formal definition of nearly embeddable graphs is complicated. Because this formal definition is not
required to understand this paper, we omit it in this paper and refer readers to [29].



H. Dvorak [10] remedies part of this drawback by proving that each piece can be made either
having “nearly bounded maximum degree” or “nearly embeddable” in a surface in a way that
is “nearly impossible” for H. Inspired by Dvorak’s work, the author and Thomas [19] proved a
local version of the decomposition theorem stating that every H-topological minor free graph
can be “decomposed” such that each “piece” either has “maximum degree” smaller than the
maximum degree of H or is “nearly embeddable” in a surface in a way that is “nearly impossible”
for H. Hence a result showing that each piece is “nearly simpler” than H is obtained. This
improvement is a crucial step in resolving some open problems about topological minors, such
as in a proof of Robertson’s conjecture on well-quasi-ordering [15, 20], an Erdds-Pdsa type
result [18] implying Thomas’ conjecture, and a linear upper bound for the clustered coloring
version of Hajés’ conjecture [22].

In general, each of the local version and global version has its own advantages. The local
version offers more detailed structure information and better quantitative bounds than the
global version so that many applications (such as [15, 18, 20, 21, 22, 30]) require the local
version. The global version sacrifices some structure information but is able to encode other
important information with respect to different “highly connected subgraphs” into one tree-
decomposition so that it is easier to be exploited in inductive arguments and provide efficient
algorithms. For example, see [5, 6, 7, 13].

A very clean local version of a decomposition theorem for excluding any fixed graph as an
immersion in graphs with no edge-cut of order 3 has been obtained by the author and success-
fully applied to prove an Erdds-Pdsa type result for packing and covering immersions [17]. As
the minor relation and immersion relation are equivalent for subcubic graphs, it can be shown
that once edge-cuts? of order 3 are allowed, any sufficiently informative decomposition theorem
with respect to immersion must be at least as complicated as Robertson and Seymour’s decom-
position theorem with respect to minors [29], so the complicated notion of nearly embedding
is unavoidable. On the other hand, a global version for excluding a K;-immersion was proved
by Wollan [33] stating that every Kj;-immersion free graph can be decomposed into “pieces”
that have a bounded number of vertices of large degree. So as Grohe and Marx’s theorem
for excluding topological minors, each piece in Wollan’s theorem is not ensured to be “nearly
simpler” than Kj.

1.1 Main result

The main result of this paper is a global decomposition theorem for H-immersion free graphs
that assembles all nice parts in the above discussion. That is, we prove that for every graph H,
every H-immersion free graph with no edge-cut of order 3 can be “globally decomposed” into
“pieces” that are “nearly simpler” than H, without requiring complicated descriptions for the
“simplicity”.

First, we need the correct notion for “decompositions”. Global decomposition theorems for
minors [29] and topological minors [10, 13] are stated in terms of tree-decompositions. That
is, it concerns how to break graphs by using vertex-cuts. However, it is not effective when
considering immersions. For example, tree-decomposition is not able to distinguish the path
on t vertices from the graph obtained from a path on ¢ vertices by duplicating each edge t?
times, where the former does not contain any graph with minimum degree at least three as

2Edge-cuts are defined in Definition 1.11.



an immersion, and the later contains a K;-immersion®. Hence the decomposition theorem for
immersion should address edge-cuts instead of vertex-cuts. This leads to the notion of tree-cut
decomposition which was introduced by Wollan [33].

Definition 1.1. Let G be a graph. A tree-cut decomposition of G is a pair (T, X') such that T’
is a tree, and X is a collection (X; :t € V(7)) of pairwise disjoint (not necessarily non-empty)
subsets of V/(G) such that ey ) Xe = V(G). In addition,

e for every t € V(T'), the set X; is called the bag at t;

o for every subset S of V(T), we define Xg to be (J,.4 X;; for every subgraph S of T', we
define Xg to be Utev(s) Xy,

e for any edge tit, of T, the adhesion set of tt, in (T, X), denoted by adh(p x)(tit2), is
the set of edges of G’ with one end in X7, and one end in Xrp,, where 77 and 75 are the
components of T — tto;

o the adhesion of (T, X) is maxccp(ry|adhir x)(e)|.

Second, we need the correct notion for “pieces”. The “pieces” in the decomposition theorems
for minors [29] and topological minors [10, 13] are the torsos of the tree-decomposition. It can
be shown that any graph is a vertex-sum of the torsos of its tree-decomposition. That is, the
graph can be constructed by repeatedly gluing together the torsos of its tree-decomposition
along vertices in a certain way. The analog of vertex-sums for tree-cut decomposition is called
edge-sums. And the torsos of a tree-cut decomposition are defined as follows so that any graph
is an edge-sum of the torsos.

Definition 1.2. Let (T, X') be a tree-cut decomposition of a graph G, where X = (X, : t €
V(T)). For every t which is a node of T" or a connected subgraph of T’

e the torso of (T, X) at t is the graph obtained from G by, for each edge e of T' with exactly
one end in ¢, identifying X7, , into a vertex and deleting all loops incident with this new
vertex, where ¢’ is the end of e other than ¢, and 7}y is the component of T'— ¢ containing
t', and

e cach vertex in the torso at ¢ but not in X; is called a peripheral vertex.

Note that for every t € V(T') and every edge e of the torso at t, e corresponds to an edge €’ of
G such that there exists no component 7" of T'— t such that X7 contains all ends of €’. So we
may view each edge of the torso at t as an edge of G if there is no danger for creating confusion.

Definition 1.3. Let £ be a nonnegative integer. Let G; and Gy be graphs. A graph G is
obtained from G; and G by a k-edge-sum if for i € {1,2}, G; contains a vertex v; incident
with exactly k non-loop edges, and there exists a bijection f between the set of the k non-loop
edges incident with v; and the set of the £ non-loop edges incident with vy such that G is
obtained from (G; — v1) U (Gy — vy) by, for each non-loop edge e incident with v;, adding an
edge (e —{v1}) U (f(e) — {v2}). A graph is obtained from G; and G5 by a (< k)-edge-sum if it
is obtained from G; and G5 by a k’-edge-sum for some nonnegative integer &’ with &' < k.

30ne can easily modify this example by duplicating edges and subdividing edges to obtain two simple
graphs with tree-width 2, where one graph contains a K;-immersion but the other graph does not contain a
K -immersion.



It is straightforward to see that for every graph G and every tree-cut decomposition of
adhesion at most k, G can be obtained from the torsos by (< k)-edge-sums.

Third, we need a measure for the “simplicity”. It is easy to see that if a graph G contains
another graph H as an immersion, then for every nonnegative integer d, the number of vertices
of G with degree at least d must be at least the number of vertices of H with degree at least
d. This degree statistic provides a measure of the simplicity. Theorem 1.4 is the main theorem
of this paper, stating that the torsos nearly violate the above necessary degree condition and
hence are “nearly simpler” than H. For a technical reason, we require that the graph H is not
“too simple”. See Theorem 4.6 for a more comprehensive version of Theorem 1.4.

A graph is exceptional if it contains exactly one vertex of degree at least two, and this
vertex is incident with a loop. Note that subdividing any edge of an exceptional graph makes
it non-exceptional, and this operation enables us to apply Theorem 1.4 in many applications.

Theorem 1.4. For any positive integers d and h, there exist integers n and & such that the
following holds. Let H be a non-exceptional graph on h vertices with mazximum degree d. Let G
be a graph with no edge-cut of order exactly 3 such that G does not contain an H-immersion.
Then there exists a tree-cut decomposition (T, X) of G of adhesion at most n such that for every
t € V(T), there exists Z; C E(G) with |Z;| < & such that if Gy is the torso at t, then there
exists a nonnegative integer k; such that the number of vertices of degree at least ky in Gy — Z;
15 less than the number of vertices of degree at least k; in H.

Recall that if edge-cuts of order 3 are allowed, then “nearly embedding” must be included
in the conclusion of a structure theorem for excluding immersions. So forbidding edge-cuts of
order 3 is essential in order to obtain a clean structure theorem.

1.2 Applications

Theorem 1.4 is expected to be useful to reduce problems on H-immersion free graphs to
graphs whose degree sequence witnesses the H-immersion freeness. As a supportive evidence,
in an accompanied paper [16], we will use Theorem 1.4 to prove, for every graph H, an upper
bound and a lower bound for the minimum & such that every H-immersion free graph can be
partitioned into £ induced subgraphs with bounded component size, where the upper and lower
bounds coincide for infinitely many graphs H and differ by 1 for the rest of graphs H. This is
the clustered coloring version of a question proposed independently by Lescure and Meyniel [14]
and Abu-Khzam and Langston [2] regarding the immersion-analog of Hadwiger’s conjecture and
Hajos’ conjecture on coloring. Note that the clustered coloring version of Hadwiger’s conjecture
and Hajoés” conjecture have been extensively studied. The result in [16] shows that the answer
for the immersion version of the clustered coloring problem behaves significantly differently
from the minor and topological minor version. We refer readers to [16] for more details.

A simple corollary of Theorem 1.4 is the following statement whose d-edge-connected case
is a result of Marx and Wollan [24, Theorem 1.2].

Corollary 1.5. For any positive integers d,h with d > 4, there exists a positive integer & =
&(d, h) such that the following hold. If G is an H-immersion free graph for some graph H on
at most h vertices with maximum degree at most d, and every component of G has no edge-cut
of order k for every 3 < k < d — 1, then there exists a tree-cut decomposition (T,X) of G of
adhesion at most & such that



1. the mazimum degree of T — S is at most &, where S = {e € E(T) : |adh,x)(e)] < 2},
and

2. | Xy <& for every t € V(T).
In particular, the tree-cut width* of G is at most 2€.
Corollary 1.5 can be used to prove the following enumerative result.

Theorem 1.6. For any positive integers d,h with d > 4, there exists a positive integer c
such that the following hold. Let H be a graph on at most h vertices with maximum degree at
most d. Let C be the set of (vertez-)unlabelled H-immersion free graphs whose every mazimal
2-edge-connected subgraph is d-edge-connected. Then

1. for every positive integer m, the number of members of C with m edges and with no isolated
vertex is at most ¢™, and

2. for every positive integer n, the number of simple members of C with n vertices is at most

C’I’L

Note that the d-edge-connectivity in Theorem 1.6 is required as there are superexponentially
many unlabelled (d — 1)-regular (d — 1)-edge-connected simple graphs on n vertices [3, 23, 34]
(see [4]), and every (d—1)-regular graph does not contain H as an immersion if H has maximum
degree d. Analogous results for minors and topological minors are known in the literature: for
every graph H, there exists ¢ such that there are at most ¢” unlabelled simple n-vertex H-minor
free graphs [1, 11], implying that there are at most n!¢” labelled simple n-vertex H-minor free
graphs [27]; for any integers d,d" and graph H with maximum degree at most d, there exists
¢ such that there are at most ¢" unlabelled simple d-connected n-vertex H-topological minor
free graphs with maximum degree at most d' [4].

Such enumeration results are motivated by the work in [25] about small addable classes. A
class C of graphs is small if there exists a constant ¢ such that for every integer n, there are at
most nlc™ labelled simple n-vertex graphs in C. So Theorem 1.6 and the aforementioned results
in [1, 4, 11, 27] show that certain classes are small. A class C of graphs is addable if

e (7 € C if and only if every component of G is in C, and

e if G1,Gy € C, then the graph obtained from a disjoint union of G; and G5 by adding an
edge between GG; and Gy is in C.

McDiarmid, Steger and Welsh [25] proved many results about small addable classes of simple
graphs, such as the following.

Theorem 1.7 ([25]). Let C be a small addable class of simple graphs. Then the following hold.

1. lim,, 00 (N(n)/n))Y/™ = ¢ for some constant c, where N(n) is the number of n-verter
labelled graphs in C.

2. For every positive integer k, if Ky y+1 € C, then there exist constants b and ny such that for
every n > ng, selecting a graph G uniformly from the n-vertex graphs in C, the probability
that G has fewer than ayn vertices of degree k is at most %", where a,, = b/(cF(k+2)!).

4The notion of tree-cut width is defined in Definition 1.10.



3. The probability that the graph G in Statement 2 has an isolated vertex is at least ay /e+o(1).

As Theorem 1.6 shows that the class C mentioned in Theorem 1.6 is small and addable, all
conclusions of Theorem 1.7 apply to simple graphs in C.

Now we briefly discuss the proof of Theorem 1.4. Though the global decomposition theorem
for excluding minors can be easily derived from the local version [29], it is unclear how to use
similar arguments to derive Theorem 1.4 from the local decomposition in [17]. So we use a
strategy different from [29] to derive Theorem 1.4 from the results in [17]. A more detailed
proof sketch is included in Section 1.3.

A byproduct of our proof is a duality theorem for maximum order of edge-tangles and
tree-cut torso-width. The notion of edge-tangles will be defined in Section 2.

Definition 1.8. Let G be a graph.

e The torso-width of a tree-cut decomposition (7, X') of G is the minimum w such that for
every t € V(T), the torso at ¢ in (7, X) has at most w edges.

e The tree-cut torso-width of GG is the minimum w such that G admits a tree-cut decompo-
sition of torso-width w.

The notion of tree-cut torso-width is natural, but it seems that it was not considered in
the literature in our knowledge. Tree-cut torso-width is closely related to carving-width which
was introduced by Seymour and Thomas [32]. (See Section 5 for a formal definition of carving-
width.) Carving width can be viewed as an edge-analog of branch width which is another
extensively studied width parameter. Robertson and Seymour [28] proved that having bounded
branch width is equivalent to having bounded tree-width and is equivalent to having no tangle
of large order.

Tree-cut torso-width can be viewed as an edge-analog of tree-width based on their defini-
tions. So one might expect that having bounded carving-width is equivalent to having bounded
torso-width. It is easy to show that it is indeed the case if graphs are loopless; however, it
is not true when loops are allowed, as adding loops does not change the carving-width but
can make tree-cut torso-width arbitrarily large. Same situation happens for the relationship
between edge-tangles, carving-width and tree-cut torso-width. One corollary of general work of
Diestel and Oum on abstract separation systems [8, 9] shows that for loopless graphs, having
no edge-tangle of large order is equivalent to having bounded carving-width. A byproduct of
our proof of Theorem 1.4 is Proposition 1.9 which shows that it is true even when loops are
allowed and gives an independent proof for the case of loopless graphs.

Proposition 1.9. Let G be a graph. Let w be a nonnegative integer.

1. If the tree-cut torso-width of G is at most w, then the carving-width of G is at most w
and there exists no edge-tangle of order w + 1 in G.

2. If the carving-width of G is at most w and G is loopless, then the tree-cut torso-width of
G is at most 3w/2.

3. If there exists no edge-tangle of order w in G, then the tree-cut torso-width is at most
3w — 3.



We conclude this subsection by discussing the relationship between our results and tree-cut
width which is the main width parameter for tree-cut decomposition considered in the literature
introduced by Wollan [33].

Definition 1.10. The width of a tree-cut decomposition (7', X') of a graph G is the maximum
among the adhesion of (T, X') and min,ey 7|V (Hy)|, where H, is the graph, called the 3-center
at t, obtained from the torso at t by repeatedly suppressing peripheral vertices of degree at
most two until every peripheral vertex has degree at least 3. The tree-cut width of G is the
minimum width of a tree-cut decomposition of G.

The motivation for considering 3-centers is to avoid very simple graphs such as stars having
large width. Tree-cut width is an effective width parameter with respect to problems about
immersions. For example, Wollan [33] proved an analogy of the Grid Minor Theorem: every
graph with large tree-cut width contains a large wall as an immersion.

It is easy to see that every graph with bounded tree-cut torso-width has bounded tree-
cut width, but the converse is not true. Hence large tree-cut torso-width does not ensure the
existence of a large wall immersion. But this issue can be easily fixed. Note that for any fixed
integer k, if G is a 3-edge-connected graph such that every vertex is incident with at most k
loops and every pair of vertices has at most k parallel edges between them, then GG has bounded
tree-cut width implies that G has bounded tree-cut torso-width. This extra assumption can
be made when considering immersion problems. As for any fixed graph H, if there exists an
H-immersion in a graph G, then there exists an H-immersion in G such that only at most
|E(H)| parallel edges between each fixed pair of vertices of G and at most |E(H)| loops of G
are involved in the H-immersion. So to test whether a graph contains an H-immersion or not,
one can only keep at most |E(H)| loops incident with each vertex and at most |E(H)| parallel
edges between each pair of vertices. In addition, to test if a graph G contains a 3-edge-connected
graph H or a wall as an immersion, it suffices to first decompose G along edge-cuts of order
at most 2 into smaller graphs with the edges in the edge-cuts split off, and then test whether
each smaller graph contains an H-immersion or not. Hence Wollan’s wall-immersion theorem
can be adapted to tree-cut torso-width of the modified graphs as well.

1.3 Proof sketch and organization

In this subsection, we sketch the proof of Theorem 1.4. Other results (Corollary 1.5, Theo-
rem 1.6, and Proposition 1.9) are fairly simple corollaries of Theorem 1.4 or lemmas developed
on the way for proving it and are formally proved in Section 5.

Let G and H be the graphs stated in Theorem 1.4. Note that given a tree-cut decomposition
(T, X) of G, for each edge e of T it defines an edge-cut of GG, where each side in the edge-cut
is the union of the bags of the nodes in a component of 7' — e. And for each node t of T, the
edge-cuts of G defined by the edges of T" incident with ¢ defines a cross-free family if we always
put the side having the bag at ¢ into the second part of each edge-cut. (Cross-free families will
be formally defined in Section 3.) Note that the torso at ¢ can be easily told by this cross-free
family.

To show that a tree-cut decomposition (T, X') satisfies Theorem 1.4, our attention is on
the nodes whose torsos have sufficiently many edges, as for every node ¢t whose torso has only
few edges, we can put all edges of the torso into Z;. Hence we would like to show that each
node whose torso has many edges corresponds to an edge-tangle of large order and show that



this torso comes from the cross-free family obtained by the local decomposition theorem with
respect to this edge-tangle.

We first discuss the correspondence between nodes and edge-tangles. Edge-tangles is for-
mally defined in Section 2. Roughly speaking, each edge-tangle comes from a choice of a side of
each edge-cut [A, B] by indicating which A or B is “more important”. For a node ¢ of T' whose
torso has many edges, if for each edge-cut [A, B] of order less than a constant 6, one side of
[A, B] contains only few edges of the torso, then we can say the other side is more important,
so we can define an edge-tangle £. In this case, we can say that the node t corresponds to &.
We call a tree-cut decomposition with this property a #-smooth tree-cut decomposition. See
Section 2 for a formal definition. The existence of a f-smooth tree-cut decomposition is proved
in Theorem 2.2. The formal correspondence between edge-tangles and nodes whose torsos have
many edges is also proved in Section 2.

Note that it is easy to see how an edge-cut given by an edge of T' distinguishes different
edge-tangles given by nodes of T'. But we need to understand other edge-cuts that distinguish
different edge-tangles for the future usage. This is the motivation of “separators” defined in
Section 2. Partial information about such separators can also be told from a #-smooth tree-cut
decomposition, as shown in Section 2.

Now we know that each node whose torso with many edges corresponds to an edge-tangle.
So for each edge-tangle & defined by such a node ¢ of T', we can apply the local decomposition
theorem (Lemma 4.4) with respect to & to obtain a cross-free family D, such that if the
collection of the edge-cuts given by the edges of T' incident with t is D;, then the torso at ¢
would satisfy Theorem 1.4. However, edge-cuts in D;, can cross edge-cuts in D,, for distinct
nodes t; and t5, so it is unlikely that we can “realize” D; for all nodes t simultaneously in
(T, X). So we would like to modify each D, to obtain a new cross-free family D; such that the
edge-cuts in D; do not cross the edge-cuts in D;, for different nodes ¢; and t;, and Theorem
1.4 would still hold if we can realize D} in (T, X) instead of D;.

To make sure that the edge-cuts in D;, do not cross the edge-cuts in D,, for distinct nodes
t1,12, we need to consider edge-cuts that distinguish the edge-tangles consistent with D,, from
the edge-tangles consistent with D;,. This is the motivation of “segregators” and “guards”
defined in Section 3. In Section 3, we develop tools to show that we can indeed modify each
D, into D; such that D; still preserves certain nice properties of D; such that realizing D; in a
tree-cut decomposition still ensures the validity of Theorem 1.4, and for distinct nodes ¢; and
ta, the edge-cuts in Dj, do not cross the edge-cuts in Dj,.

In Section 4, we formally show how to modify a smooth tree-cut decomposition (7', X') to
construct a new tree-cut decomposition (7%, X*) so that each node t of T* whose torso in
(T*, X*) has many edges comes from a node of T whose torso in (7', X) has many edges, and
D; is realized in (7™, X*) to complete the proof.

1.4 Definitions
The following notions and notations will be frequently used in this paper.
Definition 1.11. Let G be a graph.

e An edge-cut [A, B] of a graph G is an ordered pair of disjoint subsets of V(G) such that

AU B = V(G). The order of an edge-cut [A, B] of G is the number of edges of G with
one end in A and one end in B.



e Let (T, X) be a tree-cut decomposition of G. Let t be a node of T or a connected subgraph
of T. Let e be an edge of 7" with at most one end in ¢. We define [A.,, B.¢| to be the
edge-cut of G with B.; = |J,,» Xy, where the union is over all nodes ¢ contained in the
component of T'— e containing t.

e For every subset S of V(G), we define G[S] to be the subgraph of G induced by S.

e The degree sequence of G is the non-increasing sequence (dy, ds, ..., djv(¢y|) such that there
exists a bijection ¢ : V(G) — [|[V(G)|] such that for every v € V(G), the degree of v equals

dL(U) .

2 Smooth tree-cut decompositions

Let (T, X) be a tree-cut decomposition of a graph G. For every positive integer k, a pseudo-
k-cellin (T, X) is a component C' of the forest obtained from 7 by deleting all edges of T" whose
adhesion set has size less than k; a k-cell in (T, X) is a pseudo-k-cell C' such that the number
of edges in the torso at C'is at least k.

Let 0 be a positive integer. Let (7', X') be a tree-cut decomposition of a graph G. We say
that (T, X) is 0-smooth if for every C' which is a #-cell in (T, X) or a node of 7', for any sets Y’
and Z of edges of the torso at C' with |Y| = |Z| < 0, there does not exist an edge-cut [A, B] of
G of order less than |Y| such that every edge in Y is incident with A and every edge in Z is
incident with B.

The following is an easy but useful restatement of the definition of the #-smooth property.

Lemma 2.1. Let (T, X) be a tree-cut decomposition of a graph G. Let 6 be a positive integer.
Then (T, X) is 6-smooth if and only if for every C that is a node of T or a 0-cell in (T, X),
there exists no edge-cut [A, B] of G of order less than 6 such that each of A and B is incident
with at least |[A, B]| + 1 edges of the torso at C.

Proof. Assume that there exists C' that is a node of T" or a #-cell in (T, X) and there exists
an edge-cut [A, B] of G of order less than 6 such that each A and B is incident with at least
I[A, B]|+1 edges of the torso at C'. Then there exists a set Y of edges of the torso at C' incident
with A with |Y] = |[A, B]| + 1 < 6, and there exists a set Z of the edges of the torso at C'
incident with B with |Z| = |[A, B]|+1. Note that |[A, B]| < |Y|. Hence (T, X)) is not #-smooth.

Assume that (7, X') is not @-smooth. Then there exists C' which is a f-cell in (T, X) or a
node of T', and there exist sets Y and Z of edges of the torso at C' with |Y| = |Z| < 6 and an
edge-cut [A, B] of G of order less than |Y| such that every edge in Y is incident with A and
every edge in Z is incident with B. So [A, B] is an edge-cut of G of order less than |Y] < 6
such that A is incident with at least |Y| > |[A, B]| + 1 edges and B is incident with at least
|Z| > |[A, B]| +1 edges. =

Let (T, X) be a tree-cut decomposition of a graph G. For integers 7, j with 1 < i < |E(G)]
and 1 < j <|E(G)|, we define

e a;; to be the number of i-cells L of (7, X) such that the torso at L has at least j edges,
and

e a; is the sequence (a; ()|, @i B(G)|~15 - Gi1)-
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Let k be a positive integer. The k-signature of (T, X) is the sequence (ay, ax_1, ..., a1).

Intuitively, if a tree-cut decomposition of G is not #-smooth, then we can “insert” an edge-
cut of G into this tree-cut decomposition to break a cell L into two cells with fewer edges, so it
decreases some entry in the signature with the price that increases entries appearing later than
the aforementioned entry in the signature; and if one can make sure that every entry appearing
earlier than the aforementioned entry does not increase, then the lexicographic order of the
signature decreases. The following theorem shows that this intuition is correct, if we choose
the edge-cut that breaks the cell carefully.

Theorem 2.2. Let G be a graph. Let 6 be a positive integer. Let (T, X) be a tree-cut decom-
position of G of lexicographically minimum 0-signature. Then (T, X') is 0-smooth.

Proof. Suppose to the contrary that (7', X') is not §-smooth. By Lemma 2.1, there exist L that
is either a @-cell in (7, X') or a node of T', a positive integer k € [#], and an edge-cut [A, B] of G
of order k — 1 such that there are at least |[A, B]| + 1 = k edges in the torso at L incident with
A and there are at least |[A, B]| +1 = k edges in the torso of L incident with B. We further
choose L and [A, B] such that |{e € E(T) : e has at most one end in V' (L), either A, C A or
A, C B}| is as large as possible.

Claim 1: For every edge e of T" with at most one end in V' (L), either

o A.p CAor A.p C B, or
° HAHA&L,BUBQL” < HAe,LaBe,L” and HAU Be,LaB ﬂA€7L]| < HAe,L;Be,L”-

Proof of Claim 1: Suppose to the contrary that there exists an edge e of T with at most one
end in V(L) such that A, € A, A.; € B, and either |[[ANA. ., BUB. ]| > |[Ae.L, Ber]| or
I[AUB. , BNAcL]| > |[Ae.L, Ber]|- By symmetry, we may assume that |[[ANA. ., BUB, ]| >
| [Ae,L7 Be,L] | .

Let S; be the set of the edges of the torso at L incident with B but not incident with
BN B.,. Since e has at most one end in V' (L), no edge of the torso at L has both ends in A, .
So every edge in S; has one end in BN A, 1, and one end in AN DB, ;. Let Sy be the set of edges
of G with one end in BN A, and one end in AN B, ;. So S; C S,. Since there are at least
I[A, B]| + 1 edges of the torso at L incident with B, there are at least |[A, B]| + 1 — | S| edges
of the torso at L incident with B N B, p.

In addition, |[A, BH + |[Ae,L7 Be,LH = |[A N Ae,La BU Be,L” + |[A U Ae,La BN Be,L” + 2|SQ| Z
I[Ac., Be.r]|+|[AUA. 1, BN B, ]| +2|S2|. So |[AUA. L, BNB. 1]| <[4, B]|-2|S:| <[4, B]|—
|S1] < |[A, B]|. Since AU A, D A, there are at least |[[A,B]|+1> |[AUA.L, BN B. ]| +1
edges of the torso at L incident with AU A, . And there are at least |[4,B]| + 1 —|S1] >
I[AUA.r, BN B ]| + 1 edges of the torso at L incident with B N B, 1.

Let S = {¢’ € E(T) : € has at most one end in V (L), either Ao, C A or A.;, C B}.
Since A, € A and A, € B, for every edge ¢’ € S, A. € Ay 1. So for every € € S, either
Ao, € Aep or Ae, € By, so either Ay, € AU A, or Av, € BN B, . In addition,
Acr, CAUA, L and e € S. Therefore, [AU A, 1, BN B, 1] is a better choice than [A, B], a
contradiction. [J

Since there are at least |[A, B]|+1 = k edges of the torso at L incident with A, L is contained
in an r-cell for some r > k. Let k* be the largest integer with k* € [f] such that L is contained
in a k*-cell L*. Note that k* > k.
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If L is not a 6-cell, then L is a node, and we define T, = T and let ty = L; if L is a 6-cell,
define T} to be the tree obtained from 7" by contracting L into a new vertex to. Let T be the
tree obtained from a union of two disjoint copies 17", 7" of Ty by adding an edge t(t, where t{, t;
are the copies of ¢ty in T",T", respectively. For any x which is a node, an edge or a subgraph of
Ty, we denote the copy of z in T and T” by 2’ and z”, respectively.

For every node t € V(Ty) — {to}, we define X}, = X; N A and X}, = X; N B. Define
Xy = XN A and Xjy = Xp» N B. Then (T*, X*) is a tree-cut decomposition of G, where
X*= (X[} :teV(TY)).

For every edge e € E(T*)—{tyty}, let f(e) be the edge of Ty such that e = f(e)’ or e = f(e)".

Note that for every e € E(T"), adh(p« x-)(e) is the set of edges with one end in AN Ay 1, and
one end in B U By 1; for every edge e € E(T"), adh(z- x+)(e) is the set of edges with one end
in BN Af),, and one end in AU By . So by Claim 1, for every edge e € E(T*) — {tyty},
ladh(p+ x)(e)] < Jadhrxy(f(e))]. And adhir 4+ (t(t;) is the set of edges with one end in A
and one end in B, so |adh x+)(tity)] = k — 1 < k*. So for every integer r with § > r > k*
and every r-cell R in (T, X*), there exists a pseudo-r-cell f(R) in (7', X) such that either
R C f(R) or RC f(R)".
Claim 2: For every integer r with 6 > r > k* and every r-cell R in (T, X*) with {t,t;} N
V(R) = (0, the number of edges of the torso at f(R) is at least the number of edges of the torso
at R. Furthermore, if the number of edges of the torso at R equals the number of edges of the
torso at f(R), then R is the only r-cell in (7%, X*) contained in f(R)"U f(R)", and either

° Xf(R) - Aand R = f(R)/, or
o Xf(R) - B and R = f(R)H

In particular, f(R) is an r-cell in (T, X).

Proof of Claim 2: We may assume that the number of edges of the torso at f(R) is at
most the number of edges of the torso at R, for otherwise we are done. By symmetry, we may
assume that R C 7", Let w be the peripheral vertex of the torso at R in (7%, X*) such that w
is obtained from contracting the component of 7* — V(R) containing ¢;. Let e,, be the edge of
T* with one end in V(R) and one end in the component of 7% — V(R) containing t;.

We first assume that Age,)r € A and Age,y € B. By Claim 1, |[AN Afe,),, B U
Biew).Lll < [Afew).Ls Briew).Lll = [adhz x)(f (ew))]-

Let S, be the set of edges of the torso at R incident with w. That is, S, consists of the
edges of G between AN Ag,) L and BU By, - S0 |Sw| < |adhr x)(f(ew))|. Note that every
edge in adh(r x)(f(ew)) is an edge of the torso at f(R).

Let @, be the set of edges of the torso at R not incident with w. Then all ends of any edge
in @, are contained in AN Ay, . So every edge in @, is an edge of the torso at f(R) and
is not in adh(r x)(f(ew)). Hence the set of the edges of the torso at f(R) contains the union of
the two disjoint sets adh(z x)(f(€w)) and Q.. So the number of edges of the torso at f(R) is at
least |adhr x)(f(ew))| + |Quw| > [Sw| + |Quw|. Therefore, the number of edges of the torso at R
equals |S,| + |@Qy| which is smaller than the number of edges at the torso at f(R). So we are
done.

Hence we may assume that Age,)r € A or Age,)r € B. If Age,), € B, then the torso
at R has no edge, a contradiction. So Afe,)r € A. Hence adhp x)(f(ew)) C adhirs x+)(ew)-
Since e,, has exactly one end in V(R), |adhr- x+(ew)| < 7. So f(e,) has exactly one end in
f(R). That is, f(ey,) is the edge incident with f(R) such that f(R) and ¢, belong to different
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components in Ty — f(e,). Therefore, X¢ry € Ag(e,), © A. This implies that for every edge
¢ of T" in which f(e’) is an edge of f(R), adhirx)(f(€')) C adhp« x+)(€'), so €' is contained in
R. Therefore, R = f(R)". Similarly, since Ay, € A, we know A, = 0, so there exists
no r-cell in (7%, X*) contained in f(R)".

Since R is an r-cell, the torso at R contains at least r edges. Hence the torso at the
pseudo-r-cell f(R) contains at least r edges. So f(R) is an r-cell. [J
Claim 3: For every r € [f] with > k*, if there exists an r-cell @ in (7%, X*) containing t{, or
ty, then r = k*, the number of edges of the torso at @ in (7%, X*) is strictly smaller than the
number of edges of the torso at L* in (7, X'), and f(Q) = L*.

Proof of Claim 3: Let @ be an r-cell in (7%, X*) for some § > r > k* containing t; or .
Since |adhr- x+)(tot0)] = k — 1 < k*, Q contains exactly one of #; and ¢{j. By symmetry, we
may assume that () contains ¢,. So @ is contained in 7".

We first assume that L is a #-cell. Then k* = 6 and L = L* by the definition of £* and
L*. Since k* < r < 0, r = k* = 0. By Claim 1, for every e € E(T*) incident with ¢,
ladh(z x+)(e)| < |adhrx)(f(e))] < 6, so @ consists of ;. So every edge of the torso at @ is
either between A and B, or an edge of the torso at L with both ends in A. Since there are at
least |[A, B]| + 1 edges of the torso at L incident with B, the number of edges of the torso at
@ is strictly smaller than the number of edges of the torso at L.

So we may assume that L is not a #-cell. Hence L = ty and Ty = T. So there exists
a pseudo-r-cell f(Q) in (T, X) such that @ C f(Q) by Claim 1. Since @ contains t[,, f(Q)
contains L. Since L € V(f(Q)) and there are at least |[A, B]| + 1 edges of the torso at L
incident with B, there are at least |[A, B]|+ 1 edges of the torso at f(Q) incident with B. Since
@ contains t;, and @ C T, every edge of the torso at @) either has both ends in A or is between
A and B. Note that every edge in the former case is an edge of the torso at f(Q) not incident
with B. Hence the number of edges of the torso at f(Q) is strictly more than the number of
edges of the torso at Q). Since @ is an r-cell and f(Q) is a pseudo-r-cell, f(Q) is an r-cell. So
f(Q) is an r-cell containing L with k* < r < #. By the maximality of k*, k* > r. So k* =r
and hence f(Q) = L*. O

For every r € [f] with r > k*, let g, be the function such that for every r-cell @ of (T, X'*),

e if () contains ¢ or t, then ¢,(Q) = L*,

e otherwise, ¢,.(Q) = f(Q).

By Claims 2 and 3, for each r with 8 > r > k*, g, maps each r-cell @ of (T*, X*) to an r-cell
g-(Q) of (T, X) such that the number of edges of the torso at () is at most the number of edges
of the torso at g.(Q); furthermore, if the number of edges of the torso at @ and g,(Q) are the
same, then there exists no r-cell W other than @ with g,.(W) = ¢,.(Q). Hence the r-signature
of (T*,X*) is (lexicographically) at most the r-signature of (7, X’) for each r with 6 > r > k*.
Since L* is a k*-cell such that either there exists no k*-cell in (7%, X*) mapped to L* by g+, or
all k*-cells @ of (T*, X*) with g;«(Q) = L* satisfy that the torso at () has less edges than the
torso at L* by Claims 2 and 3, we know that the #-signature of (7%, X'*) is lexicographically
strictly smaller than the #-signature of (7', X'), contradicting the minimality of (7, X'). This
proves the theorem. m

Let 0 be a positive integer. An edge-tangle £ of order 6 in a graph G is a set of edge-cuts of
G of order less than 6 such that the following hold.
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(E1) For every edge-cut [A, B] of G of order less than 0, either [A, B] € € or [B, A] € &;
(E2) If [Al, Bl], [AQ, BQ], [Ag, Bg] S 5, then By N By N Bg 7é 0.
(E3) If [A, B] € &, then G has at least 0 edges incident with vertices in B.

Note that if an edge-tangle £ of order § > 1 in G exists, then [, V(G)] € € by (E1) and (E2),
so |E(G)| > 6 by (E3). Furthermore, for every [A, B] € &, there exists an edge of G whose
every end is in B by (E3).

The following lemma (Lemma 2.3) shows that every #-cell in a #-smooth tree-cut decompo-
sition with sufficiently many edges in its torso defines an edge-tangle of order 6.

Let (T, X) be a tree-cut decomposition of a graph G. Let 6 be a positive integer. We say
that a 0-cell L is 6-fat if the torso at L contains at least 30 — 2 edges. Lemma 2.3 shows that
every f-fat f-cell in a #-smooth tree-cut decomposition defines an edge-tangle of order 6. We
call the edge-tangle £ mentioned in Lemma 2.3 the edge-tangle defined by L.

Lemma 2.3. Let G be a graph. Let 0 be a positive integer. Let (T, X') be a 0-smooth tree-cut
decomposition in G. Let L be a 0-fat 0-cell. Let € be the collection of edge-cuts [A, B] of order
less than 6 such that A is incident with at most |[A, B]| edges of the torso at L. Then &£ is an
edge-tangle in G of order 6.

Proof. Let [A, B] be an edge-cut of G of order less than 0. If [A, B] ¢ £ and [B, A] ¢ &, then
A is incident with at least |[A, B]| + 1 edges of the torso at L, and B is incident with at least
I[A, B]| + 1 edges of the torso at L. But |[A, B]| < 6. It contradicts that (T, X) is f-smooth.
Hence either [A, B] € € or [B, A] € £. Therefore, £ satisfies (E1).

Suppose that there exist [A;, B;] € £ for i € [3] such that By N By N By = (). For each 4,
since [A;, B;] € €, A; is incident with at most |[A, B]| < 6 — 1 edges of the torso at L. Hence
A;U Ay U Aj is incident with at most 360 — 3 edges of the torso at L. Since the torso at L has at
least 30 — 2 edges, some edge of the torso at L has all ends in B; N By N Bz. So BiNByN Bz # ().
Therefore, € satisfies (E2).

Suppose that there exists [C, D] € £ such that G has less than 6 edges incident with D.
Then D is incident with at most § — 1 edges of the torso at L. Since [C, D] € &, C' is incident
with at most § — 1 edges of the torso at L. Hence the torso at L has at most 20 — 2 < 30 — 2
edges, a contradiction. Therefore, £ satisfies (E3) and hence is an edge-tangle of order ¢ m

The following simple lemma was proved in [17].

Lemma 2.4 ([17, Lemma 2.3]). Let 0 be a positive integer. Let G be a graph and £ an edge-
tangle of order 0 in G. If [A, B],[C, D] € £, then the following hold.

1. If the order of [AUC, BN D] is less than 0, then [AUC, BN D] € &.

2. If A C A and [A',V(G)—A] is an edge-cut of G of order less than 0, then [A', V(G)—A'] €
E.

The following lemma shows that given an edge-tangle £ of a graph G, one can check, for
each edge-cut [A, B] of G of small order given by an edge e of a tree-cut decomposition (7, X),
whether [A, B] € &, by simply seeing which component of 7' — e contains a specific cell.
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Lemma 2.5. Let G be a graph. Let 6 be a positive integer. Let £ be an edge-tangle in G of order
0. Let (T, X) be a tree-cut decomposition of G. Then there exists a unique 0-cell Ce such that for
every edge e of T with at most one end in V(Cg) and with |adhirxy(e)] < 0, [Accy, Becy] € E.
In particular, for every edge e of T with exactly one end in V(C¢), [Accy, Bec:] € €.

Proof. Note that for every edge e = t1t, of T" with |adh(r x)(e)| < 6, [XV(Ttl,tZ)’ XV(Tt2,t1)] is
an edge-cut of G of order less than 6, where T}, 4,,T},, are the two components of 7" — e such
that T3, s, contains ¢y, so either [Xv(z, ..y, Xv(r,,)] € € or [Xv(z,, ) Xvz, .| € € by (E1).
Let T™ be the tree obtained from 7' by contracting each pseudo-6-cell into a node. So for each
e € E(T"), ladhrx(e)| < 0. For every edge tity of T*, we define a direction on t;t, such that
ty is the head if and only if [Xyv (7, , ), Xv(1,,,)] € € Note that the direction on the edges
is well-defined by (E1) and (E2). Since the sum of the out-degree of the nodes of 7% equals
|E(T™)|, some node of T* has out-degree at most |E(T*)|/|V(T*)| < 1. So T™* contains a node
te with out-degree 0 in the orientation.

Suppose there exists an edge e of T such that [Ac,, Bey.] € €. Since e is an edge of T*,
ladh(7,xy(e)| < 6. Since [Ac ., Bey| € € and |adhr x)(e)| < 0, by (E1), [Bey,, Acye] € E. So te
and the head of e belong to different components of 7% — e. Hence there exists an edge ¢’ of T*
such that ¢’ is incident with tg, and t¢ and the head of e belong to different components of 7% —¢’.
Since tg has out-degree 0, [Ae ., Bery.] € €. Since [Bey,, Aete| € € and [Ae ., Bery] € €, by
(E2), Acs. N Bery, # 0, a contradiction.

Hence for every edge e of T%, [Ac 4., Bey.] € £ This implies that ¢¢ is the unique node of
T with out-degree 0 in the orientation.

Note that there exists a pseudo-6-cell Tg in (T, X') contracted into t¢. Since every edge of
T with |adh(p x)(e)| < 6 is an edge of T, for every edge e of T" with at most one end in T¢ and
with |adhrxy(e)| < 0, [Acse, Ber,] € €. Since t¢ is the unique node of 7™ with out-degree 0,
Te is the unique pseudo-f-cell in (T, X') with this property. Note that every edge e of T" with
exactly one end in V(T%) has |adh(p x)(e)| < 0 since T¢ is a pseudo-6-cell.

To prove this lemma, it suffices to prove that T¢ is a f-cell in (7, X'). That is, it suffices to
prove that the torso at Tg in (T, X') contains at least 6 edges.

Suppose that there are at most § — 1 edges in the torso at T¢ in (T, X). Let A; = |, Ae.ry,
where the union is over all edges of 7" with exactly one end in Tgz. Let By = V(G) — A;. So
By =, Be,r., where the intersection is over all edges of T" with exactly one end in T¢. For
every subset S of the set of edges of T" with exactly one end in Tg, let Ag = (J,.g Ae7e and
Bs = V(G) — Ag. Note that for every such set S, |[As, Bs]| is at most the number of edges of
the torso at T¢ which is less than 6. Since [A. 1., Ber.] € € for each edge e of T with exactly
one end in T¢, by Lemma 2.4 and induction on |S|, we know [A;, By] € £.

Note that By = Xy/(1,), and the number of edges of G incident with Xy (7, is at most the
number of edges of the torso at Te. Hence B; is incident with at most # — 1 edges of G. So
[A1, By] ¢ € by (E3), a contradiction. This shows that T is a f-cell.

Let &, &, be distinct edge-tangles in a graph G. Then an (&, &)-separator is an edge-cut
[A, B] in G such that [A,B] € & — & and [B, A] € & — &1 A minimum (&y, E)-separator is
an (&1, &)-separator with minimum order.

Let G be a graph. Let C be a collection of edge-tangles in G’ and let £ be an edge-tangle in
G. A (C,€&)-separator is an edge-cut [A, B] of G such that [A,B] € & — £ and [B,A] € £ - &'
for every & € C. A minimum (C, £)-separator is a (C, E)-separator with minimum order.
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Lemma 2.6. Let G be a graph. Let C be a collection of edge-tangles in G. Let £ be an edge-
tangle in G. Let [A, B] be a minimum (C,E)-separator. Then for every &' € C, there exists a
minimum (&', E)-separator [C, D| such that A C C and B D D.

Proof. Let & be a member of C. Let [C, D] be a minimum (&', £)-separator such that C' is
maximal. Since [A, B] is a (C, £)-separator, [A, B] is an (&', £)-separator.

Suppose |[[AUC, BN D]| > |[C, D]|. By the submodularity, |[ANC, BUD]| < |[A, B]|. Since
[A, B] is a (C, &)-separator, [ANC,BU D] is a (C, E)-separator by Lemma 2.4. But the order
of [ANC, BU D] is smaller than |[A, B]|, a contradiction.

So [[AUC, BN D]| < |[C, D]|. By Lemma 2.4, [AUC, BN D] is an (&', £)-separator of order
at most |[C, D]|. By the choice of [C, D], AUC C C. So A C C. This implies that B2 D. =

The following lemma builds a relationship between edge-tangles and fat cells in a smooth
tree-cut decomposition and shows that information about edge-cuts separating different edge-
tangles can be told by the tree edges.

Lemma 2.7. Let G be a connected graph. Let 0 be a positive integer. Let (T, X') be a 0-smooth
tree-cut decomposition of G. Then there exists a function v that maps each edge-tangle £ of
order 0 to a 0-cell in (T, X) such that the following hold.

1. For every edge-tangle € of order 6 and each edge e of T with exactly one end in V(.(£)),
[Ae,b(g)a Be,L(S)] € 8

2. If L is a 0-fat O-cell and & is an edge-tangle of order 6 defined by L, then «(£) = L.

3. Let C be a collection of edge-tangles in G' of order 8 such that every member of C is defined
by some O-fat O-cell in (T, X). Let £ be an edge-tangle in G of order 0 defined by some
0-fat 0-cell in (T, X). If there exists an edge e of T with exactly one end in V(.(E)) such
that the component of T — e containing t(E) is disjoint from V (.(E')) for every & € C,
then [Be gy, Acue)) is a (C, E)-separator, and for every minimum (C, £)-separator [A, B,

(a) Be,L(S) CA, and

(b) for every & € C, if egr is the edge of T with exactly one end in V(1(E")) such that
(&) and o(E') belong to different components of T — egr, then B.,, &) C B.

Proof. Define ¢« to be the function whose domain is the set of all edge-tangles in G' of order
0 such that for each edge-tangle &£, ((€) is the #-cell C¢ mentioned in Lemma 2.5. Then
Statement 1 immediately follows from Lemma 2.5. And Statement 2 follows from Lemma 2.3
and the uniqueness part of Lemma 2.5.

Now we prove Statement 3. Let C,£ and e be the collection, edge-tangle, and edge of
T mentioned in Statement 3, respectively. By Statement 1, [A. &), Beye)] € €. Since e
has exactly one end in V(¢(€)), e has at most one end in V(:(&')) for every & € C. For
every &' € C, since ((€') and ((€) are contained in different components of 7" — e, we have
[Be’L(g), A&L(g)] = [AG,L(g/), B€7L(g/)] c o by Lemma 2.5. So [B&L(g), A67L(g)] is a (C, 8)—separator.

Let [A, B] be a minimum (C, £)-separator. We first prove Statement 3(a).

If |[AUB€7L(5), BﬂAevL(g)H < |[A, B”, then by Lemma 2.4, [AUB&L(;;), BﬂAe,L(g)] isa (C, 5)—
separator with order less than |[A, B]|, contradicting the minimality of [A, B]. So |[AUB, &), BN
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@] = |[A, B]|. By the submodularity, |[AN Be,¢g), BU Aee)]] < |[Aeuie), Beue)l| < 6. So
[BU Acue), AN Be )] € € and [AN Be ye), BU A s is a (C, £)-separator by Lemma 2.4.

Let G be the torso at «(€). Since & is defined by «(€), BU A, ¢ is incident with at most
[[BU Acue), AN Beye)ll < [Aee), Beue)l| edges of Gq. Let wy be the vertex in G obtained
by identifying A ). Since every edge of (1 incident with w; is an edge of GG incident with
BUA, ), and there are |[A. (&), Be,(¢)]| such edges, we know there are at least |[A67L(g), Be o)
edges of Gy incident with B U A. ). So |[BU Ac,e), AN Beye)l| = |[Ae @], and the
set of edges of Gy incident with B U Ace) equals the set of edges of Gl between Ace) and
B, ,&). Since every edge of G; between B U Ac ey and AN B, ) is incident with B U Ae,L €)
the Set of edges of Gy between BU A, ) and A ﬂ Be,(e) equals the set of edges of G'; between
Ac ey and Be yg). In addition, since |[BU A, ), AN Be )] = |[Ae B ,(¢)]| and every edge
of G between A, ) and B, ,(¢) is in G, the set of edges of G between B UAe, ) and AN B, )
equals the set of edges of G between A, ) and B, ¢

Suppose that there exists an edge f of G between B,y N B and A, ) U A. Let u be the
end of f in B, ,) N B. Let v be the end of f in A, ) U A.

We first assume that v € A, ). Then f is between A, ) and B, ). Recall that the set
of edges of G between B U A, ) and AN B, ) equals the set of edges of G between A, ¢
and B, ,&). So f is between B U A,y and AN B ,¢). Since v € B, v & AN B, ). Since
v € Acye)y, v € AN Be ). Sono end of fisin AN B, ,¢), a contradiction.

Hence v € A— A, ) = AN Be g). So fis betweenu € B C BUA, ) and v € AN B, )
Hence f is between A, &) and B. ). But both u,v are contained in B, ), a contradiction.

Therefore, there exists no edge between B, ) N B and A, U A. Since G is connected,
either B. syN B =0 or A ey UA = 0. Since [B,A] € £, by (E2), A# 0, s0 A, ey UA # 0.
Hence B, N B = 0. That is, B. ) € A. This proves Statement 3(a).

Now we prove Statement 3(b). Let £ € C. Since [A, B] is a minimum (C, £)-separator, by
Lemma 2.6, there exists a minimum (&', £)-separator [C, D] such that B O D. Hence [D, C]
is a minimum ({€}, &’)-separator. By applying Statement 3(a) with C = {£} and &' = &, we
know B.,, e € D. Hence B,y € D C B. This proves Statement 3(b). =

3 Cross-free families

Let C and C’ be collections of edge-tangles in a graph G. A (C,(C’)-segregator is a set S of
edge-cuts of G such that

e cvery member [A, B] of S is a minimum (C, £’)-separator for some £ € C', and

e for every edge-tangle £ in C', there exists [A, B] € S such that either [A, B] is a minimum
(C, &")-separator, or A’ C A for some minimum (C, £)-separator [A’, B'].

A family D of edge-cuts of a graph is cross-free if AN C = () for every pair of distinct
edge-cuts [A, B], [C, D] in D.

Lemma 3.1. Let G be a graph. Let C and C' be collections of edge-tangles in G. Let S be a
(C,C")-segregator. Then there exists a (C,C')-segregator S* such that U[A,B]esA = U[A,B]es* A
and 8* is a cross-free family.

Proof. Let §* be a (C,(’)-segregator such that
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(1) Up,pes A = U pes A, and
(ii) subject to (i), 324 ples-

Note that S is a (C,C’)-segregator, so S* exists.

There do not exist distinct members [Ay, B;] and [As, Bs] of §* such that A; C A, for
otherwise, S* — {[A1, B1]} is a (C,C’)-segregator satisfying (i) but violating (ii).

We shall prove that S* is a cross-free family. Suppose to the contrary that there exist
[A, B] € §* and [C, D] € §* such that AN C # (). Note that A — C # () # C — A. Since S§* is
a (C,C’")-segregator, there exist &, & € C’ such that [A, B] is a minimum (C, & )-separator and
[C, D] is a minimum (C, &)-separator.

Claim 1: [[ANC,BU D]| < min{|[A, B]|,|[C, D]|}.

Proof of Claim 1: If |[AUC,B N DJ| < |[A, B]|, then by Lemma 2.4, [AUC,B N D] is
a (C, & )-separator with order smaller than a minimum (C, &;)-separator, a contradiction. So
I[AUC, BND]|| > |[A, B]|. If ||[AUC, BND]| = |[A, B]|, then [AUC, BN D] is a minimum (C, &; )-
separator by Lemma 2.4, and (S§* — {[A, B], [C, D]}) U{[AUC,BnN D} is a (C,C’)-segregator
satisfying (i) but violating (ii). Hence |[A U C,B N D]| > |[A, B]|. By the submodularity,
I[ANnC,BUD]| < |[C, D]|. Similarly, [ANC,BUD]| < |[4, B]|. O

Let C; = {€ € C' : [A, B] is a minimum (C, £)-separator}. Let Co = {€ € C' : [C, D] is a

minimum (C, £)-separator}. Note that & € C; and & € Cs.

Claim 2: For every £ € C;UCy, [ANC,BUD] € €.

Proof of Claim 2: If there exists £ € C; such that [ANC,BU D] ¢ &, then by Lemma 2.4
and Claim 1, [ANC,BUD] is a (C, £)-separator with order smaller than |[A, B]|, contradicting
that [A, B] is a minimum (C, £)-separator. So for every £ € C;, [ANC, BU D] € £. Similarly,
for every £ € Cy, [ANC,BUD] € &. O

In particular, [ANC, BUD] € &;. Soif |[AND, BUC]| < |[A, B]|, then [AND, BUC| ¢ & (for
otherwise, B, A], [ANC, BUD],[AND, BUC] are members of & with AN(BUD)N(BUC) = 0,
contradicting (E2)), and it is a (C, & )-separator with order smaller than |[A, B]| by Lemma 2.4,
a contradiction. Hence |[A N D, BUC]| > |[A, B]|. By the submodularity, |[BNC, AU D]| <
(€. D).

Claim 3: [BNC, AU D] is a minimum (C, £)-separator for every £ € Cs.

Proof of Claim 3: By Claim 2, for every £ € Cy, [ANC,BUD] € &, 80 [ BNC,AUD| &€&
by (E2). So [BNC,AU D] is a (C,&)-separator for every £ € Cy by Lemma 2.4. Since
I[BNC,AUD]| < |[C, D]|, we know |[BNC, AUD]|| = ||C, D]| and [BNC, AU D] is a minimum
(C, &)-separator for every £ € Cy. [

Let 8" = (§* —{[C,D]}) U{[BNC,AU D]}. Then &’ satisfies (i). By (ii), S’ is not a
(C,C")-segregator. Since [BNC, AU D] is a minimum (C, & )-separator by Claim 3, there exists
&* € C' such that

A| is as small as possible.

(a) either [C, D] is a minimum (C,E&*)-separator, or C' C C for some minimum (C,E&*)-
separator [C', D'],

(b) [BNC, AU D] is not a minimum (C, E*)-separator, and
(c) for every minimum (C,E*)-separator [C', D'], C" Z BN C and C" € A.

By (b) and Claim 3, £* € C5. So [C, D] is not a minimum (C, £*)-separator. By (a), there
exists a minimum (C, £*)-separator [C”, D'] such that C" C C.
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If [AUC', BND']| < |[A, B]|, then [AUC’, BN D'] is a (C, &;)-separator with order smaller
than |[A, B]| by Lemma 2.4, contradicting that [A, B] is a minimum (C, &)-separator. So
[AuC’, BN D’'|| > |[A, B]|. By the submodularity, |[ANC’", BUD'|| < |[C', D']|.

Suppose [ANC',BUD'| € £*. Since |[ANC',BUD']| < |[C",D']|, [AnC'BUD'] is a
minimum (C, £*)-separator by Lemma 2.4. By (¢), ANC’" Z A, a contradiction.

Hence [ANC', BUD'] € £*. Suppose |[AU D', BNC']| < |[C’, D']|. Since [D',C’] € £* and
[ANC",BUD'| €& [AUuD',BNC"] € £ by Lemma 2.4. By Lemma 2.4, [BNC’', AU D'] is
a (C,E*)-separator. Since |[AU D', BNC'|| < |[C",D']|, [BNC', AU D'] is a minimum (C, £*)-
separator. By (c), BNC"Z BN C. However, C' C C,so BNC' C BNC, a contradiction.

Hence [[AUD', BNC']| > |[C’, D']|. By the submodularity, |[AND’, BUC']| < |[A, B]|. Since
[A,B] € € for every £ € C, [AND',BUC"] € € for every £ € C by Lemma 2.4. Since [A, B] is
a minimum (C, & )-separator and |[AN D', BUC"]| < |[4,B]|, [AnD’,BUC’] € &. By Claim
2, [B,A],][ANC,BUD],[AND’, BUC(C"] are members of & such that AN (BUD)N(BUC’) =
ANDNC"CANDNC =0, contradicting (E2). This proves the lemma. m

Let 6 be a positive integer. Let GG be a graph. Let D be a cross-free family in G. Let C
be a collection of edge-tangles in G of order # such that D C &£ for every £ € C. A (D,C)-
guard is a cross-free family S such that for every edge-cut [C, D] € S, [C, D] is a minimum
(C, &")-separator for some edge-tangle £ of order  with D Z &'.

Intuitively, a (D,C)-guard is a collection of edge-cuts distinguishing all edge-tangles in C
from some edge-tangles inconsistent with D. The following lemma shows that given a (D, C)-
guard S, one can update D so that D “simulates” the edge-cuts in § without losing some nice
properties of D.

Lemma 3.2. Let G be a graph. Let 0,&,d be positive integers. Let Dy be a cross-free family
such that there ezists D, C Dy with |Dj| < & such that every edge-cut in Dy — D} has order
at most d — 1, and every edge-cut in D has order at most d — 1+ €. Let C be a collection of
edge-tangles in G of order 0 such that Dy C & for every € € C. Let S be a (Dy,C)-guard. If
0 > d+¢&, then there exist cross-free families D and D' such that

1. D'CD.
2. D <,

3. every edge-cut in D — D' has order at most d — 1, and every edge-cut in D' has order at
most d — 1+ &,

4' U[A,B}ED A 2 U[A,B}GDO A7
5. D CE for every £ € C, and
6. for every [C, D] € S, there exists [A, B] € D such that C C A.

Proof. For every cross-free family F, define Sr to be the set {[C,D] € S : there exists
[A, B] € F with C' C A}. We say that a cross-free family F is useful if

(i) there exists F' C F with |F'| < ¢ such that every edge-cut in F — F' has order at most
d — 1, and every edge-cut [A, B] in F’ has order at most d — 1 + &,

(ii) F C & for every € € C,
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(iii) U[A,B}efA 2 U[A,B}eDO A, and

(iv) if & is an edge-tangle of order # in G with Dy Z £ such that some member of S is a
minimum (C, £’)-separator, then F ¢ &'

We call (F, F') a witness if F, F' satisfy (i). Note that Dy is useful and (Do, D) is a witness.

Let D be a useful cross-free family such that |Sp| is as large as possible. Let (D,D’) be a
witness. We shall prove that D and D’ satisfy all conclusions of this lemma. Clearly D and D’
satisfy Statements 1-5.

Suppose that D does not satisfy Statement 6. So there exists [C, D] € S — Sp. That is, for
every [A,B] € D, C L A.

Since [C, D] € § and § is a (Dy, C)-guard, there exists an edge-tangle £ of order 6 such
that Dy € & and [C, D] is a minimum (C,&’)-separator. By (iv), D € &', so there exists
[Ag/, Bgl] eD-¢&.

Claim 1: |[C, DH S HAg/,Bg/H, [D,C] S &' and [Bg/,Ag/] S g

Proof of Claim 1: Since § > d—1+¢ > |[Ag/, Be'l|, [Ber, Aer] € €' by (E1). Since [Ag/, Be] €
D - &, [Ag, Be] is a (C,E')-separator by (ii). Since [C, D] is a minimum (C, £’)-separator,
[C, D]| < [[Aer, Be']|, so [D,CT € € by (E1). O

Define Q@ = {[Ag/ U C, Ber N D]} U {[A NnD,BU C] : [A, B] e D— {[Ag/,Bg/]}}. Let
Q6 = {[A NnD,BU C] : [A, B] e D — {[Ag/,Bg/]}}. If [Ag/,Bg/] € D', then define Q' =
Qp U {[Aer U C, Ber N D]}; otherwise, define @' = Qf. Since D is a cross-free family, Q is a
cross-free family.

Claim 2: Sg O Sp.

Proof of Claim 2: Let [X,Y] € Sp. So there exists [X*,Y*] € D such that X C X*. Since
[X,Y] € Sp and [C, D] & Sp, [X,Y] # [C, D]. Since S is cross-free and Sp C S, XNC = 0. So
X CD. If [X*,)Y*] = [Aer, Ber], then X C X* C Ao UC, so [X,Y] € Sg. So we may assume
[X*,Y*] 7é [Ag/,Bg/]. That iS, [X*,Y*] eD-— {[Ag/,Bg/]}, and [X* N D,Y* U C] S Q Note
that X C X*ND. So [X,Y] € Sg. O

Since S is a cross-free family and [C, D] € SNSg — Sp, Sg O Sp by Claim 2. Hence by the

choice of D, Q is not useful. Clearly, Q satisfies (iii). Note that |Q'| < |D'| <¢.

Claim 3: |[Ag/ U C, Bg/ N D” S HAg/, Bg/”.

Proof of Claim 3: Suppose |[Agr U C, Bgr N D]| > |[Agr, Ber]|. By the submodularity, |[Aer N
C, Be U D]| < |[C, D]|. Since [C, D] is a (C, £')-separator, [C, D] € € — &  and [D,C] € & - &
for every € € C. Since [Ag,Ber] € D — &', [Agr,Bgr] € € — & for every £ € C. Hence
[AeNC,BgrUD] € £—E' for every € € C by Lemma 2.4. Since |[Ae N C, Bgr U D]| < |[C, D,
by (E1), [BeUD,AeNC) € & =& for every £ € C. So [AerNC, Ber U D] is a (C, E')-separator
with order smaller than |[C, D]|, a contradiction. Hence |[Agr U C, Bgr N D]| < |[Agr, Ber]|. O
Claim 4: For every [A, B] € D — {[A¢, Be]}, |[AN D, BUC]| < |[A, B]|.

Proof of Claim 4: Suppose to the contrary that there exists [A, B] € D — {[Ag/, Bes]} such
that |[AN D,BUC]| > |[4,B]|. By the submodularity, |[AU D,B N C]| < |[C,D]] < 6.
Since [C, D] € € — &' for every £ € C, by Lemma 2.4, [BNC,AU D] € & for every £ € C.
Since D is a cross-free family, Aer N A = (). Since [Bgr, Ager] € € and [D,C| € & by Claim 1,
[BNC, AUD] & & by (E2). Hence [BNC, AU D] is a (C, £')-separator with order smaller than
|[C, D]|, a contradiction. O

By Claims 3 and 4, (Q, Q') is a witness.

Claim 5: If £” is an edge-tangle of order # in G with Dy  £” such that some member of S is
a minimum (C, £”)-separator, then Q Z £”.
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Proof of Claim 5: Suppose to the contrary that there exists an edge-tangle £” of order 6
with Dy € £"” and Q C &£" and there exists a minimum (C, £”)-separator [X,Y] € S. Since
[Ae UC,Bg N D] € Q C &" by Lemma 24, [Ag,Be] € £ and [C,D] € £". Since D
satisfies (iv), D € £”. So there exists [A, B] € D — {[Ag/, Ber]} such that [A, B] ¢ £”. Hence
[AND,BUC] € Q C &". However, [B,A],[C,D],[AN D,B U C| are members of £ with
ANDN(BUC) =, contradicting (E2). O

Hence Q satisfies (iv) by Claim 5. Recall that Q is not useful but satisfies (iii). So Q does
not satisfy (ii). That is, there exists £* € C such that Q € £*. So there exists [A*, B*] € Q—&*.

Since £* € C, we know that [Ag/, Be/] € D C £* and [C, D] € £*. So [AgrUC, BeN D] € £*
by Claim 3 and Lemma 2.4. Hence [A*, B*] = [A'/ND, B'UC for some [A’, B'| € D—{[As/, Be]}.
Since [A*, B*] ¢ £*, by Claim 4 and (E1), [B'UC, A’ N D] = [B*, A*] € £*. Since D satisfies
(ii), [A", B'] € &*. But BPN(A'ND) C B'N A" =), contradicting (E2). This proves the lemma.
"

Lemma 3.3. Let G be a graph. Let D be a cross-free family. Let [A*, B*] be an edge-cut of
G. For every [A,B] € D, let f([A,B]) =[ANB*,BUA*|. Let D' = {[A*, B*]} U{f([A, B]) :
[A, Bl € D}. Then there exists D" C D' — {[A*, B*|} with |D"| < 2|[A*, B*]| such that for
every f([A, B]) € D' — (D" U{[A*, B*]}), |f([A, B])| < |[A, B]|, and for every f([A, B]) € D",
[f([A, B))| < [[A, B]| +[[A*, B7]|.

Proof. Define D" = {f([A, B]) : [A, B] € D and some edge between A* and B* is between
AN B* and A*}. Note that for every [A, B] € D, if |f([A4, B])| > |[A, B]|, then some edge
between A* and B* is between A N B* and A*, so f([A4, B]) € D”. Furthermore, for every
[A,B] € D, |f([A, B])| < |[4, B]|+ |[A*, B*]| by the subdomularity. In addition, since there are
at most |[A*, B*]| edges between A* and B*, and for distinct [Ay, By],[As, Bs] € D, Ay N B*
and Ay N B* are disjoint, we know |D"| < 2|[A*, B*]|. This proves the lemma. =

4 Excluding immersions in 3-edge-cut free graphs

Now we focus on graphs with no edge-cut of order 3. The following theorem proved in [17]
states that in any graph with no edge-cut of order 3, every edge-tangle of large order “controls
a Kj-thorns” for some large k. (We omit the formal definition for “an edge-tangle controlling
a Kj-thorns” mentioned in the following theorem, because it requires some sentences to be
formally stated and we do not need this formal definition in this paper.)

Lemma 4.1 ([17, Theorem 6.4]). For any positive integers k and 0 with 0 > k, there ezists a
positive integer w = w(k,0) such that if G is a graph with no edge-cut of order 3, and £ is an
edge-tangle in G of order at least w, then & controls a Ky-thorns, where &y is the edge-tangle
i G of order 0 such that & C E.

Let G be a graph and &£ a collection of edge-cuts of GG of order less than a positive integer 6,
and let X C F(G). Define £ — X to be the set of edge-cuts of G — X of order less than 6 — | X|
such that [A, B] € £ — X if and only if [A, B] € £. The following is proved in [17].

Lemma 4.2 ([17, Lemma 2.6]). Let G be a graph and 0 be a positive integer. If £ is an edge-
tangle in G of order 6 and X is a subset of E(G) with | X| < 0, then € — X is an edge-tangle
in G — X of order 0 — | X|.
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Recall that a graph is exceptional if it contains exactly one vertex of degree at least two,
and this vertex is incident with a loop. The following is the structure theorem for excluding a
non-exceptional graph as an immersion with respect to an edge-tangle controlling a “thorns”
proved in [17].

Lemma 4.3 ([17, Theorem 4.6]). For any positive integers d and h, there exist positive integers
0 =0(d,h) and & = &(d, h) such that the following holds. If H is a non-exceptional graph with
degree sequence (di,ds,...,dp), where dy = d, and G is a graph that does not contain an H -
immersion, then for every edge-tangle £ of order at least 0 in G controlling a Ksg-thorns, there
exist C C E(G) with |C| < &, U C V(Q) with [U| < h —1 and a cross-free family D C €& — C
such that for every vertex v € V(G) — U, there exists [A, B] € D of order at most djyj41 — 1
with v € A.

By simply combining Lemmas 4.1 and 4.3, we obtain the following result for excluding a
non-exceptional graph as an immersion in graphs with no edge-cut of order 3 with respect to
an edge-tangle. This result will be used in proving Lemma 4.5.

Lemma 4.4. For any positive integers d and h, there ezist positive integers 6 = 6(d, h) and
€ =&(d, h) such that the following holds. If H is a non-exceptional graph with degree sequence
(dy,da, ...,dy), where dy = d, and G is a graph that does not contain an H-immersion and
has no edge-cut of order 3, then for every edge-tangle £ of order at least 6 in G, there exist
C C E(GQ) with |C| <&, U CV(G) with [U| < h —1 and a cross-free family D C & — C' such
that for every vertex v € V(G) — U, there exists [A, B] € D of order at most djy+1 — 1 with
v e A

Proof. We define the following.
e Let 0y = 0,3(d, h), where 043 is the integer § mentioned in Lemma 4.3.
e Let 0, = 0y + 3dh.
e Define 6 = wy1(3dh, 0;), where wy; is the integer w mentioned in Lemma 4.1.
e Define £ = £, 3(d, h), where &, 3 is the integer £ mentioned in Lemma 4.3.

Let H be a non-exceptional graph with degree sequence (dy,ds, ..., dy) with d; = d. Let G
be a graph that does not contain an H-immersion and has no edge-cut of order 3. Let £ be an
edge-tangle in G of order at least §. By Lemma 4.1, &, controls a Kjsg,-thorns, where &, is
the edge-tangle in G of order ¢, such that &, C £. By Lemma 4.3, there exist C C E(G) with
|IC| <& U CV(G) with |U| < h—1 and a cross-free family D C &, — C C € — C such that
for every vertex v € V(G) — U, there exists [A, B] € D of order at most djy+1 — 1 with v € A.
This proves the lemma. m

A rooted tree T rooted at a node r is a directed graph whose underlying graph is a tree such
that for every node t of T', there exists a directed path in T from r to t. A node t; of T is an
ancestor of a node ty of T if there exists a directed path in T from t; to t5. We say that 5 is a
descendant of t1 if t; is an ancestor of t5. Note that every node is an ancestor and a descendant
of itself.
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Lemma 4.5 is the heart of our global decomposition theorem. We sketch its proof here.
By Theorem 2.2 and Lemma 2.3, for a sufficiently large 6, we can obtain a #-smooth tree-
cut decomposition (7, X) such that each 6-fat O-cell defines an edge-tangle of order . For
the simplicity of the proof sketch, we do not distinguish a #-fat #-cell and the edge-tangle
defined by it. For each edge-tangle £ defined by a fat cell (call an “important edge-tangle” for
simplicity), there exists a cross-free family Dg that has a nice property as what the family D
has in Lemma 4.4. Then for each important edge-tangle £, we define C¢ to be the maximal
collection of important edge-tangles £ such that D C &£’ and those edge-tangles “form a
connected subtree” in T, and define C¢ to be the collection of the important edge-tangles not
in C¢c. Note that we can define Z to be a collection of important edge-tangles such that the
“connected subtrees in T" formed by Cg” for all £ € T form a partition of T. We expect to
define a new tree-cut decomposition (77, X'*) satisfying the conclusion of the lemma by first
for each £ € Z, replacing the “connected subtree in T formed by C¢” together with the bag of
the nodes contained in there by a new tree-cut decomposition (7%, X¢) whose every node with
sufficiently many edges in its torso“realizes” D¢, and then by properly adding edges between
the trees in {T° : £ € I} to obtain T*. There are two potential concerns in this strategy.
The first concern is that it is unclear how to add edges between those 7¢’s to obtain 7. This
concern can be resolved by first using earlier lemmas to show that for each £ € Z, there exists
a (Ce,Cg)-segregator Sg that is also a (Dg, C¢)-guard, and then using the information of Sg
to add edges to construct 7. The second concern is that it is unclear whether the resulting
(T*, X*) satisfies the conclusion of the lemma, as those Dg’s can be very “inconsistent” with
the edge-cuts given by (7, X). To resolve this concern, we use earlier lemmas to show that
for each important edge-tangle £, we can modify D¢ to obtain another cross-free family Dg o
that is more consistent with (7', X') than D and still has nice properties so that if we use Dg o
instead of Dg to construction (7, X*), then (T, X*) satisfies the conclusion of this lemma.

Lemma 4.5. For any positive integers d and h, there ezist integers n = n(d,h) > d and
¢ =&(d, h) such that the following holds. Let H be a graph with degree sequence (dy,ds, ..., dy),
where di = d, such that H has no isolated vertex. Let G be a graph with no edge-cut of order
3 such that G does not contain an H-immersion. Define H = H if H is non-exceptional;
otherwise, define H' to be a graph obtained from H by subdividing one edge. Let h' = |V (H')|
and (dy,dy, ...,dy,) be the degree sequence of H'. Then there exists a tree-cut decomposition
(T, X = (X, :t € V(T))) of G of adhesion at most n such that for every t € V(T'), there exist
Z; C E(GQ) and Uy C Xy with |Z| < & and |Uy| < B’ — 1 such that if Gy is the torso at t, then
for every v € V(Gy — Z;) — Uy, the degree of v in Gy — Zy is at most diUtH’l — 1.

Proof. We define the following.

e Let 90 = maX{04,4(d, h), 04,4(d, h + 1)} and fo = max{§4,4(d, h), f4,4(d, h + 1)}, where 94,4
and &, 4 are the integers 6 and £ mentioned in Lemma 4.4.

o Let 9260+d+2§0
e Define n = 56.
e Define £ = 86°.

Let H,G, H' be the graphs and let A’ be the integer as stated in the lemma. Note that we
may assume that GG is connected since if the lemma holds for the case when G is connected, then
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when G is disconnected, we can first obtain a desired tree-cut decomposition for each component
of G, and then add edges between the underlying trees of those tree-cut decompositions for the
components of G to obtain a tree-cut decomposition of G without increase the adhesion such
that each torso of the final tree-cut decomposition of G is obtained from a torso of the tree-cut
decomposition of some component of G by adding at most 1 isolated vertex, so the final tree-cut
decomposition of G satisfies the conclusion of this lemma as H has no isolated vertex.

By Theorem 2.2, there exists a #-smooth tree-cut decomposition (7, X') of G. Note that we
may assume that every #-cell in (T, X') consists of a node of T', since we can contract a 6-cell
into a node without violating the condition of being #-smooth. So the adhesion of (T, X) is at
most 6 — 1 < n.

If there exists no O-fat f-cell in (T, X'), then the torso at each node ¢ has at most 30 —3 < ¢
edges, so we are done by choosing 7, = F(G;) and U, = () for every t € V(T). Hence we may
assume that there exists a f-fat 6-cell in (T, X'). Let r be a node of T' contained in a #-fat 6-cell.
Recall that every 6-cell in (T, X') consists of a node of T, so the 6-fat O-cell containing r consists
of r. Let &, be the edge-tangle in G of order # defined by the #-cell containing r. Recall that
the edge-tangle in GG defined by a #-fat 6-cell is the edge-tangle stated in Lemma 2.3.

Since G is connected, there exists a function ¢ satisfying the conclusions of Lemma 2.7. So
V(«(&)) = {r}. Now we treat T" as a rooted tree rooted at .

We say an edge-tangle in GG of order 6 is important if it is defined by a 6-fat f-cell. We say
an important edge-tangle & in G of order # is an ancestor of an important edge-tangle & in
G of order 6 if some node in V(:(&;)) is an ancestor of some node in V(¢(&)); we say that &
is a descendant of &, if & is an ancestor of &. Note that every important edge-tangle in G of
order 6 is an ancestor and a descendant of itself.

Since G does not contain an H-immersion, G does not contain an H’-immersion. By Lemma
4.4, for every edge-tangle £ in G of order 6, there exist Zz C F(G) with |Z¢| < &, Us C V(Q)
with |Ug| < B’ —1 and a cross-free family Dg C € — Z¢ such that for every v € V(G) — Ug, there
exists [A, B] € D¢ of order at most dTUng —1 with v € A. Note that we may assume that every
member of D¢ has order at most d"Ug| 41— 1, for otherwise we can remove this member from Dg.
In addition, there are at most 2|Z¢| < 2£, members of Dg whose order in G — Z¢ and in G are
different, and for each such member, its order in G is at most d"Ung —1+|Z¢| < dTUng —1+&.

Hence for every edge-tangle £ of order 8, D¢ C £ is a cross-free family in G such that

e there exists Dy C Dg with |Dg| < 2¢, such that every member of Df has order at most
dyeia — 1+ &,

e cvery member of D¢ — Dy has order at most dTUg‘ 41— 1, and
o U[A,B}epg ADV(G) — Uke.
For each important edge-tangle £ in G of order 6,

o let Cc = {&: &£ is an important edge-tangle in G of order § with Dg C £’ such that there
exists no important edge-tangle £” of order # with Dg Z £” such that some path in T’
from V(¢(&)) to V(¢(E')) intersects V («(E"))},

e let Ce be the set of all important edge-tangles of order 6 not contained in Cg, and

o if £ # &, then let eg be the edge of T" with exactly one end in V(¢(€)) such that «(€) and
t(€,) belong to different components of 7" — eg.
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Claim 1: For every important edge-tangle £ in GG of order 6, there exists Sg such that S¢ is a
cross-free family and is a (Cg, C¢ )-segregator.

Proof of Claim 1: For every & € C¢, by the definition of Cg, there exists an edge e of T' with
exactly one end in ¢(£’) such that the component of T'— e containing ¢(&’) is disjoint from ¢(E")
for every £” € C¢, so by Lemma 2.7, there exists a (Cg, £')-separator, and hence there exists a
minimum (Cg, £)-separator. For every & € Cg, let [A¢/, Be] be a minimum (Cg, £')-separator.
Let F = {[Ag, Ber] : &' € Ce}. Then F is a (Cg, Ce)-segregator. By Lemma 3.1, there exists Sg
such that S¢ is a (Cg,Cs)-segregator and Sg is a cross-free family. [J

Let Z be a collection of important edge-tangles in G of order # such that

o £, €1,

e for every important edge-tangle £ in G of order 6, there exists an ancestor £ of £ such
that & € Z and € € C¢/, and

o for any distinct members &, & of Z, if £ is an ancestor of &, then & & Cg,.

Note that Z can be easily constructed by a greedy algorithm according to a breadth-search-order
of #-fat f-cells.

Claim 2: For every £ € Z and &' € Cg, there exists [C, D] € Sg such that Be e € C, where
e is the edge of T with exactly one end in V(¢(£')) such that (Jgnce, ¢(E”) and ¢«(€') belong to
different components of T" — e.

Proof of Claim 2: Since S¢ is a (Cg,Ce)-segregator, there exists [C, D] € Sg such that
either [C, D] is a minimum (Cg, £’)-separator, or C’ C C for some minimum (Cg, £’)-separator
[C", D'). Let e be the edge of T incident with V' (¢(£’)) such that g e, t(€") and ¢(€”) belong
to different components of T — e. By Statement 3 of Lemma 2.7, if [C, D] is a minimum
(Ce, &')-separator, then B,y C C; if ¢" C C for some minimum (Cg, £')-separator [C’, D],
then B,y € €' C C. Hence B, ¢y C C. O

Claim 3: For every £ € Z, S¢ is a (Dg, Cg)-guard.

Proof of Claim 3: Let [A, B] € S¢. Since S¢ is a (Cg,Cg)-segregator by Claim 1, there exists
&' € Cg¢ such that [A, B] is a minimum (Cg, &')-separator. Note that £ is important by the
definition of C¢. We further assume that the distance in 7' between V (4(€')) and V(¢(£)) is as
small as possible. Since Sg¢ is cross-free by Claim 1, it suffices to show that Dg € £’.

Suppose that Dg C &'. Since £ & C¢, there exists an important edge-tangle £” of order
such that Dg Z £” and V(:(£”)) intersects the path in 7" between V(4(€)) and V(¢(E')). So
E" € Ce. Let €” be the edge of T incident with V (:(£")) such that ¢(€) and (") belong to
different components of T — €”. So +(€”) and Ugmee, t(E") belong to different components of
T —¢e". By Claim 2, there exists [C, D] € S¢ such that Ber e C C.

Since £ € Cg, by the definition of Cg, there exists an edge e’ of T with exactly one end
in V(¢(€")) such that the component of T — €’ containing +(&’) is disjoint from V(c(E")) for
every £” € Cg. Since [A, B] is a minimum (Cg, £’)-separator, by Statement 3 of Lemma 2.7,
B ey € A.

Note that e” belongs to the path in 7" from €’ to ¢(£). So Be g1y C Ber ey € C. Hence
Beyeny € ANC. But (&) is a 0-fat O-cell, Be ey # 0. Since Sg is a cross-free family,
[A, B] = [C, D]. Since [A, B] is a minimum (C¢, £')-separator, [A, B] € £” for every £" € Cg.
Since [Ae//,b(g//), Be”,L(é‘”)] e &’ (by Statement 1 of Lemma 27) and Beuvb(g//)ﬂB = By/ﬂg//)ﬂD -
CND =0 by (E2), [A B]€&" So[B,A] € £ by (E1). Hence [A, B] is a (Cg, £")-separator.
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Since &’ is chosen so that the distance in 7" between V (¢(E)) and V' (¢(£)) is minimal, [A, B]
is not a minimum (Cg, E”)-separator. Let [A*, B*] be a minimum (Cg,E”)-separator such that
A* is maximal. So |[A*, B*]| < |[A, B]|. Since [A, B] is a minimum (C¢, £')-separator, [A*, B*]
is not a (Cg, £')-separator. Since [A*, B*| is a (C¢, £”)-separator, [A*, B*| € £'. If A C A*, then
Be/7b(g/) C AC A" so Belyb(g/) N B* = @, but [Ae/7L(g/), B (& } e by Statement 1 of Lemma
2.7, contracting (E2). Hence AU A* D A*.

If |[A*UA, B*NB]| < |[[A*, B*]|, then [A*UA, B*NB] € £"—&" and [B*NB, A*UA] € £"-&"
for every £” € C¢ by Lemma 2.4, so [A* U A, B* N B] is a minimum (C¢, £”)-separator with
A*U A D A* a contradiction. So |[A* U A, B* N B]| > |[A*, B*]|. By the submodularity,
I[A* N A, B*U B]| < |[A,B]|. So [A*N A,B* U BJ is not a (Cg,E’)-separator. Since [A, B
is a (Cg,&')-separator, [A* N A, B* U B] € £"” for every £ € C¢ by Lemma 2.4. Hence
[A*N A, B*UB] € £. Since [A*, B*] is a minimum (C¢, £")-separator, Be gy C Benygny € A*
by Statement 3 of Lemma 2.7. Hence [Ay &), Beryeny), (B, Al, [A* N A, B* U B] are members
of & such that B ey N AN (B*UB) =, contradicting (E2). This proves the claim. [J

For every £ € Z, since S¢ is a (Dg,C¢)-guard by Claim 3, by Lemma 3.2, there exists a
cross-free family D¢ ; such that

e there exists Dg; C D¢ with |Dg,| < 2&,

e cvery edge-cut in Dg; — D¢, has order at most d"Ug| 41 — 1, and every edge-cut in Dy,
has order at most dj;, — 1+ 2&,

* Upeps, A2 V(G) — U,
e Dg, C & for every £ € Cg, and
e for every [C, D] € S, there exists [A, B] € Dg; such that C' C A.
Let [Ac, &) Bee wen)] = [0, V(G)]. For every € € Z,
o let Dey = {[Ac, i) Beg )|} U{[A N Bey ye), BU Ac, ye)] : [A, B] € De 1}, and
o let Sp = {[Accuie), Beeuw@)|} U{[AN Begue), BU Accuie)] : [A, B] € Se}.

Note that for every £ € I, Sg is a cross-free family, and |[Ac, (&), Begue)]| < 0 since eg does
not belong to a #-cell. o

Claim 4: For distinct £,&" € 7T such that £ is an ancestor of £ and & € Cg, there exists
[C, D] € Sg — {[Ace.u(e), Beue)l} such that Be,, e € C.

Proof of Claim 4: By Claim 2, there exists [Cy, D] € Sg such that B.,, ) € Cp. Since &’
is a descendant of &, B, (&) € Be. &) Hence B, ey € Co N Be, ). We are done since
[Co N Beguiey, Do U A uie)] € Sg — {[Ace (e Beue)l}- U

By Lemma 3.3, for every & € Z, there exists D¢, C D¢ with

d {[ eg,u( EE,L(E)]} U {[A N Beat(g)? BU Aeg,b(g)] : [A7 B] S D/E,l} - DIS,Z and
’|D52|<2|[ cen(€)s Beeu()]] + 1Dk | +1 <20+ 2
such that

(D1) every member of D¢ — D, has order at most d;;,,, — 1,
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(D2) every member of D, has order at most d| —1+25+60 <20,

|Ug|+1

(Dg) U[A,B]E'D&Q A 2 V(G) - Ug, and
(D4) for every [C, D] € S — {Ae, u(e), Beue)}, there exists [A, B] € D¢y such that C' C A.
For every £ € Z, we define the following.

e Let T¢ be the component of T'— {eg : &' € T — {&,}} containing (&), and let ¢ be the
root of Tg¢.

o Let Gg = G[XV(Tg)]'

o Let {Tc : [C, D] € Deo—{[Acsu(e), Begute))}} be aset of |Dg o —{[Ae (e, Begu(e)) }| copies
of Tg.

e For each [C, D] € Dey — {[Acsu(e), Begu(e))} and t € V(T¢), let to be the copy of ¢ in Tt

e Let T¢ be the tree obtained from U[C’ DJEDs 2—{[A yIe by adding a new node

eg,t(€) :Beg,L(S)

te, and for each [C, D] € Dg o — {[Ac, i), Begu(e)l}, adding an edge terec.
o Let thg = ﬂ[ch}efDm D.
e For every [C, D] € De o — {[Aceu(e)s Beewe)]} and t € V(Ty), let XE = X, N C.
o Let X = (Xf :t eV (T9)).

Note that {V(Ge¢) : € € T} is a weak partition of V(G). (That is, members of {V(G¢) : £ € T}
are disjoint, and the union of all members of {V(G¢) : £ € T} equals V(G).)

Claim 5: For every £ € Z, (T¢, X¢) is a tree-cut decomposition of Gs.

Proof of Claim 5: Clearly, X¢ consists of pairwise disjoint sets. To show that (T¢, X¢) is a
tree-cut decomposition of G, it suffices to show that ¢y (e XE = Xv(ry).-

NOte that UtEV(Tg) th = Xtij U (XV(TEf) m U[C,D}ED‘Q’Q*{[AC‘E,’L(‘S),BeS’L(g)]} C)

= (Begue) N N D) U (Xv(re) N U C).

[CvD]eD572_{[AeS,L(£) 7B€£,L(£)}} [C7D}€D8y2_{[A€£,L(S)?Beg,L(S)]}

Since Xv(rz) € Beeu(e), Urevre) Xi 2 Xvire)-

Suppose U,ey (e XE # Xy 1. Then there exists v € Usevire XE — Xv(rs). Note that
V€ (Begue) N ﬂ[CleeDs,z—{[Aeg,L(5>,BE£,L(5)}} D) — Xy (1. Since v € B, ,(¢) — Xv (1), there exists
& € I —{&} such that £ is a descendant of £ and v € Xy(1,,) C Be,, ). Since £ and
&' are distinct members of Z, & € Ce. By Claim 4 and (D4), there exists [A*, B*] € De¢,
such that B, ey € A*. So v € A*. Since B, ) € A" and £ is an ancestor of &,
[S*’B*] € Deo — {[Aesu(e)s Beg )}, so v & m[C,D}eDs,r{[Aeg,m),BES,L(g)]} D, a contradiction.

For &,& € I, we say that & is a successor of & if & # &, & is a descendant of &,
and there exists no & € Z — {&1, &} such that £ is a descendant of & and is an ancestor
of &. For each £ € T and successor £ of £, by Claim 4 and (D4), there exists uniquely
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[Ceer, Degr] € Deo —{[Aceu(e) Bee )|} such that B, ey € Ceer. (Note that the uniqueness
follows from the fact that Dg 5 is cross-free.)

For each € € 7T — {&,}, let % be the end of eg other than rg.

Finally, we define the following.

e Define T* to be the tree obtained from Jgo; T¢ by for each € € Z and each successor
&' €T of £, adding an edge 7"’5,08 e

e For cach £ € Z and t € V(T¢), let X; = XF.
e Define X* = (X :t € V(T%)).

Note that by Claim 5, for each £ € Z, X‘*/(Tg) = X“i(Tg) = Xy(1p). Since {V(G¢) : € € I}
is a weak partition of V(G), (T, X*) is a tree-cut decomposition of G. We shall prove that
(T, X*) satisfies the conclusion of this lemma.

Claim 6: The adhesion of (7%, X'*) is at most 7.

Proof of Claim 6: Let e € E(T*). If e is not an edge of (Jgy 7%, then e = 1,

e,
some £,&" € I, where £ is a successor of £, so adh(p+ x+y(e) = adh(p x)(rer) by Claim 5, and

hence [adhp« x+(e)| = |adhirx)(rere)| < 0 < n. If e is an edge of g, T¢ incident with te
for some £ € Z, then by the definition of C¢ ¢ and Dgy — {[Ac, u(e), Begu(e)]}, we know that
adh(z- g+y(e) is the set of edges between C' and D for some [C, D] € Dg s — {[Acsu)s Beg )]}
so it has size at most by (D1) and (D2).

So we may assume that e is an edge of T¢ for some € € T not incident with t¢. So there exists

an edge €' of T such that e is a copy of ¢’. By Claim 5 and the definition of C¢ & for successors
&' of &, adh(p- x+y(e) is the set of edges between Ao, N C and By, U D for some [C, D] €
De o — {[Ac; u()s Beg u(e)]}, 50 it has size at most |[Ae ., Be o]| + |[C, D]| < |[Aery, Ber ]| + 20 by
(D1) and (D2). Recall that we assume that every #-cell in (T, X') is a node, so |[Ae ., Ber || < 0.
Hence |adhp+ x+)(e)| < |[Aery, Berp]| +20 <30 <n. O
Claim 7: For every t € V(T™) — {tg : £ € T}, the torso at ¢ has at most £ edges.
Proof of Claim 7: Let t € V(T*) — {te : £ € T}. Sot € V(T?) — {te} for some £ € T. Hence
there exist ¢ € V(T') and [C, D] € Dg s — {[Ac; u(6), Begu(e)]} such that ¢ = t;,. Note that every
edge of the torso at ¢ in (T, X'*) is either an edge of the torso at ¢’ in (T, X) incident with C'
or an edge of G between C' and D. If ¢’ is not contained in any 6-fat #-cell, then the torso at ¢
in (7%, X*) has at most 30 — 3 4 20 < £ edges by (D1) and (D2).

So we may assume that ¢’ is contained in some 6-fat f-cell L. Recall that we assume that
every f-cell consists of a node, so V(L) = {t'}. Hence there exists an edge-tangle £ defined
by L as mentioned in Lemma 2.3. Note that «(€) C Tz. So & € C¢ and Dg; C &L. Since
[C, D] S 'Dgg — {[AE&L((‘;), BE&L(g)]}, [C, D} = [Clﬂ Beg,b(g)a D'UAEE’L(g)] for some [C,, D/] S D&l.
Since [C",D'] € Dgy C &, by Lemma 2.3, €’ is incident with at most |[C”, D']| edges of the
torso at ¢(£r) in (T, X'). Hence C' = C" N B, ,¢) is incident with at most |[C", D']| < 6 edges
of the torso at «(€,) = L in (T, X'). Since every edge of the torso at ¢ in (7%, X'*) is either an
edge of the torso at ¢’ in (T, X) incident with C' or an edge of G between C' and D, the torso
at ¢ has at most 6 + |[C, D]| < 36 < & edges by (D1) and (D2). O

Since H has no isolated vertex, Claim 7 implies that this lemma holds for every ¢t € V(T*) —
{te : £ € T}, as one can define Z; to be the set of all edges in the torso at ¢ and define U; = 0.

o tg/ for
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Claim 8: For every € € Z, if Gy, is the torso at tg, then there exists Z C F(G) with |Z] < ¢
and U C X;, with |U| < A’ — 1 such that for every v € V(Gy,) — U, the degree of v in Gy, — Z
is at most dTU\H -1

Proof of Claim 8: Let £ € Z. Let G}, be the torso at tg. Define U = Ugz N X;,. Define
7 ={e € E(G) : e is between C' and D for some [C, D] € D ,}. Note that |U| < |Ug| < h' —1.
By (D2), |Z] < |Diy| - 20 < (20 + 26) - 20 < 867 = €.

Note that Gy, is obtained from G by for each [C, D] € D¢, identifying C' into a vertex
and deleting resulting loops. By the definition of Z, every peripheral vertex corresponding
to a member of Dgg has degree 0 in G, — Z. Note that 0 < dTU\+1 — 1 since H has no
isolated vertex. By (D1), every peripheral vertex corresponding to a member of Dgy — D,
has degree at most d\,U.glJrl —-1< dTU\H — 1. By (D3), every non-peripheral vertex of G, is in
Xie NNie,pjepe, P € U. This proves the claim. [

Claim 8 completes the proof of this lemma. =

Now we are ready to prove a global decomposition theorem for excluding H-immersions in
graphs with no edge-cut of order 3, where H is allowed to have isolated vertices.

Theorem 4.6. For any positive integers d, h, there exist integers n = n(d,h) and & = £(d, h)
such that the following holds. Let H be a graph on h vertices with mazimum degree d. Let G
be a graph with no edge-cut of order exactly 3 such that G does not contain an H-immersion.
Define H = H if H is non-exceptional; otherwise, define H' to be a graph obtained from H
by subdividing one edge. Then there exists a tree-cut decomposition (T, X) of G of adhesion at
most n such that for every t € V(T), there exists Z; C E(G) with |Zy| < £ such that if Gy is
the torso at t, then there exists a nonnegative integer ky < d such that

1. the number of vertices of degree at least k; in Gy — Z; is less than the number of vertices
of degree at least k; in H',

2. every vertex of Gy of degree at least ky in Gy — Z; is a non-peripheral vertex of Gy,

3. 4f V(T)| =1 ort is not a leaf, then every vertex in X, has degree at least k; in Gy — Zy,
and

4. if t is a leaf and |V(T)| > 2, then | X;| < 1.

Proof. Let ny = maxi<;<p+1Ma5(d, ) and & = maxy<j<pi1&a5(d, ), where 1,5 and &, 5 are the
integers 1 and £ mentioned in Lemma 4.5, respectively. Define n = n; + & and £ = &;. Note
that n > d + & by Lemma 4.5.

Claim 1: There exists a tree-cut decomposition (7', X) of G of adhesion at most 7; such that
for every t € V(T'), there exists Z; C E(G) with |Z;| < & and such that if G is the torso at t,
then there exists a nonnegative integer k; < d such that

e the number of vertices of degree at least k; in Gy — Z; is less than the number of vertices
of degree at least k; in H’, and

e every vertex of G; of degree at least k; in G; — Z; is a non-peripheral vertex of G}.
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Proof of Claim 1: We first assume that |V(G)| < |[V(H’)|. Define (T, X) to be the tree-cut
decomposition such that 7" consists of a single node t and define X; = V(G) and X = (X3).
Define Z = (). So the torso at the unique node is G, and there exists no peripheral vertex of the
torso. Note that the number of vertices of G — Z with degree at least zero is |V(G)|, and the
number of vertices of H' with degree at least zero is |V (H')|. We are done by choosing k; = 0
since |V(G)| < |V (H")|.

Hence we may assume that |V(G)| > |V(H’)|. Since G does not contain an H’-immersion,
H' contains at least one edge. Let H* be the subgraph of H' induced by all non-isolated vertices
of H'.

Since H* contains all non-isolated vertices of H" and |V (G)| > |V (H')|, G does not contain
an H*-immersion, for otherwise G contains an H'-immersion. Let (dj, ds, ..., d;.) be the degree
sequence of H*, where h* = |V(H*)|. Note that df = dand 1 < h* < |V(H')| < h+1. By
Lemma 4.5, there exists a tree-cut decomposition (7', X') of G of adhesion at most 7; such that
for every t € V(T'), there exist Z; C E(G) and U; C X, with |Z;| < & and |U;] < h* — 1 such
that if Gy is the torso at ¢, then for every v € V/(Gy — Z;) — Uy, the degree of v in Gy — Z; is at
most djy,,, — 1. Since for every t € V(T), Uy C X, every peripheral vertex of G; has degree
less than dI*UtIH in G; — Z;, and the number of vertices of G; — Z; with degree at least dI*UtIH
is at most Uy, but the number of vertices of H* with degree at least dy, ., is at least [Uy| + 1.
Since H* is a subgraph of H’, the claim follows by defining k; = dTU” - U

For every node t € V(T), let S; be the set of vertices in X; of degree in G; — Z; less than
k. Define T" to be the tree obtained from T by for every node t € V(T'), attaching |S;| leaves
to t. Note that there exists an obvious bijection between S; and the new leaves attached to ¢.
For every t € V(T), define X{ = X; — S;; for every t € V(T) and a leaf ¢’ in V(T") — V(T
adjacent to t, define XJ, to be the set consisting of the vertex in S; corresponding to ¢'. Define
X'=(X]:teV(T"). Foreach t' € V(T") — V(T), define Zy = Z; and define ky = k;, where ¢
is the node of T" adjacent in 7" to t'.

Since ky < d < n— & for each t € V(T), the adhesion of (7", X’) is at most 7. For every
t € V(T'), let G} be the torso at t in (T",X"). For every t € V(T), GG} is obtained from G,
by deleting loops incident with S;. For every t' € V(T") — V(T), G} consists of at most two
vertices, where each vertex has degree at most ky — 1 = k; — 1 after deleting Z;/, where t is the
neighbor of ¢ in T". So (1", X') satisfies Statements 1-3 of this theorem.

Hence we may assume that |V (T")| > 2, for otherwise we are done. Since (7", X”) satisfies
Statement 2 and |V (T")| > 2, we know for every t € V(T"), G} contains a peripheral vertex of
degree at least 0, so k; > 1.

For every leaf ¢t of T" with | X]| > 2, t is a leaf of T with S; = (), so X; = X] and every vertex
in X has degree at least k; in Gy — Z; = G}, — Z;. Let T* be the tree obtained from 7" by for
each leaf ¢t of 7" with |X/| > 2, attaching a leaf adjacent to t. For each t € V(T*) — V(T"),
define X; = {); for each t € V(T”), define X; = X|. Let X* = (X : t € V(T*)). Then (T*, X*)
is a tree-cut decomposition of G with the same adhesion as (77, X”).

For each t € V(T*) — V(T"), let Z, = 0 and k, = d. For each t € V(T*), let G; be the
torso at t. For each t € V(1) — V(T"), G} consists of an isolated vertex, and this vertex is a
peripheral vertex. Note that if ¢ € V(T”) with G} # G}, then t is a leaf of 7" with |X/| > 2
and S; = 0, and G7 is obtained from G} by adding an isolated vertex. Recall that k; > 1 for
every t € V(T"), so (T*, X*) satisfies Statements 1 and 2. If ¢ € V(T™) is not a leaf in 7 but
is a leaf in 7", then t € V(T"), | X]| > 2, and S; = 0. Since (7", X’) satisfies Statement 3, so
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does (T*, X*). Since every leaf ¢ of T* either is a leaf of 7" with |X/,| = 1 or satisfies X; = (),
(T*, X*) satisfies Statement 4. This proves the theorem. m

5 Simple byproducts

Let G be a graph. Let (T, X = (X; :t € V(T))) be a tree-cut decomposition of G. We say
that (T, X) is a weak carving if |X;| = 1 for every leaf ¢t of T', and X; = () for every non-leaf
node t of T. We say that (T, X) is a carving if it is a weak carving such that every node of T’
is of degree 1 or 3. The carving-width of GG is the minimum w such that G admits a tree-cut
decomposition that is a carving of adhesion at most w.

The first objective of this section is to prove Proposition 1.9.

Lemma 5.1. Let G be a graph. Let w be a nonnegative integer.
1. If the tree-cut torso-width of G' is at most w, then the carving-width of G is at most w.

2. If the carving-width of G is at most w and G is loopless, then the tree-cut torso-width of
G is at most 3w/2.

Proof. We first assume that the tree-cut torso-width of GG is at most w. So there exists a
tree-cut decomposition (T, X = (X; : t € V(T))) of G of torso-width at most w. Let 7" be
the tree obtained from 7' by for each t € V(T'), attaching |X;| leaves incident with ¢. Note
that there exists an bijection between X; and the set of new leaves attached to ¢t. For every
t' e V(T —=V(T), t' is a leaf attached to anode t € V(T'), and we let X/, be the set consisting of
the vertex in X, corresponding to ¢'; for every ¢ € V(T'), let X}, = 0. Let X' = (X : t € V(T)).
Then (77, &X") is a tree-cut decomposition of G such that for every t' € V(71”), the torso at t’
in (7", X’) is obtained from the torso at ¢ in (7, X") for some t € V(T') by identifying vertices
and deleting some loops. So the torso-width of (77, X’) is at most w and (7", X’) is a weak
carving. We shall modify 7" to be a cubic tree without increasing the torso-width. Let ¢ be a
node of T” such that the degree of ¢ in 7" is at least four. Let z,y be neighbors of ¢t and let
T,,T, be the components of T — ¢ containing z,y respectively. Let T be the tree obtained
from T by deleting the edges tx,ty and adding a new vertex t* and new edges t*x, t*y, t*t. For
every t € V(T"), let X] = X;; let X[ = (. Let X’ = (X[ : t € V(T")). Then (T", X") is
a weak carving with torso-width at most the torso-width of (77, X’) such that the number of
edges of T" incident with nodes of degree greater than 3 is smaller than the number of edges
of T" incident with nodes of degree greater than 3. So by repeatedly applying this process, we
may assume that every node of 7" has degree at most three. Since (7", X’) is a weak carving,
if there exists t € V(T") of degree 2 in 7", then we can contract an edge of 7" incident with ¢
to obtain a weak carving with fewer nodes of degree 2 without increasing the torso-width. So
by repeatedly applying this process, we obtain a carving of torso-width at most w and hence
of adhesion at most w.

Now we assume that G is loopless and the carving-width of G is at most w. Let (T*, X*) be
a carving with adhesion at most w. For every ¢t € V(T™), let G; be the torso at ¢ in (7%, X*).
If ¢ is a leaf, then GG; has at most w edges since G is loopless. If ¢ is not a leaf, then for each
edge of Gy, there exist two components 77,75 of T'— ¢ such that one end is in Xy (1) and one
end is in Xy (p,); since the adhesion of (T, X*) is at most w and ¢ has degree three in T, there
are at most 3w/2 edges in G;. So the torso-width of (7, X*) is at most 3w/2. =
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Lemma 5.2. Let G be a graph of tree-cut torso-width w. Then for every integer 6 with w+1 <
0 <|E(G)|, G admits a 0-smooth tree-cut decomposition (T, X) of torso-width w with no k-cell
for every w+1 <k <86.

Proof. Let (T, X') be a tree-cut decomposition of G of lexicographically minimum 6-signature.
By Theorem 2.2, (T, X) is f-smooth.

Suppose there exists a k-cell in (T, X') for some k with w4+ 1 < k < 6. Since the tree-cut
torso-width of G is w, there exists a tree-cut decomposition (7", X”) of G such that no torso at
a node of T" in (7", X’) has at least w + 1 edges. So (71", X’) has adhesion at most w and has
no r-cell for every w +1 < r < |E(G)|. Hence the #-signature of (7", X’) is smaller than the
f-signature of (7', X'), a contradiction.

So there exists no k-cell in (T, X) for every w + 1 < k < 6. If there exists t € V(T') such
that the torso at ¢ has more than w edges, then ¢ is contained in a (w + 1)-cell, a contradiction.
So the torso-width of (7', X) is at most w. =

Lemma 5.3. Let G be a graph. Let w be a positive integer. If the tree-cut torso-width of G is
at most w, then there exists no edge-tangle of order at least w+ 1 in G.

Proof. If there exists an edge-tangle £ of order € in G for some 6 > w + 1, then for every
tree-cut decomposition (7', X') of G, by Lemma 2.5, there exists a f-cell in (T, X'), so the tree-cut
torso-width of G is at least 8 > w + 1 by Lemma 5.2, a contradiction. m

Lemma 5.4. Let G be a graph. Let 6 be a positive integer. If there exists no edge-tangle of
order 6 in G, then the tree-cut torso-width is at most 360 — 3.

Proof. Let w the tree-cut torso with of G. Let (T, X’) be a tree-cut decomposition of G with
lexicographically minimum 6-signature. By Theorem 2.2, (T, X) is f-smooth. If w > 36 — 2,
then there exists a node ¢ of T" such that the torso at ¢ in (7, X) has at least 30 — 2 edges,
so t is contained in a @-cell whose torso has at least 30 — 2 edges, and hence there exists an
edge-tangle of order 6 by Lemma 2.3, a contradiction. Hence w < 360 —3. =

Proof of Proposition 1.9: It immediately follows from Lemmas 5.1, 5.3 and 5.4. [J

Now we prove Corollary 1.5. For an integer k, we say that a graph G is k-simple if every
vertex of GG is incident with at most k& loops and for every pair of distinct vertices of G, there exist
at most k parallel edges between them. The following corollary immediate implies Corollary
1.5.

Corollary 5.5. For any positive integers d,h with d > 4, there exists a positive integer & =
&(d, h) such that the following hold. If G is an H-immersion free graph for some graph H on at
most h vertices with maximum degree at most d, and every component of G does not have an
edge-cut of order k for every 3 < k < d — 1, then there exists a tree-cut decomposition (T, X)
of G of adhesion at most & such that

1. the mazimum degree of T — S is at most &, where S = {e € E(T) : |adhrx)(e)| < 2},
and

2. | X <& for everyt € V(T).

In particular,
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1. G has tree-cut width at most 2¢, and

2. if every component of G is d-edge-connected, and there exists an integer k such that G is
k-simple, then G has tree-cut torso-width at most (k+1)&?, carving-width at most (k+1)&>
and maximum degree at most (k + 1)&2.

Proof. Define & = max{h,n46(i,7),2846(7,7) : 7 € [d],7 € [h+ 1]}, where ns¢ and &, are the
integers 17 and £ mentioned in Theorem 4.6, respectively.

Let H be a graph on at most h vertices with maximum degree at most d. Let GG be an
H-immersion free graph whose every component does not contain any edge-cut of order k for
every 3 < k < d—1. Let H' be the graph obtained from H as defined in Theorem 4.6. By
Theorem 4.6, there exists a tree-cut decomposition (T, X') of G of adhesion at most £ such that
for every t € V(T'), there exists Z; C E(G) with |Z;] < /2 satisfying the conclusion of Theorem
4.6. In particular, for every t € V(T'), every peripheral vertex of the torso at ¢ has degree less
than d after deleting Z;. Since every component of G does not contain an edge-cut of order &
for every 3 < k < d — 1, we know for every ¢t € V(T'), every peripheral vertex of the torso at ¢
with degree at least 3 is incident with an edge in Z;, so there are at most 2|Z;| < ¢ peripheral
vertices with degree at least 3. Let S = {e € E(T) : |adh(yx)(e)| < 2}. Hence the maximum
degree of T'— S is at most £. In addition, for every t € V/(T'), | X¢| < |V(H')| -1 < h <E&.

Hence, for every t € V(T'), the torso at t has at most £ peripheral vertices with degree at
least 3, so the 3-center of the torso at t has at most | X;| + & < 2¢ vertices. Since the adhesion
of (T, X) is at most &, the tree-cut width of G is at most 2¢.

When G is d-edge-connected, S = ). Hence if G is d-edge-connected and k-simple for some
positive integer k, then for every t € V(T'), the torso at ¢ has at most £ peripheral vertices
and at most k| X;| + k‘(l)gt‘) + &2 < (k + 1)&% edges, so the tree-cut torso-width of G is at most
(k + 1)&2, and hence the carving-width of G is at most (k + 1)&% by Lemma 5.1, and hence
the maximum degree of G is at most (k + 1)&2. Therefore, if every component of G is d-edge-
connected and k-simple, then the tree-cut torso-width, carving-width and maximum degree are
at most (kK +1)&%. =

The rest of the section is dedicated to a proof of Theorem 1.6.

Let £ be a positive integer. A tree-cut decomposition (7', X') of a graph is -nice if it has
adhesion at most &, and for every t € V(T'), the torso at t is obtained from a graph on at most
& vertices by attaching leaves adjacent to X;. A graph is £-nice if it admits a &-nice tree-cut
decomposition.

Lemma 5.6. Let £ be a positive integer. Let (T, X = (X; : t € V(T))) be a -nice tree-cut
decomposition of a graph G. Then either

1. there exists an edge e = tity of T such that for each i € (2], there exist at least 5| E(G)|
edges of G incident with Acy, and G[A.y,] is a E-nice graph with at least 5| E(G)| — &
edges, or

2. there exist t* € V(T) such that either |E(G[X-])| > $|E(G)|, or there exists a partition
{Uy,Us} of the set of the components of T' — t* such that for each i € [2], the number of
edges of G incident with \Jocy, Xv(c) is at least 3|E(G)).
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Proof. Since (T, X) is &-nice, the adhesion of (7, X') is at most £. So we may assume that for
every edge e of T, there exists an end ¢ of e such that there are less than 5| E(G)| edges of G
incident with A.;, for otherwise Statement 1 holds. So for every edge e of T, there uniquely
exists an end ¢ of e such that there are less than $|E(G)| edges of G incident with A, and we
assign a direction of e such that ¢ is the head of e. Hence we obtain an orientation of E(T). So
there exists a node t* of T with out-degree 0.

We may assume that |E(G[X.])| < §|E(G)], for otherwise we are done since Statement 2
holds. So T contains at least two nodes, and there exist at least | E(G)| edges incident with
V(G) — X Let Ty, T, ..., T}, (for some positive integer k) be the components of 7' — t*. For
each i € [k], let ¢; be the neighbor of t* contained in Tj. Since there exist at least $|E(G)| edges
incident with V' (G) — Xy, there exists the minimum m such that there are at least 3| E(G)] edges
of G incident with (J7_, By, y,. Let U1 ={T,: i € [m]} and let Uy = {T; : m+1 < i < k}. Since
for each ¢ € [k], there are less than 3| E(G)| edges incident with By, 4, by the minimality of m,
there are at least 3|E(G)| edges of G incident with (Jec;;, Xc and there are at most 2|E(G)|
edges of G 111(31dent with Jeey, Xv(e). Hence there are at least (3 — 2)|E(G)| = 2|E(G)| edges
of G incident with (Jocy, Xv(c). ®

Lemma 5.7. For every positive integer £, there exists an integer ¢ = c(§) such that for every
positive integer m, the number of unlabelled m-edge &-nice graphs with no isolated vertex is at
most ¢ /m3 T,

Proof. Let a = 10'%”. Define ¢ = a*.
We shall prove this lemma by induction on m. Note that every m-edge graph with no isolated

vertex has at most 2m vertices. So there are at most ((2;n );27”_1) < (3m?)™ vertex-labelled
(and hence unlabelled) m-edge graphs with no isolated vertex.

When m < a, there exist at most (3m?)™ < (3a?)* < e < m§§ZL+4 such graphs, so we
are done. Hence we may assume that m > a and for every positive integer x with x < m, the
number of unlabelled z-edge &-nice graphs with no isolated vertex is at most ¢*/ 238,

By Lemma 5.6, every m-edge £-nice graph G with no isolated vertex admits a &-nice tree-cut

decomposition (7', X') satisfying one of the following.

(i) There exists an edge e = t;ty of T such that for each i € [2], G[A.4] is a {-nice graph
with at least %* — & > 7 edges and with at most ¢ isolated vertices.

(ii) There exists t* € V(T') such that [E(G[X-])| > 7.

(iii) There exist t* € V(T') and a partition {Ul, Us} of the set of components of T' — ¢* such
that for each i € [2], there are at least 22 5+ edges of G incident with ey, Xv(0)-

We first count the number of graphs satlsfymg (). For each i € [2], let m; = |E(G[Ac))]s
s0 G[Aey,] is a 5 nice graph with m; edges and with at most ¢ isolated vertices, and hence there
are at most - (€ + 1) such graphs by the induction hypothesis. Since each G[A.,] has at

352+4

most & isolated vertices, |V (G[Aey])| < 2m; + & Therefore, there are at most 3-52 (& +1)-

35 +4 <§_|_1> ((2m1+£>(2m2+§))€ < 435 +4.mq 435 +4mo (2m)25+2 < cmitme 465 +s+9 < om

m3E2+4 m3E2+4 mB3E2+4 3624226 — 3yp3e2+4

unlabelled m- edges -nice graphs with no isolated vertex satisfying (i).
Second, we count the number of graphs satisfying (ii). Let mg = |FE(G[Xy+])|. Then G —
E(G[X+]) is an (m —mg)-edge &-nice graph with at most | X« | < € isolated vertices. If mg = m,
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(lXt*\

then there are at most m, * ) < mt <3 such graphs, since m > a. So we may assume

3.52 +4
mo

that mg < m. By the induction hypothe81s, there exist at most (mm - (£ 4+ 1) such

‘Xt*‘

G — E(G[X]). Since mg > g and m > a, there are at most m(() ) _enomo E+1) <

(m—m0)3§2+4
meu(m’fmo)?’gQH'c_mo m& (E41) < m:meJrzl L/ AP (e 1) < mg% m-edge unlabelled
&-nice graphs with no isolated vertex satisfying (ii).

Now we count the number of graphs satisfying (iii) but not satisfying (ii). Let G; =
G[Xt- UlUcer, Xvio)l: Let Go = G[Xp+ UUgey, Xvie)] — E(G1). Note that Gy and Gy are
edge-disjoint subgraphs of G. In addition, the adhesion of (T, X) is at most £ and the torso
at t* is obtained from a graph on at most £ vertices by attaching leaves adjacent to X, so
there are at most &% edges of G not belonging to F(G;) U E(Gs). For i € [2], let m; be the
number of edges of G;, so m; > 2 — & — |E(G[X])| > 2 — & > 2 and my +my < m. So
for each i € [2], there exist at most &2 + | X;+| < €2 + € isolated vertices in G, so it has at most

2m; 4 &£ + ¢ vertices. By the induction hypothesis, there are at most (£2 4 &+ 1) —$z— possible

352

unlabelled Gy, and there are at most Zj:l ( Nl (P + &+ 1) 352 - < mfHL <72 possible

362+4

G5 with at most & vertices labelled by the elements in Xy« and ngh other vertlce28 unlabelled.
Therefore, there exist at most (£2 4+ & +1)—% 352+4 &1 ,03?214 ((2my +E24+6)(2ma+E24+6))E <
my

_cmtme 40368244 10367 +4 L qe2 | 6t &2 o gmtme (362 44) | 644 0267 _
—eraerra - 10 10 3% -m (9m )< el L[ m m* < e

unlabelled m-edge &-nice graphs with no isolated vertex satisfying (iii).
Therefore, there are at most 3 - —<; unlabelled m-edge &-nice graphs with no
isolated vertex. m

—_ _cn
Im 3§2+4 T mB3&2+4

The following is a restatement of Theorem 1.6.

Theorem 5.8. Let d, h be positive integers with d > 4. Then there exists a positive integer c
such that for every graph H with mazximum degree at most d on at most h vertices, and for
every positive integer m, there are at most ¢ unlabelled m-edge H-immersion free graphs with
no isolated vertex whose every mazximal 2-edge-connected subgraph is d-edge-connected.

Furthermore, there exists a positive integer b such that for every graph H with maximum
degree at most d on at most h vertices and for every positive integer n, there are at most
b"™ unlabelled n-vertex simple H-immersion free graphs whose every mazimal 2-edge-connected
subgraph s d-edge-connected.

Proof. Let £ = &5(d, h), where &5 is the integer ¢ mentioned in Corollary 5.5. Define
¢ = c57(26 + 1), where c57 is the integer ¢ mentioned in Lemma 5.7. Define b = ¢™*7.

Let H be a graph with maximum degree at most d on at most h vertices. By Corollary
5.5, every d-edge-connected graph with no H-immersion is 2¢-nice. Hence it is clear that every
connected H-immersion free graph whose every maximal 2-edge-connected subgraph is d-edge-
connected is 2&-nice. So every H-immersion free graph whose every maximal 2-edge-connected
subgraph is d-edge-connected is (2 + 1)-nice. Therefore, by Lemma 5.7, there are at most ¢™
unlabelled m-edge H-immersion free graphs with no isolated vertex such that every maximal
2-edge-connected subgraph is d-edge-connected.

Since every simple graph with no H-immersion has no Kj-immersion, by [12, Theorem 1.4],
every simple n-vertex graph with no Kj-immersion has at most (7h + 6)n edges and has at
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most 7 isolated vertices. So there are at most (n + 1)c™*6" < p" unlabelled n-vertex simple
H-immersion free graphs whose every 2-edge-connected subgraph is d-edge-connected. m
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