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Abstract. In this paper, we prove a structure theorem for the infinite union

of n-adic doubling measures via techniques which involve far numbers. Our
approach extends the results of Wu in 1998, and as a byproduct, we also prove

a classification result related to normal numbers.

1. Introduction

The goal of this paper is to establish a structure theorem for n-adic doubling
measures (including dyadic doubling measures n = 2), a key area of importance
in harmonic analysis and related fields, as discussed below. As a byproduct of our
work, we prove a statement involving a classification related to normal numbers.

We begin with recalling several definitions. A doubling measure µ is a measure for
which there exists a positive constant C such that for every interval I ⊂ R, µ(2I) ≤
Cµ(I), where 2I is the interval which shares the same midpoint of I and twice the
length of I.

We will focus on n-adic intervals, n ∈ N:

I =

[
k − 1

n`
,
k

n`

)
, `, k ∈ Z.

The n-adic children of the interval defined above are

(1.1) Ij =

[
k − 1

n`
+
j − 1

n`+1
,
k − 1

n`
+

j

n`+1

)
, 1 ≤ j ≤ n.

A measure µ is a n-adic doubling measure on R if there exists a positive constant
C, independent of all parameters, such that for any n-adic I,

(1.2)
1

C
≤ µ(Ij1)

µ(Ij2)
≤ C, 1 ≤ j1, j2 ≤ n,

where both Ij1 and Ij2 are some n-adic children of I defined in (1.1). We denote
the collection of all n-adic doubling measures by Dn.

Doubling measures are a classical topic in analysis and they have many deep
connections to other fields, such as PDE. The well-known Muckenhoupt Ap weights
and reverse Hölder weights are all automatically doubling, and the doubling prop-
erty is the key point of the definition of spaces of homogeneous type. For more
background and applications of doubling measures (particularly from a more mod-
ern perspective), see, for example [4], [5], [7], [9], [10], [11], [12], [13]. In particular,
dyadic doubling measures have been central to a rich area of study, see, for example
[6]. The study of the union as well as the intersection of n-adic doubling measures
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is a recent topic. It dates back to Wu’s work [15, 16] in 90s on using the null set to
characterize the n-adic doubling measures, in particular, she proved the following
result.

Theorem 1.1 ([15]). For any two integers A and B greater than 2, logA
logB is irra-

tional if and only if DA 6⊆ DB and DB 6⊆ DA.

A natural question to ask is whether we can extend the above result to inter-
section or unions of n-adic measures. Here is some recent work along this line of
research.

1. In unpublished work of Jones, he proved that any finite intersection of
the prime BMO function classes is never equal to the full BMO function
class (for more details about this see [8]). Since then, a folkloric question
has been: “does an analogue of Jones’s result hold for p-adic doubling
measures?” This proved a difficult extension that was answered recently by
[3] and [2], described in items 2. and 3. below.

2. The first work which extends Wu’s type of results to the union or the
intersections of Dn’s was due to Boylan, Mills and Ward [3], which also
was the first step to answering the folkloric analogue of Jones’s question
above;

3. In our recent work [2], we answer the analogue of Jones’s question for
measures by proving that for any finite family of primes pi, there exists a
measure that is pi-adic doubling yet not doubling. Additionally we extend
this result to the setting of Muckenhoupt Ap and reverse Hölder weights.

The results in [2] left several open question (both implicit and explicitly stated).
In this paper, we completely resolve one of these by proving the following structure
theorem for unions of n-adic measures. Here is the main result.

Theorem 1.2. Let {ni} and {mj} be any sequences of integers greater than 2.
Then the following statements are equivalent:

(1). There exists some i ≥ 1 such that

log ni
logmj

∈ R\Q, ∀j ≥ 1;

(2). ⋃
i≥1

Dni 6⊆
⋃
j≥1

Dmj .

Remark 1.3. Here are some remarks for Theorem 1.2.

1. Clearly, Theorem 1.2 generalizes Theorem 1.1;

2. The proof of Theorem 1.1 by Wu follows from a study of the null sets of n-
adic doubling measures, which is based on Kronecker’s theorem on irrational
numbers, namely, for r being irrational, the set {kr (mod 1) : k ∈ Z} is
dense on [0, 1). To our best knowledge, Wu’s approach seems difficult to
extend to the situation when we try to understand the behavior of the union
or the intersection of Dn. More precisely, for x ∈ R with ‖x‖ > 1

10 , where
‖x‖ denotes the distance form x to the nearest integer, let

J :=

{
j : j ∈ N, ‖jx‖ > 1

20

}
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The proof in [15] relies on defining corresponding J for a specially chosen
sequence of xi ∈ R and noting that for all these xi (where ‖xi‖ > 1

10 ), J c

contains no consecutive integers. To establish a result as in Theorem 1.2,
we likely would need to do the same for the sets

J̃ :=

{
j : j ∈ N, ‖jx1,i‖, ‖jx2,i‖ >

1

20

}
where ‖x1,i‖, ‖x2,i‖ > 1

10 , which would in turn involve showing that unions
of sets like J c do not contain consecutive integers. This appears quite
challenging. Hence we decided to take a completely different approach;

3. Our approach is based a systematic study of far numbers on R (see, [1]).
The advantage of our method is two-fold. First, our approach is simpler
and less technically reliant than the argument in [15], avoiding the construc-
tion of certain auxiliary n-adic doubling measures and iteration arguments.
Second, we are able to extend this type of structure theorem to the union
of n-adic measures (namely, Theorem 1.2);

4. Note that Dm = Dma for any integer a ≥ 1. This fact follows easily from
the definition, but will contribute to an important reduction step in our
proof (see Section 3.2). Note that this fact can be thought of as a version
of Hensel’s lemma in analysis: that is, that m-adic doubling measures (and
in particular p-adic doubling measures for any prime p) can be “lifted” to
ma-adic doubling measures for a ≥ 1.

We prove this via an explicit construction that heavily weaves in number theory.

Remark 1.4. An important observation for the construction (see the next section for
details) is that all the intervals involved only depend on {ni} and are independent
of {mj}. This is very different from

1. The null set construction in [15];

2. The exotic measures in [2, 3].

This is why we are allowed to prove a structure theorem for infinite unions of n-adic
measures instead of simply finite ones..

To begin with, we recall the definition of n-far numbers (see [10], [1]).

Definition 1.5. A real number δ is n-far if the distance from δ to each given
rational k/nm is at least some fixed multiple of 1/nm, where m ≥ 0 and k ∈ Z.
That is, if there exists C > 0 such that

(1.3)

∣∣∣∣δ − k

nm

∣∣∣∣ ≥ C

nm
, ∀m ≥ 0, k ∈ Z,

where C may depend on δ but independent of m and k. Note also that 0 < C < 1.

Remark 1.6. Note that in the first condition in Theorem 3.8, we cannot interchange
the role of m and n. Indeed, for example, 1

6 is 2-far while 1
2 is not 6-far.

We need the following result from [1].

Proposition 1.7. All rationals except those of the form k
nm ,m ≥ 0, k ∈ Z are

n-far numbers.

The rest of the paper is devoted to prove Theorem 1.2.
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2. Proof of the main result: Part I.

We begin with observing that it is suffices to check that (2) implies (1). Indeed,
assuming (1) fails, we see that for each i ≥ 1, there exists some ji ≥ 2, such that
logni

logmji
∈ Q, which means there exists some ni ∈ Z such that both ni and mji are

some powers of ni. This further implies for each i ≥ 1, Dni = Dni = Dmji
(this

fact is easy to see using the definition), which contradicts (2).
In the rest of this paper, we prove (1) implies (2). The desired result clearly

follows from the following result.

Theorem 2.1. Let n := ni and {mj} ⊆ Z satisfy the assumption in (1). Then
there exists a measure µ on R, such that µ is n-adic doubling but not mj-adic
doubling for any j ≥ 1.

2.1. Construction of µ. To begin with, we simply let the restriction of µ on
(−∞, 0) be the Lebesgue measure, and we will re-distribute the weights on [0,∞).
Take any a, b > 0 with

(2.1) a+ b = 2 and 0 < a < 1 < b.

Now on each ` ∈ N, we re-distribute the weight on the interval [`, `+ 1) as follows.

Step I: Note that [`, ` + 1) is a n-adic interval. We assign the weight a to its
leftmost n-adic child and b to its rightmost n-adic child, that is

µ
∣∣
[`,`+ 1

n ) = adx and µ
∣∣
[`+n−1

n ,`+1) = bdx.

While for all other n-adic children, the weights there remain unchanged;

Step II: Repeat the procedure ` + 1 times in Step I to all the n-adic children
whose weights have been redistributed from the previous step. For example, for the
n-adic child

[
`, `+ 1

n

)
which has been selected in Step I, we let

dµ
∣∣
[`,`+ 1

n2 ) = (a2)dx and dµ
∣∣
[`+n−1

n2 ,`+ 1
n ) = (ab)dx,

and

dµ
∣∣
[`+ j

n2 ,`+ j+1

n2 ) = adx, j ∈ {1, . . . , n− 2}.

We plot the measure µ when n = 3 (see, Figure 1).
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1 a 1 b a2 a ab 1 ba b b2 a3

Figure 1. µ with n = 3, where the blue parts refer to the weights
associated to each interval.

We have the following observation.

Lemma 2.2. µ is n-adic doubling but not doubling.
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Proof. It is clear that µ is n-adic doubling, as the ratio (1.2) for any n-adic interval
is either a

b , 1 or b
a .

Next we argue that µ is not doubling. Indeed, this follows by comparing the
weights near the integer points. More precisely, for each ` ≥ 1, note that on its
left hand side, there is an n-adic interval with weight b` with sidelength 1

n` ; while

on its right hand side, there is an n-adic interval with weight a`+1 with sidelength
1

n`+1 . Then, for example, we might consider the interval[
`− 1

n`+1
, `+

1

n`+1

)
,

whose left half has weight b`, while right half has weight a`+1. The desired claim
is clear. �

In the rest of the paper, we show that the measure µ constructed above is not
m-adic doubling with m satisfying

(2.2)
log n

logm
∈ R\Q.

Without loss of generality, we may assume n ≥ 3, otherwise, that is if n = 2, we
simply replace it by n = 4, as D2 = D4.

We include some motivation before we proceed. The key observation is that
condition (2.2) is indeed not equivalent to the far number characterization. For

example, log 12
log 18 is irrational, however, neither 1

12 is 18-far nor 1
18 is 12-far, since

1
12 = 27

182 and 1
18 = 8

122 , respectively. This suggests us to consider two different
cases:

I. 1
n is m-far;

II. 1
n is not m-far.

For the first case, since 1
n is m-far, this means 1

n is “far away” from all rationals

of the form k
m` , and hence it suffices to consider sufficient small m-adic intervals

near the points `+ 1
n for ` large. While for the second case, we shall later see that

this reduces to the solubility of a certain equation (see, (3.1)), which allows us to
modify the argument from the first case so that the ratio (1.1) will “blow up” as
desired.

In the rest of this section, we will focus on the case when 1
n is m-far, while we

postpone the more complex second case to the next section.

2.2. Proof of Theorem 2.1: the far number case. For ` sufficiently large, we
consider the point `+ 1

n and the interval

I` :=

[
`+

1

n
− 1

n`+1
, `+

1

n
+

1

n`+1

)
.

By the construction of µ, the weights associated to I` are ab` on its left half and 1
on its right half.

Take any intetger `′ > (`+1) log n
logm and let J`′ be the unique m-adic interval which

contains ` + 1
n with sidelength m−`

′
. Note that by the choice of `′, J`′ ⊂ I` and
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moreover, since 1
n is m-far, `+ 1

n does not coincide with any endpoints of J`′ . We
consider three cases. To this end, we denote

J`′,L := the leftmost m-adic child of J`′

and

J`′,R := the rightmost m-adic child of J`′ .

Case I: `+ 1
n /∈ J`′,L ∪ J`′,R. In this case, it suffices to note that

(2.3)
µ(J`′,L)

µ(J`′,R)
= ab`.

(see, Figure 2).

` + 1
n
− 1

n`+1 ` + 1
n

` + 1
n

+ 1
n`+1

ab` 1

J`′

J`′,L J`′,R

Figure 2. The far number case: Case I.

Case II: ` + 1
n ∈ J`′,L. Let l (J`′) be the left endpoint for J`′ . Note that l (J`′)

is of the form k
m`′ for some k ∈ Z, this implies that∣∣∣∣l (J`′)− (`+

1

n

)∣∣∣∣ ≥ C

m`′
,

for some C > 0 only depends on m and n, where we have used the fact that 1
n is

m-far. Moreover, we can also conclude that C < 1
m . Indeed, since ` + 1

n ∈ J`′,L
and l (J`′) + 1

m`′ = k+1
m`′ 6= `+ 1

n (since 1
n is m-far), it follows that∣∣∣∣l (J`′)− (`+

1

n

)∣∣∣∣ < 1

m`′+1
,

which together with (2.3) gives the desired assertion.
Therefore, we have

(2.4)
µ (J`′,L)

µ (J`′,R)
≥
ab` · C

m`′ +
(

1
m − C

)
· 1
m`′

1
m`′+1

≥ Cm · ab`.

(see, Figure 3).

Case III: ` + 1
n ∈ J`′,R. The third case can be treated as an application of the

previous two cases. Indeed, by a similar argument as in Case II, we can see the ratio
(1.1) with respect to any two of the m-adic children of J`′ is of size 1. Therefore,
instead of considering J`′ , we consider J`′,R and check whether the point ` + 1

n
locates in the rightmost m-adic child of J`′,R or not: if not, then we can apply the
argument in Case I and Case II at this smaller scale to get estimates as in (2.3)
and (2.4); otherwise, we simply go down to the next smallest scale and repeat this
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` + 1
n
− 1

n`+1 ` + 1
n

` + 1
n

+ 1
n`+1

ab` 1

J`′

J`′,L J`′,R

Figure 3. The far number case: Case II.

procedure. Note that this procedure will stop in finite steps as the distance between
`+ 1

n and the right endpoint of J`′ is fixed (see, Figure 4).

` + 1
n
− 1

n`+1 ` + 1
n

` + 1
n

+ 1
n`+1

ab` 1

J`′

J`′,L J`′,R

Figure 4. The far number case: Case III.

In conclusion, if 1
n is m-far, we have proved that, for each interval [`, `+1), there

exists a sufficiently small m-adic interval containing the point `+ 1
n , such that the

maximum of the ratio (1.1) is bounded below by min{Cm, 1} · ab`, which clearly
blows up when ` converges to infinity.

3. Proof of the main result: Part II.

In this section, we prove Theorem 2.1 under the assumption that 1
n is not m-far.

To begin with, we first make a remark that our approach in the previous section
might not work: indeed, since 1

n is not m-far, by Proposition 1.7, for each ` ∈ N,
we have

`+
1

n
=

k`
ms`

, for some k`, s` ∈ N.

This implies `+ 1
n can indeed be one of the endpoints when we restrict our attention

to those small m-adic interval containing `+ 1
n and hence we are not able to benefit

any more from the fact that the weights on both sides of `+ 1
n differ dramatically

(see, e.g., Figure 2). Therefore, we have to refine the choice of m-adic interval for
Case II above, which will entail a more concerted effort.

We shall see later that the desired refinement reduces to study the solubility of
the equation

(3.1)
k

m`−1 =
1

n`
,
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where m,n ≥ 2. More precisely, if (3.1) is unsolvable, then we can refine our
argument in the first case by considering sufficiently small m-adic intervals near

points
⌊
l logm
logn

⌋
− 1 + 1

n` for ` sufficiently large.

For this purpose, we have the following definition.

Definition 3.1. Let m,n be two integers greater than 2. We say a pair (m,n) is
solvable if there exists integers k, ` ≥ 1 such that (3.1) holds. Otherwise, we say
(m,n) is unsolvable.

The plan of this section is as follows. In the first part, we study the solubility
of the equation (3.1), more precisely, we shall show that one can “transform” every
solvable pair (m,n) into an unsolvable pair while this “transformation” is invariant
under Theorem 2.1. In the second part, we use the insolubility of the equation (3.1)
to complete the proof of Theorem 2.1.

3.1. Good pairs and semi-good pairs. We first understand the solubility of the
equation (3.1), with the assumption that 1

n is not m-far.
Recall that by Proposition 1.7, there exists some k0, s0 ∈ N, such that

1

n
=

k0
ms0

,

that is, k0n = ms0 . This implies that if p is a prime factor of n, then so is m, and
hence we can write the prime decomposition of n and m as follows:

(3.2) n = pa1
1 . . . paN

N and m = pb11 . . . pbNN

where pi, 1 ≤ i ≤ N are all primes and ai, bi ≥ 0, 1 ≤ i ≤ N . Moreover, if for some
i ∈ {1, . . . , N}, ai > 0, then bi > 0.

We now introduce the concept of good pair and semi-good pair.

Definition 3.2. Let m and n be defined as in (3.2). We say (m,n) is a semi-good
pair if

(a). m > n;
(b). bi > ai, 1 ≤ i ≤ N .

Moreover, we say (m,n) is a good pair if the second condition above is replaced by
the following:

(c). bi ≥ ai for all 1 ≤ i ≤ N , and there exists some i ∈ {1, . . . , N}, such that
ai = bi > 0.

Example 3.3. (m,n) = (108, 6) is a semi-good pair and (m,n) = (108, 36) is a good
pair.

We have the following easy but important observation.

Lemma 3.4. A good pair is unsolvable.

Proof. Without loss of generality, we assume a1 = b1 > 0 in condition (c) above.
Then for each ` ≥ 1, (3.2) is equivalent to

kpa2`
2 . . . paN `

N

p
b2(`−1)
2 . . . p

bN (`−1)
N

=
1

pa1
1

,

which clearly has no solutions. �
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Remark 3.5. Lemma 3.4 has a certain geometric interpretation: indeed, let (m,n)
be a good pair, then Lemma 3.4 asserts that the point 1

n` is an endpoint of a m-

adic interval with sidelength m−`, since condition (c) implies 1
n` = k′

m` for some

k′ ∈ N, while it is not an endpoint of a m-adic interval with sidelength m−`+1 since
1
n` 6= k

m`−1 for all k ∈ N. This exactly suggests us how to find a pair of m-adic
siblings with the ratio (1.2) between them “blowing up”.

However, Lemma 3.4 in general is not true for a semi-good pair. For example,
if (m,n) = (108, 6), then for ` > 2, there always holds

2`−2 · 32`−3

108`−1
=

1

6`
.

Nevertheless, we observe that it is indeed “easy” to modify a semi-good pair into a
good pair. More precisely,

Lemma 3.6. Let m and n a semi-good pair. Let further,
a

b
= max

1≤i≤N

ai
bi
.

Then (ma, nb) is a good pair.

Proof. The proof of this lemma is obvious. �

3.2. Proof of the main result: the non-far number case. In the second half
of this section, we complete the proof of Theorem 2.1 under the assumption 1

n is
not m-far. Recall from (3.2) that this means if p is a prime factor of n, then p also
divides m. We make several reductions.

Step I: Make (m,n) into a semi-good pair. This is simple. Indeed, we can just
take some a sufficiently large, such that

1. ma > n;

2. bia > ai for all 1 ≤ i ≤ N .

This is possible due to (3.2). To this end, it suffices to replace m by ma and n
unchanged;

Step II: Make (m,n) into a good pair. This is guaranteed by Lemma 3.6.

We make a remark that Theorem 2.1 is indeed invariant under the operation
(m,n) →

(
ma, nb

)
for any integers a, b ≥ 1. This is indeed due to the basic fact

that Dm = Dma for any a ≥ 1 (similarly, Dn = Dnb for any b ≥ 1). Therefore, it
suffices to prove Theorem 2.1 under the assumption where (m,n) is a good pair.

For ` sufficiently large, we consider the point

P` :=

⌊
` logm

log n

⌋
− 1 +

1

n`
,

together with two m-adic intervals associated to it:

K` :=

[
P` −

1

m`
,P`

)
=

[⌊
` logm

log n

⌋
− 1 +

1

n`
− 1

m`
,

⌊
` logm

log n

⌋
− 1 +

1

n`

)
and

L` :=

[
P`,P` +

1

m`

)
=

[⌊
` logm

log n

⌋
− 1 +

1

n`
,

⌊
` logm

log n

⌋
− 1 +

1

n`
+

1

m`

)
.

We collect several basic facts about P`,K` and L`:
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(1). P` = r(K`) = l(L`), where recall that for any interval I, r(I) is the right
endpoint and l(I) is the left endpoint of I, respectively;

(2). Both K` and L` are m-adic intervals with sidelength m−`. Indeed, by the

definition of good pair n | m, which suggests 1
n` = (m/n)`

m` , which gives the
desired assertion;

(3). K` and L` are m-adic siblings, that is, there exists some m-adic interval
with sidelength m−`+1, such that it contains both K` and L`. Indeed, by
Lemma 3.4, for each ` ≥ 1, there does not exists a k ∈ N, such that⌊

` logm

log n

⌋
− 1 +

1

n`
=

k

m`−1 .

Note that the solubility of the above equation is equivalent to the solubility

of the equation (3.1) since
⌊
` logm
logn

⌋
is a positive integer. This implies that

P` can not be an endpoint for any m-adic intervals with sidelength m−`+1,
which implies K` and L` are m-adic siblings with a common m-adic parent
R with sidelength m−`+1.

Finally, we show that the ratio

µ (K`)

µ (L`)

diverges when ` tends to infinity, which will then imply Theorem 2.1 with 1
n being

assumed not m-far. Note that on the interval[⌊
` logm

log n

⌋
− 1,

⌊
` logm

log n

⌋)
,

the construction procedure presented in Section 2.1 repeats
⌊
` logm
logn

⌋
times. In

particular, this means that near P`, we can find two n-adic intervals, which are

K̃` :=

[
P` −

1

nb
` log m
log n c

,P`

)
and

L̃` :=

[
P`,P` +

1

nb
` log m
log n c

)
with the associated weights a`bb

` log m
log n c−` and a`, respectively. Moreover, it is also

easy to see that

K` ⊆ K̃` and L` ⊆ L̃`.

This is clear from the fact that

nb
` log m
log n c ≤ m`.

Therefore,

µ(K`)

µ(L`)
=
a`bb

` log m
log n c−` · 1

m`

a` · 1
m`

= bb
` log m
log n c−`.

It is clear that the last term diverges when ` converges to infinity since m > n and⌊
` logm

log n

⌋
− ` ≥

(
logm

log n
− 1

)
`− 1.

(see, Figure 5). The proof is complete.
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P` − 1
m` P` + 1

m`

K` L`

P` − 1

n

⌊
` log m
log n

⌋ P` P` + 1

n

⌊
` log m
log n

⌋

a`b

⌊
` log m
log n

⌋
−`

K̃` L̃`

a`

Figure 5. The non-far number case: K`, L`, K̃` and L̃`.

Finally, as a byproduct of our main argument to prove Theorem 1.2, we have
the following a number theoretic classification related to normal numbers (see [14],
[15]). Recall

Theorem 3.7 ([14]). logm
logn is rational if and only if every number normal in base

m is also normal in base n.

While our approach suggests the following result which classifies a pair of num-
bers (m,n) which does not satisfy Theorem 3.7.

Theorem 3.8. Let m ≥ n be two integers with logm
logn being irrational. Then there

are only two possible cases:

(1). 1
n is m-far;

(2). There exist some positive integers a, b ≥ 1, such that
(
ma, nb

)
is a good

pair.
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