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ABSTRACT. We compute the monoidal and braided auto-equivalences of the modular tensor
categories C(slr11,k), C(502r11,k), C(8ps,., k), and C(gz2,k). Along with the expected simple
current auto-equivalences, we show the existence of the charge conjugation auto-equivalence
of C(slr+1,k), and exceptional auto-equivalences of C(s02r+1,2), C(sps,.,7), C(g2,4). We end
the paper with a section discussing potential applications of these computations, including the
relationship of these computations to the program to classify quantum subgroups of the simple
Lie algebras. Included is an appendix by Terry Gannon, which discusses the group structure of
the auto-equivalences of C(sl,+1,k).

1. INTRODUCTION

Modular tensor categories have become ubiquitous in many areas of modern mathematics.
Several important appearances include the superselection sectors of a rational conformal field
theory [20], the even parts of certain subfactor standard invariants [3], and the representation
category of a quantum group [38] (after an appropriate semisimplification has been applied).
With these applications in mind, structure results for modular categories are highly useful.

Given a modular tensor category C, a particularly useful invariant one can compute is the
group of auto-equivalences of C; either braided (which we denote EqBr(C)), or plain monoidal
(which we denote Eq(C)). The usefulness of these two invariants is mainly due to the various
constructions one can perform on C once these are computed. For example, given a finite group
G, and a homomorphism G - EqBr(C) one can (if certain obstructions vanish) construct a new
modular tensor category called the gauging of C [6]. Further, for every braided auto-equivalence
of C, one can construct a “quantum subgroup” (in the sense of [43]) of C [7, Corollary 3.8].

Roughly speaking, all known modular tensor categories come from three sources. The first
comes from non-degenerate quadratic forms on finite abelian groups [14, Theorem 8.4.9]. The
braided auto-equivalences of these examples have been extensively studied [39, 42]. The second
source comes from Drinfeld centres of spherical fusion categories. The braided auto-equivalences
of these examples have also been extensively studied, with particular focus on the Drinfeld
centres of fusion categories coming from exotic subfactors [27, 28, 26]. The final source comes
from quantum groups. Let g be a simple Lie algebra, and § the corresponding affine Lie algebra.
Then, for every k > 1, the category of level k integrable representations of g has the structure
of a modular tensor category [38]. These categories are usually denoted C(g,k). Unlike the
Drinfeld centre examples, very little is known about the auto-equivalences of these modular
tensor categories. To the authors best knowledge, the only case known is when g = sly [11].
Hence it is a natural question to compute these auto-equivalence groups for all the higher rank
g.

It has been a long standing open problem to classify the quantum subgroups of the simple
Lie algebras, which was initially laid out by Ocneanu [43] and Gannon [22]. These quantum
subgroups have important applications to the various areas of mathematics that modular tensor
categories intertwine. For example, such quantum subgroups classify defect sectors in Chern-
Simons topological quantum field theories, and can be used to construct highly non-trivial
subfactors of the hyperfinite type II; factor. Quantum subgroups were initially studied in the
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context of conformal field theory (CFT). Here a quantum subgroup of the representation category
of a chiral CFT corresponds to the data of a full CF'T (a full CEFT can roughly be thought of as
a joining of two chiral halves). In the case of the modular tensor categories C(g, k), these are the
representation categories of the WZW conformal field theories for g at level k, Hence classification
of quantum subgroups of the categories C(g, k) is equivalent to the classification of full CFT’s
where one chiral half is a WZW model. These applications have lead to a wide body of literature
attempting to classify these quantum subgroups. However until recently, only a small amount
of progress has been made, with only the sly and sl3 cases being completed [22]. One of the
big stumbling blocks for this program is that for each Lie algebra, there are a-priori an infinite
number of levels where a quantum subgroup may occur, which makes searching and classifying
them very difficult. Recent breakthrough results of Schopieray [49] and Gannon [21] solve this
issue, giving effective bounds on the levels for which exceptional quantum subgroups can occur.
With these recent results, we will soon have an exhaustive list of potential quantum subgroups
of the low rank simple Lie algebras. The problem then shifts to constructing these quantum
subgroups. The braided auto-equivalences classified in this paper will allow the construction of
many new quantum subgroups of the simple Lie algebras, completing a significant portion of
the program to classify all quantum subgroups of the simple Lie algebras. The applications of
the results of this paper to the quantum subgroup program will be explored in a future paper.

In this paper we are able to compute both Eq(C) and EqBr(C), where C ~ C(g,k) with g a
simple Lie algebra of type A,, B, C,, or G2 for all ranks and levels. Our main theorem is as
follows.

Theorem 1.1. Let r and k positive integers. We have:

C ‘ Eq(C) EqBr(C)
C(slyy1,k) |r=1and k=2 {e} {e}
2 ezactly divides ged(r + 1, k) LG X LY, x Ly X Lrr Z;ﬂm
2
otherwise LS x L%y X L Z5PH
C(502r+1, ki) k=1 {6} {6}
k =2 and every prime p dividing Z;)(%H)H Z;}(%H)_l
2r + 1 satisfies p=1 (mod 4)
k =2 and there exists a prime p dividing Z;)@Hl) Z[;(%H)fl
2r +1 such that p#1 (mod 4)
k>3 and k=0 (mod 2) Lo {e}
k>3 and k=1 (mod 2) Zs Zs
C(spoy, k) |r=2and k=1 {e} {e}
r=k andr=0 (mod 2) Zg x Lo {e}
r=k andr=1 (mod 2) Zs {e}
r+k and rk =1 (mod 2) {e} {e}
r+k and rk =0 (mod 4) Zs {e}
r+k and rk =2 (mod 4) Zy Zs
C(QQ, k‘) k=4 ZQ ZQ
k+4 {e} {e}.
Where
e n' =ged(r+1,k%),
o n = 7:—,,1,

0, ifk<2o0rr=1
[ ] =
1, if k>3 andr +1,
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. 0, if r is even, or if r is odd and k=0 (mod 4), or if k is odd and r =1 (mod 4),
"1, otherwise,

e p is the number of distinct odd primes that divide r +1 but not k, and
e w(n) is the number of distinct prime divisors of n.

Remark 1.2. We remark that the result for g = g in the above theorem is entirely reliant on
results of Ostrik and Snyder that have yet to appear in print.

The auto-equivalences we classify in this Theorem can be broken into three classes. The first
are the simple current auto-equivalences. These occur whenever there is an invertible object in
modular category satisfying some mild conditions on its self-braid eigenvalue. These are the vast
majority of the auto-equivalences in the classification. They should not be considered exotic, or
even exciting. All constructions one can perform with simple current auto-equivalences result
in essentially trivial information.

The second class of auto-equivalences are the charge-conjugation auto-equivalences, which
occur for C(sl,,+1,k) at all levels for > 2. These are the braided auto-equivalences which map
X — X*. These can be considered semi-exceptional, as they give rise to interesting gauged
categories, and new quantum subgroups. However, they exist for all » and k, and their existence
essentially follows from classical Lie theory.

The final class are the truly exceptional auto-equivalences, which occur sporadically, and have
only been shown to exist through a variety of ad-hoc methods. The existence and classification of
these exceptional auto-equivalences is the true substance of this paper. We find such exceptional
auto-equivalences for the following categories:

C(s09r41,2) for all r > 2,
C(spy,,r) for all r > 2, and
C(g2,4).
The author is still exploring the consequences of the existence of these exceptional auto-equivalences.

For now we wish to draw attention to the quantum subgroups that can be constructed from the
exceptional auto-equivalences which are braided. These are the Zy worth of auto-equivalences of

C(g2,4), and the Z;@Hl)*l worth of auto-equivalences of C(s02,+1,2). For the former case, we
explicitly work out the structure of the quantum subgroup of go in the final section of this paper.
We find that it is a quantum subgroup whose existence was hypothesised in [18]. For the latter
case, the existence of these exceptional braided auto-equivalences gives a new family of quantum
subgroups of s09,,1. The general structure of this family is not immediately clear to the author,
though preliminary analysis of the low rank cases suggests that the quantum subgroups have a
very rich structure. As delving further into describing these quantum subgroups is beyond the
scope of this (already large) paper, we leave it for a future publication.

Let us briefly try to outline our methods used to prove Theorem 1.1. As the techniques
required to deal with each of the cases of Lie type A, B, C, and G are vastly different, it is
hard to give a detailed overview in this introduction. Each of these cases is dealt with in its
own separate section of the paper, and a detailed outline of the method used for that case can
be found at the beginning of each section.

A very rough outline for the general method is as follows. First we show that the group of
gauge auto-equivalences (auto-equivalences which are trivial on objects) for each of the examples
is trivial. To show this we argue that such a gauge auto-equivalence would imply the existence
of a automorphism of a certain planar algebra associated to each category. We can then directly
compute the planar algebra automorphisms for the relevant examples, and deduce the desired
result.

Once we have shown that the gauge auto-equivalence group of the category is trivial, we know
that the auto-equivalence groups are subgroups of the groups of fusion ring automorphisms of
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the categories. Fortunately for this paper (in fact, one of the main incentives to begin this
paper) is the results of [23], which compute the fusion ring automorphisms of all the categories
C(g,k). Hence our task now reduces to showing which of these automorphisms are realised as
either braided, or monoidal auto-equivalences. For this task, a variety of ad-hoc techniques are
developed. For the details of these techniques, see the beginning introduction of each section
where we outline the construction of the auto-equivalences. Of particular note, we find that not
every fusion ring automorphism of C(g, k) lifts to an auto-equivalence, a fact we found surprising.
Examples of this phenomenon can be seen in the C(s02,+1,2) and C(gz,3) cases where we have
fusion ring automorphisms which are not realised as auto-equivalences of the category.

Ideally the goal is to generalise the main theorem to classify the auto-equivalences for all
categories C(g, k), i.e. also deduce the cases where g € {s09,,¢¢,¢7,¢s,f4}. There are several
problems the author is currently unable to deal with to solve this problem. The first is that
there is no planar algebra we can study for the remaining exceptionals in order to leverage
information about the gauge auto-equivalences groups. The techniques developed in this paper
require knowledge of the gauge auto-equivalence group in order to compute the entire auto-
equivalence group. Hence, either planar algebras for the exceptionals have to be explicitly
described, or new techniques for computing gauge auto-equivalences have to be developed. The
issue of realisability is also a problem. For the categories C(s02,,2) and C(f4,4) there exist
exceptional auto-equivalences. The author was unable to find ad-hoc methods for constructing
these. We expect that the techniques for constructing the exceptional auto-equivalences of
C(s02,41,2) will generalise in some sense to the C(so02,,2) case. However, there are fundamental
differences between the two that need to be worked out. The exceptional auto-equivalence of
C(f4,4) remains mysterious.

We end the paper with a section discussing potential applications of Theorem 1.1. In our main
Theorem, we show the type A categories have the charge conjugation braided auto-equivalence.
As this auto-equivalence has order 2, we can potentially gauge this Zs action to obtain a new
2-parameter family of modular tensor categories. A quick obstruction argument shows that this
gauging is always possible when r is even, and we suspect that gauging is also possible when r
is odd. We leave determining the structure of these new modular tensor categories as a future
application, as it goes beyond the scope of this paper. In type B for certain ranks at level
2 we show the existence of an exceptional auto-equivalence with the peculiar property that it
is reverse braided. We observe that the categories with these peculiar auto-equivalences are
precisely the categories used in the hypothetical “modular grafting” procedure to construct the
Izumi-Haagerup doubles. We present the evidence for a connection between reverse braided auto-
equivalences, and modular grafting, and end with an open question regarding the relationship
between these two concepts. In type C, we found the existence of the exceptional level-rank
duality auto-equivalence when r = k. We identify a new planar algebra which is constructed
as fixed points of this auto-equivalence. We identify a potential generator, and give some basic
relations. We leave it as an open question to determine a full presentation of this new planar
algebra. Finally, for type GG, we use the exceptional braided auto-equivalence at level 4 to
construct a new quantum subgroup. The existence of this quantum subgroup was hypothesised
in [18].

Finally, in an appendix written by Terry Gannon, the explicit group structure of the auto-
equivalences of C(sl,,1,k) is determined.
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2. PRELIMINARIES

We direct the reader to [14] for the basics on fusion categories. For the purpose of this paper
we will work with fusion categories over the field C.

Modular tensor categories.
A braided fusion category is a fusion category, along with a collection of natural isomorphisms

Y X

CX)Yy = \/ XY ->YeX
AN
X Y

satisfying the topologically implied coherence axioms.

A pivotal structure on a fusion category C is a monoidal equivalence 1) : ** — Ide. We refer
to a fusion category along with a pivotal structure as a pivotal fusion category. When using
graphical calculus for pivotal fusion categories, we will often suppress v, as it makes for much
cleaner pictures, and it is always clear where the component of v should belong in a given
picture.

Given a pivotal fusion category C we can define traces on the endomorphism algebras of C.
Let f e Hom(X, X), we have

Tr.(f):

=evy O(f®idx*) o (1/1)( ®idx*) O COEeV i,

= evyx«o(idx+ ®f) o (idx+ ®)% ) o coevy .

Tr(f):

We say the pivotal fusion category C is spherical if Tr,(f) = Tr_(f) for all f. For a spherical
fusion category, we define the categorical dimension of an object X as

dim(X) = Tr, (idyx) = Tr_(idx).

Given a spherical braided fusion category we can construct two numerical invariants. These
are the S and T matrices, defined by

Sxy = TroeTri(cyxocxy) = Y X
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Tr, (cx.x) X

T
X Tr, (idy )

X

If the S matrix of C is invertible, we say that C is a modular tensor category. The main objects
of study in this paper will be a certain class of modular tensor categories that we will introduce
shortly.

Modular tensor categories from Lie theory.

Here we give a brief recap on the modular categories C(g, k), the main objects of study in
this paper. We present the relevant details on these categories necessary for this paper. For
additional details we point the reader to [50] for an expository explanation of the modular
categories C(g, k), and to [1, 37| for a detailed exposition. We mainly restrict our attention to
the case when g is one of sl,..1, 509,.1, 502,41, Or go, as these are the Lie algebras we deal with
in this paper.

Let g be a simple Lie algebra, § its corresponding affine Lie algebra, and k a positive integer.
The modular category C(g, k) consists of the level k integrable highest weight modules of g. Let
r be the rank of g. Then the simple objects of C(g, k) are parametrised by the set:

P+:={ Z)\jAj | /\jEN, Z)\jajv-ék}.
j=1 =1

J
Here ajv- are the co-labels of g, given in Table 1 for the relevant Lie algebras in this paper.

g | aj
sl 1
1 ifje{l,r}
S02r+1 {2 otherwise
SPors1 1
1 ifj=1
92 {2 if =2

TABLE 1. Co-labels of the Lie algebras sl..1, 502,+1, §ps,, and go

The fusion rules for the categories C(g,k) can be computed using the Weyl chamber of g. The
details of this procedure are complicated, so we direct the reader to [50, Section 5] for the details.
We will recall relevant fusion rules of the categories C(g, k) as needed throughout the paper.
While in theory it is possible to compute the associator for the categories C(g, k), for this paper
we avoid using the associators almost completely.

The categories C(g,k) have several choices for pivotal structures, indexed by characters of
the universal grading group of the category C(g, k). For this paper we use the standard Hopf
algebra pivotal structure on the categories C(s02,41,k) and C(ge,k), and Tureav’s unimodal
pivotal structure on the categories C(sl,11,k) and C(sp,,, k). Importantly for us, this ensures
that the object A; satisfies certain conditions which allow us to use powerful planar algebra
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machinery, and also that all quantum dimensions of the simple objects are positive. With
these choices of pivotal structures we have that the quantum twists of the simple objects in the
categories C(502,+1, k), C(spy,, k) and C(g2, k) are given by the formulas [33, XVIL3]:

oo 27 T
(2.1) C(sloy1, k) :T'Z?=1 MA; = ((_1)Z]-=1 ]/\j) 62(1”“”)(/\1’)\2’ Ar) JC(A1+2,A0+2,4, A0 +2)

27 T
6(5027-4_1, k') . TZT ) VAL = 874(27'_1*"@) ()\1,)\2, ,)\T).K.()\1+2,)\2+2, ,)\7«+2)
j=1 "\

C(ﬁpgr, ]{3) :TZT VAL = ((_1)2;:173’“, )\j) e%()\1,)\2,.-.7/\T).K.(/\1+2,)\2+2,...,)\T+2)T
j=1 Aj Vg

2T (3 A) K. (A1 +2,00+2)T
C(g2,k) : Ty Ay +2ghs :e6(4+k)( 1,22) K. (A1+2,A2+2) 7

where the matrices K are Killing matrices of g, given in Table 2 for the relevant Lie algebras
for this paper.

g | K
sl [%]J
2min(4,j ’
509,41 [ﬁ]ij
5p2’r‘ [mln(zaj)]l,]
2 3
92 3 6

TABLE 2. The Killing matrices for the Lie algberas sl,,1, $02,11, 5Pg,, and ga.

Monoidal Auto-equivalences.
Let C be a fusion category. We say an auto-equivalence F : C — C is a monoidal auto-
equivalence of C if there exists a family of natural isomorphisms

Txy :F(X)@F(Y)>F(X®Y)

satisfying a straightforward coherence condition. We call the collection 7 a tensorator for F.
If C is a braided fusion category, then we say (F,7) is a braided auto-equivalence of C if it is
a monoidal auto-equivalence, and the following diagram commutes for all X,Y €C.

CF(X),F(Y)
_

F(X)eF(Y) F(Y)e F(X)

TX,Yl lTY,X

F(c
Fxey) I ryex)

If C is a pivotal fusion category, then we say (F,7) is a pivotal auto-equivalence if

ox+ o F(hx) = 6% o ¥r(x)s
where
ox = ((Flevy) oty x) ®idg(x)«) o (idr(x+) ® coevr(xy)-
Given a fusion category C we write Eq(C) for the monoidal category whose objects are
monoidal auto-equivalences of C, and whose morphisms are monoidal natural transformations.
By taking equivalence classes of monoidal auto-equivalences of C, up to monoidal natural trans-

formations, we can truncate the monoidal category to get Eq(C), the group of monoidal auto-
equivalences of C. In a similar fashion if C is a braided fusion category we can define EqBr(C) to
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be the monoidal category of braided auto-equivalences of C, and EqBr(C), the group of braided
auto-equivalences of C, up to monoidal natural transformation.

Let K(C) be the fusion ring of C, i.e. the based ring whose objects are isomorphism classes
of objects in C. A fusion ring automorphism of C is a based ring automorphism of K(C). We
write FusEq(C) for the group of fusion ring automorphisms of C.

Given any monoidal auto-equivalence of C we can forget the structure of the tensorator to get
a fusion ring automorphism of C. Hence we get a map

Eq(C) » FusEq(C).

—

In general this map is neither injective nor surjective. Let us write FusEq(C) for the image of
this homomorphism, i.e. the group of fusion ring automorphisms of C that are realised by a
monoidal auto-equivalence. We call elements of Fu@?(c ) realisable fusion ring automorphisms
of C. As the map Eq(C) — FusEq(C) is surjective we get a short exact sequence

—_—

0 — Gauge(C) - Eq(C) - FusEq(C) - 0.

Here Gauge(C) is the kernel of the map Eq(C) - FusEq(C). This kernel corresponds to the
group of monoidal auto-equivalences of C whose underlying functor is the identity i.e the trivial
functor equipped with possibly interesting tensorators. We call such auto-equivalences of C,
gauge auto-equivalences.

With the above short exact sequence in mind, we see that the process of computing Eq(C)
for a given C splits into four parts:

(1) Compute the fusion ring automorphisms of C.

(2) Determine which fusion ring automorphisms of C are realisable.
(3) Compute the gauge auto-equivalences of C.

(4) Compute the extension Eq(C).

Step (1) is purely combinatorial, and is simply an exercise in ring theory given that the fusion
ring of C is known. Step (2) is more categorical, as it asks when one can equip a fusion ring
automorphism of C with a tensorator. There are many invariants one can check to show that a
fusion ring automorphism cannot be equipped with a tensorator. However there is no general
purpose solution for the converse problem. Our tools in this paper are an ad-hoc mix of direct
tensorator computations, Hopf algebra methods, and planar algebra arguments. Step (3) is
purely categorical, and one can think of the group Gauge(C) as telling us how many distinct
tensorators exist for a fusion ring automorphism, given one already exists to begin with. The
standard approach to computing Gauge(C) is to use planar algebra techniques. Key to applying
these planar algebra techniques will be the following lemma. In practice, step (4) is usually
trivial, as Gauge(C) is the trivial group for most examples of C.

Lemma 2.1. Let C a pivotal category, and (Ide,7) a gauge auto-equivalence of C, then (Ide, T)
is a pivotal functor.

Proof. From the definition of a pivotal functor, the statement of this lemma is equivalent to
showing dx» = 0% for all simple X. Using the associativity of 7, and the fact it is a natural
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isomorphism we compute

N

TX**X*7X TX**X*,X

T X ** X* TX**,X*

Let us separately consider the koru in the last diagram. As X is simple, the hom space
Hom(X** ® X* — 1) is 1-dimensional. Thus there exists a scalar « such that

Appending the morphism

to both sides gives « - dim(X) on the right, and dim(X) on the left (after an application of the
naturality of 7). Hence, o = 1.
Returning to Equation (2.2) we thus have that

X**
X**
m T Y %% *
TX**X*,X = X ’X _6X*7
TX**,X*
X**
X**
completing the proof. O

This lemma shows us that every gauge auto-equivalence must appear as a planar algebra
automorphism of some planar algebra corresponding to C. We discuss this more in the planar
algebra section of these preliminaries.



10 CAIN EDIE-MICHELL

Another useful lemma regarding auto-equivalences is as follows.

Lemma 2.2. Suppose C is a spherical braided fusion category, and (F,T) is a braided auto-
equivalence of C that preserves categorical dimensions. Then
Tx x = Trx),F(x)-
Proof. Let X € C be a simple object. We have
Flevyx)otx+xo(dy ® idr(x)) € Hom(F(X)* ® F(X) - 1) 3 eVE(X);

(idz(xy- ®55x o (0x ®dx+)o T)}£7X** o F(coevx+) € Hom(1 - F(X)" ® F(X)™) 3 coeve(x)s,

F(¢x) 0 5x= 0 0% € Hom(F(X) - F(X)*™) 5 Yr(x)-
As X is simple, the Hom spaces above are 1-dimensional. Thus there exist scalars «, 3, such
that

Flevyx)otx+xo(dy ® idr(x)) = aevex)y,

(idz(xy- ®0x o (x ®dx+)o T)_(I*’XH o F(coevx+) = Bcoevr xys,
F(ihx) 0 65k 0 0% = yibr(x)-

As the functor (F, 7) preserves categorical dimensions, we have in particular that F(dim(X)) =
dim(F(X)). Expanding out the term F(dim(X)) reveals that the product a8y is equal to 1.
Now consider the term F(Tx x). Expanding this gives

F(Txx) = apyTrx),r(x) = Trx)Fx)

proving the statement of the lemma. O

As the categorical dimensions of the objects in the categories C(g, k) agree with their Frobenius-
Perron dimensions, any auto-equivalence will automatically preserve categorical dimensions.
Hence we get the following corollary.

Corollary 2.3. Let (F,7) a braided auto-equivalence of C(g,k). Then (F,T) preserves the
twists of the simple objects.

This gives a useful obstruction for the existence of a braided auto-equivalence of C(g, k). In
fact, for the examples we consider in this paper, we find that a fusion ring automorphism of
C(g, k) lifts to a braided auto-equivalence precisely when it preserves the twists of the simple
objects. This phenomenon is not true for arbitrary braided fusion categories, and we only show
this to be true for our examples as a corollary of our main classification theorem:.

A useful construction of monoidal auto-equivalences is through the process of simple currents.
This process takes an invertible object in a modular tensor category C, and constructs a monoidal
auto-equivalence. This process was first investigated for fusion rings in the language of conformal
field theory in [48]. For modular tensor categories, the process was studied in [13, 12]. The
construction given in [12] is somewhat awkward to use for the examples considered in this
paper. Instead we present the following construction, which can be proved in much the same
fashion as [12].

Lemma 2.4. Let C be a modular tensor category, and g an invertible object of order M. Set q
equal to the unique integer (modulo 2M ) such that

99,9 = e>ian idgey;
(see [46, Proposition 2.5.1]) and choose a € {0,1,---, M — 1} such that

1+aq is coprime to M.
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Then there exists a monoidal auto-equivalence F4, of C defined on objects by
Foa(X)=9g""® X,

where n is the unique integer (modulo M) such that ox 404 x = e idygx. The monoidal
auto-equivalence Fg o is braided if and only if

2
a+%50 (mod M).

Proof. Nearly identical to the proofs of [12, Lemmas 3.3 and Lemma 3.5]. O

Hopf algebras.

A useful tool for constructing auto-equivalences of tensor categories is by studying the au-
tomorphisms of an associated Hopf algebra. Here we define Hopf algebras, and explain how
symmetries of certain Hopf algebras give rise to symmetries of certain tensor categories. Our mo-
tivation for introducing these techniques is to construct the charge conjugation auto-equivalences
of C(sl,, k).

A Hopf algebra H is an associative algebra, along with a coassociative colagebra structure
A:H - H®H, a counit map ¢ : H - C, and an antipode map S : H — H, all of which must
satisfy certain conditions. Further, we say that the Hopf algebra H is quasi-triangular if there
exists an element R € H ® H satisfying the Yang-Baxtor equation. Full definitions can be found
in [40]. We are intentionally light on the definition of a Hopf algebra, as we are interested in
specific concrete examples coming from deformed Lie algebras. These are the so called quantum
groups in the sense of Drinfeld [8].

Definition 2.5. [33] Let g be a simple Lie algebra with simple roots ®, and let A be the Cartan
matrix of g. The quasi-triangular Hopf algebra U,(g) is defined by the generators:

Xi7Yi7Hi forie®
These generators satisfy the relations:
[H;,H;]=0
sinh quHZ 2
[Xi, X = 51,]‘-(—,/)
sinh(qd;/2)
[Hi, X;] = Aij X
[X,,Y)] = - Y,

I—Ai’j
> (D[], XXX <0 for i+

bl

—

0

A’Lyj

>
k=0

The comultiplication A : U,(g) — U,(g) ® U,(g) is defined by

A(H;))=H;®1+1® H;,

A(X:) = X; ® etdiHil4 | omadiHifd g x

A(Y;) =Y; @ ettt 4 madifift gy,

k[ 1-A; ks 1A =k o
-1) [lkf]hZYfLY]Y; T =0for i+
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The conunit ¢ : Uy(g) - C is defined by
e(H;) =e(X;) =¢(Y;) =0.
The antipode S': Uy(g) - U,y(g) is defined by
S(H;) =-H; S(X;)=-e"2Xx, S(Y;) = -2y
This Hopf algebra has an R-matrix; however we neglect to write it down.

The representation theory of U,(g) gives a braided tensor category Rep(U,(g)). We will be
interested in the special case of when ¢ is a root of unity. In this case the category Rep(U,(g)) is
not semisimple. However, we can take the semi-simplification (as in [16]) to obtain the braided
fusion category Rep(U,(g)).

We now have two ways of constructing a braided fusion category from a simple Lie algebra
g. We can either form C(g,k) or Rep(Uy(g)). A result of Finkelberg [19] shows that these
two constructions are essentially the same, by providing the following braided equivalence of
categories:

C(g,k) ~ Rep (Uem(% (g))

where b is the dual coxeter number of g, and m = 1 for the Lie algebras ADE, m = 2 for the Lie
algebras BC'F', and m = 3 for the Lie algebra G. We remark that there are four exceptions to the
above equivalence, which are (g,k) = (Fg,1),(E7,1),(FEs,1), or (Es,2). These four exceptions
will not feature in the results or proofs of this paper.

The above equivalence will be useful to us, as it will allow us to perform certain computations
regarding the categories C(g,k) in the Hopf algebra U,(g). In particular we have that Hopf
algebra automorphisms (see [40]) will induce monoidal and braided auto-equivalences of the
category Rep(U,(g)), and hence also of Rep(Uy(g)). To make this precise, we have the following
naturality result of Hopf algebras.

Theorem 2.6 ([54, Theorem 2|). Let H be a quasi-triangular Hopf algebra, and let Aut(H) be
the group of Hopf algebra automorphisms of H that preserve the R-matrixz. Then there is an
injection
Aut(H) - EqBr(Rep(H)).
Applying this Theorem to the quasi-triangular Hopf algebras U, (g) gives the following Corol-
lary.

Corollary 2.7. Let g be a simple Lie algebra, with Dynkin diagram I'y. Then there is an
mjection

Aut(Ty) - EqBr(Rep(Uy(9)))-
Proof. Let ® be the set of simple roots of g. A symmetry of I'y induces a symmetry o of ®
which preserves the Cartan matrix of g, i.e. A;; = A,(;)+(j)- Using the generators and relations

presentation of U, (g) we can see that o induces a Hopf algebra automorphism ¢, : Uy (g) = U,(g)
defined by

b (H;) :=H, ;)
b0 (X)) =X 704y

We still have to show that ¢, preserves the R-matrix of U,(g). To do this we will use the
results of [35]. For this next portion of the proof, we will freely use the notation and conventions
of this cited paper.
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Following [35] we can write the R-matrix of U,(g) in the form R-K, where R € T, (b, ®b_), and
K = gZiiea Apj (Hi®H;), Clearly ¢, preserves K, and ¢, (R) is again an element of T,(by®b_) (as
¢, preserves the signs of the generators). Hence ¢,(R) is of the form R'- K for R € T,(b, ®b_).
As ¢, preserves the comultiplication of U,(g), we can apply [35, Theorem 7.1] to see that R and
R’ only differ by a scalar. From the standard properties of the R-matrix, we can further deduce
that this scalar is the identity. Hence ¢,(R) = R. Hence we get an injection

AUt(Fg) - EqBr(Rep(Uq(g))).

Finally, any auto-equivalence of Rep(U,(g)) will preserve the negligible ideal. Thus the above
map descends to an injection

Aut(I'y) > EqBr(Rep(Uy(9)))-
g

The main purpose of this Corollary is that it gives the construction of the charge conjugation
auto-equivalences of C(sl,,k). These auto-equivalences occur due to the Zg-symmetry in the
Dynkin diagram for sl,,.

Planar algebras.

Roughly speaking a planar algebra P is a collection of vector spaces { P, : n € N}, along with a
multi-linear action of planar tangles. The full definition is fairly involved, so we point the reader
towards [32] for the full definition. Planar algebras have appeared in many different contexts,
and under many different names. Slightly different axiomitisations for the general idea of a
planar algebra include monoidal algebras [53], spiders [36], and towers of algebras [25].

It is well known that there is a one to one correspondence between planar algebras, and pivotal
fusion categories with a distinguished ®-generating symmetrically self-dual object. Recently it
was shown in that this correspondence is functorial. This functorial relationship is very useful
for this paper, as it will allow us to construct and classify certain auto-equivalences of pivotal
fusion categories by studying planar algebra automorphisms of the corresponding planar algebra.

Let us describe this functorial relationship between planar algebras and pivotal categories.

On one hand we have the category of based pivotal (braided) fusion categories. The objects of
this category are pairs (C, X), where C is a pivotal (braided) category, and X is a ®-generating
symmetrically self-dual generating object. The morphisms (C1,X;) — (C2, X2) in this category
are pivotal (braided) functors F : C; to Co such that F(X1) = Xo.

On the other hand we have the category of (braided) planar algebras. The objects of this
category are (braided) planar algebras with Py 2 C, and the morphisms are (braided) planar al-
gebra homomorphisms, considered up to planar algebra natural isomorphism, see [10, Appendix
Al

Given a based pivotal (braided) category (C, X)) we can construct a (braided) planar algebra
PA(C,X) by

PA(C, X),, := Home(X®" - 1).

Furthermore, given a pivotal (braided) functor (F,¢) : (C1,X1) — (C2, X2) we define a planar
algebra morphism

¢X17X2¢Xi®27xl"'(lsxign—l’Xl]: . PA(Cl,Xl)n d PA(CQ, Xg)n

Conversely, given a planar algebra P we can define the based pivotal category Cp of idempo-
tents in P, and given a planar algebra homomorphism P, — P», we can define a based pivotal
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(braided) functor Cp, - Cp,. We are light on details of these converse constructions as they
don’t feature much in this paper. Additional details can be found in [29)].

A powerful theorem of Henrqiques, Penneys, and Tener [29, Theorem A] shows that the above
constructions give equivalences between the category of based (braided) pivotal categories, and
the category of (braided) planar algebras. In particular this equivalence gives the following key
lemma for this paper.

Lemma 2.8. Let C be a pivotal fusion category, and X a symmetrically self-dual ®-generating
object. Then there is an injection

Gauge(C) - Aut(PA(C, X)).

Proof. By Lemma 2.1, every gauge auto-equivalence of C is pivotal. The result then follows by
applying [29, Theorem A]. O

Every planar algebra P has the (possible trivial) planar ideal consisting of negligible elements.
We say an element f € P is negligible if

0‘ =0 for all g e P.

It is a straightforward exercise to show the set of all negligible elements of P form a planar ideal.
Definition 2.9. We write P for the planar quotient of P by the negligible ideal.

The planar algebra P should be thought of as the “semisimplification” of P, as this con-
struction corresponds to taking the semisimplification (in the sense of [16]) of the idempotent
category of P. Giving an explicit description of the planar ideal of P can be difficult in practice.
In the bulk of this paper we aim to construct planar algebra automorphisms of several examples
of semisimplified planar algebras. As we won’t have explicit descriptions of the negligible ideals
for these examples, we instead apply the following result, which shows that every planar algebra
automorphism descends to the semisimplification.

Proposition 2.10. Let P be a planar algebra, and ¢ a planar algebra automorphism of P. Then
¢ preserves the negligible ideal of P.

Proof. For each f in the negligible planar ideal of P, we have to show that ¢(f) is also in the
negligible planar ideal. Fix such a f, and let g € P. As ¢ is a planar algebra automorphism,
there exists some h € P such that ¢(h) = g. Therefore

e el [ I
SRNOg NN S JORNO|og

Thus ¢(f) is in the negligible ideal of P. O

We now introduce the P, BMW and G5 braided planar algebras, and explain their connection
to the modular categories C(sl,11,k), C(802,+1,k), C(spy,, k), and C(g2, k).

The planar algebra P (8,7).
Here we define the planar algebra P (4,7), and explain its connection to certain endomor-
phism algebras in C(sl,41, k).
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Definition 2.11. Let § and v non-zero complex numbers. The braided planar algebra P (8,)
has two generators )\, )S\ e PH(5,7)3, along with the relations:

T
W (5= )+

53 25

w L
A

(-0
) - =%
€ 3>

(vi)

(vii)

-1
)

(viii) - (y- 1)

5hy+62 (292 +y-2)+2(y-1)2 52
5(52-1) )\ +v(v-1) 53 .

There exists a braiding element in P (4,7)4 which we neglect to write down, as it is compli-
cated, and not important for this paper.

A -E
A -
A -
-

Combining several theorems gives the following isomorphism of planar algebras

(2.3) PA(C(sly11,k), (A1 + A)) 2 PH(8,7), when 7 >2 and k >3
where
2imw(r+1) —2im(r+1) 4im (12+44(r+1))im (8+8(r+1))im 4im(r+1)
e2(r+l+k) — e 2(r+l+k) e2(r+l+k) — o 2(r+l+k) + e 2(r+l+k)  _— p2(r+l+k)
0= = —— and v = _ . . .
i i 8im (1244(r+1))im (448(r+1))im 4im(r+1)
e2(r+l+k) — g2(r+1+k) e2(r+1+k) _ @ 2(r+1+k) 4 @ 2(r+l+k) _ o2(r+1+k)

Let us quickly explain how we obtain this isomorphism. From [34] we know that the Hecke

algebras maps on to the endomorphism algebra of the representation Ay of Uy(sl4+1) with ¢ =
2imw(r+1)
e20+1+k) . The results of [5] compute the idempotents of the semisimplified Hecke algebra. From

these idempotents, we see the above map descends to an isomorphism between the semisimplified
Hecke algebras, and the endomorphism algebras of Ay € Rep(Uy(sl+,)). Using the braiding and
duality maps of Rep(U,(sli+1)), we can then get an isomorphism between the semisimplified
Hecke algebras, and the morphism spaces

®n
Homm(/\l ® Ar) g 1)
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The object A;®A, contains the sub-object A1+ A,.. Hence we can cut down the semi-simplified
Hecke algebra by the idempotent projecting onto Ay + A, to obtain an isomorphism to

Hom )((Al +A)®" > 1).

Rep(Uq(slet1)
The idempotent cut-down of the semisimplified Hecke algebras is, by the definition in [30,

Lemma 3.2], the box spaces of the planar algebra P (§,~) with § and ~ as above. Hence, after
translating to planar algebra language, we obtain a planar algebra isomorphism

PA(Rep(Uy(shi+1)), (A1 +A)) 2 PH(S,7).

Finally, applying the equivalences of braided categories from [19] gives the desired result.

The planar algebra BMW(q,r).
Here we define the planar algebra BMW (g, r), and explain its connection to certain endomor-
phism algebras in C(s02,11,k) and C(spy,, k).

Definition 2.12. Let ¢ # +1 and r non-zero complex numbers. The braided planar algebra
BMW(q,r) has a single generator X e BMW(q, )4, satisfying Reidemiester moves 2 and 3,

along with the additional relations:
0 k(o -
(ii) kf) =rt

(

(i) X—Xw—ﬂ > <i

The braiding in this planar algebra is simply the element \/

From [19], we have braided equivalences C(s02,+1, k) ~ Rep (U ami (502”1)), and C(spy,., k)

e A(@r-17k)

Rep (U 27 (5p2,,)). On the other hand, the results of [53, Section 7.7,b] (note that a mono-

4(r+k+1)
mial algebra in the sense of this paper is precisely a planar algebra) give braided planar algebra

47 8rmi
isomorphisms PA(Rep (U omi (502”1)) Rep(Z2), A1 ® Cggn) @ BMW (e4@r-1+5) | g4(2r-1+5) )

e4(2r-1+k)

274 2(2r+1)mi

and PA(Rep (U T2 (5p27“))a A1) 2 BMW(e#(r+k+D)  —e4(r+k+1) ) Hence combining these results
e4(r+k+

gives the following isomorphisms of braided planar algebras:

(24)  PA(C(50241, k) BRep(Zs), At 8 Cagn) = BMW (g2, ¢7) with q = e 175,

(2.5) PA(C(spy,, k), A1) 2 BMW(q, —¢?>+1) with ¢ = TG

In the latter case, the object Ay € C(sp,,, k) tensor generates, and thus the idempotent com-
pletion of the BMW (g, —¢?"*!) braided planar algebra recovers the modular category C(sps,., k).

~
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We have to be more careful in the former case, as the object A; ®Cqgy only tensor generates the
subcategory
(2.6) Ad(C(502T+1, k)) Rep(Zg),

where

Ad(C(502r+1,k)) = <X X : X ¢ C(502r+1,k)>.

Hence the idempotent completion of the braided planar algebra BMW (g, —¢*>"*1) gives the spher-
ical braided tensor category from Equation 2.6.

The planar algebra G2(q).
Here we define the planar algebra G2(q), and explain its connection to certain endomorphism
algebras in C(g2, k).

Definition 2.13. Let ¢ a non-zero complex number. The braided planar algebra G2(q) has a
single generator )\ € G2(q)s, satisfying the relations:

(i) O=q10+q8+q2+1+q_2+q_8+q_10

(ii) Q =0

(iii) =—(+q*"+P+q?+qt+¢)
(iv) A = (q4 +1+ q_4) )\

- _ . _ S
(v) j:[- (¢*+q7?) I >_< +(?+1+q7?) /\+> <
S b VAR alun b § G &
eyl
The braiding in this planar algebra is given by the element

1 I+ 1 Lo ! \\/Jr 1 > <
1+q2 1+ —2>_< 24 g4 24q1 '
q q q~+q T~ q q

In forthcoming work of Ostrik and Snyder, the following isomorphism of planar algebras is
proven:

(2.7) PA(C(g2, k), A1) = Ga(q) with g = eTiD,

In this case, the object A; € C(g2,k) ®-generates the entire C(go, k), and thus the idempotent
completion of the planar algebra G2(q) recovers the category C(gs, k). Additionally we have the
following planar algebra isomorphisms, which will prove useful later in this paper.
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Lemma 2.14. There exist isomorphisms of planar algebras

Ga(q) 2 Ga(-q) 2 G2(q7!) 2 Ga(-¢1).

Furthermore, the isomorphism

Ga(q) = G2(-q)

is an isomorphism of braided planar algebras.
Proof. The isomorphism in each case simply sends the generator )\ > )\ It is routine to

check that all the relations are preserved by these isomorphisms.

Tambara-Yamagami categories.

A key tool for the computations in this paper are the Tambara-Yamagami categories [52].
We will see later on that we can use auto-equivalences of the Tambara-Yamagami categories to
construct auto-equivalences of the categories C(s02,11,2). The Tambara-Yamagami categories
are particularly nice to work with as it is possible to explicitly write down associators for these
categories.

Definition 2.15. Let G a finite abelian group, x a symmetric bicharacter G x G - C*, and
7 € {+}. The Tambara-Yamagami category TY(G,x,7) is the fusion category with simple
objects are G U {m}, and with fusion rules given by

1Q):=1+) i@m:=m=m®®i and mm:=®agg.
The associator morphisms are trivial, except for
Qim,j = x(4,7) idm
(om,im)jj = X (1, 7)id;
T

|G

With such an explicit presentation of the Tambara-Yamagami categories we are able to com-
pute the group of monoidal auto-equivalences. This result is certainly well-known to the experts;
however we were unable to find a proof in the literature. Hence we give a quick proof.

(am,m,m)i,j = X(ivj)il‘

Lemma 2.16. Let Aut(G, x) be the group of automorphisms of G preserving x. Then we have
Eq(TY(G,x,7)) = Aut(G, x).

Proof. We begin by classifying the gauge auto-equivalences of TY(G, x, 7). Let (Id, ) be such a
gauge auto-equivalence. Naively we have that 7 is determined by |G|? +2|G|+|G| complex scalars.
However solving for the hexagon commuting diagram shows that 7 is completely determined by
a function u: G - C*, with

e r@AG) 4
p(ij)
Tim = N(Z) idy, = Tm,i
(Tm,m)i = N(Z’)71 id; .
Furthermore, each p € Hom(G — C*) gives a gauge auto-equivalence (Id,7,) of TY(G, x, 7).
Let 1, po € Hom(G — C*). We define a natural isomorphism 7 : (Id, 7,,) = (Id, 7,,) by

p (i) d,

=—=i

p2(i)

i+]

and 7y, =idyy, .
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A direct computation shows that n is monoidal. Thus the group of gauge auto-equivalences of
Eq(TY(G, x, 7)) is trivial.

As the fusion ring automorphisms of 7TY(G, x,7) correspond to automorphisms of G, we
have that Eq(TY(G, x, 7)) € Aut(G). Explicitly for ¢ € Aut(G), the corresponding fusion ring
automorphism fixes m, and sends ¢ — (7). A direct computation shows that there exists a
tensor structure for this fusion ring automorphism if and only if 9 preserves the symmetric
bicharacter y. O

Remark 2.17. An explicit isomorphism
Aut(G, x) > Eq(TY(G, x,7))

s given by
P () iy =idig P, = id;
Y ,

mem - Vi, =idy Y =idy,

Functorality of equivariantization.

A key tool for constructing auto-equivalences in this paper is through the functorality of equiv-
ariantization. This will allow us to give a concrete homomorphism from the auto-equivalences
(with extra structure) of a tensor category C with G-action, and the auto-equivalences of the
equivariantisation C%. In general this homomorphism is neither surjective nor injective. How-
ever, it will allow us to construct exceptional auto-equivalences of a more complicated fusion
category C® via way of a simpler fusion category C. In particular, we have that C(s09,.1,2) is
a Zo-equivariantisation of a Tambara-Yamagami category. Later in this paper, we use this fact
to construct exceptional auto-equivalences of the categories C($02,41,2).

The homomorphism we have just mentioned is a consequence of an equivalence of categories.
In [9, Theorem 4.4] a 2-equivalence between the 2-category of G-crossed braided fusion categories,
and the 2-category of braided fusion categories over Rep(G) is given. Let us explain the source
and target of this 2-equivalence in detail.

We begin with the braided situation. Let G be a finite group. Then we can form two 2-
categories. On one hand we have the 2-category of G-crossed braided fusion categories, whose
objects are triples (C, p,w), where C is G-graded fusion category, p is a monoidal functor G —
Eq(C), and w is a family of natural isomorphisms

Wx,v* Xg Y — pg(Y) ® Xg,

satisfying various conditions. A 1-morphism (C!, p!,w!) = (C?, p?,w?) is a pair (F,n), where F
is a monoidal functor C' - C?, and 7 is a family of monoidal natural isomorphisms

0’ :p%(9) o F = Fopl(g),
such that the following diagram commutes:
(2.8)

1
TXg,Y ]:(ng,y)

F(Xy) @ F(Y) > F(X,®Y) » F(pa(Y) ® Xg)

2
W}—(Y) TPV

Ty ®idr(x,)
(p* o F)(Y) ® F(Xy) » (Fopg)(Y)® F(Xy)
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A 2-morphism (Fy,m1) — (Fz,m2) is simply a monoidal natural transformation v : 1 - F» such
that
72 © (idp2(g) ®’Y) = (7 ® idpl(g)) omn-

On the other hand we have the 2-category of braided fusion categories over Rep(G), whose
objects are pairs (B,H), where B is a braided fusion category, and H is a fully faithful braided
functor Rep(G) — B. A 1-morphism (By,H1) — (B2, H2) is a pair (F,v), where F is a braided
functor By — By, and v is a monoidal natural isomorphism He — F o H;. A 2-morphism
(F1,11) — (Fa,v2) is a monoidal natural transformation v : F; — F» such that for every
V e Rep(G), we have v1(V') oy, (vy = v2(V).

The result [9, Theorem 4.4] shows that these two 2-categories are 2-equivalent. As this paper
only deals with auto-equivalences up to monoidal natural isomorphism, it suffices to truncate
(by taking equivalence classes of 1-morphisms) to obtain an equivalence of 1-categories. We also
need to slightly modify the target category of this equivalence. In the 1-category of braided
fusion categories over Rep(G), a braided functor F : By — By can have several non-equal natural
isomorphisms v : Ho — FoH;. Thus in the 1-category of braided fusion categories over Rep(G),
an auto-equivalence can appear multiple times as distinct 1-morphisms. To solve this problem,
we can define the reduced 1-category of braided fusion categories over Rep(G). In this 1-
category, the morphisms (B, H1) — (Ba,H2) are simply braided functors By — By. There is the
obvious functor from the 1-category of braided fusion categories over Rep(G), to the reduced
1-category of braided fusion categories over Rep(G) which is the identity on objects, and forgets
the additional structure on the morphisms. This functor will be neither essentially surjective
nor full. By composing the previous equivalence with this functor, we obtain a functor from the
1-category of G-crossed braided fusion categories, to the reduced 1-category of braided fusion
categories over Rep(G). We will describe this functor in detail.

Given a G-crossed braided fusion category (C,p,w), the G-equivariantization produces a
braided fusion category C along with a faithful braided functor H : Rep(G) — C% defined
by:

(V,m) > (1eV {r(g)})

Given a morphism of G-crossed braided fusion categories (F,7) : (C, p',w!) - (C?, p?,w?),

we define a braided functor F¢ : (C1)% - (C?)% by:

FEUX Ay : X = py(X)1) = (FX), A" Fpg) - F(X) = pp(F(X)}).
The tensor structure morphisms are exactly the tensor structure morphisms of F, which are
G-equivariant morphisms from the monoidality of 5. The functor F& is braided due to the
commutativity of (2.8).

A similar situation plays out in the monoidal situation. Let G a finite group. Then [9] gives a
two equivalence between the 2-category of fusion categories with G-action, and the 2-category of
fusion categories over Rep(G). By truncating and altering the target category as in the braided
situation, we can obtain a functor from the 1-category of fusion categories with G-action and
the reduced 1-category of fusion categories over Rep(G).

The 1-category of fusion categories with G-action is defined a similar way to the 1-category of
G-crossed braided fusion categories, but without any G-crossed braiding structure or conditions.
The reduced 1-category of fusion categories over Rep(G), has objects pairs (C,H), where C is
a fusion category, and H is a fully faithful braided functor Rep(G) - Z(C), and morphisms
(C1,H1) = (C2,H2) which are just a monoidal functors C; — Cs.

3. AUTO-EQUIVALENCES FOR LIE TYPE A

In this section we compute the monoidal, and braided auto-equivalences of the categories
C(sly11,k). This case is in some sense easier than the others, as there are no exceptional auto-
equivalences to construct. However, the categories C(sl,+1,k) have many invertible objects,
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which give rise to a vast number of simple current auto-equivalences. Also, the existence of the
Zo-symmetry of the A, Dynkin diagram induces an order 2 braided auto-equivalence. Hence the
categories C(sl,11,k) still have a large amount of auto-equivalences that we have to construct,
making this case non-trivial, even without the existence of exceptional auto-equivalences.

The outline of our computations is as follows.

We begin by showing that the category C(sl,11, k) has no non-trivial gauge auto-equivalences.
To do this, we first study the gauge auto-equivalences of the category Ad(C(sl,.11,k)). We
know that (A; + A,) is a generating object of Ad(C(sl,+1,k)), and further, the planar algebra
generated by (A1+A;) is isomorphic to P (§,~) for a specific choice of § and v. Thus, any gauge
auto-equivalence of Ad(C(sl,,1,k)) will appear as a planar algebra automorphism of PH (4, ).

Using the generators and relations presentation of P (§,~) we compute the automorphism
group, finding several non-trivial automorphisms. In theory each of these non-trivial automor-
phisms could lift to a gauge auto-equivalences of the category Ad(C(sl-+1,k)). However, we are
able to show that each of these non-trivial automorphisms lifts to a non-gauge auto-equivalence.
The proper way to do this would be to compute the idempotents of the planar algebra P (4, ~),
and to show that each non-trivial automorphism must exchange non-isomorphic idempotents.
However, computing the idempotents of PH(§,v) proved to be too computationally intensive to
complete. Instead we identify known pivotal auto-equivalences of the category Ad(C(sly41,k))
coming from charge-conjugation and level-rank duality, that fix the object (A1 + A;). These
auto-equivalences must appear as automorphisms of the planar algebra P (4§,~). Hence we are
left with no room in the automorphism group of P (§,~) for a gauge auto-equivalence.

With the fact that the gauge auto-equivalence group of Ad(C(sl,+1,k)) is trivial, we can then
leverage the fact that C(sl,11,k) is a Z,41-graded extension of Ad(C(sl,+1,k)) to show that the
gauge auto-equivalence group of C(sl,.1,k) is also trivial.

As the category C(sl,+1, k) has no non-trivial gauge auto-equivalences, the group of monoidal
auto-equivalences of C(sl,+1,k) is a subgroup of the group of fusion ring automorphisms. The
results of [23] compute the order of the group of fusion ring automorphisms of C(sl,+1, k), giving
upper bounds on the size of the monoidal auto-equivalence group of C(sl,.1,k). We find out
that these bounds are sharp, by constructing enough monoidal auto-equivalences of C(sl,,1, k)
to realise this upper bound. We construct these auto-equivalences using the charge-conjugation
symmetry of the A, Dynkin diagram, and simple current auto-equivalences which we get from
the large number of invertible objects in C(sl,+1, k).

With the high level argument explained, let us begin with the finer details of the computation.

Lemma 3.1. Suppose 6 ¢ {x1,+\/2}. The planar algebra PH(8,~) has planar algebra automor-
phism group (up to planar algebra natural isomorphism) as follows

e {e}7if7€ {1_527#}
AU‘t(PH((SarY)) =422, Zf’}/ ¢ {1a 1 _627 ﬁ}
ZQ X Z2 Zf’7 =1.

Proof. As the planar algebra P (§,~) is generated by the two elements /k, )S\ e PH(6,7),,

any planar algebra automorphism of PH(4,v) is completely determined by its value on these

two elements. Explicitly this means that ¢ € Aut(PH(4,7)) is completely determined by four
scalars ¢y, cs, c3,c4 € C, with

¢()\):cl)\+02)s\, and ¢()S\):03)\+C4)3\.
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Applying ¢ to relations (iii) through (vii) of PH(4,) yields the following system of equations

25 (6% -2
5_2 - c%((g_g)JrM
) ) 52 -1
) CoC40 ((52 - 2) 0%
0 = 6103(5_5)+(52—_1
5(6%2-2 25(6%-2
(0*-2)y _ 03(5—2)+C4 (6°-2)~
02-1 ) 02-1
a(?-3) _ d(9?-3) 3adgdy  G8(y-1)y
5 - B 62-1 62 -1
5% -3 2 (6% + 62 (=292 +~v-2)+2(y-1)2
Cz( ) _ _36102+361c%(7_1)+02( Y ( 7Y ) (v ))
1) ) 0(6%2-1)
e 0%03 (52 - 3) ~ oy (201CQC4 + cgc;),) . 030452(7 -1)y
) ) 52 -1 02-1
9 2 4 2 2 2
c4 cicy + 2cicac3 CoCy ((5 'Y+6 (_27 +7_2)+2(7_1) )
-5 = _%+(7—1)(201c204+0303)+ 5(2-1)

2 2
As we have assumed 6§ # /2, the first equation gives us ¢; = e1\/1 — %227_61 for a choice of sign
g1 € {x1}. Plugging this into the fourth equation yields

52(1-c24)-1
207y (02(7 -1)- 515\/(52—_2?) =0.

Ify=1-6%o0rd= # then this equation has the unique solution co = 0. Otherwise we have
dvV62-1
V(-1)2(82-1)+78
these last two solutions into the fifth equation shows that either v = 1, or €1 = ¢5. Note that

V2-1

when v = 1 we have ¢y = e2%%— and ¢; = 0. Hence (after renaming our signs) we have three
classes of solutions:

three solutions, co = 0, or cg = &9 — for another choice of sign €3 € {+1}. Plugging

c1=¢€1 cy=0 for all 6 and ~
-1)Vé2-1 ) 1
L= ey -1) P for all § and 7 ¢ {1,1-06%, ——}
NI CEEVEICEEY 7ol o0
02-1
c1=0 Cco = €1 for all 6 and v =1

0

Now we that we have pinned down ¢; and ¢y to three possible cases, we can consider the second
and third equations to get two equations in the variables cs and ¢4. In particular the second
equation is linear, which allows us to easily determine c3 in terms of ¢4. By plugging in each
of three possible solutions for ¢; and co, we arrive at the following solution set for the first five
equations.

‘75;1,52 a=a c2=0 c3=0 c4= €2
2 61(7 - ]') v 52 - ]- 615 ]. - C% 610263
Pclent C1= co = c3 = C4=€2—
’ Vot + (v -1)2(62-1) -1 e -1
02-1 1
¢g1,sz =0 C2=¢€1 c3 =€9— c1=0

1 C2
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2
€1,€2

and ¢§’1752 existing for all § when v = 1. These solutions also hold for the sixth and seventh
equations.

We can apply these solutions to the remaining relations of m to see that
¢rp and @L_
are always planar algebra automorphisms of m,
¢l. and  ¢l_
are planar algebra automorphisms of m when v ¢ {1,1 - 62, ﬁ}, and
Ol b 0l @i, ¢2.. and ¢l_

are planar algebra automorphisms of PH(4,~) when 7 = 1.
Finally, there exist planar algebra natural isomorphisms

¢§1782 - ¢3517_52'
Hence we have a single planar algebra automorphism, up to planar algebra natural isomorphism,
of PH(§,~) when v € {1-42, #}, two when 7 ¢ {1,1 -6, ﬁ}, and four when v =1. A direct
computation shows that these planar algebra automorphisms compose as in the statement of
the lemma.

with (;521752 existing for all values of 6 and v, ¢ existing for all § and when ~ ¢ {1,1-42, #},

g

As a corollary, we are able to use this planar algebra computation to determine the gauge
auto-equivalences of Ad(C(sly41,k)).

Corollary 3.2. We have

Zo, if r=2 and k = 3,
{e} otherwise.

Gauge(Ad(C(sly+1,k))) = {

Proof. We prove this statement in several cases.

Case k =1:
In the k = 1 case we have that Ad(C(sl,11,2)) ~ Vec which clearly has no non-trivial
gauge auto-equivalences.

Case k =2:

When k£ = 2 we have that Ad(C(sly+1,2)) is monoidaly equivalent to Ad(C(slz, 7+ 1))
via [44, Theorem 5.1]. The category Ad(C(slz,r + 1)) is shown to have trivial gauge auto-
equivalence group in [10, Lemma 4.2].

Case k>3 and (r,k) # (2,3):
Recall that the object (A1+A,) is a symmetrically self-dual ®-generator of Ad(C(sly+1,k)),
and that the planar algebra generated by (Aj + A,.) is isomorphic to PH(4,v) with

2im(r+1) —2im(r+1) dim (12+4(r+1))im (8+8(r+1))ir 4im(r+1)
e2(r+l+k) — e 2(r+l+k) e2(r+l+k) — o 2(r+l+k) + e 2(r+l+k) — p2(r+l+k)

6= Zin i — and v = Sin (2+a(r+1))in (@+8(rr1))in Zin(rel)
e2(r+1+k) — g2(r+1+k) e2(r+1+k) — @ 2(r+1+k) 4 @ 2(r+l+k) _ @2(r+1+k)

Note that § = [r+ 1], and v = [7;]2]. Hence v ¢ {1 - 62, ﬁ} ={-[r][r+ 2],—@} as

otherwise we would have either [r]? = =1 or [r +2]? = —1. Both of these are nonsense for
our parameter values of > 2 and k > 3.
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From [29, Theorem A] we know that the group of planar algebra automorphisms of
PH(§,~) corresponds to the group of pivotal auto-equivalences of Ad(C(sl,+1,k)) that fix
the object (A1 + A,). Seeing as we avoid the cases C(sl3,3) and C(sly,2), the adjoint
subcategory of C(sl,.1,k) has trivial universal grading group [47, Theorem 1]. This implies
that these categories have a unique pivotal structure [14, Exercise 4.7.16]. Thus every
monoidal auto-equivalence of Ad(C(sl,;1,k)) is pivotal. Hence the group of planar algebra
automorphisms of PH(§,~) also corresponds to the group of monoidal auto-equivalences of
Ad(C(sly41,k)) which fix the object (A1+A,). Recalling the previous lemma, and translating
the parameters, we find the categories Ad(C(sl,+1,k)) for k # r+1 have exactly two monoidal
auto-equivalences that fix the object (A1 + A,), and the categories Ad(C(sly41,7 + 1)) have
exactly four monoidal auto-equivalences that fix the object (A1 + A,.). We now attempt to
identify these auto-equivalences.

From Corollary 2.7 we know that the category C(sl,+1, k) has the order 2 charge-conjugation
auto-equivalence, which maps

T T

YAl = Y A Ay

i=1 i=1
In particular, this charge-conjugation auto-equivalence restricts to a monoidal auto-equivalence
of Ad(C(sl,+1,k)) fixes the object (A1+A,). Further, the charge-conjugation auto-equivalence
moves the object (Ag + 2A,) € Ad(C(sly+1,k)). Therefore the charge-conjugation auto-
equivalence restricts to a non-gauge auto-equivalence of Ad(C(sl,11,k)) that fixes (A1+A;).

From [44, Theorem 5.1] there exists a level-rank duality auto-equivalence of Ad(C(sly41, 7+

1)) which has order 2. The details of this auto-equivalence are complicated, and can be
found in the cited paper. For us it suffices to know that this auto-equivalence fixes the
object (A1 + A,), and the auto-equivalence is anti-braided, so it will only fix an object if
its twist is equal to 1. Consider the object (A2 + A,—1) € Ad(C(sl,11,7 +1)). This object

has twist equal to 627”% when r > 3. Hence the twist of this object is not equal to +1
when r > 3, and so this object must be moved by the level-rank duality auto-equivalence.
In particular, this auto-equivalence is not gauge if r > 3.

We are now in place to compute the gauge auto-equivalence group of Ad(C(sly+1,k)).
When k # r+1 there are exactly two monoidal auto-equivalences of Ad(C(sl,+1,k)) that fix
the object (A1 +A;). One of these is the identity, and the other is charge-conjugation auto-
equivalence. Thus there is no room for a non-trivial gauge auto-equivalence of Ad(C(sly+1,k))
when k # 7 + 1.

When k = r+1 there are exactly four monoidal auto-equivalences of Ad(C(sl,+1,7+1)) that
fix the object (A1+A,). One of these is the identity, another is the charge-conjugation auto-
equivalence, and a third is the level-rank duality auto-equivalence. When r > 3 the level-rank
auto-equivalence moves the object (Ay+A,_1), yet the charge-conjugation auto-equivalence
fixes this object. Thus the charge-conjugation and level-rank duality auto-equivalences are
distinct. Further these two auto-equivalences have order 2; thus their composition gives
a fourth distinct auto-equivalence that moves the object (A2 + A1), and fixes the object
(A1+A;). Thus we have constructed four non-gauge auto-equivalences of Ad(C(sly41,7+1))
that fix the object (A1+A,). Hence there is no room for a non-trivial gauge auto-equivalence
of Ad(C(sl,+1,7+1)) when r > 3.

Case (1,k) =(2,3):

A direct computation shows that there are only two fusion ring automorphisms of Ad(C(sl3,3)).
The single non-trivial fusion ring automorphism fixes the objects 1 and (A; + Ag), and
exchanges the objects (3A1) and (3A2). We can realise this non-trivial fusion ring auto-
morphism as the charge-conjugation auto-equivalence. However there are four monoidal
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auto-equivalences of Ad(C(sl3,3)) that fix (A; + Ag2). Therefore two of these four monoidal
auto-equivalences must be gauge. O

With the knowledge that Ad(C(sl,+1,k)) has no gauge auto-equivalences except for a single ex-
ception, we can leverage this to show that C(sl,,1, k) has no non-trivial gauge auto-equivalences,
with no exceptions.

Theorem 3.3. The category C(sly41,k) has trivial gauge auto-equivalence group.

Proof. We prove this statement in several cases

Case r=1:
If » = 1, then the statement of this Theorem is exactly [10, Lemma 4.2] paired with
Lemma 2.8.

Case (1, k) = (2,3):

If r =2 and k = 3, then the object A; generates an orientated Ao planar algebra with ¢ =
e [36]. This planar algebra has two generators, and the automorphisms are parametrised
by a single non-zero complex number. Further, every element of this 1-parameter family of
planar algebra automorphisms is naturally isomorphic to the identity. Hence, the orientated
version of [29, Theorem A] (which has not appeared in print, but is known as folklore) implies
that the group of pivotal auto-equivalences of C(sl3,3) that fix the object A is trivial. As
every gauge auto-equivalence of C(sl3,3) is pivotal by Lemma 2.1, we have the result.

Case r >2 and (r,k) # (2,3):

For this general case we will use [13, Theorem 9.1]. This Theorem allows us to leverage
the fact that C(sl,4+1,k) is a Z,,1-graded extension of Ad(C(sl,+1,k)) in order to compute
the gauge auto-equivalences of C(sl,,1,k). To apply this Theorem we must show three
requirements are satisfied. They are
(1) the category Ad(C(sly+1,k)) must have no non-trivial gauge auto-equivalences,

(2) if z is an invertible object of Ad(C(sl,+1,k)) such that there exists a non-trivial graded
component Cq4 of C(sl,1,k) such that for all X, € C; we have 2 ® Xy = X, then z 2 1,
and

(3) the categories Ad(Ad(C(sly+1,k))) and Ad(C(sl,+1,k)) must be monoidally equivalent.

Let us verify each of these requirements in turn.
1) The first requirement follows from Corollary 3.2.

2) The category C(sl,.1,k) has the r non-trivial invertible objects {(kA;) : 1 <i < r}
which may, or may not live in Ad(C(sl,+1,k)) depending on k. Let C4 be the g-graded
component of C(sly41,k), where 1 < g <r+1. If the invertible object (kA;) was a fixed point
for all objects in Cy, then in particular it would fix the object (Ay), so we would have

(kA;) ® (Ag) = (Ag).
Frobenius reciprocity implies (kA;) is a sub-object of (Ay) ® (Ay)*. However we can de-
compose this tensor product into simples to see

min(g,r+1-g)

(kAi) c (Ag) ® (Ag)” = GPO (Aj +Ars1j).

Hence the only possibility for (kA;) to fix Ay is when k=2 and i =g = % Thus if k # 2
we are done.
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If k£ = 2 then we need to find an object in Cr.1 that is not fixed by (2AL+1). Consider
2 2
the object (A1 + Ar;l). We can directly compute that (2AL+1)® (A1 + Aﬂ) ~ (A@ + Ar).
2 2 2 2

Hence (A1 + A ) is not fixed by (2A rel ) and we are done. Thus the second requirement
2 2
is satisfied.

3) For the third requirement, it suffices to note that (A;+A,) ®-generates Ad(C(sl,+1,k)),
and is contained in Ad(Ad(C(sl+1,k))) as (A1 +A,) c (A1 +A) @ (A1 +A,)".

As our three requirements are satisfied, we can apply [13, Theorem 9.1] to see
Gauge(C(sly41,k)) = H*(Zy41,C*) = {e} 0.
Let us move on to realising the fusion ring automorphisms of C(sl,,1,k) as monoidal auto-
equivalences. From the results of [23] we know that
|FusEq(C(sl2,2)) =1
|FusEq(C(sl2,k))|=|{0<a<1:1+a is coprime to 2}| for k # 2
|FusEq(C(sl11,1))|=[{0<a<r:1+ais coprime to 7+ 1}|
|FusEq(C(sly41,2))|=[{0<a <r:1+2ais coprime to r + 1}|
|FusEq(C(sl11,k))| =2[{0 <a <r:1+ka is coprime to r+ 1}| for k£ >3 and r > 2.

As we have shown that C(sl.,1,k) has no non-trivial gauge auto-equivalences, we know that
| FusEq(C(sl,+1,k))| gives an upper bound on the order of Eq(C(sly+1,k)). We will soon see
that this upper bound is sharp. Let us move on to constructing these |FusEq(C(sl +1,k))]
auto-equivalences.

Lemma 3.4. For every r and k we have that
Eq(C(sl4+1,k))

s a group of order

| FusEq(C(sl11,k))|-
Proof.

Case r =1:
The case of r =1 is exactly [10, Lemma 4.9)].

Case r > 2:

For r > 1 we first note that the charge-conjugation auto-equivalence of C(sl,,1,k) con-
structed in Corollary 2.7 gives a non-trivial auto-equivalence of C(sl,,1, k) for all » > 2. This
charge-conjugation auto-equivalence is characterised by the fact that it maps

Al '—>Ar.

Let us now fix an 0 < a <7 such that 1+ ka is coprime to r + 1, and use this to construct
an auto-equivalence of C(sl,+1,k). We pick out the invertible object kA; € C(sl,+1, k). This
invertible object has order

M=r+1,
and self-braiding eigenvalue
67”:2(:7?'1) .

As 1+ ka is coprime to r + 1, we apply the simple current construction from Lemma 2.4

to get monoidal auto-equivalences Fyp, o of C(sl41,k). We have that

2mi——
OA1,kA1 ©OkAq,A =€ L.
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Thus

(E=1)Ag+Ags1, ifazr

Frara(Ar) = (kA ™ @ Ay = (kAa) ® Ay =
kAl,( 1) = (kA1) 1=( ) 1 {(k—l)Acm ifa=r.

Hence the monoidal auto-equivalences F, , are pairwise distinct for all a. Thus these simple
current auto-equivalences give
[{a:1+ ka is coprime to r + 1}|

distinct auto-equivalences of C(sl,.1,k).
There is the possibility that these simple current auto-equivalences overlap with the
charge conjugation auto-equivalences. To investigate when this occurs, we compute

Foa(A1) = A,

if and only if K =2 and a =r, or if £k =1 and a = r — 1. Thus, when paired with the
charge-conjugation auto-equivalence of C(sl.11, k) we have constructed

{a:1+ka is coprime to r + 1}|
distinct auto-equivalences of C(sl,.1,k) when k € {1,2}, and
2|{a: 1+ ka is coprime to r + 1}|

distinct auto-equivalences of C(sl,+1, k) when k > 3. Thus we have realised the upper bound
on Eq(C(sly41,k)) given by |FusEq(C(sl,, k))|. O

Let us explicitly describe these monoidal auto-equivalences of C(sl,.1,k), by describing how
they act on the object Aj. It follows from [34] that this completely describes the auto-equivalence.

Remark 3.5. For an a€ {0 <a<r:1+ka is coprime to r+ 1} and choice of sign € € {+,-},
we get a monoidal auto-equivalence of C(sly4+1,k) that sends

(E=1)Ag + Ags1 ifaxtr and e =+,
Ao (k-1)A, ifa=r, and e =+,
(E-=1D)Ars1-a+ AN ifazr ande=-—,
(E-=1)Ari1-4 ifa=r, ande=-.

The composition of the monoidal auto-equivalences of C(sl,,1, k) is determined in Appendix A.
Here it is found the group structure is as given in Theorem 1.1.
Finally, we investigate which of the monoidal auto-equivalences of C(sl,,1,k) are braided.

Lemma 3.6. For all r and k we have
EqBr(C(sly1,k)) = 25"
where
-1, ifr=1and k=2
c=10, if k<2
1, if k>3,

p is the number of distinct odd primes dividing r + 1, and

. 0, if either r is even, or r is odd and k=0 (mod 4), or k is odd and r=1 (mod 4),
1, otherwise.
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Proof. The simple current auto-equivalence F q, is braided if and only if

k
GQ—%EO (mod r +1).

From the analysis of [23], we have that there are 2P*! such choices for a, where p and t are in
the statement of the lemma. It is shown in [23] that each of these braided F; , has order two.
Further, the charge-conjugation auto-equivalence is braided, giving us an additional order two
braided auto-equivalence when r > 2, giving the ¢ term in the lemma. The special case of ¢ = -1
when r = 1 and k = 2 is to uncount the simple current auto-equivalence of C(sla,2) coming from
a =1 that is naturally isomorphic to the identity. O

4. AUTO-EQUIVALENCES FOR LIE TYPE B

In this section we compute the monoidal, and braided auto-equivalences of the categories
C(s0241,k). The outline of our computations is as follows.

We begin with the gauge auto-equivalences of C(s02,+1, k). We know that the planar algebra
generated by the object Ay B Cggp € C(502,41, k) ® Rep(Zs) is isomorphic to BMW (g2, ¢*") with

21
q = e*@-1+0)  However, the object Aj ® Cgg, only generates the subcategory

Ad(C(s02r41,k)) ®Rep(Za) c C(s02,41, k) ® Rep(Za).

Thus the planar algebra automorphism group of BMW(q2,¢*") will only give us information
about the gauge auto-equivalences of Ad(C(s02,+1,k)) ® Rep(Zz2).

A straightforward computation shows that the planar algebra BMW (g2, ¢*") has trivial auto-
morphism group, except in the special case where k = 2r + 1. A further computation shows that
this non-trivial planar algebra automorphism corresponds to an auto-equivalence of

Ad(C(s02r+1,k)) ® Rep(Z2)

which exchanges simple objects. Thus, the category Ad(C(s02,+1,%)) ® Rep(Z3) has no non-
trivial gauge auto-equivalences. From this fact, it immediately follows that Ad(C(so2,+1,k))
also has no non-trivial gauge auto-equivalences. As C($09,+1,k) is a Zs-graded extension of
Ad(C(so2r41,k)), we can now apply [13, Theorem 9.1] to see that C(s02,41, k) also has no non-
trivial gauge auto-equivalences.

The results of [23] compute the fusion ring automorphisms of C(s02,+1, k) as:

{e} if k=1,
Lo x (L1 /{x1}) if k=2, and
Zy if k> 2.

Thus to complete the computation of the auto-equivalences of C(s09,11, k) we have to deter-
mine which of the above fusion ring automorphisms are realised as either monoidal, or braided
auto-equivalences. The k = 1 case is trivial, as there are no non-trivial auto-equivalences. The
k > 2 case is also rather easy, as the single non-trivial fusion ring automorphism is always
realised as a simple current automorphism. The difficult case is k£ = 2. Here we proceed by
using the modular data of C(s02,41,2) to bound the size of the braided auto-equivalence group
of C(s02,41,2), which turns out to be significantly smaller than Zy x (Z3,,,/{£1}). We then
perform a trick to leverage this bound to also determine a bound for the size of the monoidal
auto-equivalence group of C(s02,11,2). To realise these upper bounds we observe that the
de-equivariantization of C($09,+1,2) is a Tambara-Yamagami category, which we can explic-
itly identify. Using Lemma 2.16 we can compute the auto-equivalence group of this Tambara-
Yamagami category. We can then apply the functorality of equivariantization to extend these
auto-equivalences of the Tambara-Yamagami category, up to auto-equivalences of C(s02,11,2).
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These auto-equivalences realise the upper bound we computed earlier, completing the compu-
tation.

With the high level argument in mind, let us proceed with the details. We begin by computing
the planar algebra automorphisms of BMW (q,r). This computation will also be useful later on,
for our computations in the Lie type C section.

Lemma 4.1. The planar algebra BMW(q,r) has no non-trivial automorphisms unless r = +i.
If r = i, then there exists a single non-trivial automorphism sending

X

This automorphism is not braided, and exchanges non-isomorphic simple objects in the idempo-
tent completion.

Proof. As the planar algebra BMW(q,r) is generated by the single element

\/\ e BMW(q,r),,

any planar algebra automorphism of BMW(q,r) is completely determined by its value on this
element. The box space BMW(q, ), is 3-dimensional, so ¢ € Aut(BMW(q,r)) is determined by
three scalars o, 8,7 € C, with

A=A

Solving for the relation

Xel) (2

B-a=(y-1(g-q").
Solving for the Reidemeister 2 relation yields the additional three equations

yields the equation

af+v-av(g-q ") =1,
-1

o?+ 8%+ aB 7’—7“1+1 +ﬂ+73r+7a(q—q_l)=0,
q-q r
v(a+B)=0.
Solving for all four of these above equations yields two solutions:
(aaﬁ77) = (O’Oal) or (q_q_la_(q_q_l)v_l)‘

The first of these solutions is just the identity, and the second we can write as

\

o=

reveals that the second is an automorphism only if r = —r~

Solving for the relation

1 e only if r = +i.
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Clearly the possible non-trivial ¢ satisfies Reidiemester 3. Thus ¢ is a planar algebra auto-
morphism of BMW(q, +7), and hence of BMW(q, +7) by Proposition 2.10.

As the braiding in BMW(q, i) is the crossing generator, the non-trivial automorphism ¢ is
clearly not braided.

The idempotent completion of BMW(q, +i) contains the two inequivalent minimal central

idempotents
\ + q—2 /
in (Q¢Z)(qil)2 L (qFi)(q+1)? /
(q=1i)? (¢gFi)(qxi)? \ (q:FZ)(qj:z)Z / :

The non-trivial automorphism ¢ exchanges these two idempotents, and thus exchanges the
corresponding non-isomorphic simple objects in the idempotent completion. O

and

Specialising this lemma to the C(s09,41,k) case gives the following Corollary.
Corollary 4.2. The category C(s02,+1,k) has no non-trivial gauge auto-equivalences.

Proof. Let us begin with the special case of k = 1, which requires special treatment. The
categories C(s09,41,1) have Ising fusion rules. Hence these categories have no non-trivial gauge
auto-equivalences by [11].

In the general case of k > 2, we will use [13, Theorem 9.1]. This Theorem allows us to leverage
the fact that C(s09,41,k) is a Zs-graded extension of Ad(C(s02,+1,%)), in order to compute the
gauge auto-equivalences of C($02,+1, k). To apply this Theorem we must show three requirements
are satisfied. They are

(1) The category Ad(C(s02,+1,k)) must have no non-trivial gauge auto-equivalences,

(2) if z is an invertible object of Ad(C(s02,+1,k)) such that for every object X in the non-
trivially graded component of C(s02,41, k) we have z ® X, = X, then z = 1, and

(3) the categories Ad(Ad(C(s02r+1,k))) and Ad(C(s02,+1,k)) must be monoidally equiva-
lent.

Let us verify each of these requirements in turn.

1) From Lemma 2.8, every gauge auto-equivalence of Ad(C(s02,11,k)) ® Rep(Zsy) will appear
as a planar algebra automorphism of the planar algebra generated by X, where X is any ®-
generator of Ad(C(s02,41,k))®Rep(Za). The object Ay ®Cqgy, is a particularly nice ®-generator
of Ad(C(s02,41,k)) ® Rep(Z2), as we have the following isomorphism of planar algebras from
Equation (2.4)

PA(A(C(502r41, k) 8 Rep(Zs), Ay 8 Cagn) 2 BMW (g2, ¢77) with ¢ = e7r 175

From Lemma 4.1, the planar algebra BMW g2, ¢*") only has a single non-trivial automorphism
when k = 2r + 1, which corresponds to an auto-equivalence of Ad(C(s02,+1,k) ® Rep(Z2) that
exchanges distinct simple objects. Thus, the category Ad(C(s02,+1,k)) ® Rep(Z2) has no non-
trivial gauge auto-equivalences. As a non-trivial gauge auto-equivalence of Ad(C(s02,11,k))
would canonically extend to a non-trivial gauge auto-equivalence of Ad(C(s02,+1,k))®Rep(Zs),
we see that Ad(C(so2,+1, %)) has no non-trivial gauge auto-equivalences.
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2) The only non-trivial invertible object of Ad(C(s02,+1,%)) is the object kA;. The non-trivial
graded component of C(s02,+1,k) contains the object A,, and we have the fusion
(kA1) ® (Ay) 2 ((E-1)A1 + A)).

Thus, when k > 1 (a case we have already covered), the invertible object kA; is not a fixed point
for the non-trivially graded component of C(s02,+1, k).

3) To show that Ad(Ad(C(s02,+1,k))) ~ Ad(C(s02,11,k)), we have to break up into two cases
depending on the parity of k.
If k is even, then consider the object kA, € Ad(C(s0241,k)). We have the fusion
(EA;) ® (EA;)" o Ay,
therefore A1 € Ad(Ad(C(s02,41,k))). As Ay ®-generates Ad(C(s02,+1,k)), we thus have
Ad(Ad(C(EUQTH, k))) - Ad(C(SUQTH, k))

If k is odd and not equal to 1, then consider the object (k—1)A, € Ad(C(s02,+1,k)). We have
the fusion

((k - 1)Ar) ® ((k - l)Ar)* > Alv
therefore Ay € Ad(Ad(C(s02,+1,k))). As A; ®-generates Ad(C(s02,+1,k)), we thus have
Ad(Ad(C(502T+1, k‘))) x Ad(C(,GUQH.l, k}))

As all three conditions are satisfied, we can apply [13, Theorem 9.1] to see that the gauge
auto-equivalence group of C(509,,1, k) is isomorphic to H?(Za,C*) = {e}. O

Now that we have shown the categories C(502,41, k) have no non-trivial gauge auto-equivalences,
we next have to determine which fusion ring automorphisms of C(s09,.1, k) are realised as either
monoidal or braided auto-equivalences. There are three cases to work through, k=1, k =2, and
k> 3.

Case: k=1.
When k = 1, there are no non-trivial fusion ring automorphisms of C(s09,+1,k). Thus
EqBr(C(s02,+1,1)) = Eq(C(s02,41,1)) = Gauge(C(s02,+1,1)) = {e},

as in the statement of Theorem 1.1.

Case: k> 3.

When k > 3, there is a single non-trivial fusion ring automorphism of C(s09,41,k), charac-

terised by the fact it maps
(Ar) g ((k‘ - 1)A1 + Ar)

We will show this automorphism is always realised by a monoidal auto-equivalence of C(s02,+1, k),
which we construct as a simple current auto-equivalence.

Consider the order two invertible object (kA;) € C(s02,+1,k). This invertible object has self
braiding eigenvalue 1 is k is even, and —1 if k£ is odd. Thus we can use Lemma 2.4 to get a
monoidal auto-equivalence of C(s09,+1, k) when k is even, and a braided auto-equivalence when
k is odd. We compute that this auto-equivalence maps

(A) = (M) @ (kAy) = ((k-1)A1 + A,).
Thus we have, for k > 3,

{e}, if k is even,

Eq(C(s02r41,k)) =Zy  and EqBr(C(g"?’”*l’k)):{z if k is odd
2 .

As in the statement of Theorem 1.1.
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Case: k=2.

The most difficult case concerns the categories C(s09,+1,2), due to the existence of many exotic
fusion ring automorphisms. To simplify notation we give these categories explicit presentations.
We label the simple objects of C(s02,11,2) as:

1727X17X27§/%

with 1 <4 <r. The objects 1 and Z have dimension 1, the objects X;, and X5 have dimension
V2r + 1, and the objects Y; all have dimension 2. The commutative fusion rules are given by

ZQ 71
Z®X12X,
Z®Xox2 X,
ZY;2Y;
Xi19X12X0Xo210@Y;

Xi8Xs2Zo@Y;
i
Yi ®Y) 2 Yiin(ivj2r+1-i-5) ® Yjij| 1#J
Yi®Yi=1+Z+ Yiin(2iari2-2i)-

We can compute the twists of the simple objects in this category using Equation (2.1). The
twists of the simple objects 1 and Z are 1, the twists of the objects X7 and X, have 8 fold
symmetry with respect to r, which we present in Table 3. The twists of the simple objects Y;
are given by the formula

0 1 -1

1 eZiﬂ% eQiﬂ'%
9 eQiﬂ'i eQiﬂ'%
3 eQiﬂ'% 62i7r%
4 -1 1

5 €2i7rg GQiﬂ%
6 eZiﬁ% eQiﬂi
7 e2i71’g €2i7r%

TABLE 3. Twists of the simple objects X7 and X5 in C(s02,41,2)

The group of automorphisms of the C(s02,+1,2) fusion ring is isomorphic to Zg x Z3,,1/(+).
The automorphism corresponding to the Zso factor simply sends

X1 < X,
and fixes all other objects. The automorphism corresponding to an element m € Z3_,,/(+) sends

Y~ Ymin(mi (mod 2r+1)),-mi (mod 2r+1))>

and fixes all other objects.
As there are no non-trivial gauge auto-equivalences of C(s02,41,2), we have that

Eq(C(s02r+1,2)) € Za x Z3,.41/(%)-
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It turns out that this upper bound for Eq(C(s02,+1,2)) is not sharp, as there are fusion ring
automorphisms of C(s09,+1,2) that are not realisable as monoidal auto-equivalences. We begin
our computations by giving improved bounds. While not a-priori, these new bounds will be
sharp.

Lemma 4.3. We have
EqBr(C(so9,41,2)) € {neZ,,; : n? = 1}/ (2).

Proof. To determine an upper bound for the group of braided auto-equivalences of C(s509,41,2)
we calculate the group of fusion ring automorphisms that preserve the twists of the simple
objects.

As X7 and Xs always have differing twists, the fusion ring automorphism X; <> Xs does not
preserve twists.

Let n e Z3,,,/(+), and consider the fusion ring automorphism

Yim Ymin(ni (mod 2r+1)),-ni (mod 2r+1))-
A calculation shows that this fusion ring automorphism preserves the twists of all the simple
objects if and only if n? =1 (mod 2r +1). O

Using similar techniques, we can prove the following lemma, giving a necessary condition for
there to be a braided equivalence between C(s09-41,2) and its braided opposite. While this
lemma may seem irrelevant, we will soon find an important use for it when trying to improve
the bound on Eq(C(s02,+1,2)).

Lemma 4.4. There exists a braided equivalence C(502,11,2) — C(s0274+1,2)™" only if Z5,,,
contains an element n such that n® = —1.

Proof. Let F : C(s09541,2) = C(509,41,2)"™" a braided equivalence. As the underlying monoidal
categories of C(502,41,2) and C($09,4+1,2)"™" are the same, we have that

~¢'(Yi): Ifﬁ:;(nl (mod 2r+1)),-ni (mod 2r+1))

for some n € Z3.,,. In particular we have that Y7 = Yihin(n (mod 2r+1))—n (mod 2r+1))" As F
preserves twists we get the equation
. T . —n2r
6217Tm = 62171' 2r+1 R
which implies that n? = =1 (mod 2r + 1). O

We now return to improving the upper bound on Eq(C(s02,+1,2)). We achieve this bound by
a combinatorial argument, counting the size of the group EqBr(Z(C(s02+1,2))) in two ways.
On one hand we give an upper bound for EqBr(Z(C(s02,11,2))) by considering fusion rules and
twists of the Drinfeld center. On the other hand we count the size of EqBr(Z(C(s02,41,2)))
using the following equation

| EqBr(Z(C(s02r41,2)))[ = [Eq(C(s02r41,2))| - [EqBr(C (502741, 2))].
This equation follows from the fact that the data for an invertible bimodule over C(s02,41,2)
consists of an invertible C(s09,+1,2) module, and an outer auto-equivalence of C(s02,+1,2) [27].
As the category C(s02,41,2) is braided and has no non-trivial gauge auto-equivalences, we have
that Out(C(s02-41,2)) = Eq(C(s02,+1,2)). Hence we can combine the two ways to count the size

of EqBr(Z(C(s02,+1,2))) to give an upper bound for Eq(C(s02,41,2)). Working through this
approach gives the following lemma.

Lemma 4.5. We have

I Eq(C(s0ar51,2))] < {4| EqBr(C(s02,41,2))| if Z5,,, contains an element n such that n® = -1

2| EqBr(C(s09,41,2))| otherwise.
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Proof. Let us begin by showing that the category Z(C(s02,+1,2)) has no non-trivial braided
gauge auto-equivalences. This fact will allow us to apply combinatorial techniques for the
remainder of the proof.

Aiming for a contradiction, suppose Z(C(s02,+1,2)) had a non-trivial braided gauge auto-
equivalence F. Then [15, Theorem 1.1] would imply the existence of a non-trivial invertible
bimodule M over C(s02,:1,2). As F is gauge, [31, Proposition 3.1] tells us that the rank of M
is equal to the rank of C(s02,+1,2). The modular category C(s02,+1,2) has no non-trivial gauge
auto-equivalences via Corollary 4.2, and so in particular it has no non-trivial braided gauge auto-
equivalences. Thus [15, Theorem 5.2] combined with [4] show that the only invertible module
category over C(509-41,2) with maximal rank is the trivial module. Hence M is equivalent to
C(s09741,2) as a left C(s09,41,2)-module, which then implies

M ~C(s02r41,2)g

as an C($02,41,2)-bimodule, with G an outer auto-equivalence of C(s02,41,2). As M is non-
trivial, the auto-equivalence G must be non-trivial, and in particular must be non-gauge by
Corollary 4.2. However, we can now use [39, Section 3] to see that the braided auto-equivalance
of Z(C(s02,41,2)) corresponding to the invertible bimodule C(s02,41,2)¢ is defined by

(X, 7x) = (G(X). %),

where ’y)g( is defined in the cited paper (though of no importance to this current proof). As
C(s09741,2) is braided, every simple object lifts to the centre. Therefore the above auto-
equivalence is non-gauge as G is non-gauge. But the above auto-equivalence is naturally isomor-
phic to F. Hence F is non gauge, giving the contradiction.

As the category Z(C(s02,+1,2)) has no non-trivial braided gauge auto-equivalences, we can
bound the size of EqBr(Z(C(s02,41,2))) by considering fusion rules and twists, as the group
EqBr(Z(C(s02r41,2))) is a subgroup of the group of fusion ring automorphisms of Z(C(s02,+1,2))
that preserve twists. We will refer to such fusion ring automorphisms as braided fusion ring au-
tomorphisms for the remainder of the proof.

Consider the objects X1 ®1" and 1 ® X{°¥ in

Z(C(502741,2)) = C(509241,2) ®C(50941,2)"".

rev

These objects ®-generate the factors C(s02,41,2) and C($09,+1,2)™" respectively. Thus any
braided fusion ring automorphism of Z(C(s02,+1,2)) that fixes these objects must be of the
form F® G for F a braided fusion ring automorphism of C(s02,+1,2), and G a braided fusion
ring automorphism of C(s02,41,2)"".

We now consider F a F a braided fusion ring automorphism of Z(C(s02,+1,2)) that moves
either of the objects X; ® 1" and 1 ® X7®. Simply considering dimensions shows that there
are eight possible objects that each of these two objects can be sent to, they are

X1 R, X R 2™, Xom 1", Xy ® 2%, 10 X1, Z8 X1, 1= X5, and Z & X5

By considering dimensions and twists, we can determine that F(X; ® X{®) must be either
X1 ®X7® or Xo® X5%. With this information, we are able to compute Table 4, showing
possibilities for F(1 = X{¢"), given F(X; ®1""). In particular the twists of the objects for the
two possibilities of F(1®X]®) always differ by —1. This shows that F is completely determined
by where it sends the object X7 ® 1"V, This gives us a naive bound

| EqBr(Z(C(s02,-1,2)))| < 8| EqBr(C (502,41, 2)) -

To improve this bound we now split the proof up into cases.
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F(X1®m1™) F(1xX{%)
X1 m1 = 1x8X[" or ZmX;"
X1 r 2 = 1x8X3;* or Zm X[
Xom 1™ = 1xX3* or Zm X[
Xow 2 = 1xX]® or Zm X3
1= XY = XiR1™ or XomZ™
Zm X% = Xox1"™ or XimZ™
1= X5 = Xox1™ or XjmZ™
Zr X5 = Xix1" or XomZ™
TABLE 4. Possibilities for F(1 &= X]®).

Case: =0 (mod 4) and Zj,,, contains an element n such that n? = -1
By considering dimensions and twists there are four possible objects in the image of
X1 ® 1" under F. They are

X1m1", X1 w 2", 1w X%, Z &8 X]%.

Case: r=2 (mod 4) and Zj,,, contains an element n such that n? = -1
By considering dimensions and twists there are four possible objects in the image of
X1 ® 1" under F. They are

X1m1", X1 w 2", 1w X5, Z & X5,

Case: =1 (mod 2) and Zj,,, contains an element n such that n? = -1
The first supplement to quadratic reciprocity shows that this is a vacuous case.

Case: r =1 (mod 2) and Zj,,, does not contain an element n such that n? = -1
By considering dimensions and twists there are two possible objects in the image of X3
1"V under F. They are

X 1V and X z",

Case: 7 =0 (mod 4) and Z},,,; does not contain an element n such that n? = -1
By considering dimensions and twists there are four possible objects in the image of
X1 ® 1" under F. They are

X1 m1™, X182, 18 X1, 71 XTI,

Aiming towards a contradiction, suppose that F(X; ®1™") = 1® X{°". Then F induces
a braided equivalence C(s02,11,2) — C(502,41,2)"". However this is a contradiction by
Lemma 4.4. Thus

F(X1m1™) £1= X7,
Aiming towards another contradiction, suppose that there exist braided fusion ring au-
tomorphisms Fj, Fa such that Fi(X; ®1'V) = X; ® 2™ and Fo(X1®1™) = Z & X{.
From Table 4 we see that (18 XI) = Z® X1, Therefore F;' o F, is a braided fusion
ring automorphism sending X; ® 1"V to 1 ® X|®Y, which induces the same contradiction
as before.
Together, we see there are at most two objects in the image of X1 ®1"Y under F a braided
fusion ring automorphism of C(s09,41,2).
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Case: =2 (mod 4) and Z},,; does not contain an element n such that n? = -1
By considering dimensions and twists there are four possible objects that a braided fusion
ring automorphism can send X; ® 1"V to. They are

X1m1", X1 w2, 1w X5, Z & X5,

The same arguments as in the previous case show that at most two of these objects can
be the image of X7 ® 1™V under F.

This case by case analysis gives us the following bound

4|EqBr(C(s09,41,2))|* if Z3,,, contains an element n such that n? = -1

EqBr(Z(C(s02,41,2)))| <
|EqBr(Z(C(s02r41,2)))| {2]EqBr(C(502r+1,2))|2 otherwise.

Combining this with the equality
|EqBr(Z(C(s02r+1,2)))| = | Eq(C(s02741,2))[ - [EqBr(C(s02,+1,2))],

gives the statement of the lemma. O

We move on to showing that the bounds on Eq(C(s02,:1,2)) from Lemma 4.5, and on
EqBr(C(s02,41,2)) from Lemma 4.3 are sharp. Our main tool to construct monoidal and
braided auto-equivalences of the category C(s02,+1,2) is to identify the de-equivariantization of
C(s02r41,2) by the Rep(Zs) category (1, 7). It turns out that computing the auto-equivalences
of this de-equivariantization is much easier. We then use the functorality of equivariantization
to obtain auto-equivalences of the category C(s02,11,2).

There are two structures in play here, depending on if we think of C(s09,+1,2) as a braided
category, or just a plain monoidal category. We begin by considering the braided case, which is
slightly easier.

It is clear from the fusion rules and T-matrix of C(s02,+1,2) that there is unique fully faithful
braided functor Rep(Za) — C(s02,41,2), defined by

triv ~ 1 and sgn — Z.

By de-equivariantizating C(s09,41,2) we get a triple of data (D, p,0), where D is a Zs-graded
fusion category, p a monoidal functor p: Zg - Eq(D), and o is a family of Zy-crossed braidings

XeY - p(l)[Y1]® X,

such that the category D?? is braided equivalent to C(s02,41,2). Our goal is to determine as
much information about this triple (D, p, o) as possible.

From the results of [2] we know that the category D is a Tambara-Yamagami category
TY(Zor+1,X,7T), where x is a symmetric bicharacter Zo,.1 x Zory1 — C*, and 7 € +. Fur-
thermore they show that at the level of objects p(1) fixes m, and sends i < —i. Using up
a degree of freedom, we can thus arrange Zo,,1 so that the forgetful functor C(so9,41,2) —
C(s02,41,2)//Rep(Za) ~ TY(Zar+1, X, T) sends

Y, » 1@ —i.

The Zo-crossed braided category TY(Zar+1,X,7) has a braided subcategory with Zs,,1 fusion
rules. By [46] such categories are completely classified by ¢ a 2r + 1-th root of unity. The associ-
ator on (Zay41,q) is trivial, and the braiding of two objects i and j is given by ¢*/. To determine

¢ we note that the adjoint subcategory of C(s02,41,2) is braided equivalent to (Za,41,q)%2.
Forgetting gives a braided functor that sends

Y~ i@ —i.
In particular this implies that the twist of 1 € (Z241,¢) is equal to the twist of Y. Thus we

2Hmr=—"r—

have that q = e*'"2r+1.
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As TY(Zar+1, X, T) is a Zg-crossed braided extension of (Zg,+1,q), we have that the single non-
invertible simple object of TY(Zar+1,x,7) forms a module category over the braided category
(Z2r+1,q). The unique rank one module over (Za,+1,¢q), is Vec with trivial structure morphisms.
Using the theory of G-crossed braided extensions [15], we can see that the associator morphism

(iem)®j—->i®(m®j)

in TY(Zars1,X,7) is given by the braiding of i and j in (Za2,+1,¢). This completely determines
the bicharacter y, giving us

i = 621# 27‘+1

x(i,7) =q
We neglect to determine 7.

Lemma 4.6. Let ne{neZj. :n*=1}. Then there exists a monoidal auto-equivalence F, of
Ty(Z27‘+17 X T) deﬁned by

Fn(m)=m and F,(i) =ni (mod 2r +1).
The structure constants for Fn(m) are trivial. The map n— F,(m) gives an isomorphism
{neZs.,: n® = 1} = Eq(TY(Zar+1,X,7))-

Proof. This is a direct application of Lemma 2.16 and Remark 2.17. It is routine to check that
n € Z3. ., preserves x if and only if n? = 1. O

Now we determine p : Zy — Eq(TY(Z2r+1,x,7)). Trivially we have that p(0) is the iden-
tity on TY(Zors1,X, 7). As mentioned before, p(1) restricts to the (Zoy11,q) to give the
auto-equivalence ¢ — —i. From Lemma 4.6 there is a unique monoidal auto-equivalence of
TY(Zors1,X,T) that restricts to i — —i on the Zg,,1 subcategory. Thus p(1) 2 Fa,.. We neglect
to determine the tensor structure of p.

Finally we determine the Zs-crossed braiding o on TY(Zar+1,X,7). Solving [9, Equations
(82) and (83)] using a slight alteration of the techniques used in [51] gives that there are four
possibilities for o, depending on a choice of square root of both x(1,1) and 7.

5= x(4,5)idiy;
2-2
m = X(17 1)? ldm

(Omm)i = oimX (i) \/— Z 0j,mid;

Solving for equation [9, Equation (81)] shows that x(1, 1)% = x(1,1)%”, uniquely determining
the choice of square root of x(1,1). This allows us to write
0-7;7m — ><(17 1)2i2r2 ldm

Without 7 we are unable to determine its choice of square root. Thus we have two possible Zo
crossed braidings. Thankfully the following key lemma is independent from both the choice of
7, and the choice of square root of 7.

Lemma 4.7. Let ne {neZj, ,:n*=1}. Then there exist monoidal natural isomorphisms
0" p(0) 0 Fo = Fu 0 p(0)

and
' p(1) o Fp = Fpop(1)

defined by 779( =idg, (x) and n}( =idg,. . (x)-
Furthermore, the pair (Fpn,n) is a automorphism of (TY(Zaor+1,X,%),p,0) in the category of
Zo-crossed braided fusion categories.
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Proof. As the tensor structure morphisms for the monoidal functor F,, are trivial, the natural
isomorphisms 1’ and n' are easily checked to be monoidal.

To verify that (F,,n) is a automorphism of (7Y(Zar+1,X,%),p,0) in the category of Zo-
crossed braided fusion categories, we have to check the commutativity of the diagram (2.8).
Working through all possibilities for all objects in TY(Zg,+1, X, ) shows that commutativity is
equivalent to the following equations

Fu(0i;) = Onin; for all i,j € Zopi1,
Fu(Cim) = Onim for all i € Zoy,1,
F(Om,i) = Omoni for all i € Zoy,1,
Fo(omm) = Omm.
Expanding these gives the equations:
x (4, 7) = x(ni, nj),

22,2

X(1, 1) = (1, 1)

2r 2.2 2 2,2,.2 T 2r 2.9
ZX(171)2J " :X(lvl) e X(TLZ,TLZ) T ZX(171)2J ™,
=0

-
\/2T+1j:0 \/27"+1j_

for all @, € Zopy1-

i2r2 . .
X(1, )% x (i, )

Each of these follows from the fact that x(1,1) is a 2r + 1-th root of unity, and
n*=1 (mod 2r+1). O

With the above lemma in hand we can now apply the functorality of equivariantization to get
a homomorphism

n e .7-",%2 {neZy. . :n®=1} - EqBr(C(s09,41,2))
We explicitly compute that }'%2 fixes the objects 1,7, X1, X9, and sends the object Y; —

Yinin(ni (mod 2r+1)),-ni (mod 2r+1))- L his homomorphism is surjective (although not a-priori), but

not injective.

Lemma 4.8. There is an injection
{neZy ,:n*=1}/(x) - EqBr(C(s02,41,2)).

Proof. Let n € Zj,,, such that n? = 1 such that FZ2 = Id¢(s0gy,1,2)- Then Yy = Fl2(vy) =
Ymin(n (mod 2r+1)),—n (mod 2r+1))> giving us that n = 1.

On the other hand the auto-equivalence .7-"%? is a gauge auto-equivalence of C($02,+1,2), as it
fixes all the simple objects. Thus by Corollary 4.2 .7-'227? is trivial. This implies that the kernel of
nw FZ2 is {~1,1}. In particular, we get the injection from the statement of the lemma. O

This injection realises the upper bound on EqBr(C(s02,+1,2)) from Lemma 4.3. Hence we
have

EqBr(C(s02,41,2)) 2 {neZj ., :n*=1}/(£).
Let w(2r + 1) be the number of distinct prime divisors of 2r + 1. We have that
2r+1 X
Z;J( "D s (e, 0 =1},
with an explicit isomorphism sending

k
2r+1
{pi.p5 i} Y+
=1

(mod 2r +1).

)
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This allows us to write
EqBr(C(s02,41,2)) 2 Zy *7D !

as in the statement of Theorem 1.1.

We now consider C(s02,-41,2) as just a monoidal category, forgetting the braided structure.
The monoidal category C(s02,+1,2) has two structures as a category over Rep(Zz), given by the
two central functors (Z) - Z(C(s02,+1,2)) defined by:

F"':ZwZg1™ and F :Ze1xZ".

Thus de-equivariantizing C(s02,41,2) gives us two fusion categories with Zs action, corre-
sponding to the two lifts F'* and F~. We call these two fusion categories with Zs action

(D+,p+) and (D_,p_)

respectively, where D, are fusion categories, and p* : Zy — E_q(Di) are monoidal functors,

such that D22 = C(s09,41,2).
It follows from the braided case that D, = TY(Zar+1, X, T), with

x(i, ) = €47
As D22 = (509,41, 2) we can count the simple objects of both categories to see that p(1) can only
fix the simple objects 0 and m in TY(Zar+1, X, 7). From Lemma 4.6 there is a unique monoidal
auto-equivalence of T)Y(Za+1,X,7) with this property. Hence we have that p*(1) = Fa,.

As F~ factors through C(so02,41,2)™", we have that D~ = (D")°P = TY(Zayi1,x ', 7). The
same argument as in the p* case shows that p~(1) = Fa,.

Lemma 4.9. Let n € Z5,,, such that n> = —1. Then there exists a monoidal equivalence F, :
TY(Zari1, X, ) = TY(Zori1, X1, %) that fizes m, and sends i — ni. The structure constants for
these monoidal equivalences are trivial. Furthermore there exist monoidal natural isomorphisms

1”1 p7(0) 0 Fpy > Fro p*(0)
and
n':p (1) 0 Fpy > Frop*(1)

defined by 779( =idx,(x) and n}( =idg,,, (x)-
Further, the pair (Fpn,n) gives a morphism

(C(s02r41,2), F") = (C(502,41,2), F7)
in the category of fusion categories with Zso-action.

Proof. This proof is a slight altercation of the proofs of Lemmas 4.6 and 4.7. U

Using the functorality of equivariantization, we get for each n € Zj,,, such that n? = -1, a
morphism in the category of fusion categories over Rep(Zs):

FL2: (C(509741,2), F) = (C(502,41,2), F7).

Forgetting the central structures gives monoidal auto-equivalences of C(s09,41,2) for each n €
Zj,., such that n? = 1. Combining these new monoidal auto-equivalences, with the braided
auto-equivalences we have already constructed, we obtain a homomorphism

n e .7-}%2 {neZs. 4 in? = 1} — Eq(C(s02,41,2)).

Explicitly we compute that F22 fixes the objects 1, Z, X1, Xo, and sends Y; + Yinin(ni (mod 2r+1)),-ni (mod 2r+1))-
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The same as in the braided case, we can show that the kernel of the homomorphism n + FZ22
is {1,-1}, and thus we get an injection

{1 € Zyy :0® = #1}/{2} > Eq(C(s0241,2)).
We can use the boson Z to construct a simple current monoidal auto-equivalence of C(s02,11,2)
sending X7 < X9, and fixing all other simple objects. This gives us an injection

Zox{n €Ly, .y :n® = £1}/{£} > Eq(C(s02/41,2)),

realising the upper bound on Eq(C(s02,11,2)) from Lemma 4.5.
Via the first supplement to quadratic reciprocity, we have that Zs,,1 has a solution to n? = -1
if and only if every prime p dividing 2r + 1 satisfies p =1 (mod 4). This allows us to write

Zy x Lo x EqBr(C(so2,11,2)) if every prime p dividing 2r + 1 satisfies p= 1

Eq(C(s09,41,2)) =
q(( 2r+1 )) {ngEqBr(C(BUQTH,Q)) otherwise.

As in the statement of Theorem 1.1.

5. AUTO-EQUIVALENCES FOR LIE TYPE C

In this section we compute the monoidal, and braided auto-equivalences of the categories
C(spy,, k). The outline of our computations is as follows.

We begin by showing that there are no non-trivial gauge auto-equivalences of the categories
C(spgy,, k). Recall that the object A1 ®-generates C(sp,y,, k). Thus any non-trivial gauge auto-
equivalence of C(sps,., k) will appear as a non-trivial planar algebra automorphism of the planar
algebra generated by A;. We know that this planar algebra is isomorphic to

27
BMW(q, —¢?"*1) with g = e*+k+1),
We can reuse a computation from the Lie type B section to show that this planar algebra has
no non-trivial automorphisms that give rise to gauge auto-equivalences of C(spy,, k). Hence the

category C(sps,, k) has no non-trivial gauge auto-equivalences.
The results of [23] compute the fusion ring automorphisms of C(sp,,, k) as:

{e}ifr=2and k=1,

{e} if r # k and rk is odd ,

Zo if r £ k and rk is even ,

Zo if r =k and r is odd ,
Zo x 7o if r =k and r is even .

We find that all of these fusion ring automorphisms are realised as monoidal auto-equivalences,
though only some of them are braided. The first four cases above are easily dealt with by
constructing the auto-equivalences as simple current auto-equivalences. The latter two cases
are more interesting, as there exists an exotic fusion ring automorphism. We show this exotic
automorphism is realised by lifting the interesting planar algebra automorphism of BMW (q, %)

seen in Lemma 4.1.
Let us begin our computations.

Lemma 5.1. The category C(spy,, k) has no non-trivial gauge auto-equivalences

Proof. Consider the object Ay € C(sps,, k). Recall from Equation 2.5 that the planar algebra
generated by A; is isomorphic to

271
BMW(q7 —QQT“) with q= e 4(r+k+1) |

As the object A; ®-generates C(sps,, k), we can apply Lemma 2.8 to see that every non-trivial
gauge auto-equivalence of C(spsy,,k) appears as a non-trivial planar algebra automorphism

(mod 4)
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of BMW(q,—-¢?**1). From Lemma 4.1, the planar algebra BMW(q, —¢?"*!) only has a single
non-trivial automorphism when k = r, which corresponds to an auto-equivalence of C(spy,, k)
that exchanges distinct objects. Thus the category C(sps,,k) has no non-trivial gauge auto-
equivalences. O

Next up we have to show that all fusion ring automorphisms of C(sp,,, k) are realisable. For
this we break up into cases.

Case: r=2and k=1 or r # k and rk is odd.
In this case we have no non-trivial fusion ring automorphisms of C(sp,,, k). Thus

EqBr(C(spa,, k)) = Eq(C(spy,, k) = Gauge(C(spa,, k)) = {e},

as in the statement of Theorem 1.1.

Case: r # k and rk is even.

In this case the upper bound of the auto-equivalence group is Zo. The modular category
C(spy,, k) has an order 2 invertible object kA, which we can use to construct a simple current
auto-equivalence. This invertible object has self-braiding eigenvalue 1 when rk =0 (mod 4), and
-1 when 7k =2 (mod 4). Thus we can use Lemma 2.4 to construct a (possibly trivial) monoidal
auto-equivalence of C(sps,., k). This auto-equivalence sends

A A ® (k‘AT) = (Ar—l + (k’ - 1)/\7«),

hence this auto-equivalence is non-trivial apart from the case r = 2 and k = 1, which we have
already dealt with. This auto-equivalence is braided if and only if (kA,) has self-braiding
eigenvalue —1, i.e if and only if rk =2 (mod 4). Thus we have

{e}, if rk=0 (mod 4),

Eq(C(spy,,k))=Zo and  EgqBr(C(spsy,.,k)) = {ZQ if rk=2 (mod 4)

as in the statement of Theorem 1.1.

Case: r = k. When r = k, the category C(sp,,., ) has an exotic order 2 fusion ring automorphism
defined as follows. For an object ¥.i_; A\;A; consider the Young diagram whose j-th row consists
of T—Zf: k—j Ai boxes. The transpose of this Young diagram corresponds to another simple object
of C(spy,, ), under the same combinatorial interpretation. The image of the object i \jA; is
exactly the simple object corresponding to this transposed Young diagram. As a quick example,

we work out where Ao gets sent to under this exotic automorphism.

(AQ) ~ E’ ~ (2A1)

This exotic automorphism of the C(spy,,r) fusion ring is completely characterised by the
fact that it fixes the object Ay, while not being gauge. The fact this automorphism fixes
the object Ay is particularly convenient for us, as if the automorphism is realisable, then it
will appear as a non-trivial planar algebra automorphism of the planar algebra generated by
Ai. From Equation 2.5 we know that the planar algebra generated by A is isomorphic to

27
BMW (e4@+1)  —j). Further, from Lemma 4.1, there exists a planar algebra automorphism of

27
BMW ((e*+1) /i) that corresponds to a non-braided monoidal auto-equivalence of C(spy,,7)
that exchanges distinct simple objects. By the unique characterisation of the above exotic
fusion ring automorphism, we must have that this non-trivial planar algebra automorphism of

27
BMW ((e*@+1) /i) corresponds to a non-braided monoidal auto-equivalence of C(sp,,,r) that
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realises the exotic fusion ring automorphism. We denote this non-trivial auto-equivalence as the
level-rank duality auto-equivalence of C(sp,,., 7).

When r is odd, there is only a single non-trivial automorphism of the C(spy,,r) fusion ring.
The non-trivial fusion ring automorphism is realised by the level-rank duality auto-equivalence.
Thus when r is odd, we have

Eq(C(spa,7)) =22 and  EqBr(C(spy,, k)) = {e}

as in the statement of Theorem 1.1.

When r is even, there are three non-trivial automorphisms of the C(sp,,,r) fusion ring. The
invertible object kA, € C(spsy,,7) is a has self-braiding eigenvalue 1, as r? = 0 (mod 4), so we
can apply the same arguments as in the rk =1 (mod 2) and r # k case to construct an order 2,
non-braided auto-equivalence that sends

A1 [d (Ar—l + (k‘ - 1)Ar)

Furthermore the level-rank duality auto-equivalence gives us a non-braided order 2 auto-equivalence
that fixes A;. These two auto-equivalences are clearly not inverse to each other. Thus their com-
position gives us a third non-trivial monoidal auto-equivalence. This composition is not braided,
as it maps A; ~ (A,_1 + (k- 1)A,), which have differing twists. Thus when r is even, we have

Eq(C(spay,)) = Z2xZy  and  EqBr(C(spy,,7)) = {e}

as in the statement of Theorem 1.1.

6. AUTO-EQUIVALENCES FOR LIE TYPE G

In this section we compute the monoidal, and braided auto-equivalences of the categories
C(g2,k). We remark that the results of this section are dependant on work that has yet to
appear in print by Ostrik and Snyder.

The outline of our computations is as follows.

We begin with a standard planar algebra computation, showing that the G2(q) planar algebra
only has no non-trivial automorphisms, up to planar algebra natural isomorphism. Hence the
category C(g2, k) has no non-trivial gauge auto-equivalences.

The results of [23] compute the fusion ring automorphisms of C(gs, k) as

{e} if k + {3,4},
Zs i k =3,
Zo if k = 4.

When k = 3 or k = 4, we see the category C(gz2,3) has exotic fusion ring automorphisms.
For k = 3 we find that these exotic automorphisms do not lift to the category C(gsz,k). Our
argument here is to consider the planar algebra generated by the object Aj, and the planar
algebra generated by the image of A; under the automorphism. We show that these two planar
algebras are non-isomorphic; thus the automorphism can not lift to a monoidal auto-equivalence.
For k = 4 we show the exotic fusion ring automorphism does lift to a braided auto-equivalence.
Our argument is similar to the k = 3 case, where we consider the planar algebra generated by
the object Ay, and the planar algebra generated by the image of A; under the automorphism.
However in this case we show that planar algebras are isomorphic as braided planar algebras,
and hence there is a braided auto-equivalence of C(gs, k) realising the fusion ring automorphism.

Let us begin our computations for this section.

Lemma 6.1. The planar algebra G2(q) has no non-trivial automorphisms, up to planar algebra
natural isomorphism.
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Proof. Let ¢ be a planar algebra automorphism of G3(¢). Then ¢ is completely determined by

how it acts on the generator . As the 3-box space of G2(q) is 1-dimensional, we must

’ )\ ) a)\
for some o € C.

As ¢ must preserve the relations of Ga(q), we can see from relation (iii) of the G2(q) planar
algebra that o = +1. It is routine to check that the automorphisms

are consistent with the other relations, and the automorphisms preserve the negligible ideal by
Proposition 2.10. Thus we have two planar algebra automorphisms of G3(q). However these
two automorphisms are isomorphic to each other via the natural isomorphism

have that

pi=—|.

The object A1 ®-generates C(g2, k), and we have the isomorphism of planar algebras

27
PA(C(g2,k), A1) = G2(q) with g = €55,
from Equation (2.7). Hence we can apply Lemma 2.8 to get the following Corollary.
Corollary 6.2. The categories C(ga, k) have no non-trivial gauge auto-equivalences.

Now that we have shown that the categories C(gs, k) have no non-trivial gauge auto-equivalences,
we move on to determining which of the fusion ring automorphisms of C(gs, k) are realisable.
We break into cases.

Case: k= {3,4}.
In this case there are no non-trivial fusion ring automorphisms. Thus
EqBr(C(g2, k)) = Eq(C(g2,k)) = Gauge(C(g2,k)) = {e},
as in the statement of Theorem 1.1.

Case: k= 3.
When k = 3, there are two non-trivial fusion ring automorphisms, which are

A= Ag = 3A1 = Ay,
and its inverse.

Lemma 6.3. The fusion ring automorphism Ay — Ag — 3A1 = Ay does not lift to a monoidal
auto-equivalence of the category C(gz2,3).

Proof. Using Frobenius-Schur indicators, computed from the modular data of C(gs, 3), we can see
that the object Ag is symmetrically self-dual. Thus we can form the planar algebra PA(C(g2,3), A2).
We begin the proof by identifying this planar algebra.

As dimHom(1 - A$™) is equal to 1,0,1,1,4,10 for 0 < n <5, we have from [41, Theorem B|
that there is a planar algebra injection Ga(q) - PA(C(g2,3),A2) for ¢ some primitive root of
unity.
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As the categorical dimension of Ay is equal to

10im 8im 2im —2im =8im -10im

e2l +e2l +e2l +1+e2 +e 21 e 21 |

we must have that ¢ = 31" for some N ¢ {1,4,5,16,17,20,22,25,26,37,38,41}. The quantum
twist of Ag is e&Tﬂ, which implies that N has to be either 5 or 26. By Lemma 2.14 we know

that the planar algebras Gg(e%) and Gg(e%) are isomorphic. Thus we have a planar algebra
injection
Ga(e ) > PA(C(g2,3), A2)-

Aiming towards a contradiction of the statement of the lemma, suppose there was a monoidal
auto-equivalence I of C(g2,3) that sends Ay — As. Then T' induces a monoidal equivalence of
based categories (C(g2,3),A1) = (C(g2,3),A2), and hence by [29, Theorem A] an isomorphism
of planar algebras

PA(C(g2,3), A1) = PA(C(g2,3), A2).

We know from Equation (2.7) that PA(C(g2,3),A1) = Ga (e%), so we have an injection of
planar algebras

Sim

Gole 1) » Goler).
As the 3-box space of both these planar algebras is 1-dimensional, we must have that the trivalent
vertex of Gg(e%) is mapped to a scalar multiple of the trivalent vertex of Gy(e2r). However,
the bubble and triangle popping values of the trivalent vertex in each of these planar algebras
are different, and there exists no rescaling of the trivalent vertex to arrange that these two values

are the same for both planar algebras. Hence we have a contradiction, and thus the fusion ring
automorphism Aj — Ay —» 3A — A; does not lift to a monoidal auto-equivalence of C(gs2,3). O

As the non-trivial fusion ring automorphism of C(g2,3) does not lift, we see
EqBr(C(g2,3)) = Eq(C(g2,3)) = Gauge(C(g2,3)) = {e},

as in the statement of Theorem 1.1.

Case: k =4.

When k =4 there is a single non-trivial fusion ring automorphism, which sends
A1 <> 2A2 and A2 <> 4A1,
and fixes the other simple objects.

Lemma 6.4. This non-trivial fusion ring automorphism of C(g2,4) lifts to a braided auto-
equivalence.

Proof. Using the modular data of C(g2,4), we can use Frobenius-Schur indicators to verify that
the object 2A5 is symmetrically self-dual. Thus we can form the planar algebra PA(C(g2,4),2A2).
Using the same argument as in the proof of Lemma 6.3 we can show that there is an injection
of planar algebras

GQ(Q) - PA(C(927 4)7 2A2)

for ¢ some primitive root of unity.
The categorical dimension of 2A5 is equal to

103 8im 2 =247 =8im —10im

e2d +e24 +e2a +1+e 24 +e 24 ¢ 24

so we must have that ¢ = ¢35 for some N € {1,5,19,23,25,29,43,47}. The quantum twist
of 2As is i, which allows us to further deduce that N € {1,5,25,29}. The Hopf link of 4As is

3V2++/6 (2\/§+ 3) +2, which shows that N € {1,25}. By Lemma 2.14 we know that the planar
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algebras G» (e%) and Go (e%) are isomorphic as braided planar algebras. Hence there is an

injection of braided planar algebras

Go (624) - PA(C(g2,4),2A2).

As the map exchanging A; <> 2A5 and As <> 4A; is a fusion ring homomorphism, we have the
dimensions of the spaces

Hom(1 > (442)") and  Hom(1 - (A1)")

agree. Hence the planar algebras Go (e%) and PA(C(g2,4),2A2) have box spaces of the same
dimensions, and so the injection

G (e31) > PA(C(g2,4),2s)

is in fact an isomorphism of braided planar algebras.
By [29, Theorem A], the above isomorphism of planar algebras lifts to a braided equivalence
of based categories
(C(g2,4), A1) > (C(g2,4),2A2).
Forgetting the basing gives a braided auto-equivalence of C(g2,4) that sends Ay to 2A;. As

there is a unique non-trivial fusion ring automorphism of C(g2,4), we must have that this
automorphism lifts. O

As the non-trivial fusion ring automorphism of C(go,4) lifts, we thus have

Eq(C(g2,4)) = EqBr(C(g2,4)) = Z2

as in the statement of Theorem 1.1.

7. FUTURE DIRECTIONS AND APPLICATIONS

A new family of modular tensor categories from the charge-conjugation auto-equivalence
of C(sl,11,k).

For the modular tensor categories C(sl,.1,k) we show the existence (for r > 2) of the semi-
exceptional charge conjugation braided auto-equivalence. This auto-equivalence has order 2.
Hence we get a group action

Zy - EqBr(C(sl41,k)).

The technique of gauging [6] allows us to take a group action on a modular tensor category,
and construct a new modular tensor category, given that two certain cohomological obstructions
vanish. For the example of C(sl,11,k), the first of these cohomological obstructions will be an
element of

H3(Zo, Inv (C (b1, k))) = H*(Z2, Zp 1),
with Zo acting on Z,,1 via the inverse map, and the second will be an element of
HY(Z3,C*) = {e}.

As latter obstruction group is trivial, the corresponding obstruction vanishes for free. The
former obstruction group is isomorphic to

{e} if r is even,

Zrsaf(2r1) = {Zg if 7 is odd

Thus for r even, we can gauge C(sl,11,k) by the charge conjugation auto-equivalence to obtain
a new family of modular tensor categories. While we have the abstract existence of these
categories, almost all other information about them remains mysterious.



46 CAIN EDIE-MICHELL

Question 7.1. For even r, determine the structure of the modular tensor categories obtained
by gauging C(sl,11,k) by the charge conjugation auto-equivalence.

Even for the simplest non-trivial case of C(sl3,3) it is hard to say anything about the resulting
modular tensor category. Hence, it appears new techniques will be required to answer this
question.

In another direction, it would be interesting to study the obstruction living in H?(Zg, Zy41)
when r is odd.

Reverse-braided auto-equivalences of C(s09,4+1,k), and connections with modular
grafting.

When k =2 and every prime p dividing 2r + 1 is congruent to 1 mod 4, we show the existence
of a distinguished exceptional monoidal auto-equivalence of C($02,+1,2). This monoidal auto-
equivalence has the peculiar property that it is reverse braided in the sense that

The existence of such auto-equivalences is rare for general modular tensor categories, as it implies
restrictive conditions on the central charge of the category, and on the twists of objects which
are fixed points.

The first few examples of categories C($09,+1,2) with such reverse braided auto-equivalences
are

C(s05,2), C(s05,13), C(s017,2), C(s025,2), and C(s029,2).

Playing numerology, we notice that (apart from 2r + 1 = 25), these categories all appear
as ingredients of the hypothetical “modular grafting” construction [17]. It is conjectured that
these categories can be grafted with certain dihedral groups to obtain the Drinfeld centres of
the Haagerup-Izumi categories. The difficulty in this conjecture is that there is no idea of
what grafting should look like at the level of modular tensor categories. The appearance of
these reverse braided auto-equivalences for these examples leads one to suspect that such auto-
equivalences may be connected to the hypothesised modular grafting process.

While this is all wild speculation, we do have some evidence for a connection. We first
notice that the objects from C($02,4+1,2) that appear in the modular grafting are exactly the
non-fixed simple objects of the reverse braided auto-equivalence. By this we mean precisely,
that if {X; : 1 <4 < m} are the non-fixed simple objects of C($02,+1,2), then there exists an
mxm block in the S-matrix of the Drinfeld centre of the hypothetically corresponding Haagerup-
Izumi category that exactly corresponds to the m xm sub-matrix of the S-matrix for C(s02,11,2)
obtained by restricting to the objects {X; : 1 <7 < m}. The same fact holds true for the T-matrix
as well.

We also notice that the only other quantum group modular tensor category that could possibly
have a reverse braided auto-equivalence is C(f4,4). This auto-equivalence has 12 non-fixed simple
objects, and we find that the 12 x 12 block of restricted modular data for C(f4,4) exactly appears
in the modular data for the centre of extended Haagerup [24]. Further, we can identify Z4xZs as
the group component of the modular grafting, and construct a fairly natural looking formula for
the modular data of centre of extended Haagerup, starting from the modular data of C(f4,4) and
the Drinfeld centre of Z4xZs. This strongly suggests that the centre of extended Haagerup should
fit into the hypothetical modular grafting procedure, and that reverse braided auto-equivalences
could be involved in this procedure.

While of course this could all just be coincidence, we believe there is sufficient evidence to
investigate the following question.
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Question 7.2. Can reverse braided auto-equivalences be used to give a rigorous definition of
modular grafting.

A new family of planar algebras from the level-rank duality auto-equivalence of
C(5p2r7r)'

Recall that C(sp,,,r) has exceptional order two level-rank duality auto-equivalence, which
we constructed from an exceptional planar algebra automorphism ¢ of the planar algebra

BMW(q,7). This exceptional planar algebra automorphism was defined by

By taking fixed points of the planar algebra BMW (g, i) under this Zs-action, we can construct

—

a new planar algebra BMW (g, ) ?
While this planar algebra is easily described as the fixed points of ¢, is always desirable to
have a presentation of a planar algebra by generators and relations. For the planar algebra

— 7
BMW(q,1) ? there is a canonical 6-box generator given by

N R O e A==
m 1
+2(q ) (q+1)(2ig* +q—1i) (-2 +q(q—1)) ‘ ‘ ‘ \ \
q(1+q(q(2+q(q+4i)) - 4i))

2 (¢2-1)" (=3 +q(3¢ - 4i)) LU
q(1+q(q(2+q(q+4i)) - 4i)) M M

which is uniquely characterised (up to scalar) by the fact that it is uncappable in every position,
and invariant under rotation by 7 degrees. Finding more complicated relations that this gen-
erator satisfies however proves to be an exhausting task. However, finding such relations could
reveal new ideas for skein theories involving 6-boxes, and hopefully pave the way for more exotic
planar algebras based on similar skein theories.

Question 7.3. Find a generators and relations presentation for the sub-planar algebra of
_— 7
BMW ¢,7) ~ generated by S.

A non-commutative algebra object in C(g2,4).

For any modular tensor category C, there exists an isomorphism from the group of braided
auto-equivalences of C, to the group of invertible modules over C [15]. The goal of this Section
will be to determine the invertible module over C(g2,4) corresponding to the exceptional braided
auto-equivalence

A1 <> 2A2 and A2 <> 4A1

We begin by describing how to take a braided auto-equivalence of a modular tensor category

C, and construct an invertible module over C.

Construction 7.4 ([15, Theorem 1.1]). Let F € EqBr(C). Then the object

Ar= P XeoF (XY
Xelrr(C)
has the structure of an algebra object in C. Except in the trivial case of C = Vec, the algebra
Ar is not simple. Let
A F= DA;
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be a decomposition of Ax into simple algebra objects. The invertible module corresponding to
F is Mod¢(A4;) for any choice of algebra A;. As the simple algebra objects {4;} are pairwise
Morita equivalent, the choice of A; does not affect the resulting module category.

For a given braided auto-equivalence F, it is easy to determine the algebra object Ax. In the
case of the exceptional braided auto-equivalence of C(go,4) we have that

A(A1<—>2A2 and Ag<4Aq) =
()% @ (A1) @ (201 @ (3A1)% @ (40P @ (A2)®° @ (A + A2)® 2 @ (2A1 + A2)®0 @ (2A,)%.

However it is difficult in practice to determine how the algebra Az decomposes into simple
algebras. To determine how the algebra Az, 20, and As«an;) decomposes into simple algebra
objects {A;}, we apply the techniques of [27] to compute an exhaustive list of possible simple
algebra objects in C(g2,4). Via [4], we know that the rank of Mod¢(A;) is equal to 5 (the
number of fixed points of the exceptional braided auto-equivalence). Thus we can restrict our
attention to simple algebras in C(ge,4) whose corresponding module category has rank 5. This
reduction significantly reduces the complexity of the computation.

Lemma 7.5. Let A € C(g2,4) be an algebra whose corresponding module category has rank 5.
Then A is contained in the list

A= (0) @ (3A1) @ (4A1) @ (Ag)

A= (0)® (2A1) @ (3A1) @ (4A1) @ (A2) ® (A1 + Ao)®? @ (2A; + Ag)

Az = (0)® (2A1)%%2 @ (3A1) ® (4A1) ® (A2) @ (A1 + A2)®? @ (21 + Ap)®?

Ag=(0)@ (M) @ (2A1) @ (3A1) @ (4A1) @ (Ag) @ (A + A2)®2 @ (2A1 + A2)®2 @ (2A)

As:=(0)@ (A1) @ (2A1)%%2 @ (3A1)®3 @ (4A1) @ (A2) @ (A1 + A2)®P @ (2A1 + A2)®% @ (2A,)

Ag:=(0) @ (A1) @ (A1) @ (301)%° @ (401)% @ (A2)®? @ (A1 + A2)® @ (201 + A2)®* @ (2A9)
A7=(0)@ (A)®? @ (201)% @ (3A1)®° @ (4A1)P @ (A2)®P @ (A1 + A2)® @ (21 + A2)® @ (275)%?
Ag=(0)@ (A)®? @ (2A1)% @ (3A1)®° @ (4A 1) @ (A2)®P @ (A1 + A2)®° @ (21 + A2)® @ (2A5)®?
Ag:=(0)@ (A)®? @ (2A1)®° @ (3A1)®° @ (4A1)P @ (A2)®P @ (A1 + A2)®0 @ (2A1 + A2)®° @ (2A5)%2

Proof. We use the techniques of [27] to find all potential simple algebras in C(gs2,4). We then
throw out all potential simple algebras whose corresponding potential module category does not
have rank 5. O

With this finite list of possible simple algebra objects, it now becomes a combinatorial problem
to determine how A(x, 27, and As—dn,) decomposes. While a-priori there should be no reason
to expect a unique decomposition, in this case we are lucky, and can exactly determine the
decomposition.

Lemma 7.6. The algebra Az, 20, and Aoerdh;) € C(g2,4) decomposes into simple algebras as
A3®A4®A4EBA5®A5.

Proof. We brute force check all possible 1287 different ways of choosing 5 simple algebras from
the list in Lemma 7.5, and see that A3 & A4 ® A4 & As & A5 is the only one that is equal to

A(A1 o200 and AgdAr)- O

Corollary 7.7. The objects A3, Ay, and As in C(g2,4) have the structure of simple algebra
objects.

The module fusion graph of Mod¢(As) is
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The category C(g2,4) is unitary. Hence this graph is the principal graph of a subfactor via
Popa’s embedding theorem [45]. The existence of this subfactor was hypothesised in [18].

APPENDIX A. THE GROUP STRUCTURE OF Eq(C(sl11,k)).

By Terry Gannon

In this appendix we explicitly determine the group structure of Eq(C(sl,+1,%)). The goal will
be to prove the following Theorem.

Theorem A.1. Letr,k>1. Write n=r+1 and d = gcd(n, k). Then we have
Eq(C(sly+1,k)) 2Zax{beZ},:b=1 (modd)}
0ifk<2orr=1
1ifk>3 andr>2.
More explicitly, this subgroup of 7}, is isomorphic to
{Zz, X Lo X Linr if 2 exactly divides d
2

Ly, % Lyn otherwise,

where ¢ = {

where we write n.=n'n"" for n' = ged(n, k), son’ is coprime to k.

We have seen that auto-equvialences of C(sl,,1,k) come in two forms, the charge conjugation
auto-equivalences, and the simple current auto-equivalences. The charge conjugation auto-
equivalences of C(sl,+1,k) are already well understood. They exist and are distinct from the
simple current auto-equivalences when both £ > 3 and r > 2. Each of these charge conjugation
auto-equivalences has order 2, and commutes with all other auto-equivalences. More complicated
is the composition of the simple current auto-equivalences. Let us study these in detail.

Recall that the simple current auto-equivalences of C(sl.,1,k) are parameterised by the set
G :={a € Z, : 1+ ka is coprime to r + 1} via the map a —» Fyp, o We begin by determining
the group structure on this set which corresponds to the composition of simple current auto-
equivalences.

Let a,b two elements in the set G. Let X € C(sl.41,k), and n the unique integer (modulo
r + 1) such that

TX kAL © OkAy,x = €7 7T id( e -
Then by the definition of the simple current auto-equivalence we have Fyp, (X) = (kA_pp) ® X,
and s0 Fra,.a(Fra, p(X)) = (kA_am) ® (EA_p,) ® X, where m is the unique integer (modulo
r + 1) such that

Qe .
T(kA_pn)®X kA1 © OkAL (kA p)oX =€ 1 1d(kA @ (kA )®X -

A direct computation gives that m = n + nbk. Hence
Fienra(Fieny 5(X)) = (EA_anspky) @ (kA-pn) ® X = (kAp(—ap-ran)) ® X.
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Thus the auto-equivalence Fi, o © Fra,» behaves the same on objects as the auto-equivalence
Fihy a+b+kab- As the category C(sl,,1,k) has no non-trivial gauge auto-equivalences, this implies
that

Frtr,a © Frnyb = Frhya+b+kab-
Hence we can endow the set G with the group structure

a-a=a+d +adk
to capture the composition of the simple current auto-equivalences.
Lemma A.2. The group G is isomorphic to the subgroup G(n,d):={beZ} :b=1 (modd)}
of Z,,.

Proof. There exists integers ¢, m such that ¢k + mn = d. Since Es =1 (mod %5), we have £ is
coprime to 5. In fact, we can choose £ so that it is coprime to n: choose an integer L so that

{1 (mod p) if p | ged(4,n)

L
0 (modp)ifp|nandp/fl

then ¢’ := £+ L% and m’ :=m - Ls also satisfy d = £’k + m’n, though ¢’ is coprime to n.

Since ¢ is coprime to n, the map b — ¢b on Z, is a bijection. Because 1+ db = 1 + kfn
(mod n), it restricts to a bijection G(n,d) — G as sets. Comparing the product in G(n,d), i.e
(1+db)(1+db') =1+d(b+b)+d2b, with that of G, i.e. (¢b)-(¢') = €b+ £ + debb’ (mod n),
we see then that this map defines a group isomorphism. O

All that remains is to determine G(n,d) as a product of cyclic groups. Let us write v, for the
multiplicity of the prime p in n, and 7, for the multiplicity of the prime p in d. Then Z; =], Z;,,p
and G(n,d) = I, G(p",p"™), and it suffices to work locally. Trivially, G(p”,1) = Z,., and so
G(n,d) 2 Zy x G(n",d).

Lemma A.3. Assume 0 <n<v and p is prime. As groups,

ZoxLgv-1  ifp=2andn=1
Ly otherwise.

G(p”,p")

112

Proof. First note that for any p, b~ 1+p"b: Z,» — G(p”,p") is a bijection of sets, so |G(p”,p")| =

v

Y.
If p is odd, then it is a classical group theory result that Z;,M, & Zip-1 % Lpp+n-1. Then G (p¥,p™")
will be a subgroup of the cyclic subgroup Z,.+n-1, hence is itself cyclic with G (p”,p") 2 Zp as
groups.

When p = 2 we have that Z3, ., = Zy x Zgvn-2, where the Zy factor can be taken to be generated
by -1 € Z3,+y, and Zgv+y-2 taken to be all ¢ € Zy.,, with ¢ =1 (mod 4). When 7 > 2, G(2",2")
must then be a subgroup of the cyclic subgroup Zsv+y-2, and so must be isomorphic to Zov. When
n = 1, the condition ¢ = 1 (mod 2)" in G(2¥,2") is automatically satisfied, so G(2",2) = Z7,,
and we’re done. O
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