Automatica 125 (2021) 109455

Contents lists available at ScienceDirect

automatica

Automatica

journal homepage: www.elsevier.com/locate/automatica

Check for
updates

Switched control of an N-degree-of-freedom input delayed wearable
robotic system™

a,b,*

Zhiyu Sheng?, Ziyue Sun®, Vahidreza Molazadeh?, Nitin Sharma

2 Department of Mechanical Engineering and Materials Science, University of Pittsburgh School of Engineering, Pittsburgh, PA 15261, USA
b Joint Department of Biomedical Engineering, North Carolina State University, Raleigh, NC 27606, USA

ARTICLE INFO ABSTRACT

Article history:

Received 26 December 2019

Received in revised form 16 August 2020
Accepted 19 November 2020

Available online xxxx

In this paper, a switched control method for a class of wearable robotic systems that prioritizes
the use of human skeletal muscles in an assistive rigid powered exoskeleton is derived. A general
N-degree-of-freedom (N-DOF) human-robot model is proposed to consider the challenges induced by
the wearable system that include uncertainties and nonlinearities, unilateral actuation properties of
the skeletal muscles, input delays, as well as a time varying actuator efficiency. Two control modes that
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Input delay performed to prove the stability. Simulations are performed to demonstrate the gain conditions,
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- . ) selected for each subsystem, that stabilize the overall system. Experiments on a human participant
Multiple Lyapunov functional analysis

wearing a 4-DOF hybrid exoskeleton that combines functional electrical stimulation and a powered

exoskeleton demonstrate the effectiveness of the switched control design.
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1. Introduction

Wearable robotic systems are increasingly being used for hu-
man augmentation in industrial and military applications
(Cempini, De Rossi, Lenzi, Vitiello, & Carrozza, 2012; Choo &
Park, 2017; De Looze, Bosch, Krause, Stadler, & O’Sullivan, 2016;
Huo, Mohammed, Moreno, & Amirat, 2014; Walsh, 2018) and as
assistive devices during rehabilitation (Cempini et al., 2012; Huo
et al,, 2014; In, Kang, Sin, & Cho, 2015; Jamwal, Xie, Hussain,
& Parsons, 2012; Kim et al., 2012; Kubota et al., 2013; Pons,
2008, 2010). Recent papers on wearable robotic systems have
used new control theory tools such as hybrid zero dynamics
and energy shaping (Aroche, Meyer, Tu, Packard, & Arcak, 2019;
Harib et al, 2018; Lv & Gregg, 2017). These control strategies
for wearable robots primarily use actuation from electric motors.
In contrast, the focus of our paper is a muscle first strategy
control that enables a human user to maximize skeletal muscle
use or harness muscle’s inherent metabolic energy, via functional
electrical stimulation (FES), and still use a rigid wearable robot.
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The strategy is potentially beneficial from both rehabilitation
and augmentation aspects. Firstly, compared to a case where a
powered exoskeleton is used solely, a shared workload between
externally stimulated muscles and a powered exoskeleton can
reduce actuator and battery sizes, and thus make the overall
system less bulkier. Secondly, the rigid exoskeleton uses electric
motors to provide predictable torques. This attribute can be used
to overcome relatively high nonlinearities and uncertainties that
are in the musculoskeletal dynamics. These technical problems
can also be relevant to another class of wearable robotic systems
that comprise of soft robotic actuators such as, artificial mus-
cles (Andrikopoulos, Nikolakopoulos, & Manesis, 2014; Caldwell,
Medrano-Cerda, & Goodwin, 1995; Chou & Hannaford, 1996;
Daerden & Lefeber, 2002; Reynolds, Repperger, Phillips, & Bandry,
2003; Tondu & Lopez, 2000). Unmodeled phenomenon and hys-
teresis effects (Vo-Minh, Tjahjowidodo, Ramon, & Van Brussel,
2010) can add nonlinear effects and uncertainties during soft
actuator control (Mirvakili & Hunter, 2018). The control of these
soft actuators may be improved by using them in conjunction
with a light weight rigid robot.

We propose a general class of hybrid wearable robotic system
comprising of a muscle/soft actuator and a rigid robot, where
the latter can be substituted in an event of a degraded control
performance or reduced actuator efficiency that otherwise may
impair control effectiveness. For example, the reduced actua-
tor efficiency is usually observed during FES of skeletal muscles
where a rapid onset of the muscle fatigue reduces a muscle’s
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force output. As a result of this combination, this general class
of hybrid wearable robotic system possesses distinct dynamic
characteristics of skeletal muscles (or soft actuators) and a rigid
powered exoskeleton. These characteristics include unilateral ac-
tuators that produce force only in one direction. Due to this
unilateral force generation, these soft actuators have to be im-
plemented as an agonist-antagonist pair to produce bidirectional
torques at each robotic joint. Further, fluid-based actuation or
slow activation of human muscles may introduce electromechan-
ical delays (EMD) (Sharma, Gregory and Dixon, 2011), a form of
input delay, in the wearable system. The control of this class
of wearable robots is further complicated by the presence of
nonlinearities and uncertainties in the human-robot model and
a need to maintain performance in the event of loss of control
effectiveness. In view of these challenges, this class of wearable
robot system may necessitate use of switched control.

A switched control method for an N-degree-of-freedom
(N-DOF) general class of wearable robotic systems is proposed in
this paper. The resulting hybrid system is driven by two control
modes: I and I, and a switch signal that indicates the control
mode. Mode I aims at addressing the input delay problem and
applies a PD-based controller for a combined use of skeletal
muscle/soft actuator and electric motors. General gain conditions
to adjust the muscle-motor contributions are derived. Mode II uti-
lizes electric motors with a smooth variable structure controller
(VSC) (Zinober, 1994) to actuate all of the N limb joints when the
actuator efficiency approaches a designed threshold.

The two main contributions of this paper are considering
distinct input delays in the wearable robotic system and new
state-dependent constraint conditions in a multiple Lyapunov
functional approach for switched systems. Here we discuss the
two contributions. Firstly, a proportional derivative (PD) based
control strategy that compensate for EMDs is developed in a gen-
eral N-DOF system. Input delay problems of nonlinear control sys-
tems have recently been explored in Alibeji, Kirsch, Dicianno, and
Sharma (2017), Bekiaris-Liberis and Krstic (2012), Krstic (2009),
Lei and Khalil (2015, 2016), Nihtild (1989), Polyakov, Efimov,
Perruquetti, and Richard (2013), Sharma, Bhasin, Wang and Dixon
(2011) and Sharma, Gregory et al. (2011). Compared to those, in
this paper, a particular challenge is introduced by distinct EMDs,
ri(”, in the muscles or soft actuators of an agonist-antagonist pair
(j = 1,2) at different joints (i = 1,2,...,N). By considering
this challenge, the result of this paper generalizes the analysis
in Sharma, Bhasin et al. (2011) from a uniform input delay, t,
to ri(’) and applies the control design in the model of a gen-
eral wearable robotic system. Accordingly, delay compensation
terms are specifically designed for each muscle/actuator group
and Lyapunov-Krasovskii (L-K) functionals are chosen to prove
the stability of the N-DOF system under the developed controller.

Secondly, the stability of the switched N-DOF wearable robotic
system is analyzed via a multiple Lyapunov functional (MLF)
(Branicky, 1998; DecCarlo, Branicky, Pettersson, & Lennartson,
2000; Goebel, Sanfelice, & Teel, 2009; Liberzon & Morse, 1999)
approach, provided that each subsystem in the switch family is
proven to attain a semi-globally uniformly ultimately bounded
(sGUUB) stability. In Kirsch, Alibeji, Dicianno, and Sharma (2016),
a similar fatigue-motivated switched strategy was proposed for
a single DOF hybrid neuroprosthesis. A common second order
sliding mode controller was designed based on a feedback lin-
earized virtual input that was used for both muscles and motors.
The stability of the switched system was then analyzed by a
common Lyapunov functional (CLF) (Liberzon & Morse, 1999).
Downey, Cheng, Bellman, and Dixon (2017) also used a CLF
to prove the stability of a 1-DOF lower-limb neuroprosthetic
system. Asynchronous stimulation of different muscle groups was
modeled as a switched system. However, in our current paper,
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due to the existence of the delay compensation terms and the
corresponding L-K functional, it is difficult to find an explicit
CLF that guarantees the arbitrary (fast) switch. Instead, different
Lyapunov functionals have to be considered to facilitate different
control modes. As a result, when the subsystems are combined,
discontinuity of the Lyapunov functional occurs at each switch.
In this situation, typically, a dwell time approach is employed in
an MLF analysis to guarantee the stability. However, due to the
dwell time, the unnecessary waiting period between switches,
in general, might be undesirable for human augmentation or
rehabilitation. Therefore, in the MLF analysis of this paper, we
explicitly derive additional constraints in the switch criteria to
not only guarantee the overall stability, but also enable a desired
switch immediately once those constraints are satisfied.

A preliminary conference paper on a 5-DOF lower-limb
human-robot model with a uniform input delay at knee joints
was presented in Sheng, Molazadeh, and Sharma (2018). In the
current paper, the theoretical results have been extended to
a general N-DOF system with different input delays of each
soft actuator at each joint. The control mode II has also been
modified to use the VSC controller with a continuous input. A
new Lemma 1 has been introduced to perform the switch criteria
that fully depend on the measurable states and estimated model
parameters. This guarantees the feasibility of experiment imple-
mentation. New simulations that show the use of gain conditions
and experimental results with a human participant that validate
the controller have also been added.

Notation: For simplicity, in this paper, (v;)y represents a vector
v = (v1,V2,...,0y) € RN and (aﬁ)MxN € RM*N represents a
matrix array. v; = v(t — 1) = (it — )y = (vir), € RY
denotes the vector v after each element, as a time dependent
function, being delayed by t;, (i = 1,2, ..., N). Time dependent
functions can be simplified as v(t) = v € RN when there is no
time delay.

Remark. The work here is motivated from FES-based control
of skeletal muscles in a hybrid exoskeleton. However, we in-
terchangeably denote muscles as soft actuators. This is a slight
abuse of the terminology used by the soft actuator community.
The terminology is interchangeably used to extend the proposed
switched framework to a general class of wearable exoskeleton
that combine FES control of skeletal muscles or soft actuators
with a powered exoskeleton.

2. Modeling

A generalized N-DOF model for a wearable robotic system is
expressed by the Euler-Lagrange (E-L) equations:

D(q)q + C(q, q)q + G(q) + Mey(q, @) + W
=T — T® 4+ T, (1)

where q(t) = (qi(t))y € RN are time dependent limb joint
angles. D(q) € RVN, C(q,q) € R¥*N, and G(q) € RN are a
generalized inertia matrix, a Coriolis-centripetal matrix and a
gravity vector, respectively. M,,(q,q) € RN expresses passive
moments due to the elastic-viscous effect at each limb joint. W €

RN represents a disturbance term. T9(t) = (Tsug(t)) e RY, is
b >

a vector that represents torques contributed by each actuator:
j, where j = 1, 2, of an agonist-antagonist soft actuator pair at
a joint: i, where i = 1,2,...,N. Tp(t) = (Tn(t)), € RV is
a vector that represents torques exerted by electric motors of a
rigid exoskeleton at a joint: i. The torque exerted by the electric

motor at a joint i is modeled according to a linear relationship,

Tm,i = Km,ium,ia (2)
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where Kp,; € R.¢ is a motor constant and u ;(t) € R is an input
to the electric motor. The N-DOF model is developed under the
following assumptions:

(A1) Modeling of TSO) and distinct input delays. The torque pro-
duced by a soft actuator j at a joint i is modeled as

T()) — ’al(l)nl(l) ) 0 (3)
a, I,Ti

where n (q q) € R.g is a lumped bounded unknown nonlin-

ear functlon that mag)s a positive 1r1put delayed control signal

u’ o, = u (t—r)eR toT) i)e]R>olstheEMD
ﬂ,l,l’i
associated with the actuator j at joint i. rl. ) values are assumed as

known constants but can have distinct values for different i and j.

(A2) Time-variant actuator efficiency. Motivated from the phe-
nomenon of the human muscle fatigue (Sharma, I(irsch Alibeji &
Dixon, 2017), we introduce a time-variant term ,u ( )e [gl , 1],
as the estlmate of the actuator efficiency. g € R is the lower
bound of fi ,u ) and /L ) is assumed to follow a known continuous
governing equation that models the fatigue and recovery process,
as
li,‘ F, (ﬂl 7”0), @) (4)
G,I,Ii
(A3) The disturbance, W(t), and the unknown functions: M,,(q, q)
and 77 ) are bounded.

3. Control design
3.1. Two control modes in the switched N-DOF human-robot system

Two control modes are integrated to control the N-DOF system
in (1). In mode I, torque contributions from soft actuators and
assistive electric motors can share work load. The input to the
soft actuators in (3) is designed as

G0 = 18 a0 (5)

a i 2 a,i s i’
where u(’)(t) € R.y is the subsequently designed proportional
derivative (PD) feedback controller with a compensation term for
different EMDs. K € R is an additional gain to modulate uU)
of individual actuators &(t) € {—1, 1} is a switch signal. £ = 1
indicates mode I and § = —1 indicates mode II. After substituting
(5) into (3), the torque contribution from the soft actuator is
expressed as

() 1+$' U) 1) () (l
Ts.i = 2 My My Ka! ITQ)' (6)

i1

By adding the switch signal to (2), electric motor torque contri-
butions are expressed as

1+¢&

Ty i = —— K il i (7)

where u,,; € R denotes the control input to the electric motor
under mode L.

When mode II (§ = —1) is activated, all the joints are driven
by torque contributed from electric motors as
1-§
Tm”,i = TKm,ium",h (8)

where uy,, ; € R is the control input to the electric motor under
mode II.

By combining mode I and mode II and using (1), (6), (7) and
(8), the N-DOF system under a switched control of the defined
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actuators can be expressed as

D(q)4 + C(q, q)q + G(q) + Meu(q, q) + W
1+& o
A0
- (2 K ”,-“)) (9)
N

T -‘;" i (2) (2) 2)
- 2 UR Ka i 7 (2)
N

+§& 1-§
+ < K itim,, z) + (7Km,ium",i> ,
2 N 2 N

which consists of two subsystems indexed by the switch signal,

&(t). For simplicity of the subsequent derivations, we denote

ab) = (MY)) e RV, p0) = (;75’)) e RN, u¥) = (ug’z) e RV,
N N "/ N

U = (Um.i)y € R and up, = (tpm,.i), € RY.

3.2. The state vector of trajectory tracking and delay compensation

The control objective is to make the switched system, (9), track
a desired trajectory, qq(t) = (gq(t)), € RN under the following
assumption:

(A4) The desired trajectories and their time derivatives are known
and bounded.

The tracking error e(t) = (ei(t))y € RN is defined as

e =qa,i — qi- (10)

To facilitate the control development and the stability analysis,
the auxiliary signal r(t) € RV is

r:é+ae—$+

Bec, (11)

where

ect) = (), = (¢2), (12)

is a delay compensation vector defined as
t
e u?
e _/ 0 U ;(0)de. (13)
[—ri

o, B € R.p are constant gains. The error signal, r, that contains
velocity error information has the piecewise continuous property.
To facilitate the input delays, the delay compensation termin (11)
is only used in mode I; i.e,, when & = 1. (11) and (13) consider
that the values of the input delays are different for each unilateral
soft actuator. Using the tracking errors e, r, the switch signal, &,
and the efficiency state, 10, a state vector y € ¢/ is defined as

T T T
y= [eT,rT,u“) , a? ,S] : (14)

where U=R"N x [V 1] x [, 11 x - x [, 11 x [P, 1] x
[g2 , 1] x- e x [gN), 1] x{—1, 1}. To achieve the control objective
and to also maintain the efficiency of the muscle/soft actuator, the
following sections describe the design of the control inputs: ug’),
U, Um,, and the switch criteria that is dependent on the state
vector, y.

3.3. Feedback control law and closed loop error dynamics

331 Model: § =1 )
The feedback control law for ug’) and uy, that determines mode
I is designed as

u” Q{05
W? | =K @00, |7 (15)

um, Q4
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where Q" 1(2), Q>, Q3, Q4 € RM*N are
1+sgn(r;) 1+ sgn(r
Qf”:diag( +sgn(r;) 1+ sgn(ry)

N g ey

1+ sgn (rN))

2 2 2
1-— 1-— 1-—
Q1(2) _ diag sgn (ﬁ)’ sgn (Tz)y - sgn (ry) ’
2 2 2
Q = diag (105,17105,25 -~-aps,N)7 (16)

Qs = diag (sgn (r1) , sgn (12) , ..., 580 (W),
Q4 = ( Om.jj )N><N'

K, € R.q, psi € R.o, are constant control gains. pmj; € R,
represents the variable control gains of the electric motors. The
sgn (-) function is used in view of the unilateral property of the
soft actuators and to facilitate control of an agonist-antagonist
pair. When, & = 1, by differentiating both sides of (11), then
multiplying by D(q), using (9) and (10), and substituting (15), the
closed loop error dynamics of the subsystem (¢ = 1) is obtained
as

. 1. .
D(q)r:—iD(q)r—e—i-(D—l—@d—i-W

— D(q)BK.Qar — Ky KuQar
— D(q)BKuQar a7
+ BHVK,Q Y, QQ5 -0

BHPK,QZ, Q05 T2,

where Q(Tm, Q( @ Q(1 L and Q3 (2 are defined by delaying each
ri(t) signal in (16) by 7" or 7. HO) € RVN s
. 1., N
HY = D(q) — Bdlag@%’)n%’), a3y, g (’))K(’
Ky and K KY ﬁ* ) are diagonal matrices of the motor constant, K, ;, and

gains, Ia ., defined in (2) and (5), respectively, and D e RV s

an estimate of D. Therefore, the estimation error D € RN*N is D =
D—D.In(17), ® e RV is @ = & — @y, where &(t), Py(t) € RV
are defined as

1. .. . .
<1>=5Dr+e+D(qd+ae)+Cq+G+Meu, (18)

@4 = D(qa)da + C(qa, §a)qa + G(qa) + Mev(qds da)-

According to Sadegh and Horowitz (1990) and the assumption
(A3) and (A4), it can be proven that

[®+ ®q+W| < s(lzl) Izl + ¥, (19)

;
where z € R™WV is z = (el,rT e(cl) e? Y. 5@(-) is a posi-
tive globally invertible non—decreasmg function. ¥ € R.g is a

constant.

332 Modell: £ = —1
In mode I, the robust VSC controller, u,,(t), is designed as

_ r
Uy, = Ky (m (8" (lyer 1) llyerll + %) + KJ) ; (20)

where yor = (e, rT). K, € R.g is a constant control gain.
e € R.g is a small constant. §@'(-), which is a positive globally
invertible non-decreasing function, and ¥’ € R.( are guessing

functions to bound H(Iﬁ + D+ W — BH They satisfy

Hqs bW — BH < 80 (yerl) Iyerll + &,

where B € RV is the remaining bounded actuation from mode
I due to EMD after the most recent switch and will certainly

Automatica 125 (2021) 109455

disappear in a short time period, max;{z;}. By using the same
derivation as in the case when & = 1 but substituting (20) for
the control input, the closed loop error dynamics corresponding
to the subsystem (§ = —1) of (9) is derived as,

. 1. - -
D(q)r:—ED(q)r—e+<D+d>d+W—B (21)

r
- (69’ + V') —K,r.
i+ ( yer D 1yer )

3.4. Switch criteria

According to (3), the torque generated under a certain input
can vary with the actuator efficiency. To obtain a consistent joint
torque, these actuators can be switched with electric motors
when the efficiency is low and re-activated upon recovery. There-
fore, a switch logic is designed to determine the choice between

the subsystems, £ = 1 or £ = —1. This behavior is modeled as
gt=—& (e, u e e, (22)
where (-)~ and (-)* denote the value just before and after the

switch. The set D consists the union of three sets and forms the
switch criteria, as

D:{yeu:s=1,aje{1,2},ie{1,2,...,1\1}

" &) e,

sl < &} U Derg U {y eu: (e, ert

Vje{1,2},ie{1,2,...,N}s.t.ﬁ?)zﬁ}. (23)
W, & € [max;; [gi(’)] , 1], m < , are constants that describe the
lower and upper thresholds of the efficiency states to enable the
switch. After one of the efficiency states drops below the designed
threshold, u, system will utilize the control mode II, (subsystem
& = —1) instead of the control mode I, (subsystem & = 1), until
all of the those states recover to the designed values, ft. Der¢, and
D, are additional state dependent conditions to be designed so
that overall stability of (9) for tracking a desired trajectory can be
ensured in the presence of switches.

4. Stability of the subsystems

The following properties and definitions will be used during
the stability analysis.
o1 Irl* <r'Dr < oy |Ir|*. (24)

1 1
)Ll ||yer||2 = EGTE + ETTDT = )\2 ”yer” 2~ (25)

TTHU)Q,I(I) . Q2Q3(]) (j)rz(f)

< Dp ] HQ1 oo s od ‘ <50, (26)
r'D(q)r < 3 ||r||2 (27)
. 52
plet |60] = 2<% e+ L, U)z 1" (28)
2
I |@@yrn| = S [@@gra| (29)
; t 2 2
0 /t ) u? (0)d6 < - (30)

Remark 1. (i) In (24), 01,0, € R.( are minimal and maximal
eigenvalues of D(q). The inequality is obtained due to the property
of the inertia matrix. In (25), A1, A, € R.¢ are constants. (28) and

(29) are obtained by Young’s inequality and constants €U, ¢
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€ R.y.(30) is obtained by Cauchy-Schwarz inequality. (ii) In (26),

o5’ = max {/eig (HO" (t)HOt)) {, where eig (HO(t)"HO(t)) =
3 & &
{0351)1, o). 0303\1] are eigenvalues of H0)'(¢)H0)(¢). The gains K.

introduced in (5) provide some flexibility to manipulate UU)

to reach desired ranges with bounded perturbations. Therefore
‘03(’)‘ < 69 € R.,. The constant p, = max; { psi}. (iii) In
(27), D(q) € RV is the difference between the actual inertial
matrix, D(q), and the estimate, D(q). Similarly to (ii), there is a

constant &3 € R-g such that 3 > max { eig (DTE) } Similarly

0 (25), there are eigenvalues, 61,62 € R.o, Of D(q) such that
61 llrlI> < r"Dr < &, |Ir||*.

The following theorems in this section first ensure the stability
of each individual subsystems based on the closed loop error
dynamics derived in (17) and (21), respectively. The stability of
the overall switched system is then analyzed in the next section.

A Lyapunov functional candidate is chosen as

1 1 +5 6 | pi)
V=detoriDre —= Z(P P_l.), (31)

where

) oot o,
P} =o / . ( / ] (0)d0)dw, (32)
t—7; v

59 BKueV”
2

/ T D s @) N o
0 2 ' ’

and a)iU) €R.g,i=1,2,...,N,j=1,2.Itis noted that V in (31),
fuses two different Lyapunov functionals, which are used to ana-
lyze the two individual subsystems. Due to the form of r in (11)
and the existence of P(’ and PU) V is continuously differentiable
within each subsystem but is dlscontmuous at switches.

0
Pyi=

Theorem 1 (Stability of the Subsystem When & = 1). For ghe clzosed
loop error dynamics in (17), provided &1, A, A2, 53, ps, €9, £0)” are
chosen as per Remark 1, if there exist w') €R.gi=1,2,...,N,
j =12 & = max {a)(’) (’)}, G2 = maxj[ Dg0? } such that
control gains, «, B, Qa, Q4 and K, satisfy
B2 (6(1)2 T 6(212)
o——— = >0, (34)
4
DBQy + KnQq = 618K, 1,

Ps 639)
61K, — 63ps — > ZW + 0,2 BK,
j
— - P; K —Ki—K;, >0, (35)

where constants, K,, K1, K» € R.o, and the initial states (e}, )T,
are inside a region of attraction,

20 = {1

(eT7 rT)T || <

7

where,
m, <0

0
=1 = 37
{Hp, mn, >0 (37)
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_(j)_ U)Z
[og &
11, =aamin |1, 2227 L so200 /iy
ij 2)¥1Ti,03,,'Ku

= Y (P +P) -, (38)
i.j
then from an initial value, Vo > O, the L-K functional (31) converges
semi-globally according to

V(t) < Voexp (—ot) + ® (1 — exp (—ot)) . (39)

81 € R.q is an arbitrarily small constant. x,0,® € R.q are
constants derived in the proof.

The proof is provided in Appendix. It should be noted that
the constants or variables to be determined in Theorem 1 can be
categorized into two groups including control gains that directly
affect the control inputs, and auxiliary constants for proving the
stability. The former includes: the feedback gains, @ and K, the
gain, B, to modulate the delay compensation term, the diagonal
gain matrix, Q,, to allocate the contribution ratio among the soft
actuators, the constant, K, to determine the equation for online
solving the matrix, Q4, which modulates torque contributions
from motors. The latter includes the constants, 61, A1, A2, 73, Ds,
€0?, £0”  defined as per Remark 1, and K;, K5, , to be determined
in the proof to estimate the region of attraction and the ultimate
bound.

Theorem 2 (Stability of the Subsystem When & = —1). For the
closed loop error dynamics in (21) and a control law in (20), the
Lyapunov functional, (31), converges semi-globally from any initial
value, V > ©’, according to

V < Vgexp(—0't) + @ (1 —exp(—¢'t)). (40)

until a uniformly ultimate bound, ®’, is reached, provided the states
(e, rT)T are initially inside the region of attraction,

H/

Q= eT’rTT eT!rTT < /=, 41

o= (") RO BN (41)
where

- A
I =80 "( |- )—¢, (42)
KUJTC

where the constant, A, = min{a, K,}, and an arbitrarily small
constant, 87 € R.o. K,1 € R.o is a constant that affects the

conservative estimates of the ultimate bound and the region of
attraction. o', ®' € R are constants derived from the subsequent
stability analysis.

The proof is provided in Appendix.

5. Stability of the switched system

Provided the control inputs, ug’), Up,, Up,, are designed ac-
cording to Theorems 1 and 2, then the Lyapunov functional of
each subsystem is shown to converge according to either (39)
or (40). The stability within each subsystem therefore refers to
the bounded trajectory tracking errors. However, when switch
occurs, the error state, r, and the Lyapunov functional, V, have
a discontinuous jump when & € {—1, 1} changes its sign. In ad-
dition, error states may locate outside the region of attraction of
the individual controllers due to disturbance or initial conditions.
In these situations, in order to ensure the stability of the overall
switched system, Dz and Dérs, in the switch criteria, (23), need
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to be further designed as

Dere =[(eT, T, ﬂ(”T, ,&(z)r, el eu:
£=1,("

:{(e’,r’,g)f eRM x {—1,1):

Y e sz;;}, (43)

/
Deré,

e, e o, (", 1T, e € 91,}. (44)

D¢ is designed so that control mode II can be activated when the
error states are out of the region of attraction of control mode
I even when no muscle is fatigued. The set £2; is designed as

2 = {E". M e e RY, | M) = ,/HJ”s }, where
87 € R. is a constant such that §7 < ;. The purpose of adding
87 is that, combined with the fact in (23) that u < 7, such a
design avoids the Zeno behavior. The subscript [, [ € Z. ¢, in (44) is
used to describe a piecewise continuous behavior. The following
stability analysis imposes a non-empty set, £2y, in (44) and shows
that the tracking errors re guaranteed to be bounded in finite
time.

Firstly, for convenient notations in the subsequent stability
analysis, we would like to describe the piecewise continuity of
the switched system and how the time-dependent variables are
evaluated at switch instant in the following way. The previously
defined subscript, I, denotes the Ith piece between the (I — 1)th
and Ith switch. (The Oth switch refers to t = 0.) In addition, we
use the subscript, “o” and “x” to represent the start and end point,
respectively, of the current piece. As a result, . ; denotes the time
instant when the Ith switch occurs. e, 1, & and V), represent the
continuous time-dependent variables that are evaluated at the
time ¢ € [ty -1, tx]. For example, e; = e/(t;). Next, we define the
values of the state variable, e, at the time instants: right after the
previous switch and right before the next switch, as e,; and ey,
respectively, i.e., e, = ety 17€1+(txl 1)) exl = el(txlvsf(txl))
Simi[arly, we also define r,, Vo1, and 1y, Vi;. We also define V;
and Vy ;_1, respectively, as estimates of V; and V, ;_1, respectively,
by approximating the inertial matrix, D, in (31), by D with an
estimation error, D, that is defined in Remark 1 As a result, for
[>2,

~ 1 .~
V=V, + 5r,TDr,, (45)

~ 1 ~
Vx,l—l = Vx,l—l + Er,z:]_]Drx,l—L (46)

Secondly, based on the estimated Lyapunov functional, we design
the set £2;, as

Q]I = { (e{,rlT,El)T : el’ rne RN’EZ = _1’12 2’ (47)

1, 1 74 1. 5 1. 2
—eej+ —r, Drn+ = ni|® + 03 || Txi-
Sere+ 5 Dn 203|| 1l 3 3 || |

1 . .
< max[.Q, + 563 ||rx,l—1 H2 Vo1 — Z Pg)z
ij

where §2; is given by (53) in Appendix. The following lemma
shows the property of the £2;, that will be further used in the
subsequent stability analysis.

Lemma 1. y = (', 17, 2", 2@" €Y is well defined on u and
the control inputs, ug’), (G = 1,2), upm, Up,, are designed as in
Theorems 1 and 2. For the time period between two consecutive
switches, | — 1 and I, | > 2, if the states, (e], 1], &)" belong to the

set, £24,, then the L-K functional V; satisfies V| < max{.Q,, VX -1 —
Z” PU) } The set, £24,, is non-empty if the assumption >

holds

')\+¢73

Az(lz +03)
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Fig. 1. A 2-link planar mechanism under the switched control.

Mode Il
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The proof is provided in Appendix. Finally, the following theo-
rem, which is one of the main results of this paper, guarantees the
stability of the overall switched system when tracking a desired
trajectory.

Theorem 3. Ify = (e, rT, A", 1" &) is well defined on ¢4 and
the followings are satisfied:

(1) the switch criteria, D, is designed according to (23), (43) and
(44);

(2) the control inputs, ug), (G = 1,2), um, Um,, are designed as in
Theorems 1 and 2;

(3) according to Remark 2 (see Appendix), «, K, is chosen such that

& 2 o311

S s 7X2()~2+03) (82y is given by (57) in Appendix. Assume
2 o3l )

*2+53 Az (h+03)"

then the set, §2q,, in (44), can be designed according to (47), such
that the error states within the region of attraction can be bounded
as, ||(eT, rhr || < ., in finite time, where the constant, 2. € R.q,
is given by the subsequent analysis.

The proof is provided in Appendix.

6. Simulations

To demonstrate gain selections of the designed controller, sim-
ulations are performed on trajectory tracking of a 2-link planar
mechanism under the switched scheme, as illustrated in Fig. 1.
Desired trajectories are generated by periodically repeated 5th
order polynomials that satisfy the conditions: q1(2kTperioa) = T,
q2(2KTperiod) = 7 /2, q1((2k + V)Tperiod) = 7 /2, q2((2k + 1)Tperioa) =
7, Tperioa = 10 seconds, k = 0,1,2,.... First and second
derivatives of qq, g2 at kTperioq are all zero. Electric motors are
assigned at both joint 1 and 2 while an agonist-antagonist pair of
soft actuators is assigned at joint 1. The soft actuators and their
time-variant actuator efficiency are modeled according to human
muscle biomechanics with a fatigue/recovery effect as in Alibeji
et al. (2017) and Kirsch, Bao, Alibeji, Dicianno, and Sharma (2018).
The EMDs of the two muscle groups that actuate joint 1 are set
as T1( )= 0.1 sec and T ) — 0.09 sec. Torque constant of electric
motors are Ky, = diag(5.4, 5.4). For the subsystem of & = 1, the
design and analysis of control mode I involves selections of the
following constant parameters (i, j = 1, 2) that can be categorized
into 2 groups:

(i) Gains that directly affect the control inputs: « = 10, 8 =
2, Kn =79 K, = 18, Ké{g = 1 (no additional modulation),
ps1 = 0.6, ps2 = 0 (no soft actuator assigned at joint 2),
Q = (pm.),,, obtained by online solving the linear algebraic
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Fig. 2. Simulation result of trajectory tracking of a 2-link planar mechanism under the switched control. (a) Joint angles. (b) Norm of the error states (logarithm-scaled)
and the estimated region of attraction. (c) L-K functional (logarithm-scaled) and the estimated ultimate bound. (d) Time-variant actuator efficiency, i.e., muscle fatigue
and recovery. (e)-(f) Discontinuity of the L-K functional at each switch. (g)-(i) Simulated unstable situations of the subsystem, & = 1, when gain conditions are not

satisfied.

equation, ﬁﬂQz + KuQs = 61BK,1, where &4(t) is the smallest
eigenvalue of the estimated inertia matrix.

(ii) Auxiliary constants selected for e{stimating the region of at-
traction and the ultimate bound: ¥ 1, wim = 4,

o = max; [ol'i?) = 04,60 = 747,50 = 7416, =
max; { U)s(‘) } =7.47, p = max; {ps,;} = 0.6, 53

uncertainty in simulations), A, 0.26 < miny {3,
A = 439 > maxy {1, 1o ()} SP () = 10(), ¥
x = 8 Ki = 2280, K, = 5.00, ) = 3.10,

A U)_ 0 ) 2
)3 =688 < min'I[X sotgen 22l )

— )

= 0 (no model
%01“)},
= 0.15,
2.47,

277 02 Ku
4Ky 7wy ’ rr(’)pgﬂ&‘m ]
As a result, control gains listed in @ ) satlsfy all the gain con-
ditions described in Theorem 1. A conservative estimate of the
ultimate bound of V(t) when & = 1 is given by V(t) < if:;(z =
0.91 x 1072. The region of attraction is estimated according to

Theorem 1, as |(eT, r)T| < \/(].90— > (Pg’;),-+P§")i))/4.39,
P(J)

where PU) and are computed online. For the subsystem of
E=-1, the control input is determined according to Theorem 2
with control gains r. = 0.001, K, = 10, and a guessing function,
8D (Ilyer D lyer Il + ¥ = 10 ”J’erllz + 1+ ||®qll, to bound the
uncertainties. As a result, by selecting the auxiliary constants
according to the proof of Theorem 2, Ky, = 10, K, = 0.69,

=0.0014 > 4,? 4L 41< 5 —i—Kv ofe, A4 = min{a, K,} = 10, A5 =

10.00 < A4 —K,, 1r55d>/ (||ye,||), the ultimate bound of V(t) when
&£ = —1 is estimated by Az'p = 0.62 x 107> while the region of

attraction is estimated by /18P %( /Kxfrc /A2 = 0.77. After

obtaining the estimated region of attraction and the ultimate
bound of V(t) for both £ = 1 and £ = —1, the complete switch
criteria can be designed according to (22), (23), (43), (44) and
(47), where the thresholds for actuator efficiency are selected as
= 0.9994, x = 0.9999. Fig. 2(a)-(d) summarizes the simulation
results. Due to the combination of two different Lyapunov func-
tionals as in (31), the discontinuities at switches can be observed
in Fig. 2e and Fig. 2f. Fig. 2(g)-(i) list some examples when the
subsystem, & = 1, is unstable by violating the gain conditions.

Specifically, in Fig. 2g, B is set to 0. This eliminates the delay
compensation term and makes (35) impossible to be satisfied. In
Fig. 2h, B = 0.1, K, = 100. A small 8 and an over amplified K,
makes (35) impossible to hold with positive constants, K7, K>. In
Fig. 2i, « = 1 and 8 = 20 makes (34) difficult to be satisfied
unless €0 ay are chosen as very small numbers. However, this will
amplify a) ) in order to guarantee the existence of a positive .
According to (35), large w ) will further restrict the choice of Ky,
K; and K; to be small numbers As a result, according to (53) (in
Appendix), the ultimate bound will be greatly amplified, although
it does not go to infinity.

7. Experiments

The control design is also demonstrated in a human sitting-
to-standing task using a wearable 4-DOF hybrid neuroprosthetic
system as shown in Fig. 3. We consider it as a combination of
two 2-DOF serial human-robot system that includes the parts of
the right leg and the left leg. Each part is modeled and controlled
as an individual 2-DOF system, where the absolute knee angle
with respect to the horizontal direction and the relative hip angle
referenced to the thigh link are regarded as two independent vari-
ables. Each knee joint can be actuated by the torque produced by
stimulated contractions of a quadriceps-hamstring muscle pair,
as well as by an electric motor (Harmonic Drive LLC, USA). The
stimulation is achieved using a commercial stimulator (Rehastim
1, HASOMED GmbH, Germany) through electrode pads (Dura-
Stick Plus, 6.98 cm by 12.70 cm, Chattanooga, DJO LLC, USA).
Each hip joint can be actuated by an electric motor. Joint angles
are measured by internal relative encoders of the electric mo-
tors. The actuator efficiency refers to the fatigue level of human
muscles under continuous stimulation and is predicted by the
differential equations reported in Alibeji et al. (2017) and Kirsch
et al. (2018). The controller is implemented and programmed
in a real time XPC target (Speedgoat GmbH, Switzerland) using
MATLAB/Simulink (MathWorks, USA). The input delay known as
the EMD in each muscle was measured using the procedure as
described in Alibeji et al. (2017). The results were summarized
as: 90 ms for left quadriceps, 110 ms for left hamstring, 86 ms
for right quadriceps, 90 ms for right hamstring.

The control objective is to track desired trajectories in re-
peated siting-to-standing tasks and show a automatic switch
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Fig. 3. The experiment record of able-bodied human sitting-to-standings with assistance from the wearable robotic system.

(a) Left knee, RMSE = 4.28 deg. (b) Right knee, RMSE = 4.86 deg.
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Fig. 4. Trial 1 of the sitting-to-standing experiment. (a)-(d) The desired angle
trajectories and the measured joint angles. (e)—-(g) Recorded control inputs from
electric motors and the stimulation input current of the right (R) and left (L)
quadriceps (Q) and hamstring (H) muscles. (h) Actuator efficiency curve. The
lower and upper thresholds (gray dashed lines) for this trial were set as 0.91 and
0.94, respectively. (i)-(j) Norm of the tracking error in radians (logarithm-scaled,
blue curve) compared to the region of attraction (red curves). (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

between control mode I and II, which is determined by the com-
plete switch criteria including the actuator efficiency, or muscle
fatigue, as well as the derived stability conditions. The desired
trajectories are generated from normal human sitting-to-standing
profiles. The trajectories of knee angles are computed offline
by polynomial fitting while the trajectories of hip angles are
generated online as functions of the actual measured knee angles
according to a designed virtual constraint (Molazadeh, Sheng,
Bao, & Sharma, 2019) between the knee and hip joints. For both
left and right part, the feedback control gains used in control
mode I were: @« = 20,8 = 2, K, = 4 K, = 10, ps;1 =
0.5, ps2 = 0 (no soft actuator assigned at hip joints), Q4 =
(,om,ij)2X , obtained by online solving the linear algebraic equation,

ﬁﬁQz + KuQs = 618K,I, where &4(t) is the smallest eigenvalue
of the estimated inertia matrix and the motor constant matrix,
Ky = diag(5.4,5.4). The feedback controller of mode II was
implemented by setting « = 20, r. = 0.001, K, = 10 and
80" (Ilyer ) Iyerll + &' = 10 |lyerll* + 15 + [|Pgll. By selecting
the auxiliary constants according to the same procedure as in the
Simulations section, we can approximate the regions of attraction
as, 0.63 and 17.37, for control mode I and II, respectively.

Table 1

RMSE between each desired trajectory and the corresponding joint angle of the
left knee (LK), right knee (RK), left hip (LH) and right hip (RH) in three individual
trials.

Number RMSE (°) Switch threshold

of standing LK RK LH RH w I3
Trial 1 6 428 486 088 070 094 0.91
Trial 2 5 238 269 103 1.00 098 0.96
Trial 3 3 274 316 093 069 097 0.93

All the procedures and protocols of the experiments were
approved by the Institutional Review Board (IRB) of the University
of Pittsburgh. A male able-bodied human participant consented
to participate in the experiments. Three trials were performed.
During each trial, the participant was asked to perform a regular
siting-to-standing task without knowing the desired trajecto-
ries. To demonstrate the switch behavior, in each trial, different
thresholds for the efficiency state were set. In each trial, the
sitting-to-standing tasks were repeated multiple times until ei-
ther of the following situations occurs: (1) switches happen from
control mode I to II and from II back to I. (2) 6 sitting-to-standing
tasks were performed in each of the trial. The number of sitting-
to-standing tasks was limited to follow the approved IRB protocol.
The control performance were assessed by root mean square
errors summarized by Table 1. Fig. 4 is a graphic presentation of
the experiment result from trial 1. The shadowed region indicates
control mode I when there are stimulation inputs and muscles are
fatiguing while the rest indicates control mode Il when muscles
are experiencing recovery. The border between the shadowed and
blank region is the time instant when all the switch criteria are
met and a switch occurs.

8. Conclusion

A general N-DOF switched system is formulated for a class
of wearable robotic systems. The developed control framework
switches between two control modes: a PD-based robust con-
troller with designed delay compensation terms, which facilitates
the distinct input delays and the unilateral actuation of the hu-
man muscle, and a smooth VSC, which is robust to disturbance
and uncertainties during the recovery period of a soft actuator.
An overall sGUUB stability result is achieved through an MLF
approach. The stability analysis also suggests a way to impose
additional constraints on the switch that were primarily driven
by the state of the actuator efficiency. Simulations demonstrate
the gain selections and the conservative estimate of the region of
attraction, as well as the ultimate bound. Repeated human sitting-
to-standing experiments validate the automatic switch behavior,
subject to a user-defined switch threshold of the actuator effi-
ciency state. The reported RMSEs show a practically acceptable
control error range.
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Proof of Theorem 1. When & = 1, by taking the time derivative
of V in (31), substituting the closed loop error dynamics (17) into
the right hand side of the differentiated (31) and applying (26),
the following can be obtained.

V(t) < — e llell” = (61K, — &3p5) pKu IIr?
+ Blel Y 2] + il 3@zl izl + @ ir|

J
+ > podpk il |l ro |
J
+ Zr“)+2r“)+z . (48)
ij

K2 2

Ul’

¥ =292, (

1 1 S,1

1+(—1)i+15gn(ri)>
2

(1 + (=1Y*'sgn (r)) r.>2
2 1

1+ (~1)*'sgn (r,0)
i 2

) )

—(j) = 2
i) _030),05/31(“80)
3,i — 2

Using the Cauchy-Schwartz inequality in (30) and the definition
of eg’,)i from (13), it can be derived that

o e (w'@_,(i(i)) 2
— / e < -2t (49)
t—t, '

where /c ) e R. o, is a constant and is chosen such that a)(’) KU) —
0

:&)2 > 0. By using (49), Young's inequalities, (28), (29), it can be

further derived from (48) that

B2 (6(1)2 n 6(2)2)

Vi) s = o= ——F— | lel? (50)
N &5 psBK.
— | (61K, — G3p5) BKu — ZW
J
Gazbsﬁ1<u

— @ P Ky — Ir)?

1

_ Z" f W’ (6)d6
IIrII 3¢(|IZII)|IZII+WIIFII.
According to the de51gned control input in(15) and due to the fact

that J* "0 )de) dy < 10 sup, ‘w9 (0)do =

r <1//<t v SI

() ()
_ Z o —k 1 eU)‘2
0 r )

+

1[/ 51
ot
T f[_r(,) usi (9)d9, it can be proven that
O 5s,

t
; 2
e / QL
t

U)_l 0 2
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where the constant, yiU) € R.g, are selected such that yi(i) <
) ﬂ2(6<1>2+€(2)2)
«U. Therefore, by defining x < minfo — ———=, Ay, Az},
(1) 5@

where A; = (61Kp — G305 — %(%2 + 2)2 + az))ﬂKu —

@ pIKE — Ky = Ko, Ay = mingg{ 5 (o — ) —

: i e(‘,‘)2
completing squares, (50) can be further bounded as

. (=1 so(llzIN Nzl
VE—(X T)” || (27\”(—1

—\/Kann) <\/1<?||r|| zﬁ)z Z;

) 0)
A A
1 2( yl ) )
- AZZ(Z oo lu

)}. and by

j i T Wy
() 2
Y )
—(j) = - g
i Gél)psﬁgo)z
2
Define a constant A3 € R.o such that A3 < min;; [X — %(‘l‘z”),

Az(KI-(])—ViO)) 2x2yl“)ps ,KL,

} where the state vector z needs to satisfy
X > % Due to the fact that — ||z|| <

: ~ IYerll, V can be
further bounded as,

. 1 ; . w2

2 W pl)
Vs s | el + ; (PM +P2’i) + i (51)
Due to (25),

A3 w2
V<-22vg —
s 4K,

By the comparison lemma (Khalil, 2002),
1 can be solved as,

A A2 A
V(t) < V(0)exp (—ft) + 4; < (1 —exp (—ft)) . (52)
2 312 2

when the inital value, V(0) = ey When V(0) < L

V(t) associated withé =

is obvious that V/(

arbitrarily small constant, § € R.g, a uﬁlfli)rm ultimate bound
of V can be estimated as

AW
403K,

By using (52) and (5

22 (Y@ _ %
A3 8 467137

£21=68+

(53)

3), the ultimate time can be solved as,
2
). Note that (51) holds when x > so-izl)

4K
Therefore, the region of attraction, §2y, can be derived by letting
X > % or |zII> < 8072(2y/Kix) hold, V(e ") € .
As a result a conservative estimate of the region of attraction is

provided as in (36).

Proof of Theorem 2. When & = —1, by taking the time derivative
of V in (31), substituting the closed loop error dynamics (21) into
the result, completing the squares, Vcan be bounded as

V<—alel*-K,lrl? (54)

r58¢/(||Yer”)
T el I+ || [
Il +re Ir ||

2
= = (e = Koares®” Iyl ||yer||2

_.|_
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_ Vrellr| B
2 /Ky (Tl +1e)

2
Kv,lrcsqy Uyer D) 1yer ”)

2
_(HKoarelirll TN
Al +r) 2Ky
,2
where the constants, K, 1, K,» € R.o, and ¥" > 4,? + Zf,?'z +

K, »rc. Define a positive constant, A5 < M—Kmrcﬁq)’ (Ilyer ) and
lyer || needs to satisfy
Ag

<80 .
KUJT'C

llyerl1? (55)

As a result, (54) becomes

S (1 1
V<-—22{(zefe+—r'Dr ) +v”
<2 (2 . ) .

< —EV + 9,
A2

By the comparison lemma (Khalil, 2002), V can be solved as

)»5 )\2‘1/// )\S
V(t) < Viexp| —=—t ] + 1—exp|——=t)]), 56
() =V, p( Az) " P35, (56)
when the initial value, V§ > “q’ . When starting from an initial
value, Vj < AZAW, V(t) will be always smaller than “;" . For
5

the same §5, as in (53), a uniform ultimate bound of V can be
estimated as

)\le//

5

25 =68, + (57)

/
The ultimate time is solved as t = “ In (—0 LA

e ) By using

(55), the region of attraction can be estimated as is given in
Theorem 2.

Remark 2. Because lim,._,o %" = 0 and lim, o [T’" = oo, the
control gains, «, K, r. can always be tuned such that the region of

attraction, £2;, is arbitrarily large while the ultimate bound, , / Qi’ ,
is arbitrarily small.

Proof of Lemma 1. According to (27), it can be shown that,

1 1 4 1 -~ 1 -
Eelre, + Er,TDrl + ErlTDrl - ErXTH Dryi1 (58)

1 1
< 561 et o [Dry + 03 Inll* + 03 - 1“
Therefore, by using (45), (46), and (58), we can prove that, when
2+363 |reia ||2 < \A/X’,_1—Zij ,satisfying the inequality in

Z:]

, due to (27) and (45), satisfying the inequality

(47) indicates V; < Vi1 —

When Q[-‘r (73 ”rxl 1”

xll

ij
in (47) 1nd1cates Vl < £2;. Consequently, it can be obtained that

Vi < max { §2, Vy—1 —

(59)

In order to ensure the existence of a non-empty .{21,, a solution
should exist, when & = —1, for the 1r1equa11ty in (47) A suf—
f1c1ent condition for this is that —e, e+ 1 ,TDr, + 03 ||r,||

Drxl—l» Vxl—l - Zij Pg,'
Drx —1 to both sides, this inequality i 1s then

fo i < s - 3

adding the term, 1 5 x, 1
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equivalent to
(60)

1 1 1
Vl—ir, DT1+2 Nl Drer 1+203 lIr1?

+553 =1 ||2 < max {2, Vi1 — Z Py
i,

The left hzand side can be upper bounded by V; + &5 |Irl> +
63 || rx -1 while the right hand side can be lower bounded by
£2;.In addition, according to (36) and due to the fact that&_; = 1,

. . 2
it can be derived that ||rx11_1 || < % Therefore, a non-empty

solution set of (60) can be guaranteed if V; + &5 ||r]|> + ”i—n <8
has a solution. To achieve this, by using (25), we can impose

~ ~ 2 5
A llell 2 + (o +63) Inl® < (2 +63) ||(ef . i))T|° < 2 — %
and obtain the condition
o3l1
tef. e = ~- (61)
)»2 163 Ay (ko +63)

When & —1 and the current subsystem is controlled by
mode II, the control gains «, K, and r. can be tuned according
to Theorem 2 and Remark 2 to obtain a small enough ultimate
bound of (e,T, T TYT. Therefore, (61) can always be satisfied in finite

. S5 o311
time as long as the assumption, 515 505157 holds. This

assumption is true if the estimate, D, of the inertial matrix, D, is
accurate enough.

Proof of Theorem 3. Without loss of generality, we assume
initially & = 1 so that &§ = (=17 I 1,2, 3..., when
experiencing switches. By using (31), (52), (56), when all the
conditions in Theorem 3 are satisfied, the following properties
can be obtained.

IfV,; =S : (62)
Vi <Vouexp (—¢ (6 — tei—1))
+ S (1—exp (=g (6 — ti-1))) -
IfVy, <S;: (63)
Vi <5
Vi = Vooks1 — Z PU) - , k€ Zso. (64)
ij
Voot = Viak—1| = Al ; € Loos k € Zog. (65)
o1, S1 € R.g are used to combine (52) and (56) in a general form
and Sy 1 = % Sk = AZ—ZN k € Z.o. (64) holds because
PO = P = 0, at time t, . In (65), A = | 2,] (PO +PD) +

16+ ae — ﬂec) D(é+ ae — Bec) — E(e + ae) D(é + ae)| and
() € L denotes boundedness. It is obvious that for any finite
index I, V,; and ty; — tx;—1 are also finite. Hence, two cases are
discussed:

(i) When | — oo as t — oo, consider the cases when | = 2k — 1
and | = 2k, k € Z-o. When 2} < Vo1 — ij Pé’)l‘ , then
ST ok

due to Lemma 1, £2y, in (47) forces Vyyx < maxj$2;, Vyok—1 —
()
Zi,j P3;
tx,2k

Further, due to (64), we have V, 41 < Vx,2,<_
when 2; > Vi — Zi,j pY , we have V,o, < £2; and

tx,2k
() ()
Zi,jp maxQV]{ZUPZI}‘

51| < P, where the constant P =
{", 1) s e,r € RN, JeTe + 2r"Dr + i (P%’),—i-P%’)l)

} which implies Vya + D Pé'), < Viak1.

. Otherwise,

by, 2k

£2v1
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< .Q,}. In this situation, V, ok+1 = Viok + Zi,j Pé’), - < 2+

P. As a result, Vo071 < maxi$2; + P,V 1{. In addition,
due to (62) and non-existence of Zeno behavior, a finite time
duration, ty,_1, makes Vy 1 strictly less than V, 51 by a finite
positive number, ie., Vxo—1 < Vjak—1. Therefore Voopr1 <

max{.Q, + P, Vx,zk—l] < max{, + P, Vo.2k=1 1. This indicates

that V, k41 is strictly decreasing as k increases over switches
until reaching 2, + P and there must exist some finite integer
k* such that Vk > k*, V, k41 < £2; + P. Besides, due to the
boundedness property at odd switch indices given by (65) and
the convergence property given by (62), (63), it can be obtained
that Yk > k*, Vookiz = Alimgyyyy + Vozktt = Alimgy gy, +

maX[52k+1, Vo,2k+1} < maxg,, {4} + maX{-QI,QI + P} <
maxg, , {A}+£2;+P, where 2y, = {(e',r") :e,r e RN, JeTe+
ITDr+y; (P%’)l + Pé’),) < £2,+P}. Therefore, by combining the
analysis of both odd and even switch indices, it can be concluded
that VI > 2k* + 1, V,; < maxg,,{A} + §; + P. By using
(62), (63), as well as the fact, £2; < £2;, which is inferred from
(3) of Theorem 3, it can be obtained that V| < max{Vo,,, Sl} <

JpW” Apw?

max{maxgv,2 {A}+ 21+ P, T A5G

} < max{max_q” {A}+
2 + P, 2, .Q,,] < maxg,, {4} + 2 + P. This means that
vt > Zfzky; (tt — tei—1) tracking error |7, r") || < /V/A7 <

\/ (maxg, , {A} + 21 + P) /A1 and uniform ultimate boundedness
result is therefore guaranteed.

(ii) When [ is finite as t — oo, the proof is trivial because
there is no switch after the last one. Therefore, after the last
switch, V decays continuously according to Theorem 1, so that
H(eT’ )t H < S /A.

It should be noted that assuming & = 1 at the beginning does
not reduce generality because according to the switch criteria, the
switched systems of any other initial conditions will eventually
switched to the subsystem with & = 1 within finite time and
switches. Exactly same procedure of proof can be applied after
that.
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