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Uniqueness of the minimizer of the normalized
volume function

CHENYANG XU* AND ZIQUAN ZHUANG

We confirm a conjecture of Chi Li which says that the minimizer
of the normalized volume function for a klt singularity is unique
up to rescaling. This is achieved by defining stability thresholds for
valuations in the local setting, and then showing that a valuation is
a minimizer if and only if it is K-semistable, and that K-semistable
valuation is unique up to rescaling. As applications, we prove a
finite degree formula for volumes of klt singularities and an effective
bound of the local fundamental group of a klt singularity.
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1. Introduction

Throughout this paper, we work over an algebraically closed field k£ of char-
acteristic 0. Given a klt singularity « € (X, A), Chi Li introduced in [20] the
normalized volume function \7(;IX7A on the space Valx, of real valuations
on the function field K (X) of X that are centered on z. Motivated by the
study of K-stability of Fano varieties, the minimizing valuation of vol XA s
conjectured to have a number of deep geometric properties, which together
comprise the so-called Stable Degeneration Conjecture, see [20, 22].

There has been a lot of progress on the solution of different parts of
the Stable Degeneration Conjecture in [3, 19, 22, 23, 32|. In particular, it
has been known that a minimizing valuation exists (see [3]) and it is always
quasi-monomial (see [32]).

1.1. Main Theorems

In this paper, we aim to solve another part of the Stable Degeneration Con-
jecture, namely, the uniqueness of the minimizing valuation, as conjectured
in [20, Conjecture 7.1.2].
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Theorem 1.1. Let z € (X,A) be a kit singularity, then up to rescaling,
there is a unique minimizer vy of the normalized volume function volx A.

We remark that our proof of the theorem does not rely on the fact that
the minimizer is quasi-monomial.

An immediate consequence is the following, which is the local version of
the K-semistable case of [33, Theorem 1.1].

Corollary 1.2. If a kit singularity x € (X,A) admits a group G-action,
then any minimizer vo of volx A is G-invariant.

Another direct consequence is the finite degree formula for normalized
volumes.

Theorem 1.3 (Finite degree formula). Let f: (y € (Y,Ay)) — (z €
(X, A)) be a finite Galois morphism between kit singularities such that
f"(Kx +A) =Ky + Ay. Then

\781(33’ X’ A) : deg(f) = ‘781(3% Y7 AY)

Here ;(;l(x, X, A) denotes the volume of the kit singularity z € (X, A),
see Definition 2.5. We apply this to obtain the following effective bound of
the local fundamental group.

Corollary 1.4. Let x € (X,A) be the germ of a kit singularity, then the
order of the fundamental group of the smooth locus satisfies

nn

#lm(z, X)) < <———,
vol(z, X, A)

where the equality holds if and only if A = 0 and x € X is étale locally
isomorphic to C"/G where the action of G = mi(x, X™) is fized point free
in codimension one.

Combining Corollary 1.4 with the results from [24, 4] relating local and
global volumes of Fano varieties, we also have the following theorem.

Theorem 1.5. Let (X, A) be a log Fano variety. Then for any x € (X, A),
if we denote by mi°¢(z, X3™) the local fundamental group of the smooth locus
of the germ x € (X, A), we have the inequality

(n+1)"
(X,A)"- (= (Kx +A)"

e, X <
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In particular, the Cartier index of X is bounded from above by the right hand
side of the above inequality.

Here §(X, A) denotes the stability threshold of the log Fano pair (X, A),
see [11, Definition 0.2] or [4].

Remark 1.6. An interesting application of Theorem 1.5 is that it gives a new
proof of the boundedness of K-semistable Fano varieties of a fixed dimension
and with volume bounded from below. This was originally proved in [13] as
a consequence of the boundedness results proved in [2]. Applying Theorem
1.5, we only need the fact that Fano varieties with a fixed Cartier index form
a bounded family, which was first proved in [12, Corollary 1.8].

1.2. Outline of the proof

Given a klt singularity x € (X = Spec(R), A), the uniqueness of the min-
imizer v (up to rescaling) of GSIX’A is proved in [22] under the assump-
tion that the graded rings associated to the minimizers are finitely gener-
ated. The finite generation assumption is used to give a degeneration of
the singularity (X, A) to a K-semistable log Fano cone (Xo, Ao, &), where
Xo = Spec(gr,(R)), Ag the degeneration of A, and &, is the Reeb vector
induced by v. This degeneration picture allows one to degenerate any mini-
mizer to Xg, and use the strict convexity of the volume function to conclude
that &, is the unique T-equivariant minimizer on (Xo, Ag) (see [31, Page
823]).

The main aim of this paper is to prove uniqueness of the minimizer
without assuming the finite generation property, which still remains a major
challenge. For this purpose, a key new input, introduced in Section 3.1, is
the K-semistability of a general valuation vy € Valx, centered at a klt
singularity z € (X, A). More generally, we will define the stability threshold
d(vo) of a valuation vy with finite log discrepancy. This is done by introducing
a local version of basis type divisors. Roughly speaking, a basis type divisor
with respect to the chosen valuation vg is (up to a suitable rescaling factor)
a divisor of the form {f; = 0} + .-+ + {fy = 0} where the images of f;
form a basis of Ox /0, (vg) (for some integer m; here ae(vp) denotes the
valuation ideals) that is compatible with the filtration induced by vy. Given
another valuation v € Valy ,, we apply the key technical observation from
[1] to find basis type divisors that are compatible with both vy and v. This
allows us to define the S-invariant and d-invariant of a valuation vy with
respect to another valuation v and to eventually define the local analogue of
the stability notions from the global setting. To justify our definition, when
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vg is given by a Kollar component S, we will show that ordg is K-semistable
as a valuation if and only if (5, Ag) is K-semistable as a log Fano pair (see
Theorem 3.6).

With these new definitions, in the second step we show in Section 3.2 that
a K-semistable valuation is always a minimizer, and up to scaling there is a
unique K-semistable valuation. The observation here is that the log canon-
ical thresholds (lct) of basis type divisors with respect to a K-semistable
valuation vg is asymptotically computed by vg. On the other hand, the
asymptotic expected vanishing order of these basis type divisors along a
valuation v is at least volx a(v)~Y/™, with equality when v = vy. Through
the identity

o~ 1n . Axa(v)
volxa(v) /" = volx a(v)~t/n’
minimizing the normalized volume ;(;IXA(U) can be thought of as find-
ing valuations that compute the lct of basis type divisors. In particular,
this implies that K-semistable valuations are minimizers of voly o and the
uniqueness then follows from an analysis of the equality condition.
In the last step, we show in Section 3.3 that every minimizing valuation
vo is K-semistable. To circumvent the finite generation assumption of gr, R
in [22], we will generalize the derivative argument from [19]. Intuitively,
given two valuations vg,v € Valx ., we would like to draw a ray between
them in the valuation space and use the nonnegativity of the derivative of
volx A at the minimizer vy to prove its K-semistability. When vg and v are
quasi-monomial with respect to a common stratum, a natural candidate is
given by the line joining them in the corresponding dual complex. However,
it is unclear to us how to write down such a ray in general. Our idea is to
instead construct a family of graded sequences of ideals that interpolates
the valuation ideals of the two given valuations. Combining the derivative
formula from [19] and an analysis of the log canonical thresholds and mul-
tiplicities of these “mixed” ideal sequences, we can then show that if vy is a
minimizer, then 0(vy) > 1, i.e. vy is K-semistable.
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2. Preliminaries

Notation and Conventions. We follow the notation as in [16, 17, 15].

We say = € (X = Spec(R),A) is a singularity if R is a local ring of
essentially finite type over k, A is an effective divisor on X and z € X is
the unique closed point.

A filtration F*® on a finite dimensional vector space V is a decreasing
sequence F'V (t € R) of subspaces satisfying F*V C F*V whenever t > t'.
It is called an N-filtration if 7'V = V and F'V = FIV for all t € R.
For any filtration F on V, we define its induced N-filtration F by setting
FLV = Flilv.

A projective klt pair (X, A) is called a log Fano pair if —Kx — A is
ample.

2.1. Graded sequences of ideals

Let (R, m) be a local ring of essentially finite type over k = R/m. A graded
sequence of ideals (see [14]) is a sequence of ideals ae = (0, )men such that
G Oy € Aapn. We call it decreasing if a,,11 C a,, for all m € N. A graded
sequence b, of ideals is said to be linearly bounded by another one a,, if there
is a positive integer C such that such that

me Can

for any m € N. A finite subset {f1, ..., fa} of R\{0} is said to be compatible
with a decreasing graded sequence a, of ideals if for all m € N, the nonzero
images f; of f; in R/a,, are linearly independent.

The following lemma is a local version of [1, Lemma 3.1].

Lemma 2.1. Let (R,m) be a local ring of essentially finite type over k =
R/m, let ae and be be two decreasing graded sequences of m-primary ideals
and let m € N. Then there exist some f; € R\ {0} (1 < i < N) whose
images in R/a,, form a basis such that {f1,..., fn} is compatible with both
de and b,.

Proof. Let V := R/a,, which is a finite dimensional vector space. Then V'
has two filtrations given by

FaVi=(ap +ap)/an, and Fg V= (bs+ ap)/an.

By [1, Lemma 3.1], there exists a basis f; (1 <i < N) of V that is compatible
with both filtrations F,, and Fp,. We can lift each f; to some element
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fi € R such that {f1,---, fy} is compatible with be (it suffices to lift each
fie Fe, V\f[f:rlv to some f; € by). On the other hand, since f; is compatible
with Fq,, any such lift is automatically compatible with ae (i.e. for all < m,
fi € a, if and only if f; € F1 V). O

2.2. The space of valuations

2.2.1. Valuations. Let X be a variety defined over k. A real valuation of
its function field K (X) is a non-constant map v: K(X)* — R, satisfying:

e v(fg) =v(f) +v(9);
e v(f +g) = min{v(f),v(g)};
o v(k*)=0.

We set v(0) = +o00. A valuation v gives rise to a valuation ring
Oy :={f € K(X) | v(f) = 0}

We say a valuation v is centered at a scheme-theoretic point z = cx(v) € X
if we have a local inclusion Ox ; < O, of local rings. Notice that the center
of a valuation, if exists, is unique since X is separated. Denote by Valx the
set of nontrivial real valuations of K(X) that admit centers on X. For a
closed point x € X, we further denote by Valx , the set of real valuations
of k(X) centered at x € X.

For each valuation v € Valy , and any positive integer m, we define the
valuation ideal

am(v) == {f € Oxz | v(f) > m}.

It is clear that as = {a;,}men form a decreasing graded sequence of m-
primary ideals.
Let (X, A) be a pair. We denote by

AX,A: Valy - RU {—I—OO}

the log discrepancy function of valuations as in [14] and [6, Theorem 3.1]
which extends the standard definition of log discrepancies from divisors to all
valuations in Valy. It is possible that Ay, A(v) = 400 for some v € Valy, see
e.g. [14, Remark 5.12]. We denote by Valk the set of valuations v € Valx
with Ax aA(v) < 400 and set Valy , = Valk N Valy, for a closed point
x € X. Note that Ax a is strictly positive on Valy if and only if (X, A) is
klt.
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Proposition 2.2. Letx € (X, A) be a klt singularity and let vo,v1 € Valy .
Then the graded sequences ae(vo) and ae(vi) of valuation ideals are linearly
bounded by each other.

Proof. This is a direct consequence of the Izumi type inequalities (see e.g.
[20, Theorem 3.1]), which says that ae(v;) and {m2'},en are linearly bounded
by each other. O

Definition 2.3 (Kollar Components). Let x € (X, A) be a klt singularity.
A prime divisor S over (X, A) is a Kolldr component if there is a birational
morphism 7: Y — X such that 7 is an isomorphism over X\{z}, S is a prime
divisor on Y, 7(S) = {x}, —S is Q-Cartier and m-ample, and (Y, 7, A +9)
is plt. The map 7: Y — X is called the plt blowup associated to the Kollar
component S. By adjunction (see [15, Definition 4.2]) we may write

(Ky + 7 'A+8)|s = Ks + As,
where (S5, Ag) is a log Fano pair.

2.2.2. Local volumes.

Definition 2.4. Let X be an n-dimensional normal variety and let x € X be
a closed point. Following [10] we define the volume of a valuation v € Valx ,

as
(Oxa/0m
wlt) = by () =By SR

where /(-) denotes the length of the Artinian module.
Thanks to the works of [10, 18, 9], the above limsup is actually a limit.

The following invariant, which was first defined in [20], plays a key role
in our study of local stability.
Definition 2.5 ([20]). Let = € (X, A) be an n-dimensional kit singularity.

The normalized volume function of valuations ;al(XA)’x : Valx , — (0,400)
is defined as

Ax a(v)"-volx z(v), ifve Val ,;

vol _
Ve (X’A)’x(v) {+oo, ifvé¢ Val}ﬁx.

We often denote it by @X,A or vol when z € (X,A) is clear from the

T
context. The volume of a kit singularity (z € (X, A)) is defined as

vol(z, X, A) := inf voly a)(v).
vE alx x
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It has been known that the above infimum is indeed a minimum by [3]
and that the minimizing valuations are always quasi-monomial by [32]. The
study of @X,A is closely related to K-stability of log Fano pairs, guided
by the so-called Stable Degeneration Conjecture as formulated in [20, Con-
jecture 7.1] and [22, Conjecture 1.2]. See [21] for more background. Our
Theorem 1.1 settles one part of this conjecture.

The following theorem from [22] motivates some of our arguments, al-
though we do not need it in our proof.

Theorem 2.6. Let x € (X = Spec(R),A) be a kit singularity, and v™ a
minimizer of ;(;IXA. Assume the associated grade ring gr.(R) is finitely
generated. Denote by Xo = Spec(gr,=(R)) with the cone vertex o, Ay the de-
generation of A on Xg, &, the Reeb orbit induced by v. Then o € (Xo, Ao, &y)
is a K-semistable log Fano cone.

Note that the finite generation assumption always holds when v is a
divisorial valuation by [23, 3].

2.3. Log canonical thresholds

Definition 2.7. Given a klt pair (X, A) and a non-zero ideal a on X, the
log canonical threshold 1ct(X, A; a) of a with respect to (X, A) is defined to
be

A
let(X, Asa) = max{t > 0| (X, A + a*) is log canonical} = inf M.
vevaly  v(a)

For a graded sequence as = {a,,}men of non-zero ideals on a klt pair
(X, A), we can also define its log canonical threshold to be

let(X, Ajae) := limsupm - let(X, A a,,) € Rog U {+o0}.
It is proved in [24, Theorem 27| that
(2.1) ;(;l(x,X, A) = inflct(X, A; ae)" - mult(a,),
a'

where the infimum runs through all graded ideal sequences a, of m -primary
ideals, and lct(X, A; ae)™ - mult(a,) is set to be +oo if let(X, A; a,) = +00.
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3. K-semistability of a valuation

This is the main section of this paper. We will first define the notion of
K-semistability for valuations. Then we will show that for valuations, being
K-semistable is the same as being a minimizer of the normalized volume
function, and that there is a unique K-semistable valuation up to rescaling.

3.1. Definition of K-semistability for a valuation

In this subsection, we introduce a local version of S-invariant on the product
of the valuation space Valy , x Valy , and use it to define the d-invariant
of valuations, which then naturally give the notion of K-semistability of a
valuation.

Let x € (X = Spec(R),A) be a klt singularity. Fix a valuation vy €
Val ,. By Proposition 2.2, for any valuation v € Valy ,, the graded se-
quences of ideals aq(v) and ae(vg) are linearly bounded by each other. By
Lemma 2.1, for any m € N there exist some f1,..., fn, € R (where N, =
(R/ay,(vg))) which are compatible with both ae(vg) and ae(v) such that
their images f; form a basis of R, :== R/a;,(vo). We call such {f1,..., fn, }
an (m,v)-basis (with respect to vg). The valuation v induces a filtration F,
on R, such that an element f € R, is contained in F)} R, (A € R) if and
only if there exists a lifting f € R of f such that v(f) > A. (For a similar
filtration in the global setting, see [5, 5.1.1]).

Lemma-Definition 3.1. The limit

vol(vp;v) := lim 67(}—” Fm)

m—oo  m"/n!

exists. Moreover, we have vol(vg; v/t) = 0 for all ¢ > 0.

Proof. From the definition we have F)'R,;, = (a4, (v) + am(v0))/tm (vo) =
A (v) /(@ (v) N am(vo)), hence

UF) Bin) = L(R/(am(v) Nt (v0))) — £(R/tm(v)),

thus by [18, Theorem 3.8] we obtain

(3.1)  lim ———(F" Ry = mult(ae(v) N aa(v0)) — mult(ae(v)).

m—oo m™ /n!
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Since ae(vg) and ae(v) are linearly bounded by each other, we have
acm(v) C ap(vg) for some constant C' > 0. Thus FS™R,, = 0 and

tm
vol(vg;v/t) = lim HF" Fon)

Mw Tm)
m—oo  m"/n!
for allt > C. ]

Analogous to the global log Fano case, we set Sy, (vo; v) = Zfi"i lv(fi)],
which doesn’t depend on the choice of f;; indeed it is not hard to check that

+00 +oo
Sm(vo;0) =Y i - U(FiRm/Fi ' Rey) = > U FiRm).
i=0 i=1
We then define
A ~
S (vo;v) == w - S (vo;v),
S (v0; v0)
Sy n+l AX,A(UO) > '
S(aniv) o= T - e /0 vol(vo; v/t)dt.

Remark 3.2. In the global non-Archimedean setting, a similar construction
named the (logarithmic) relative volume of two norms is given in [7, Section
3]. However, we measure ‘the relative volume’ by taking a quotient instead
of a difference.

Lemma 3.3. For any v, v € Val ., we have S(vo;v) = limy 00 Sm(vo; v).
Moreover, the function t — vol(vp;v/t) is continuous.

Proof. We can embed (X, A) into a projective variety (X, A). By [18, Lem-
ma 3.9], we can find a sufficiently ample line bundle L such that the natural
map

(3.2) HO(X,L™) — HY(X, L™ ® Ox /ascm(v))

is surjective for all m € N, where C' is a positive integer such that ag,(v) C
am(vo) and acy,(vg) C ay,(v) for all m € N. Note that this implies that the
restriction map

(3.3) h: HY(X,L™) — H(X, L™ ® Ox/am(v0)) = R/am(vo)
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is also surjective, where the last isomorphism is given by a trivialization of
L near x. For such L,

Wy = HY (X, L™ ® a;n(v0)) and Vi, := H°(X,L™)

defines two graded linear series W,, V, that contain ample series. The valu-
ation v induces a filtration F, on both V, and W, by setting fif‘Vm ={se
HOY(X,L™)|v(s) > A} and Fo Wy, = W N FA V.

Through (3.3), the image of F, induces a filtration F; on R, =
R/a,,(vg). We claim that it is the same as the filtration F; on R,,. In-
deed, given an element f € FVi,, it is clear that its image f € R,, lies in
F)R,,. Conversely, if 0 # f € F)R,,, then it can be lifted to some f € R

with v(f) > A. Since
H°(X,L™) — H°(X,L™ ® Ox /acm(v))

is a surjective, there exists some s € F)\Vj, such that s and f has the same
image in R/acm (v). As acm(v) € a,(vo), we see that the restriction of s in
R,, gives f. This proves the claim.

Let W}, = F'mW,, and V! = F!™V,,. Then from the above claim we
have ((FI™R,,) = dim V!, — dim W}, hence

vol(vo; v/t) = vol(Vy) — vol(Wy),

which, by [4, Proposition 2.3], is continuous in ¢ when 0 < t < C since
vol(VE) > vol(WE) > 0 by (3.2); on the other hand, vol(vg;v/t) = 0 when
t > C as in Lemma 3.1, thus the function ¢ — vol(vg;v/t) is continuous
everywhere.

We next prove S(vg;v) = limy,—00 Sm(vo; v). We claim that

. gm('UOQ U) o > .
(34) n%gnoo mTl/n' = /0 VO]('U(], 'U/t)dt

By definition, this is equivalent to

2 UFLRy)
(3.5) A

= / vol(vg; v/t)dt.
0

[tm] . ..
Let ¥, (t) = %. Then we may rewrite the expression in the above

limit as [ ¢m (t)dt. Notice that lim, o0 ¥m(t) = vol(vg; v/t) and ¢y, (t) =
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0 for all ¢ > C and all m € N. The equality (3.5) now follows from the
dominated convergence theorem.

It is clear that vol(wg;vo/t) = max{(1 — ¢")vol(vg), 0} for all ¢ > 0, thus
taking v = vg in (3.4) we get

Q . 0o 1
lim m(003%0) _ / vol(v: vo/£)dt = / (1-")vol (up)et = —"—vol(vp),
0 0

m—oo mMtl/nl n+
hence
lim S (vo; V) — lim fm(vo;v) _n+l o~ vol(vo; v/t)dt
m—00 AX,A(UO) m—00 Sm('UO;UO) n VO](’U())
In other words, S(vo; v) = limy,—00 Sim (Vo; V). O

Definition 3.4. A valuation vy € Valy , is said to be K-semistable if
Ax a(v) > S(vo;v) for all v € Val ,. We also define the stability threshold
d(vo) of a valuation vg € Valy , as 6(vo) = inf, d(vo;v) where §(vo;v) =
AX,A(U)

S(o00) and the infimum runs over all valuations v € Valy .

Remark 3.5. The notion of K-semistable valuation has been previously de-
fined for valuations which are quasi-monomial, and whose associated graded
rings are finitely generated (see [31, Page 819] or [21, Theorem 4.14]).
Whereas it is known that minimizers of vol X,A are quasi-monomial by [32],
the finite generation of the associated graded rings remains open. Therefore,
while Definition 3.4 is conjecturally equivalent to the previous definition, we
circumvent the issue of finite generation.

From the definition it is clear that d(vg) = (X - vp), thus vy is K-
semistable if and only if Avg is K-semistable for some A > 0. In the spe-
cial case of divisorial valuations induced by Kollar components, we have the
following equivalent characterization, which serves as the motivation of our
definition.

Theorem 3.6. Let S be a Kolldr component over x € (X, A) (see Definition
2.8). Then we have §(ordg) > min{l,d(S,Ag)} and the valuation ordg is
K-semistable if and only if the log Fano pair (S, Ag) is K-semistable.

Proof. Let vg = ordg and let v € Val}w. We know there is an ample Q-
divisor L ~g —S|g on S such that the short exact sequences

0— Oy(—=(m+1)S) = Oy(—mS) = Og(mL) — 0
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hold (see e.g. [15, Section 4.1]), where by convention Og(mL) := Og(|mL]).
Since R'7,Oy(—mS) = 0 for all m > 0 by Kawamata-Viehweg vanishing,
we get isomorphisms

/i1 = HY(S,mL)

where a,, := a,,(ordg). After identifying @mentm/am+1 with R(S, L) :=
BmenHY(S, mL), the valuation v induces a filtration F, on the section ring
R(S,L).

We claim that

(3.6) S(vo;v) = Ax a(vo) - S(L; Fy),

where S(L; F,) denotes the S-invariant of a filtration as in [4, Section 2.5-
2.6] (we will also use its approximated versions S,,(L; F,) from loc. cit.). To
see this, we note that

Sm(vo;v) = > Y UFi(aj-1/a;)) =D j-h(S,jL) - S;(L; (Fu)n).
i=1 j=1 j=1

By [4, Corollary 2.12], we have S;(L;(Fy)n) — S(L; (Fo)n) = S(L; Fy)

(j — o0), thus as h0(S,jL) = (L”_l)(f;%a)! + O(5"2), we obtain
lim Sm(vo; v)

J e i = ) S ).

Thus
S(vo;v) lim S (vo; v) S(L; Fy)

AX,A(UO)  m—oo Sm(’Uo;’Uo) S(L;Jrvo) '

On the other hand, it is clear from the definition that S(L; F,,) = 1 (the fil-
tration F,, satisfies FJH(S,mL) = H°(S,mL) if j < m and
Fi, H(S,mL) =0 when j > m + 1), which proves (3.6).

Since —(Kg + Ag) ~g —(Ky + 7, 1A + S)|s ~ Ax a(vo) - L, we may
rewrite (3.6) as

(3.7) S(vo;v) = S(—(Kg + Ag); Fy)-

Let m € N be a sufficiently divisible integer and let fi,---, fv € aam
(where A := Ax a(vo)) be the lift of a basis {f;} of H°(S, —m(Ks+Ag)) =
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HY(S,mAL). Let

N
1
N := dim H°(S,mAL D=—2>{fi=0}.
dim H”(S,mAL) and - iZI{f 0}

Then we have 7*D = A - S + D where l~)| s is an m-basis type Q-divisor of
the log Fano pair (S, Ag) (see [11, 4]). Let 6, := min{1, 6,,(S, As)}. From
the definition of stability thresholds, we know that the pair (S, Ag+d,,D|s)
is lc, thus (Y, S 4+ 77 'A + 6,,D) is also lc by inversion of adjunction. We
have

Ky + 8+ 7 'A+6,D > n*(Kx + A+ 6,,D),

hence (X, A + 6,,D) is lc, which implies that Ax a(v) > 0y, - v(D) for any
v € Valy , and any D as above.

If we choose f; to be compatible with the filtration F,,, then v(D) =
Sm(—(Ks + Ag); Fy) and we obtain

AX,A('U) > Om - Sm(_(KS + AS);‘F”L))'

Letting m — oo, we deduce 6(vg) > min{1, (S, Ag)} using (3.7). In partic-
ular, if (S, Ag) is K-semistable, then vy = ordg is K-semistable.
Conversely, if vy is K-semistable, then we have

Axa(v) > S(vo;v) = S(—(Ks + Ag); Fo)

for any v € Valy .. Let ¢ := v(as(v0)). We may shift the filtration F, by c to
get a new filtration F on R(S, L), i.e., FAH(S,mL) := F " HO(S, mL).
It satisfies FOHY(S,mL) = H°(S,mL) as v(a,,) > c¢m for all m € N. By [4,
Corollary 2.10], there exists some €, with lim,, ,o €y, = 1 such that for all
m € N and any v € Valy ,,

em * Sm(—(Ks + Ag); F) < S(—(Ks + Ag); F)
= S(—(Ks + Ag); Fv) — Ax,a(vo) - v(ae(vo))
< Ax a(v) — Ax,a(vo) - v(ae(vo)) -

For sufficiently divisible integer m and with {f;}, D and D as before, this
means that (Y, + ﬁglA + e D) is le. By adjunction we see that (S, Ag +
emD|g) is lc. Since D|g can be any m-basis type Q-divisor of (S, Ag), we
conclude that 6,,(S, Ag) > €. Letting m — oo we obtain 6(5, Ag) > 1, i.e.
(S,Ag) is K-semistable. O
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In general, if (S, Ag) is not K-semistable, then the inequality in Theorem
3.6 could be strict.

3.2. K-semistable valuation is the unique minimizer

In this subsection, we show that if Val , contains a K-semistable valuation,
then it is the unique minimizer of volx A up to rescaling.

Theorem 3.7. Let x € (X = Spec(R),A) be a kit singularity and let
v € Valy ,. Assume that vy is K-semistable. Then

1. wg is a minimizer of volx a, i.e., vol(z, X, A) = vol(uvp);
2. ifvy € Val},x is another minimizer of volx A, then vi = Avg for some
A>0.

For the proof we need some auxiliary calculation. For each valuation
v € Val , and every integer m > 0, we set

m

W (v) :=min > _|v(fi)]
i=1
where the minimum runs over all fi,---, f,, € R\ {0} that are compati-
ble with ae(v). Clearly the minimum is achieved by some fi,---, f,, that

are compatible with ae(v), if and only if for the unique integer r satisfy-
ing {(R/ay41(v)) > m > £(R/a,(v)), f1,--, fm span R/a,(v) and form a
linearly independent set in R/a,y1(v).

Lemma 3.8. We have

iy ) (Y
v)

m=oo i n+1 \vol(

Proof. Let ae = ae(v). From the above description we have

r—1
0 < wn(v) = > i-L(ai/aip1) <7 L(ar/opi1)
=0
for all integers r,m > 0 with {(R/a,) < m < ¢(R/ay+1). Note that this
implies

—— = vol(v).

im
r—oo 1" /n)
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We also have lim, o Uar/ari1) _ () and

i =0 L@i/0) e U R ) = 3 (R ai)

r—00 rntl/n) r—00 rntl/n)

- <1 - ni 1> vol(v).

Thus lim, ;ﬂ—% = pvol(v) and
5 Wi (V) ’ wp(v) v/l n nl \Y"
1m = 1m . . — . .
m—oo it rooco \r?tl/pl om ml/n n+1 \vol(v)

O

Proof of Theorem 3.7. We first prove that vg is a minimizer of \7(;IX7A, i.e.

;(;l(v) > \7(;1(1)0) for every valuation v € Valy .. Without loss of generality we
may assume that Ax a(vo) = Axa(v) =1. Let m € N and let fi,---, fn,,
be an (m,v)-basis with respect to vy (where Ny, = £(R/an(v9)))-

Since vy is K-semistable, we have

(3.8) 1 =Axa(v) > S(vg;v).

From the definition it is clear that S,,(vo;vo) = wa,, (vo) and Sy, (vg;v) >
wp,, (v), hence by Lemma 3.8 we get

wN,, (V) _ <Vol(vo)>%‘

vol(v)

. > 1
S(U(]» U) = n"}gnoo Wy (’UO)

Combined with (3.8) we immediately have
\7(;1(1)) = vol(v) > vol(vg) = ;(;l(vo),

i.e. vo minimizes the normalized volume function volx .
Now assume vol(vg) = vol(v). We claim that

(3.9) vol(vg) = vol(v) = mult(ae(vg) N ae(v)).

Suppose this is not the case, then vol(vg;v) > 0 by (3.1). Thus by the
continuity part of Lemma 3.3, there exists some € > 0 such that

0 )= P )

7 = vol <vo;
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For each m € N, let k;,, be the unique integer k determined by
UR /a1 (1)) < Now < €(R/a(v).

Since vol(vg) = vol(v), we have lim,, o %“ = 1 and thus k,, < (1 +¢)m
for sufficiently large m. Let g1,--- ,g9n,, € R\ {0} be a sequence that’s
compatible with ae(v) such that

N,
wy,, (v) = Y _[v(g:)]-

=1

Then by construction we have v(g;) < ky, for all 1 < i < N, and the
inequality

can be upgraded as

N, Np
S min{[v(f)], kn} 2 3 [0(g:)] = w, (v).
=1 =1

In particular, for sufficiently large m we get

N,. 0
Sl =5 U(F R/ FIT Ry
i=1 j=0

> " min{j, km} - 6(F) Rpn/ FJ T Re)
j=0
+ (1 + 26)m — k) - ((FIH2IMR Y

n

>3 ming k) - A o/ FEH R+ em - L
=0
E,ymn-i-l

_ mein{tv(fi”akm} + =

+1

9

eym”

> wn,, (v) + o
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where Ry, = R/a,,(vo). Dividing by S |vo(fi)] = Sm(ve;vo) = wy, (vo) =
O(m"*1) and letting m — oo, we obtain

1> S(vg;v) = lim Sm(oiv) o wN, (V) (Vol(v0)>n
m=00 G (vo;vg) ™00 WN,, (Vo) vol(v)

where the last equality follows from Lemma 3.8, hence vol(v) > vol(vg), a
contradiction. This proves the claim (3.9). By the following Lemma 3.9, it
implies v = vy and we are done. O

The following result, which is an improvement of [23, Proposition 2.7],
is used in the above proof.

Lemma 3.9. Let z € X = Spec(R) be a singularity and let vo,v1 € Valy ,.
Assume that

vol(vg) = vol(v1) = mult(ae(vo) N ae(v1)) > 0.

Then vy = v1.

Proof. We prove by contradiction. Assume that vy(f) # v1(f) for some f €
R. Without loss of generality we may assume that vo(f) = o > €1 = vi(f).
Replacing f by f* for some k € N we may further assume that ¢y > ¢;+1. For
v € Valy , andr > 0, let a,(v) = {f € R|v(f) > r}. Let b, = a,(vo)Nay(v1)
and ¢, = a,(vp) N ag-(vy) where r > 0.

For every m € N and every s € by, we have vo(f"s) = m-vo(f)+vo(s) >
m(¢y + 1), thus multiplication by f induces a map

b B (lo+1) (V0) = Ain(eg+1) (v0)/ Brn(ey+1)

whose kernel is contained in ¢, (since vi(f™s) > m({y + 1) implies vy (s) >
m(lo + 1) —mly > 2m). It follows that

(3.10) (A (05+1) (V0) /Ormeo+1)) = £(bm/cm)

for all m € N. By [23, Proposition 2.7], there exists some 0 # g € m, such
that f2 = v1(g) > vo(g) > 0. For every m € N and every s € ¢,,, we then
have

v1(g™s) =m-vi(g) +vi(s) = m(l2 +2),
thus multiplication by ¢™ induces a map

m

Cm 2 Gty12) (V1) = G(,42) (V1) /O 12)
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whose kernel is contained in by, (if vo(g™s) > m(f2 + 2) then as vo(g) < l2
we get vo(s) > 2m). It follows that

(3.11) U(am(e,+2) (V1) /bm(e,+2)) = £(em/b2m)
for all m € N. Combining (3.10) and (3.11) we see that

(Lo + 1) (mult(be) — vol(vg)) + (f2 + 2)" (mult(be) — vol(vy))
LA (eo11)(v0) /Orm(ey11)) (e, +2)(V1)/Om(e,12))

> fim 0(bp/Cm) + £(cm /b2am) ~ lim £(by,/b2m,)

=(2" — 1)mult(bs) > 0,

which contradicts our assumption. Thus vo(f) = vi(f) for all f € R as
desired. O

3.3. Every minimizer is K-semistable

In this subsection, we show that every valuation that minimizes the nor-
malized volume function is K-semistable. Combined with Theorem 3.7, this
proves the uniqueness of the minimizer.

Theorem 3.10. Let x € (X = Spec(R),A) be a kit singularity and let

v € Val}@ be a minimizer of the normalized volume function volx a. Then
vo 18 K-semistable.

In other words, we will show that Ax a(v) > S(vp;v) for every valuation
v € Valy,. Inspired by the argument of [19], we consider a family bs,
(t € R>p) of graded sequences of ideals that interpolate the valuation ideal
sequences of vy and v, defined as follows: we set be g = ae(vg); when ¢ > 0,
we set

(3.12) [Jmﬂg = i Clm_i(v()) na; (tv).
=0

Roughly speaking, the ideal b,, ; is generated by elements f € R with vg(f)+
t-v(f) > m. By (2.1), we have

Ict(be )" - mult(be ;) > vol(vg) = lct(ba o) - mult(by o).
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To relate this to the K-semistability of vg, the idea is to take the deriva-
tive of the above normalized multiplicities at ¢ = 0, which was a technique
introduced in [19]. To do so we analyze the log canonical thresholds and
multiplicities of b ;.

3.3.1. Log canonical thresholds of summations. We first establish
an inequality for the log canonical thresholds of graded sequences of ideals.
Given two graded sequences of ideals a, and be, we define ¢o := a, H by by
setting

m
Cm = (CIBH b)m = Z a; N bym—;.
i=0
It is easy to verify that ¢, is also a graded sequence of ideals. Note that our
definition differs from the usual sum of ideal sequences (see e.g. [27]) since
we use intersections of ideals rather than taking product.

Theorem 3.11. Under the above notation, assume ae and be are graded
sequences of my-primary ideals. Then we have

let(cq) < lct(ae) + lct(bs).

We denote by J (a') the multiplier ideal of a fractional ideal and similarly
by J(al) the asymptotic multiplier ideal of a graded sequence of ideals ae
with exponent ¢ (see [17] for details). The above inequality will follow from
a summation formula of multiplier ideals.

Lemma 3.12. For any two graded sequences of ideals ae, be and anyt > 0,
we have

(3.13) C Y J(ad)nJ(bk)

Atp=t
where ce = 0o M bo.

Proof. We follow the proof of [28, Proposition 4.10]. Let m be a sufficiently
large and divisible integer such that J(¢}) = J (c%m) By the summation
formula of multiplier ideals (see [28, Theorem 0.1(2)]), which says that for

any two ideals a and b,

J((a+b) Z J(a' - p™),

t1+ta=t
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we have

m t/m m
T =T (Z a; N bm_i) = > J (H(ai N bm_i)ti> .
=0

todHtm=t/m =0

The right hand side is a finite sum.) Since aml/ ‘ C a,,1, each individual term
( g i
in the above right hand side is contained in

S (i16) <o (1) () e
i=0 =0

where A = > it;. By symmetry, it is also contained in [7(bs) where
p=Y1"o(m—1)t;. Note that A+ p = >"7" mt; = m - L = ¢, thus every

J (ﬁ(ai N bm—i)ti) C J(a3) N J(b%)

i=0
is contained in the right hand side of (3.13). This completes the proof. [

Proof of Theorem 3.11. Let o = lct(a,), 5 = lct(b,) and let ¢ = a + 3. For
any A, i > 0 with A+ u = ¢t we have either A > « or u > (3, therefore
J(ad) N J(bs) € m,. By Lemma 3.12 we see that J(c}) € m, and hence
lct(ce) < t =lct(ae) + lct(bs). O

3.3.2. Multiplicities of a family of graded sequences of ideals. We
next derive a formula for the multiplicities of b ;.

Lemma 3.13. mult(bs;) = vol(vg) — (n+1) [;° vol(vo;v/u)(lﬁd%.

Proof. By definition, we have

mult(be ) = lim M

m—oo  m™/n!

However, to derive the statement of the lemma, it is better to use a different
formula, which follows from the above equality:

> E(R/bj4)
1 ot) = lim =I—— =~
(3.14) mult(by ;) = lim_ (1))
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For ease of notation, let ae = ae(vg). We have

14

(ﬂg e—1Nagg( tv N Z a] i Nag( tv = aj_¢Nag(to)
=0

for all 0 < ¢ < j and we get short exact sequences

aj_¢—1 Napgy(tv) R . R
ai—eNa(tv) S0 g na(te) S e naito)

0— — 0.

Thus from the definition of b, ;, we get

J

((R/bj,) = L(R/aj) = > U(F (0 i/a;-i11))-

i=1
Summing over j = 0,1,--- ,m we obtain
m m
Z (/b)) = Z (R/aj) — Z UFY (aj-i/aj—i+1))
7=0 j=1 1<i<j<m

I
Ms

((Rfaj) =Y U(F/ (Rfam-it1))
=1

.
Il
-

Combining with (3.14), we deduce that

(3.15) mult(be ;) = vol(vg) — (n+1) - lim W

A e
where W, := > 7" £( z/t(R/am,iH)). To analyze the limit in the above

expression, we set (c.f. the proof of Lemma 3.3 or the argument in [19,
Section 4.1.1])

CF VRO g1 11))

Pm(y) = m" /!
_UE R 0 mg10) (m = [my] + 1)
(m = [my] + 1) /n! m"

where 0 < y < 1. It is not hard to check that

Jim ) =0 (525 ) -
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where g(u) = vol(vp; v/u), hence by the dominated convergence theorem we
have

1

. Wi, .
A e Tl im ; Pm(y)dy
1 [e§)
Y n tdu
= 1—y)"dy = U) 5.
[ o () a-vran= [ st
Together with (3.15) this implies the statement of the lemma. O

We are now ready to give the proof of Theorem 3.10.

Proof of Theorem 3.10. Let v € Val}@. Up to rescaling, we may assume
that Ax A(vo) = Ax a(v) = 1. Define by s (t > 0) as in (3.12), and let

f(t) == (1 +1¢)" mult(be ;).
Clearly f(0) = \7(;1(1)0). By Theorem 3.11 we have

Ax a(vo)  Axa(v) <14t

lct(be ) < lct(ae(vo)) + let(ae(tv)) < vo(ae(vo))  v(ae(tv)) —

Hence for all t > 0,
F(t) > let(by )™ - mult(ba,) > vol(vg) = £(0),

where the second inequality follows from (2.1) and the assumption that vg
is a minimizer of volx a. Thus f’(0) > 0. Using Lemma 3.13, we find

f(0) =n-vol(vg) — (n+1) /000 vol(vp; v/u)du,

thus
n+1 [5°vol(vy;v/u)du
A =1> - =0 = S(vo; v).
xa(v) ~ n vol(vg) S(vo;v)
Since v € Val}vx is arbitrary, it follows that vy is K-semistable. O

Remark 3.14. If we combine together Theorems 3.6, 3.7 and 3.10, we get a
proof of the fact that a Kolldr component is a minimizer if and only if it is
K-semistable, which was first established in [19, 23]. While in the proof of
Theorem 3.10, we still use a version of the derivative formula introduced in
[19], we do not need it for the converse.
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4. Applications

In this section, we prove the results mentioned in the introduction.

Proof of Theorem 1.1. By [3] (see also [32, Remark 3.8]), there exists vy €
Val , such that ;(;l(vo) = \751(95, X, A). By Theorem 3.10, vg is K-semistable,
thus by Theorem 3.7, it is the unique minimizer of the normalized volume
function up to scaling. O

Proof of Corollary 1.2. If vy is a minimizer of \aXA, then for any g € G,
the valuation g - v defined by (g - v9)(s) = vo(g~! - s) is also a minimizer
of \aX,A- By Theorem 1.1, we have g - vg = Avg for some A > 0; but
since Ax a(vg) = Ax,a(g - vo), we must have X\ = 1, hence vy = g - vg is
G-invariant. O

Theorem 1.3 is then an easy consequence of Corollary 1.2.

Proof of Theorem 1.5. Let G = Aut(Y/X) be the Galois group. By Corol-
lary 1.2, the minimizer vy of Voly A, is G-invariant, hence vol(y, Y, Ay) =

Vol (y,Y,Ay), where

—G —
1 (2, X,A):= inf 1 .
vol (z ) ve{/?ﬂ}cw vol(x A, (v)

as the infimum runs over all valuations v € Valx , that are invariant under
the G-action. G e

By [26, Theorem 2.7(1)], we get vol (y,Y,Ay) = |G| - vol(z, X, A) (in
loc. cit. it is assumed that Ay = 0 and f is étale in codimension one, but the
proof applies in general since these assumptions are only used to guarantee
that A = 0). Thus

vol(y, Y, Ay) = |G| - vol(z, X, A) = deg(f) - vol(z, X, A). 0

In fact, the above argument implies the finite degree formula for any
quasi-étale (i.e. étale in codimension one) finite morphism ¥ — X, as we
can pass to the Galois closure of Y/X, which is also quasi-étale. However,
if there is a branched divisor, then the pull back of Kx + A to the Galois
closure of Y/ X might have negative coefficients.

Proof of Corollary 1.4. For the germ of a kit singularity (X,A), by [30, §]
(see also [29]), the fundamental group m(z, X*™) of the smooth locus X"
of is finite.
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Let f: (Y,y) — (X, z) be the universal cover of X*™ and let Ay = f*A.
Then we have Ky + Ay = f*(Kx + A), hence by Theorem 1.3 we get
\a(y,Y,Ay) = deg(f) ~\7(;1(x,X, A). By [26, Theorem A.4], we also have
\7(;1(3/, Y, Ay) < n™ with equality if and only if y € X is smooth and Ay = 0.
It follows that

nn

d _ xsm e —
eg(f) #‘ﬂ-l(l" )| = VOl(x>X> A)

and the equality holds if and only if (y € (Y,Ay)) = (0 € C") (étale
locally), i.e., A = 0 and (x € X) is étale locally isomorphic to C"/G where
G = m(z, X*™) and the action of G is fixed point free in codimension
one. 4

Proof of Theorem 1.5. By [4, Theorem D], we have

n

+1

vAol(x,X,A) > <n )n.é(X,A)n.(_(KX—i—A))n.

Thus the result follows immediately from Corollary 1.4. O
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