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Abstract

We establish an algebraic approach to prove the properness of moduli spaces of K-
polystable Fano varieties and reduce the problem to a conjecture on destabilizations of
K-unstable Fano varieties. Specifically, we prove that if the stability threshold of every
K-unstable Fano variety is computed by a divisorial valuation, then such K-moduli
spaces are proper. The argument relies on studying certain optimal destabilizing test
configurations and constructing a ®-stratification on the moduli stack of Fano varieties.
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1 Introduction

A key feature of the K-stability theory for Fano varieties, which was probably once
beyond the imagination of algebraic geometers, is that it yields a good theory for moduli
spaces. There has been significant progress in the recent years to give a purely algebro-
geometric construction of such moduli spaces, called K-moduli spaces. Specifically,
it has been shown that there is a finite type Artin stack M,If“} parametrizing families
of K-semistable Fano varieties of dimension n and volume V and the stack admits a
morphism to a separated good moduli space M f I‘),S whose points parameterize those
that are K-polystable. See [3,8,9,28,52,55].

The remaining major challenge is to show that the moduli space Mf’ I‘),S is proper.
This is known for the component which parametrizes (Q-Gorenstein smoothable K-
polystable Fano varieties (see [37]), whose proof essentially relies on analytic results in
[17,48]. In this note, we aim to establish an algebraic strategy to prove the properness.
More precisely, we will show that it is implied by the existence of certain optimal
destabilizing degenerations.

We will follow a strategy sometimes called Langton’s algorithm. Historically, Lang-
ton proved the valuative criterion of properness for the moduli space of polystable
sheaves on a smooth projective variety X of arbitrary dimension (see [34]). Starting
with a semistable sheaf Fx on X x Spec(K), where K is the fraction field of a DVR
R, Langton shows that one can modify any degeneration F, of Fx on X x Spec(x),
where « is the residue field of R, with a sequence of uniquely determined elemen-
tary transformations, so that the ‘instability’ of F, decreases. Moreover, he showed
that after finitely many steps this process terminates with the degeneration becom-
ing semistable. This method was adapted to G-bundles on curves in [21] and finally
abstracted in [4], where it is shown that Langton’s algorithm can be carried out on an
Artin stack as long as it admits a ®-Stratification (see Definition 2.12).

The notion of a ®-stratification was defined in [22] to generalize the Harder—
Narasimhan stratification of the moduli of coherent sheaves on a projective scheme
as well as the Kempf—Ness stratification in GIT. The definition is based on the idea
that (i) the stability of a point x in a stack 2" is determined by considering maps
f : [A'/G,] = 2 suchthat f(1) = x, (ii) if x is unstable, then there should be
a unique optimal destabilizing map, and (iii) these optimal destabilizations should
satisfy certain properties in families and can be used to stratify the unstable locus of
the stack. When 2" is the moduli stack of coherent sheaves on a projective scheme
and E a coherent sheaf on that scheme, maps [Al /Gl — X sending 1 — [E] are
in bijection with filtrations of E, and when E is unstable, the optimal destabilization
is given by the Harder—Narasimhan filtration.

In this paper, we seek to define a ®-stratification on the stack M533° parametrizing

families of Q-Fano varieties of dimension n and volume V. Since maps [Al /Gl —
Msa3° such that f(1) = [X] are equivalent to special test configurations of X, we
must identify a unique optimal destabilizing test configuration for each K-unstable
Fano variety X.

A natural starting point is to normalize the Futaki invariant of a test configuration
by a norm and hope to find a unique test configuration minimizing the invariant. It is
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expected that if we normalize by the minimum norm, then the infimum

inf LUHX) (1.1)
X [ Xm

that runs through all non-trivial special test configurations X" of X is attainable. This
infimum is closely related to the stability threshold of X, denoted §(X), defined and
studied in [5,18]. Indeed, by [7], the previous infimum equals § (X) — 1 and is achieved
if and only if a well known conjecture (see Conjecture 1.1) regarding valuations
computing §(X) holds.

However, unlike the optimal destabilizing degeneration in Geometric Invariant The-
ory [29], a degeneration achieving the infimum (1.1) need not be unique. Thus, only
considering lTlll?tf(ﬁ) is not enough to define a ®-stratification. To remedy this, we con-
sider the set of test configurations achieving the above infimum and minimize the

Futaki invariant normalized by the L? norm among these test configurations. This

amounts to minimizing the bi-valued invariant (]Tlu)t((ﬁ(), F”“)t((ﬁ )) with respect to the

lexicographic order on (R U {#00})2. Assuming Conjecture 1.1 holds, we verify that
there exists a unique special test configuration minimizing this function and that these
minimizing test configurations define a well-ordered ®-stratification on Mgaﬁ" (see
Definition 2.12).

1.1 Main results

Below, we will give a more detailed description of our main results, which are stated
in the more general setting of log Fano pairs, rather than Q-Fano varieties.
For a special test configuration (&X', D) of a log Fano pair (X, D), we set

D) <Fut(X,D) Fut(X, D)> R

1%, Dllm = 11X, Dll2
When (X, D) is K-unstable, we set

M*(X, D) := inf u(X,D), 1.2
( ) (}(I}D)/L( ) (1.2)

where the infimum runs through special test configurations of (X, D). Note that by
[7], inf (x.p) jg;<—m is equal to 8(X, D) — 1 and the infimum is a minimum if the
following conjecture holds.

Conjecture 1.1 (Optimal Destabilization) If (X, D) is a K-unstable log Fano pair, then
there exists a divisor E over X computing the infimum

Ax p(E
8(X, D) := inf Ax.p(E)
E Sx p(E)
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While the above conjecture remains open, it is known that there exists a quasi-
monomial valuation, rather than divisorial valuation, achieving the infimum (see
[5,8,52]). By [53], Conjecture 1.1 would hold if one knew the finite generation of
the associated graded ring induced by a quasi-monomial valuation which computes
8(X, D) on the ring @, oy HO(—mr(Kx + A)) for a sufficiently divisible positive
integer r.

We prove the following result on test configurations achieving the infimum in (1.2).

Theorem 1.2 Let (X, D) be a log Fano pair that is K-unstable.

(1) (Existence) The pair (X, D) satisfies the conclusion of Conjecture 1.1 if and only
if there exists a special test configuration achieving the infimum in (1.2).

(2) (Uniqueness) Any two special test configurations of (X, D) achieving the infimum
in (1.2) are isomorphic after (possible) rescaling.

To prove Theorem 1.2, we use that any two test configurations which minimize
HF h“ can be connected by an equivariant family over A2 following [7]. With this in

hand, we can analyze ‘F‘ﬁt and conclude the uniqueness result.

By analyzing the properties of these optimal destabilizing test configurations in fam-
ilies, we strengthen the theorem above by showing that . determines a ®-stratification
on MFanO , which denotes the moduli stack parametrizing families of log Fano pairs
with ﬁxed numerical invariants (see Definition 2.8). We give a direct construction of
this ®-stratification, and we also discuss how this follows from the general theory of
®-stability developed in [22].

Theorem 1.3 [f Conjecture 1.1 holds, then p determines a ®-stratification on ./\/lga{}o o

: Kss Fano . B H
Now, we consider the open subfunctor My, . C M, )" parametrizing families

that have K-semistable fibers, where the openness was shown in [8,52]. By [3,9], we

know M,‘fg‘s, . admits a separated good moduli space M, l:, . (as an algebraic space).

As a corollary of Theorem 1.3 and [4], we conclude the following.

Corollary 1.4 If Conjecture 1.1 holds, then M Kps g proper.

n,V,c

Note that in [54], building on [12], it is shown that the CM line bundle on MrIf ’;; ol

ample, provided that M, V . is proper and its points parameterize reduced uniformly K-
stable log Fano pairs. The latter would follow from a conjecture similar to Conjecture
1.1 (see [54, Conjecture A.12]).

The paper is organized as follows. After providing background in Sect. 2, we collect
information on properties of pu when restricted to 1-parameter subgroups of a torus
acting on a log Fano pair in Sect. 3. We then prove Theorem 1.2 on the existence and
uniqueness of minimizers of u in Sects.4 and 5. In Sect. 6, we analyze the behavior
of M" in families. Lastly, we prove Theorem 1.3 and Corollary 1.4 in Sect.7, and
discuss an alternative approach using the general framework of ®-stability in Sect. 8.

Postscript remarks. After the first version of this article was posted on the arXiv,
in [40], the third, fourth authors and Zhuang prove that any valuation computing
8(X,A) < % where n = dim(X) has a finitely generated associated graded ring.
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This confirms Conjecture 1.1 in full generality and hence, combined with Theorem
1.3 and Corollary 1.4, leads to proofs of the existence of a ®-stratification on the stack

. Kps
Mga“}oc and the properness of the K-moduli space M, [‘),g .

2 Preliminaries
2.1 Conventions

Throughout, we work over an algebraically closed characteristic O field k. We follow
standard terminologies in [30,33].

A pair (X, D) is composed of a normal variety X and an effective Q-divisor D on
X such that Kx + D is Q-Cartier. See [33, 2.34] for the definitions of kit and Ic pairs.
A pair (X, D) is log Fano if X is projective, (X, D) is klt, and —Kx — D is ample. A
variety X is Q-Fano if (X, 0) is log Fano.

Definition 2.1 A family of log Fano pairs f : (X, D) — T over a normal scheme T
is the data of a flat surjective morphism of schemes f : X — T and a Q-divisor D
on X satisfying

(1) T is normal and f has normal fibers (hence, X is normal as well),
(2) Supp(D) does not contain a fiber,

(3) Kx;r + D is Q-Cartier, and

(4) (X7, Dy) is alog Fano pair foreacht € T.

Using [32], this definition can be extended to the case when T is not-necessarily
normal; see Definition 2.8.

2.2 K-stability
2.2.1 Definition

In this section, we recall the definition of K-stability [15,47]. Following [39], we define
these notions only using special test configurations.

Definition 2.2 Let (X, D) be a log Fano pair. A special test configuration (X, D) of
(X, D) is the data of

(1) afamily of log Fano pairs (X, D) — Al
(2) a G,,-action on (X, D) extending the standard action on A', and
(3) anisomorphism (X, D) ~ (X, D).

The test configuration is a product if (X, D) ~ (X, D) x A! as a family of log Fano
pairs and trivial if the latter isomorphism is G,,-equivariant with respect to the trivial
action on (X, D) and the standard action on Al.

A special test configuration (X', D) can be scaled by a positive integer d. Indeed,
the base change of (X, D) by the map A! — A! sending r — 1% is a special test
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configuration and we denote it by (X, D@) We call a special test configuration
(X, D) primitive if it is not a scaling of some other test configuration with d > 2.

A special test configuration (X, D) has a natural compactification (X, D) — P!
constructed by gluing X and X x (P! \ 0) along their respective open sets X' \ Xp
and X x (Al \ {0}). The generalized Futaki invariant of a special test configuration
(X, D) is defined by

(_K?/IP’] _ 5))1—}-1

Fut(X, D) := _(n DKy — D)

where 7 is the dimension of X. Note that this definition using the intersection formula
is equivalent to the original definition from [15,47] by [43,49].

Definition 2.3 (K-stability) [15,39,47] A log Fano pair (X, D) is

(1) K-semistable if Fut(X, D) > 0 for all special test configurations of (X, D);
(2) K-polystable if it is K-semistable and any special test configuration (X', D) such
that Fut(X, D) = 0 is a product.

We call (X, D) K-unstable if it is not K-semistable.

2.3 Further invariants of test configurations

Let (X, D) be a log Fano pair with a G,,;-action denoted by &. Fix r € Z~( such that

L := —r(Kx + D) is a Cartier divisor and set
R:=@) R := @ H (X, Ox(L)).
meN meN

Note that the G,,-action & on X induces a canonical G,,-action on R,, and we write
D, cz R, for the weight decomposition. Set

Ny, :=dim R,,, w,, = deim Rmy, and g = Z)»z dim Ry, ;.
MEZ AEZ

By general theory (see [10,16]), for m > 0, there are Laurent expansions with rational
coefficients such that

w
mr]n\17 =Fo+Fim™ + Fom™ 2+ ...
m
q - _
ﬁ:Qoﬁ-le 1+Q2m 24
m

The Futaki invariant [15] of (X, D; &) is given by

Fut(X, D; &) := — Fp.
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The L2 norm [16] and minimum norm [14] are defined by

IX, D; &llm := Fo — Amin and  ||X, D; &[> := / Qo — Fg,

where Amin := inf,, }‘“;';% and Aminm := min{A € Z | R, 5 # 0}.

For a special test configuration (X, D) of (X, D), write & for the induced G, -action
on (X, D). As observed in [43,49], Fut(X, D) = Fut(Xp, Dy; &). The minimum
norm

and L% norm of (X, D) are defined by
X, Dlim := X0, Do; §llm and  ||X, Dll2 := | X0, Do § |2

These norms are non-negative and equal zero if and only if (X, D) is trivial; see [10,
Corollary B] and [14, Theorem 1.3]. We note that the minimum norm agrees with the
non-Archimedian / — J functional in [10] and also has an interpretation in terms of
intersection numbers [14, Remark 3.11] [10, Remark 7.12].

More generally, for p € [1, +00], one can define the L? norm of a test configuration
[16] (see also [23] and [10]*Definition 6.5). Since the minimum norm is equivalent
to the L! norm by [10]*Remark 7.12 and the L' norm is less than or equal to the L?
norm, there exists ¢ > 0 such that

X, Dlim =< cllX, Dll2 2.1)

for all test configurations (X, D) of (X, D).
We will frequently use the following elementary fact on the behavior of these
invariants in families.

Lemma24 Let f : (X, D) — T be a family of log Fano pairs admitting a fiberwise
Gp-action £. If T is connected, then Fut(X;, Dy; &), | Xy, Dy; &|lm, and || Xy, Dy; €2
are independent of t € T.

Proof Fix a positive integer r such that L := —r(Ky ;7 + D) is a Cartier divisor.
Since H'(X;, Ox,(mL;)) = O for all m,i > 0 and t € T by Kawamata-Viehweg
vanishing, f,Ox(mL) is a vector bundle and commutes with base change. Since
& induces a fiberwise G,,-action on f,Ox(mL), the vector bundle admits a direct
sum decomposition into weight spaces f,Ox(mL) = @, 5 (fxOx(mL)),, where
each (f4Ox(mL)), is a vector bundle and commutes with base change. Therefore,
dim(HY(X,, Ox,(mL;)),) is independent of ¢ € T and the result follows. O

2.4 Stability threshold

Here, we recall the stability threshold of a log Fano pair and its relation to the invariants
in Sect.2.5.
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2.4.1 Definition

Let (X, D) be a log Fano pair of dimension n. A divisor over X is the data of a prime
divisor E on a normal variety Y with a proper birational morphism 7 : ¥ — X. The
log discrepancy of E is defined by Ax p(E) := coeff g(Dy) + 1, where Ky 4+ Dy =
7*(Kx + D). The average order of vanishing of —Kx — D along E is given by

1 o
Sx.p(E) = —/ vol(—*(Kx + D) — tE) dt.
(=Kx — D) Jo
The stability threshold (also known as the §-invariant) of (X, D) is given by

Ax p(E
8(X, D) = inf Ax.p(E)

2.2
E Sx p(E) =2

If a divisor E over X achieves the infimum, we say that E computes §(X, D).

This invariant was originally introduced in [18] using a different definition, which
is equivalent to the latter by [5]. It follows from [19,35], that 6 (X, D) > 1 if and only
if (X, D) is K-semistable.

2.4.2 Optimal destabilization conjecture

Conjecture 1.1 predicts that on a K-unstable log Fano pair (X, D), the infimum in
(2.2) is achieved. Partial answers to this conjecture are known.

e When X is smooth and D = 0, the statement follows from [13,44], which rely on
deep analytic results; see [7, Theorem 6.7].

e For any K-unstable log Fano pair, a weaker version of the conjecture holds in which
divisorial valuations are replaced by quasi-monomial valuations. Specifically, there
always exists a quasi-monomial valuation computing the stability threshold by
either [8] or [5,52].

In [53], the conjecture is reduced to the problem of showing that valuations computing

the stability threshold induce finitely generated filtrations of the section ring.

2.4.3 Relation with test configurations

The first and third authors and Zhou previously studied the relationship between Con-
jecture 1.1 and destabilizing test configurations.

Theorem 2.5 ([7]) If (X, D) is a log Fano pair that is K-unstable, then

Fut(X, D)

8(X,D)—1= in ,
X.D) | X, Dllm

2.3)

where the inf runs through non-trivial special test configurations of (X, D). Addition-
ally,
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(1) the infimum in (2.3) is computed if and only if Conjecture 1.1 holds for (X, D);
(2) if (X, D) computes the infimum, then §(X, D) = §(Xpy, Dy).

The results in [7] are stated in terms of twisted K-stability [14], which we do not
use in this paper. To translate results to our setting note that for g € (0, 1],

(i) the B-twisted Futakiinvariant Fut;_g(X, D) equals Fut(X, D)—(1-8)||X, Dlm
[7, Proposition 3.8.1].

(ii) a log Fano pair is B-twisted K-semistable if and only if Fut;_g(X’, D) > 0 for
all special test configurations (X, D) of (X, D) [7, Theorem 1.6].

Proof The equality follows from [7, Theorem 1.1]. Statements (1) and (2) follow from
[7, Theorem 1.1]. O

Remark 2.6 Divisors computing the stability threshold, as well as special test con-
figurations computing inf HF\_T;’ do not in general give canonical “destabilizations” of
K-unstable log Fano pairs. For example, consider the Q-Fano variety X := IP(1, 1, m)
with m > 1. Since X is toric, one can check using [5, Section 7] that X is K-unstable
and there are infinitely many divisors over X computing its stability threshold. For
instance, every ruling corresponding to a section of Ox (1) is a divisor computing

8(X) = 735
2.5 Stability function

In this paper, we introduce a bi-valued function on the set of special test configura-
tions of a log Fano pair. Conjecturally, the function will identify a unique optimal
destabilization of a K-unstable log Fano pair.

For a non-trivial special test configuration (X', D) of (X, D), we define the invariant

B (X, D)= (1 (X, D), 2 (X, D)) € R?,

where

Fut(X, D) Fut(X, D)
u1 (X, D)= ——— and w2 (X,D) = —5——.
IX, Dlim X, DIz

For a K-unstable log Fano pair (X, D), we set
M™(X, D) := (M{'(X, D), My (X, D)) :=_inf p(X,D) e (RU {00},
(X.D)

2.4
where the infimum runs through non-trivial special test configurations of (X, D) and is
taken with respect to the lexicographic ordering on RZ. When (X, D) is K-semistable,

we set MM (X, D) := 0 € R2.
Observe that if (X, D) is K-unstable, then

M (X, D)= &ng)m(x, D) =8(X, D) — 1, (2.5)
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where the second equality is Theorem 2.5. Additionally, if the inf in (2.5) is computed,
then

MY (X, D) = inf{p2(X, D) | 11 (X, D) = M| (X, D)}.

If not, Mé‘ (X, D) = +o0. Since (X, D) is K-unstable and § (X, D) > 0[5, Theorem
Al, M (X, D) € (—1,0). Using (2.1), we see MY (X, D) € Ro U {+00}.

Remark 2.7 In the literature, minimizers of ©1 and u; have been studied separately.

(1) In [7], properties of minimizers of p; are studied using tools from birational
geometry. See Theorem 2.5.

(2) In[16,46,51], optimal destabilizations refer to test configurations that minimize
o and are studied in the more general polarized case.

While (1) has the advantage that birational geometry results can be applied to study
minimizers of w1, the minimizer of w; is in general non-unique (see Remark 2.6).
This can be fixed by leveraging the convexity properties of i, and using the above
bi-valued function.

2.6 Moduli spaces of log Fano pairs

To define a moduli functor for log Fano pairs, we need to define families of log Fano
pairs over arbitrary schemes. To have a well behaved moduli theory for the divisors
that appear, we use [32].

Definition 2.8 We call f : (X, D := c¢A) — T afamily of log Fano pairs if

(1) f:X — T is aflat projective morphism of schemes,

(2) A is K-flat family of relative Mumford divisors on X (see [32]),
(3) Kx;r + D is Q-Cartier, and

(4) (X7, D7) is alog Fano pair foreacht € T'.

Furthermore, we call f a family of K-semistable log Fano pairs if in addition
(5) (X7, D) is K-semistable foreacht € T.

Above ¢ € Q. Since A has coefficients in N, the coefficients of D lie in {nc | n €
N} N[0, 1].

Forn € Nand V,c € Q.q, we define the moduli functor Mgf‘g"c that sends
T € Schy to

MEao () families of log Fano pairs (X, D :=cA) = T
n,V.c with dim(X,;) =n and (—Kx, — D;)" = V forallt € T

and subfunctor MXSS defined by

n,V,c

MESS (T = families of K-semistable log Fano pairs (X, D :=cA) - T
nV.e with dim(X;) =n and (—Kx, — D;)" = V forallt € T
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The next theorem is a consequence of the following recent results: the boundedness
of ./\/an“}C [11,28,36,55], the openness of K-semistability [8,52], and the existence of
a separated good moduli space [3,9]. See [54, Theorem 2.21] for details.

Theorem 2.9 The modulifunctorMEs‘S, . Isanalgebraic stack ofﬁnite type over k with

affine diagonal, and it admits a separated good moduli space M o Whose k-valued
points are in bijection with K-polystable log Fano pairs (X, cD = A) of dimension
n and volume V.

The next result on the invariance of certain Hilbert functions is a consequence of
[31].

Proposition 2.10 Let (X, D := cA) — T be a family of log Fano pairs. If mD is a
Z-divisor, then t — x(X;, Ox,(—m(Kx, + D;)) is locally constant.

Proof It suffices to consider the case when T is the spectrum of a DVR. In
this case, Ox(—m(Kx;r + D)) is flat over T and Ox (—m(KX/T + D)) lx, =~
Ox, (—m(KXt + D,)) for all € T by [31, Proposition 2.76.2 and Definition 3.52].
Therefore, the function is constant on 7. O

Let cgen denote the denominator of c. The above proposition implies that if [(X, D :=
cA) > T]e Msaﬁo (T), then the Hilbert function

h:cqenZ — Z definedby h(m) = x (X;, Ox,(—m(Kx, + D))

is independent of ¢ in a fixed connected component of 7. For such a Hilbert function
h, let MFa“O C MFa“‘) and ./\/lKSS - MES‘S, . denote the subfunctors parametrizing
families of log Fano palrs (resp., K-semlstable log Fano pairs) with Hilbert function
h. Note that

Sa\‘r}oc I_lMFano and In(s‘s/ . I_lMKss (2.6)

where the union runs through Hilbert functions 4 of log Fano pairs (X, D := cA) of
dimension »n and volume V.

Remark2.11 When ¢ = 1, MK v.1 parametrize families of K-semistable Q-Fano
varieties of dimension n and volume V,sinceif (X, D) is alog Fano pair and D is a Z-
divisors, then D = 0. Note that ME differs from the moduli stack of K-semistable

Q-Fano varieties M}f“} considered in [3,9]. Indeed, while M,If“} | parameterizes fam-

ilies satisfying the so called Viehweg’s condition, M,'fs‘s, considers families satisfying
Kollar’s condition (see [9, §1]). These two conditions in general could be different
(see [1]), though they agree when the base is reduced by [31, Theorem 3.68].

2.7 Theta-stratificaitons

The notion of a ®-stratification originated in [22] and generalizes the Harder—
Narasimhan stratification of the moduli of coherent sheaves on a projective scheme as
well as the Kempf—Ness stratification in GIT to more general stacks.
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2.7.1 Filtrations

Let ® denote the quotient stack [Al /G, ]. Maps from © into a stack form the basis of
stability notions in [22]. In the case of K-stability, a special test configuration of a log
Fano pair [(X, D)] € MS*‘%"L is equivalent to the dataof amap f : ©® — ./\/lga{}"c (k)
with an isomorphism f (1) >~ [(X, D)].

Forastack 27, let Map(®, £") denote the mapping stack parametrizing morphisms
from © to .2" and write ev; and ev for the evaluation maps Map(®, 2°) — 2. We
know that Map(©®, .2) is an algebraic stack when .2 is a locally finite type algebraic
stack over k with affine stabilizers [25,26]. When .2~ = [X/G] is a quotient stack
where G is an algebraic group acting on a scheme X, the above mapping stack has a
concrete description as follows (see [22, Theorem 1.37]):

Map(©, [X/G]) = |_|[X./P3].
AEA

Here A is the complete set of conjugacy classes of 1-PS’ A : G, = G, X, is the union
of Bialynicki-Birula strata of X associated to A which equals {x € X | lim;_q A(?) -
x exists} set theoretically, and P, = {g € G | lim;_.q A(f)gA(t) ! exists}.

2.7.2 Definition

Definition 2.12 ! Let 2" be an algebraic stack locally of finite type over k with affine
stabilizer groups.

(1) A ©-stratum in 2 is a union of connected components . C Map(®, £°) such
thatevy : . — 2 is a closed immersion. Informally, we sometimes identify
. with the closed substack ev; (%) C Z .

(2) A O-stratification of 2" indexed by a totally order set I" is a cover of 2~ by
open substacks 2>, for ¢ € T such that 2>, C 2>, for ¢’ > ¢, along with
a ®O-stratum ., C Map(®, Z%.) in each 2%, whose complement in 2% is
Uese 2. We assume that for each x € | 2| the subset {c € T'|x € 2.} has
a maximal element. We assume for convenience that I" has a maximal element
0erl.

(3) A O-stratification is well-ordered if for each x € | 2|, every nonempty subset of
{c e T'|evi(Z) N {x} # @} has a maximal element.

Given a ®-stratification, we denote by 2™ := 2% the semistable locus of Z". For
any x € Z (k) \ 2% (k), the unique stratum .#, such that x € ev;(.%;) determines a
canonicalmap f : ® — 2" with f(1) = x. This map is referred to as the HN-filtration
of x in [22].

Example 2.13 Let C be a smooth projective curve over a field k, and let 2" be the stack
of vector bundles on C of rank n and degree d. Then the Harder—Narasimhan—Shatz

! This definition differs from that in [4,22] by a sign convention to conform to the convention in the
K-stability literature that non-negativity of the Futaki invariant corresponds to semistability.
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stratification of 2~ [27,45] is a ®-stratification. For an unstable vector bundle E on
C, the Harder—Narasimhan filtration is the unique filtration0 C E, C --- C Eg = E
such that i associated graded piece E;/E; | is semistable and locally free, and the
slope w; :=deg(E;/Ei+1)/rank(E;/E;+1) is strictly increasing with i. This encodes
amap f : O > Z as follows:

One considers the graded sheaf of O¢[¢]-modules Oc[ti1]®(9c E.Each E; defines
a graded submodule Oc[t]®@,. E;, and we combine these into the graded submodule

p
£:=) 7" . Oclt] ®0, Ei C E ®0, Oclt*'].
i=0

The factor of n! guarantees that all of the exponents are integers. One can check that
the G,,-equivariant quasi-coherent sheaf on Spec(Oc¢[t]) = A! x C corresponding
to £ is locally free. Hence this equivariant sheaf defines amap f : Oy — 2 .

It is shown in [22, Section 6] that the set of maps constructed in this way defines
an open substack . C Map(©®, Z), and ev] : Map(®, 2°) — 2 identifies each
connected component of .# with the corresponding Harder-Narsimhan-Shatz stratum

in 2.

3 Log Fano pairs with torus actions

In this section, we collect basic results on the behaviour of the Futaki invariant, min-
imum norm, and L? norm for one paramater subgroups of a torus acting on a log
Fano pair. While the results in Sects. 3.1 and 3.2 are well known in the K-stability and
Kéhler-Einstein metrics literature (see e.g. [20,46,50]), we provide short algebraic
proofs for the convenience of the reader.

Let (X, D) be an n-dimensional log Fano pair with an action of a d-dimensional
torus T := ijl.We write N := Hom(G,,, T) and M := Hom(T, G,,) for the coweight
and weight lattices. The lattices are isomorphic to Z¢ and admit a perfect pairing
(,): M x N — Z.ForK e {Q, R}, write Ny := N ®7 K and Mg := M ®z K for
the corresponding vector spaces.

Fix a positive integer r such that L := —r(Kx + D) is a Cartier divisor and write

R(X.L) =D Rn =P H" (X. Ox(L))

meN meN
for the section ring of L. Set N, := dim R, for each m > 1.

The T-action on X induces a canonical action on each vector space R,,. This gives
a direct sum decomposition R,, = €, Rm,u, Where

Runu:={s€Rp|t-s=u(t)sforallt e T}

is the u-weight space, satisfying Ry, - Ry v S Ry’ it -
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Note that an element v € N := Hom(G,,, T) induces an action of Gy, on (X, D)
and hence R.If we write R, = @, .5 R.». for the weight decomposition with respect
to the G,,-action induced by v, then

Rm,)» = @ Rm,u~ (3.1

ueM|(u,v)=xr

3.1 Moment polytope and barycenter
For each integer m > 1, we set
Py, :=conv.hull(u € M| R, #0) € MR.

The moment polytope of (X, D) with respect to T is given by

P = conv.hull( U % . Pm>.

m>1

Since R is a finitely generated algebra, P may be expressed as the convex hull of
finitely many points in M. Furthermore, P = %Pm for m > 1 sufficiently divisible.
The weighted barycenter of P is given by

Z dim (R ), (3.2)

bp :== lim
m—oo mr N, m

where the limit is taken in M.

Lemma 3.1 The above limit exists and lies in M. Additionally, for v € N,

Fut(X, D;v) = —(bp.v) and ||X, D;vlm = (bp, v) — min(u, v).
uec

Proof To see that the limit exists and lies in Mg, it suffices to show that, for each
veN,

lim
m—oo mr N, m

Z dim(R,.,0) (u, v) (3.3)

is a rational number. To prove the latter, fix v € N and write R,, = @Aez Ry for
the weight decomposition with respect to the G,,-action induced by v. Using (3.1),
we see

lim Zdlm(Rm W{u, v)y= lim

m—oo mr N, m m— 00 mer

> adim(Ry,;)=—Fut(X, D: v),
AEZ

which is rational. Therefore, bp € Ng and the formula for the Futaki invariant holds.
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To deduce the formula for the minimum norm, note that Amin, ,, = ming,ep,, (1, v).
Since P = #Pm for m > 1 sufficiently divisible, Aypin = min,cp(u, v) and the
formula follows. O

3.2 Associated quadratic form

The associated quadratic form Q : Nr — R of the weight decomposition is defined
by

Q@) := lim

. 2
Jim (mr)—sz GZ dim(R,, ) (u — mrbp, v)

ueM

Lemma 3.2 The function Q is a rational non-negative quadratic form (in particular,
the above limit exists). Furthermore, Q(v) = || X, D; v||%f0r anyv € N.

Proof For each m > 1, consider the function Q,, : Ng — R defined by

On() =

1 .
W Z dlm(Rm,u)<M - m}’bp, U>2
m
[S

ueM

is a non-negative rational quadratic form. To see that (Q,,),, converges to a non-
negative quadratic form, it suffices to show that lim,, Q,,(v) € Q foreach v € N.

To prove the latter, fix v € N and write R,, = @, .7, Rin,» for the weight decom-
position with respect to the G,,-action induced by v. Note that

. 1 .
Q) = lim = N MEEM (. v)? = 2mr{u, v) - (bp. v) + mr)*(bp, v)?) dim Ry
. I .
= lm, (w 2w R) oo

Using (3.1), the right hand side above equals

2

. 1 2 . 1 .
mll_l;l’lOo W Z A~ dim Rm,)\. — mll_l;l’loo mr N Z A dim Rm’)L
"M \eZ M ez

which is precisely || X, D; v ||%. Since the latter value is rational, the result follows. O

3.3 Stability function

We consider the three functions Ng — R given by

Fut(v) :== —(bp,v), [vlm = (bp, V) —géig(u, v), and [v]2=+Q().



73 Page 16 of 39 H.Blum et al.

By Lemmas 3.1 and 3.2, these agree with the corresponding invariants defined in
Sect.2.3, when v € N. Observe that (i) Fut( - ) is rational linear, (ii) || - ||, is rational
piecewise linear (by rational piecewise linear, we mean that there is a decomposition of
Nr into rational polyhedral cones, such that on each cone the function is rational linear)
and convex, and (iii) || - ||§ is a non-negative rational quadratic form. (Note that the
convexity in (ii) follows from the fact that v + (b, v) islinear and v — min,cp (1, v)
is concave, since it is the minimum of a collection of concave functions.)

Lemma 3.3 [fthe natural map T — Aut(X, D) has finite kernel, then || - ||m and || - ||2
are positive on N \ 0.

Proof Since T — Aut(X, D) has finite kernel, each v € N \ 0 induces a non-trivial
Gy, -action on (X, D). Therefore, ||v|lm and ||v||2 are strictly positive on N \ 0. Using
properties (ii) and (iii) above, it follows that the functionals are also strictly positive
on Ng \ 0. O

WhenT — Aut(X, D) has finite kernel, we consider the bi-valued stability function
p 2 Ng \ 0 — R? defined by p(v) := (11(v), n2(v))

Fut(v) and (V) = Fut(v)

[V]Im ol ~

ni(v) ==

and endow R? with the lexicographic order. Since j¢1 and p5 are invariant with respect
to scaling by R. ¢, u induces a function on Ag := (Ng \ 0)/R~o.
We note the following quasi-convexity property of u.

Proposition 3.4 Assume T — Aut(X, D) has finite kernel. Fix points v, w € N \ 0
with distinct images in Ar and t € (0, 1). If Fut(v) and Fut(w) are < 0, then

wi(tv + (1 — Hw) < max{w; (v), ui(w)} fori=1,2.
Furthermore, if i = 2, then the inequality is strict.
Proof After scaling v and w by R.y we may assume Fut(v) = Fut(w) and equals
Fut(rv 4+ (1 — t)w) by linearity. Next, note that || - |, is convex and || - ||§ strictly

convex (since it a quadratic form and positive definite by Lemma 3.3). Therefore, for
the two norms satisfy

tv 4+ (1 = Hwll = max{[[v]l, [w]l}

and the inequality is strict for the L? norm. This implies the desired inequalities. O

Foracone o C N, we set A(o) := (o \ 0)/R.o C AR, and refer to A(o) as the
image of o in A. We proceed to describe the geometry of minimizers of u restricted
to such subsets.
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Proposition 3.5 Assume T — Aut(X, D) has finite kernel. If 0 C Nrp is a rational
polyhedral cone with o N {Fut < 0} #£ @, then the infimum

inf . 3.4
velg(g)u(v) (3.4

is achieved at a unique point in A(o) and the point is rational.

Before proving the proposition, we describe the geometry of minimizers of @1 and
o separately. Note that the rationality of A, is known; see e.g. [20].

Lemma 3.6 Keep the assumptions of Proposition 3.5 and set
Aj = {v € Ay | ni(v) = inf ,u,'(v)} fori=1,2.
veA(o)

Then A1 is the image of a nonempty rational polyhedral cone and Aj is a rational
point.

Proof Since Fut is rational linear and | - ||, is piecewise rational linear, the value
M = inf{u1(v)|v € A(o)} is rational. Additionally, M; < 0, since o N {Fut <

0} # 0.
Now, note that the function g : Ng — R defined by

g() := Fut(v) — M1[|v]lm.

is non-negative on ¢ and o1 := {v € o | g(v) = 0} has image A; in Ag. Since g is
rational piecewise linear and convex, it follows that o is a rational polyhedral cone,
which completes the i = 1 case.

Next, note that A; is nonempty, since uj is a continuous function and A(o) is
compact. Furthermore, A, must be a point, by Lemma 3.4. The rationality of the point
follows from the fact that || ||% is a rational quadratic form and a Lagrange multiplier
argument (see the proof of [22, Lemma 4.12]). O

Proof of Proposition 3.5 By Lemma 3.6, inf{u(v) |v € A(o)} is achieved on a set
A1 C Ag, which is the image of a nonempty rational polyhedral cone. Since R is
endowed with the lexicographic order, v € A(o) achieves inf{u(v) |v € A(o)} if
and only if v € Ay and v achieves inf{u2(v) |v € A1}. Applying Lemma 3.6 again
gives that (3.4) is achieved at a unique point and the point is rational. O

4 Existence of minimizers and constructibility results

In this section we prove Theorem 1.2.1 on the existence of test configurations com-
puting M*. In the process, we also prove a constructibility result for M*.
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4.1 Parameter space

Fix ¢ € Q- and a Hilbert function % : c4enZ — 7, Where cqen denotes the denomi-
nator of ¢. For 0 < € < 1, let Mizce - ME"‘?O denote the subfunctor defined by

M)ZE(T) = {[(X, D :=cA) - Tl e M¥(T)|8(X7, D) > € forall t € T}.

When € = 1, this is precisely MKSS In order to parameterize test configurations of

log Fano pairs, we will explicitly describe Mizf as a quotient stack.
To begin, we note the following boundedness result, which is is known (see [11,
28,36,55]). For the reader’s convenience, we include a proof here.

Theorem 4.1 The moduli functor M h* is bounded.

Proof By [55]*Theorem 1.5, there exists N := N(h,€) € N such that for any
[(X,D :=cA)] € MFanO(k) with §(X, D) > €, N - cgen(—Kx — D) is an ample
Cartier divisor. Then by [24]*Corollary 1.8, we know that the set of such pairs (X, A)
is bounded. O

As a consequence of Theorem 4.1, there exists an integer r := r(h, c, €) such that
if (X, D :=cA)] € |M‘;>€| then L := —r(Kx + D) is a very ample Cartier divisor.

In addition, the set of degrees d := A - LY™X~1 where [(X, D := cA)] € |M6>€|
is finite.

To construct /\/lflzcE as a quotient stack, observe thatif [f : (X, D :=cA) - T] €
Mff;(T) and L := —r(Kx,;r + D), then H (X, Ox, (L)) =0forall i > 0 and
t € T by Kawamata-Viehweg vanishing. Therefore, f.Ox (L) is a vector bundle of
rank /(r) and there is an embedding X — P(f,Ox(L)).

To parametrize such objects, let H := Hilby.)(IP") denote the Hilbert scheme
parametrizing subschemes X C P with Hilbert polynomial A(r -), where m :=
h(r) — 1. Write H° C H for the open locus parametrizing normal varieties so that
H (X, Ox(1)) =0foralli > 0and X C P" is linearly normal. Write Xgo C P
for the corresponding universal family. By [32, Theorem 98], there is a separated finite
type H°-scheme P parametrizing K-flat relative Mumford divisors on Xy /H® of all
possible degrees d as above. Let Ap denote the corresponding universal K-flat relative
Mumford divisor on the pullback Xp C Pp.

There exists a locally closed subscheme Z < P such that a morphism S — P
factors through Z if and only if

@) [fs: (X5, Ds = cAg) — S] € M;=*(S) and
(b) Ox(—r(Kx;s+ Ds)) @ feN ~ Oy (1) for some line bundle A on S.

Indeed, this follows from [54, Proof of Theorem 2.21], with the boundedness given by
Theorem 4.1 and the openness by Theorem 1.1 of [8] (rather than Corollary 1.2 of loc.
cit in [54]). We note that [7, Section 6] has a similar construction of Z which works
over (semi-)normal base schemes. Here, similar to [54], we use K-flatness introduced
in [32] to work over arbitrary base schemes. Now, observe that the S-valued points of
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Z parameterize pairs
(If : (X, D =ct) > ST € MYZ(S) 5 ¢ € Tsoms(P(£.Ox (L) = PY) )

and that the PGL := PGL,,;-action on P” induces an action on P that restricts
to Z. It follows from the construction that Mzzf =~ [Z/PGL]. Furthermore, by the
construction of H and P (see [32, Setion 6] for the latter),

there exists an equivariant embedding P <— P(W), where W is a vector space with
a PGL-action.

4.2 1-Parameter subgroups of PGL

Fora 1-PS A : G,, — PGL and a closed point z = [(X, D) — P™] € Z, consider
the G,,-equivariant map

A"\ 0 — Z < P(W) definedby 1-z+> A(f)-z.

By the valuative criterion for properness, there is a unique extension to a G-
equivariant morphism A' — P(W). In particular zo := lim;_.o A(f) - z exists and
is fixed by A.

If zo € Z, then zo corresponds to a log Fano pair [(X¢, Dg) < P™] with a
Gp-action and the pullback of (Xp, cAp) by Al — Z is naturally a special test
configuration of (X, D) that we denote by (X}, D,). In this case, we set

1(z, 1) = p(Xo. Do: 1) = p(Xy, Dy) € R%.
Ifzo ¢ Z, we set u(z, A) := (400, 4+00).
Proposition 4.2 Forz = [(X, D) — P"] € Z,

M"™(X, D) < inf ,A).
( ) = AeHoml(G,,,,PGL) G

Furthermore, if (X, D) is K-unstable and satisfies Conjecture 1.1, then the equality
holds.

Proof The first statement is clear, since u(z, 1) = u(Xj, D,) for any 1-PS A such

that lim;_,o A(t) - z € Z. If (X, D) is K-unstable and satisfies Conjecture 1.1, then
Theorem 2.5 implies inf .y p) 11 (X, D) is achieved. Therefore,

inf w(X,D)= inf n(X, D).
(X.D) K w1 (X, D)y=M"(X,D)

Now, fix a test configuration (X, D) with 1 (X, D) = MfL(X, D).By Theorem 2.5.2,

8(Xo, Do) = 8(X, D) = €.
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Therefore, Lo = —r(Kx, + Do) is a very ample Cartier divisor and so is
—r(Kx /41 + D). The latter implies (X, D) x~ (&, D)) for some 1-PS A : G —
PGL,, (see e.g. [10, Section 3.2]) and, hence, u(X, D) = pu(z, 1). This shows the
inequality “>" also holds. O

Using a standard argument from Geometric Invariant Theory, we will prove prop-
erties of the infimum appearing in Proposition 4.2.

4.3 1-Parameter subgroups of a maximal torus

Fix a maximal torus T C PGL. Set N := Hom(G,,, T) and M := Hom(T, G,,).
Observe that

inf ,A) = inf inf , V). 4.1
xel-lom(<£;,,,,r>GL)IL(Z ) gePGLveN’L(gZ v) @

Indeed, this is a consequence of the following facts:

1) m(z,A) = p(gz, gkg_l) for any g € PGL and A € Hom(G,,, PGL);
(ii) for any A € Hom(G,,, PGL), there exists g € PGL such that gAg~! € N.

By (4.1), to study inf; p(z, 1) it suffices to study inf, u(z, v) as we vary z € Z.
Proposition 4.3 Keep the above notation.

(1) There exists a decomposition of Z = |_|i_, Z; into locally closed subsets such
that

Zi x N> (z,v) — u(z,v) isindependent of z € Z;.

(2) Fix a point 7 € Z. If the function p : N — R? defined by v — pu(z, v) takes a
value < 0, then it achieves a minimum.

Related results appear in the literature for when p is replaced by the Futaki invariant.
For example, see [42, Lemma 2.10].

Before proving the above result, we recall an explicit description of the relevant
1-parameter degenerations [41, pg. 51]. Since T acts linearly on W, we may choose a
basis {eq, ..., ¢/} for W and cocharacters u, ..., u; € M such that

t-e; =u;(t)e; foreachl <i <landteT.

Hence, if we write a point [w] = [wy : --- : w;] € P(W) using coordinates in this
basis and fix v € N, then

v(@) - [w] = [TV wy s 4y fort € Gy

Therefore, if we set I := {1 <i <[|w; # 0}, then lim, o v(¢) - [w] = [w’], where

9

J

, wj if (uj,v) < (u;,v) foralli € I
w. = '
0  otherwise
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and v fixes [w] if and only if (u;, v) = (u;, v) forall i, j € I. Based on this compu-
tation, for each nonempty I C {1, ...,1[}, we set

U = {[w] € P(W) |w; #0 iffi e I}.

and, when J C I, write ¢7 ; : Uy — U for the projection map.

Proof of Proposition 4.3.1 For each nonempty subset I C {l,...,[}, consider the
locally closed subset Z; := Uy N Z C Z. Next, write Z; = L Z  as the dis-
joint union of finitely many connected locally closed subschemes such that, for each
J C I, ¢1.7(Z; 1) is either contained entirely in Z or in P(W) \ Z.

To see the decomposition Z = Ly x Zj x satisfies the conclusion of the proposition,
fix a component Zj ; and v € N. Set

J={jel|{v,uj) <(v,u;)foralliel} CI

and note that (i) if z € Zj i, then lim;—o v(?) - z = ¢, s(2) and (ii) v fixes the points
inZ;. Ifor j(Zrx) C Z,then ¢y j(Zg k) lies in a connected component of Z;, since
Zj  is connected. In this case, u(z, v) = u(¢r,s(2), v) and the latter is independent
of z € Z; by Lemma 2.4. On the other hand, if ¢; j(Z;x) C P(W) \ Z, then
1(z, v) = (400, +00) forall z € Zj x. Therefore, the decomposition is of the desired
form. O

Before proving Proposition 4.3.2, we recall how lim;_, ¢ v(¢?) - z changes as we vary
v € N. Fix a point [w] € P(W) and consider the polytope

Q := conv.hull(y; | w; # 0) C MR.
For a face F C Q, the normal cone to F is given by
or:={veNr|u,v) <@, v)forallu € Fandu' € Q}

and is a rational polyhedral cone. Note that the cones o as F' varies through faces of
Q form a fan supported on Ng. For a face F C Q, set

wF — w; ifujeF
4 0 otherwise

Note that, if v € Int(op) N N, then lim;_o v(?) - [w] = [w¥]. Additionally, if v €
spang (oF) N N, then v fixes [wh].

Proof of Proposition 4.3.2 Let [w] € P(W) be a representation of z in coordinates and
consider the polytope Q C Ng as above. Now, fix a face F C Q. It suffices to show
that if u takes a value < 0 on Int(or) N N, then inf{u((w],v)|v € op N N} is a
minimum.



73 Page 22 of39 H.Blum et al.

We claim that
p(wl,v) = p((wfl,v) forall veopNN. 4.2)

Indeed, if v € Int(oF) N N, then lim,_, o v(¢) - [w] = [w’] and the formula holds. On
the other hand, if v € (of \ Int(or)) N N, then lim;—o v(?) - [w] = [wY], where G
is the face of Q such that v € Int(o¢). Using that any element in N N Int(oF) gives a
degeneration [w€] ~ [w!] and Lemma 2.4, we see

r(z, [w)) = p(wol, v) = p(w1, v),

which shows (4.2) holds.

Now, consider the subspace ng := spang(or) C Ngr and the lattice N L
Nﬁ N N. Write T¥ < T for the subtorus satisfying Nr = Hom(G,,, TF) and note
that T* fixes [w’]. Applying Proposition 3.5 to the log Fano pair corresponding to
[w®] with the action by T¥, we see inf{u([wf], v)|v € o N N} is a minimum,
which completes the proof. O

4.4 Existence of minimizers and constructibility results
Using results from Sects. 4.2 and 4.3, we can deduce properties of M*(X, D).

Proposition 4.4 Assume Conjecture 1.1 holds and set
r:={M*X,D)|[(X,D) — P"] e Z}.

Then the following hold:

(1) The set I is finite and Z>m = {[(X, D) — P"] € Z|M* (X, D) > m} is
constructible for eachm € T.

2) If (X, D) < P™] € Z and (X, D) is K-unstable, then the infinum M*(X, D)
is attained.

The proof is similar to an argument in [7, §6] that proves a related constructibility
result for M {L .

Proof By Proposition 4.3.1, there exists a decomposition Z = LI’_, Z; such that
each Z; is alocally closed subset and functions ' : N — R2 U { (400, +00)} so that

wi(v) = u(z,v) foreachz € Z; and v € N . Set m’ := infvely . Furthermore,
Proposition 4.3.2 guarantees the existence of v; € N so that m’ := u'(v') when
m < 0.

Now, fix z = [(X, D) — P™] € Z and recall that

M*™(X, D) = inf ,A 4.3
( ) AeHoml(I(Il}m,PGL)IL(Z ) .3
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if (X, D) is K-unstable and the inequality < holds if (X, D) is K-semistable by
Proposition 4.2. To compute the right hand side infimum, note that

inf z,A) = inf inf - Z, VU
AeHom(Gm,PGL)IL( ) gePGLueNM(g )

by (4.1) and inf (g - z, v) = inf [,Lj (v) = m’ when g -z € Z;. Therefore,
v v

inf - A) = min{m’ |PGL -z € Z;}. 44
reHom Gy PGL) " @) {m7 | z€Zj) (4.4)

Combining (4.3) and (4.4) gives I' € {0} U {m!, ..., m*} and, hence, is finite. In
addition, foreachm € T,

Zom=2Z\ U PGL - Z;.

mi <m

Since each set PGL - Z; is constructible by Chevalley’s Theorem, Z~, is also con-
structible.

To see (2) holds, fix z = [(X, D) — P"] € Z with (X, D) K-unstable. By the
previous discussion, we may choosei € {1, ..., s}and g € PGL sothat M*(X, D) =
m' and g-z € Z;.Sincem' = u(g -z, v;), the action of v; on g - [(X, D) — P"]
induces a special test configuration of (X, D) computing M*(X, D). O

Remark 4.5 While the result is stated for closed points of Z, the argument extends
to geometric points. Specifically, morphisms z’ := Spec(k’) — Z, where k' is an
algebraically closed field, the conclusion of the proposition holds.

Using Proposition 4.4.2, we deduce the following statement.

Proposition 4.6 Let (X, D) be a K-unstable log Fano pair. The following are equiva-
lent:

(1) there exists a test configuration (X, D) so that M* (X, D) = u(X, D);
(2) there exists a test configuration (X, D) so that M{L (X, D) = u1(X,D);
(3) the value M;(X, D) is finite.

Proof 1t is clear that (1) = (2) and (2) < (3). By Proposition 4.4.2, (2) = (1) holds.
O

Proof of Theorem 1.2.1 Combining Theorem 2.5.1 and Proposition 4.6 yields the
result. O

5 Uniqueness of minimizers

In this section, we prove Theorem 1.2.2 on the uniqueness of test configurations
minimizing p for K-unstable log Fano pairs. The proof uses a result from [7] stating
that any two test configurations minimizing # can be connected via an equivariant
family over A2 and properties of u described in Sect. 3.
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5.1 Equivariant degenerations over affine two-space

Let (X, D) be a log Fano pair and g : (¥, D) — A? a family of log Fano pairs with
the data of:

(1) an isomorphism (¥1,D1) =~ (X, D), where 1 := (1, 1) € A?, and
2) a G,zn -action on (X, ©) extending the standard Gﬁi-action on A2,

The restrictions (X, D) 1,1 and (X, D) a1 With G,,-actions given by G,, x 1 and
1 x Gy, are naturally special test configurations of (X, D), and we denote them by
(X', D' and (X2, D?). Families of the above form appear in [7,22,38].

The family (X,®) can be recovered from the data of the test configurations
(X1, Dl and (X2, D?). Indeed, fix an integer » > 0 such that £ := —r(Kx/p2 + D)
is a Cartier divisor. Set £/ := —r(Kyijp2 + Diyand L = —r(Kx + A). Write

R(X,L) := @ Ry = QB HY(X, Ox(mL))
meZ me7Z

for the section ring of L. The test configurations (X I DY and (X2, D?) induce
decreasing multiplicative Z-filtrations F* and G*® of R(X, L) that recover the data of
the test configuration; see [ 10, Section 2.5]. In particular, there exists a G,,-equivariant
isomorphism of graded k[¢]-algebras

D H' & mLh = P PEF R

meN meN peZ

where the G,,-action on the right hand side algebra is induced by the grading by p,
and a corresponding isomorphism holds for X2 in terms of the filtration G.

Lemma 5.1 Thereis a an-equivariant isomorphism of graded k[x, y]-algebras

@ H(%, mg) ~ @ @ (FPRy NGIR,)xPy4.

meN meN (p,q)eZZ
Furthermore, @,, . H®(X0, m£9) ~ D,, @D, , er"Vin, where
gtP 4R, == (FPRy NGIR)/(FPT 'Ry N GIR, + FP R, NGITIR,,).
Proof Note that g,Ox (m£) is a vector bundle on A? and commutes with base change,

since H' (X;, Ox,(m&;)) = 0 foralli > 0 and t € A? by Kawamata-Viehweg
vanishing. Therefore,

HO (X, Ox(mL) ~ H (A%, .0x(mL)) ~ H (4210, j*5.0x(mL)).

where j : A%\ 0 = AZ. To compute the latter module, consider the open immersions

Jo:Ug > A% jy iUy > A% and iy : Uyy <> A%
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given by the loci where x, y, and xy do not vanish. Using that X|y, ~ &> x (Al \ 0),
Xly, ~ X x (A'\0), and Xy,, >~ X x (A1 0)%, we see

HO (Us, ji8:0xm®) = @ (@ Ru)x ™"y and H (U,. j;g.0x(m2))
(p.q)ez?
~ @B FPRx Py,
(p.q)ez?

and are both contained in

H° (ny, j;‘yg*Ox(mE)): D Rux "y
(p.q)eZ?

Using that A2 \ 0 = U, U Uy, we conclude that the first statement holds.
For the second statement, note that HO(%(), mLy) =~ HO(%, m&) Q@ klx, y]/(x, y).
Since

@, ) (EPFP Ry N GIR)x Py ™) = F T Ry N GIR,,
pP.q pP.q

+~7:pRm N gq+l Rm)xipyiq,
the second statements holds. O

The following proposition is a special case of a statement regarding maps from
[A%/ (G%l] to algebraic stacks [22, Lemma 4.23]. We provide a proof using the previous
lemma.

Proposition 5.2 [f ker(an — Aut(Xg, D¢)) contains {(t,t™ )|t € G}, then
(XY, DY and (X%, D?) are isomorphic as test configurations.

Proof Let p : G,, — an denote the 1-PS defined by t +— (z, 1. By assumption,
p acts trivially on (Xp, Do) and, hence, acts trivially on H 0(.’{0, m£y), which is iso-
morphic to @, ,gr”? R, by Lemma 5.1. Since p acts with weight p — g on gr”9R,,,,
this means gr”?R,, = 0if p — g # 0.

The latter implies the filtrations F* and G® of R, are equal. Indeed, by [2, Lemma
3.1], there exists a basis {si, ..., sy, } of Ry, such that

FP Ry = span(s; |ordz(s;) > p) and G?R, = span(s; |ordg(s;) > q),

where ord z(s;) := max{p |s; € FP Ry} and ordg(s;) := max{q|s; € GIR,,}. Since
gr” 9 R,, has basis given by {s; |ord #(s;) = p and ordg(s;) = ¢}, the vanishing of
gr? 4R, for p # g implies ord z(s;) = ordg(s;) for each i and, hence, F* = G°.
Therefore, (X!, D!) and (X2, D?) are isomorphic as test configurations. ]
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5.2 Proof of Theorem 1.2.2

The proof of Theorem 1.2.2 uses the following result that builds on earlier work from
[38, Proof of Theorem 3.2]).

Theorem 5.3 ( [7, Theorem 5.5]) Let (X1, DY) and (X2, D?) be test configurations
of a log Fano pair (X, D) that is K-unstable. If

m (X', DY = MI"(X, D) = i (X%, DY), (5.1)

then there exists Gi-equivariant family of log Fano pairs g : (X,D) — A2 with the
data of an isomorphism (X1, 1) =~ (X, D) such that their are isomorphisms of test
configurations

X DY >~ (X, D) 1 and (X2, D) >~ (X,D) a1

Proof of Theorem 1.2.2 Let (X!, D') and (X2, D?) be special test configurations of a
K-unstable log Fano pair (X, D) satisfying

w(X, DY = MH(X, D) = p(X?, D).

Since (X, D) is K-unstable, Fut(Xi, Di) < 0 fori = 1, 2. Therefore, we may scale
(X1, DY and (X2, D?) such that Fut(X!, D) = F = Fut(X2, D?) for some F < 0.

Using that R? is endowed with the lexicographic order, (5.1) holds. Let
(X,D) — A? denote the G,zn-equivariant family of log Fano pairs satisfying the con-
clusion of Theorem 5.3. Consider the induced Gi -action on (X, )¢ and the functions
Fut() and u() on Ng ~ R?, where N := Hom(G,y,, G%J Note that

n(1,0) = p(X', DY and (0, 1) = p(X?, DY,

which are equal to M*(X, D) by assumption. Additionally, u(a,b) > M*(X, D)
for all (a,b) € 72, since pulling back (X,D) — A? via the map Al — AZ
sending t — (t%, #?) induces a test configurations (x@b plab)y of (X, D) and
wia,b) = p(xX@b p@by > pr(x D). Therefore,

p: RN (N7 (0,0) - R?

is minimized at both (1, 0) and (0, 1). The previous statement combined with Proposi-
tion 3.5 implies that an — Aut(X, D) has a positive dimensional kernel. Therefore,
there exists (0, 0) # (a, b) € Z?* suchthatthe 1-PSG,,, — G2, definedby s > (1%, t*)
acts trivially on (X, ©)y. Since

0 = Fut(a, b) = aFut(1, 0) + bFut(0, 1) = aF + bF,
where the first inequality uses that the action is trivial and the second is the linearity

of Fut, we see ¢ = —b and, hence, {(t,t" 1) |t € G,,} C ker((Gr,%1 — Aut(X, D)).
Applying Proposition 5.2, we conclude (X!, D') ~ (X2, D?).
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5.3 Equivariant test configurations

The uniqueness of minimizers (Theorem 1.2.2) has the following immediate conse-
quence.

Corollary 5.4 Let (X, D) be a log Fano pair with the action of a group G. If (X, D)
is K-unstable and (X, D) computes M*(X, D), then (X, D) is G-equivariant.

Recall, a special test configuration (X, D) is G-equivariant if the induced G-action
on (X, D) extends to a G-action on (X, D) that commutes with the G,,-action. For
an alternate characterization, note that, for g € G, postcomposing the isomorphism
(X,D); ~ (X,D)by g~! : (X, D) - (X, D) induces a new test configuration of
(X, D), which we denote by (X, D). The test configuration (X', D) is G-equivariant
if and only if (X,, Dy) =~ (X, D) as test configurations for all g € G.

Proof Since (X, D) computes M*(X, D), (X,, D,) also computes M* (X, D) for
any g € G. Using that Fut(X, D) = Fut(&Xy, Dg) < 0, the proof of Theorem 1.2.2
implies (X, D) and (X, D) are isomorphic as test configuration. O

5.4 Behaviour under field extension

Let K’'/K be an extension of characteristic zero fields with K algebraically closed.
Let (X, D) be a log Fano pair defined over K, and set (X', D') = (Xg/, Dg).

We seek to compare M* of the two log Fano pairs. (We note that while M* (X, D)
of log Fano pair was defined in Sect. 2.5 when the base field is algebraically closed, the
definition extends verbatim.) Since any special test configuration of (X, D) induces a
special test configuration of (X', D’) via field extension, it is clear that

M*"(X', D"y < M"(X, D). (5.2)

Proposition 5.5 The equality M* (X', D) = M*(X, D) holds.
The proposition is a consequence of the following lemma and [56].

Lemma 5.6 Assume (X', D) is K-unstable. If a special test configuration (X', D’)
computes M* (X', D), then it descends to a special test configuration of (X, D).

Proof The proof uses the correspondence between test configurations and finitely
generated filtrations of the section ring [10, Section 2.5], which also holds when the
base field is not algebraically closed. Fix r > 0 so that L := —r(Kx + D) and
L' := —r(Kyx + D’) are Cartier divisors, and write R(X, L) and R(X’, L’) for the
section rings of L and L’. Note that R(X, L) ® K’ >~ R(X', L").

The test configuration (X', D’) induces a finitely generated Z-filtration F’® of
R(X’', L).Since (X', D) is K-unstable and (X', D) computes M* (X', D’), the proof
of Corollary 5.4 implies (X’, D’) is invariant with respect to Gal(K'/K). Therefore,
the filtration F'® is invariant with respect to the action of Gal(K'/K) on R(X’, L’).
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The latter implies there exists a finitely generated Z-filtration F* of R(X, L) so that
F'* ~ F*® K’ (see e.g. the proof of [34, Proposition 3]). Hence, F*® induces a special
test configuration (X, D) of (X, D) so that (X', D’) >~ (X, D) x Spec(K). O
Proof of Proposition 5.5 If (X', D) is K-semistable, then (X, D) is K-semistable by
(5.2). Hence, M*(X, D) = 0 = M*(X, D).

Now assume (X', D’) is K-unstable. By [56, Theorem 1.2], §(X’, D") = §(X, D).
Using Theorem 2.5.1, we see M1 (X', D'y = M{"(X, D).If MY (X', D) = +o0, then
MY (X, D) = +oo as well by (5.2). If MY (X', D) < +o00, then Proposition 4.6 guar-
antees the existence of a special test configuration (X’, D) computing M* (X', D").
By Lemma 5.6, (X’, D’) descends to a special test configuration (X, D) of (X, D).
Since

M* (X', D') = p(X', D) = p(X, D) > M*(X, D)

and M* (X', D'y < M*(X, D) by (5.2), we conclude MY (X', D') = MY(X, D). O

6 Behaviour in families

In this section we describe the behaviour M* under specialization.

6.1 Semicontinuity under specialization

Let R be a DVR essentially of finite type over k. Write K and « for the fraction field
and residue field of R.

Proposition 6.1 If (X, D) — Spec(R) is a family of log Fano pairs, then
Mﬂ(XKv DK) Z M‘L(XKv DK)

The statement follows from combining the lower semi-continuity of the §-invariant
[8] with the following result from [7] on extending test configurations.

Proposition 6.2 Let (X, D) — Spec(R) be a family of log Fano pairs. If (Xk, Dg)
is a test configuration of (X, Dg) such that

w1 (Xk, Dg) < M{"(X, D) and pi(Xg,Dg) <0,

then the test configuration extends to a G,,-equivariant family of a log Fano pairs
(X,D) — A}e with the data of an isomorphism (X, D)1 >~ (X, D) over Spec(R).

Proof When R is the germ of a smooth curve, this is [7, Theorem 5.3] with p :=
u1(Xk, Dk). The argument in loc. cit. extends verbatim to the case when R isa DVR
essentially of finite type over k. O
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Proof of Proposition 6.1 1If (Xg, Dg) is K-semistable, then the statement holds triv-
ially. Now, assume (Xg, Dg) is K-unstable. By [8, Corollary 1.2], (X, D) is also
K-unstable. Using Theorem 2.5 and Proposition 5.5, we see

MY (Xg,Dk) =8(Xg, Dg) —1 and M (X, Dy) = §(Xz, Dp) — 1.

Since § is lower semicontinuous along geometric fibers [6], M fL (Xk,Dg) =
Mf‘(X,(, D,). If the inequality is strict, then M*(Xk, Dg) > M"(X,, Dy).

We are left to consider the case when M {L (Xg,Dx)=M f‘ (X, D). First assume
there exits a test configuration (Xx, Dk) of (X, Dg) such that M*(Xg, Dg) =
1 (Xk, Dg). By Proposition 6.2, the test configuration extends to a (,,-equivariant
family of a log Fano pairs (X, D) — A}? with the data of an isomorphism (X, D) =~
(X, D) over Spec(R). Therefore,

MIL(XKv DK) = ”’(‘XK’DK) = ”’(XKvpK) 2 MIL(XKs D/C)v

where the second equality is Lemma 2.4. Next, assume M*(Xg, Dg) is not achieved
by a test configuration. By Proposition 4.6, Mg (Xk,Dg) = +oo. Therefore,
M*(Xg, Dg) > M*(X,, D,) also holds. O

6.2 Specialization of minimizers

Proposition 6.3 If (X, D) is a log Fano pair that is K-unstable and (X, D) is a special
test configuration of (X, D) computing M*(X, D), then

M"*(X, D) = M"(Xy, Dy).

The proof is similar to that of [38, Lemma 3.1].
Proof Let & denote the G,,;-action on (X, Dg) and obverse that

M*(X, D) = p(X, D) = n(Xo, Do; §) = M*(Xp, Do).

To prove the reverse inequality, suppose for sake of contradiction that M*(X, D) >
MH*(Xy, D).

Observe that M* (Xy, Do) is computed. Indeed, since M} (X, D) = M} (Xp, Do)
(Theorem 2.5) and M}'(X, D) = u1(Xp, Do; &), M} (Xo, Do) is computed by the
product test configuration of (Xy, Dy) induced by &. Therefore, Proposition 4.6 implies
the existence of a test configuration (X”, D) computing M*(Xp, Dp).

Let & denote the G,,-action on (X, D). Since (X”, D’) is equivariant with respect
to the Gy,-action & on (X, Dp) (Corollary 5.4), & induces a G,,-action on (X, D(’))
commuting with &’ and we somewhat abusively denote it by &.

By the proof of [38, Lemma 3.1], for £ > 0, there exists a test configuration
(X", D") of (X, D) such that (X, Dy) is isomorphic to (Xj, D;)) and has G,,-action
given by k& + &’. To compute u (X", D), first note that

I(Xy, Dy §) = r(Xo, Do; §) = M*(X, D) > M*(Xy, Do) = (X5, Dy &),
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where the first equality is by Lemma 2.4. By Proposition 3.4, we see
(X, Dy kg + &) < max {w(Xg: Dy §), (X Dy £} = M*(X, D).

Since u(X”, D) = u(Xy, Do; k& + &), this gives w(X”, D”) < M*(X, D), which
is absurd. O

7 Existence of O-stratification and properness

In this section, we will prove Theorem 1.3, that is, the existence of ®-stratification on
MFane under the assumption of Conjecture 1.1. By (2.6), we know that MFae =
Ly, MEHSO where & runs over all Hilbert functions. We will construct a ®-stratification

on each Mﬁago

For simplicity, we denote by 2~ := METO LetI' := {M*(X,D) | [(X,D)] €
|M£f‘;‘°|} be the subset of (R U {£00})? equipped with the lexicographic order. For
eachm € I', we define the subfunctor 2>, of 2 as

Zim(T) ={[(X,D) > T]le Z(T)|M"(Xz, D;) >m forall t € T}.

It is clear that 29 = MK,

Proposition 7.1 Assume Conjecture 1.1 holds. For each m € T, the functor Z>m is
represented by an open substack of 2~ of finite type.

Proof Let m := (m;, my) € I". Then we know that every log Fano pair (X, D) with
M*(X, D) > m must satisfy 6(X, D) — 1 > m;. Hence, Z>n, is a subfunctor of

,/\/lfz’sz'Jrl which is a finite type open substack of M} by Theorem 4.1 and [8,

Theorem 1.1]. Thus, it suffices to show that 2>, is an open substack of Miimlﬂ.

By Sect.4.1, we know that M{=™*!' = [Z/PGL,, 1] where m = h(r) — 1 and Z
is a locally closed subscheme of a scheme P of finite type which parametrizes certain
K-flat relative Mumford divisors over a suitable Hilbert scheme. By constructibility
and lower semicontinuity of M* from Propositions 4.4 and 6.1, we know that the
locus Zsm :={[(X, D)] € Z | M*(X, D) > m} is an open subscheme of Z. Hence
the proof follows. O

Next we construct the ©-stratum .y, C Map(®, 2> ). First of all, we may write
Zom = [Z>m/PGLjy41]. Let T = G be a maximal torus of PGL,,,+1. Denote by
N := Hom(G,,, T) and M := Hom(T, G,,). Let N’ C N be a subset representing
conjugacy classes of 1-PS’ in PGL,,+; (e.g. N’ consists of 1-PS’ with ascending

weights under an identification N = Z™). Then we know that

Map(®, 2om) = Map(©, [Zom/PGLy11) = | | Y2/ Pil,
ALEN'
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where Y, is the union of Bialynicki-Birula strata of Z> associated to A, and P; :=
{g € PGL,;,41 | lim;—o )L(t)g)»(t)’l exists}. We know that Y, — Zxy, is a locally
closed immersion withimage {z € Z>n, | lim;— o A(f)-z exists}. We will often identify
a point in Y, with its image in Z>p,. In particular, if A = 0 € N’ then Yy = Z>y, and
Po = PGL+1, i.e. [Yo/Pol = Z>m is the connected component of Map(®, Z5m)
parametrizing trivial maps ®; — Spec k — 2%my. Thus to construct the ®-stratum
%, it suffices to find a suitable union of connected components of Y, foreach A € N'.
Suppose m # 0. For each A € N’ \ {0}, consider the subset S, C Y; as

S, ={ze¥,|mi A) =m}

For » = 0 € N/, we define Sy := Yy. We will show that S is a disjoint union of
connected components of Y;. Indeed, by the definition of Y, (see [22, Section 1.4])
there is a G,,-equivariant map ¢, : Y x Al - Z>m where the G,,-action on Z>n,
is A and ¢, (z, 1) = z. Thus pulling back the universal log Fano family over Z>p, to
Y5 x Al under ¢, and applying Lemma 2.4, we see that z — p(z, A) is a locally
constant function on Y, . Hence S, is a disjoint union of connected components of Yj.

Proposition 7.2 Assume Conjecture 1.1 holds. With the above notation, for any m # 0
and ). € N\ {0} the map ev|($;) : S). = Z>m is a closed immersion.

Proof By definition we know that ev(¢;) is a locally closed immersion. Thus it
suffices to show that it is proper. Suppose f : Spec(R) — Zs>y is a morphism
from a DVR such that zg := f(Spec(K)) € Si. Let (X, D) — Spec(R) be the
f-pullback of the universal log Fano family over Z>y,. Then A induces a special
test configuration (X, Dk) of (Xg, Dk ) such that u(Xg, Dx) = m. Since z, =
[(X«, Di¢)] € Z>m, we know that M*(X,., D) > m. Hence Proposition 6.2 implies
that the test configuration (X, D) extends to a G,,-equivariant family of log Fano
pairs (X, D) — A}Q such that (X, D); = (X, D) over Spec(R). Moreover, Lemma
2.4 implies that the special test configuration (X, D, ) over A! satisfies

w(Xe, D) = p(Xkx, Dg) =m.

Hence we may extend f to f : A}e — Z>m Where fi = 1@t) - f fort € G, where
(X, D) is G,,-equivariantly isomorphic to the f-pullback of the universal log Fano
family over Z>p,. Therefore, f admits a lifting to S, which implies that evy(¢;) :
Sy — Z=m is proper. O

Denote by NI’)
we define

the subset of N’ \ {0} consisting of primitive 1-PS’. For m # 0

rim

Im= || [$/P.].

AEN/

prim

For m = 0 we define .y := [Yo/ Po] = Z>0¢ parametrizing trivial maps.

Theorem 7.3 Assume Conjecture 1.1 holds. Then the data (Z>m, m)mer form a
well-ordered ©-stratification of & = Miag"
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Proof We first show that for each m € I, the stack .%p, is a ©-stratum of Z>n. The
statement is clear when m = 0 as .y = Zy. Hence we may assume that m # 0. By
Proposition 7.2 we know that S) — Zxn, is a closed immersion. Thus we know that
the morphism ev; : m — Z5>m is a composition of proper morphisms as below:

Im =S/ Pl = [Zom/Pr] = [Z>m/PGLy41] = Zom.

Hence ev; is proper. Next, we show that ev; is universally injective. Since we work
over characteristic zero, it suffices to show that the PGL,,, 1 |-equivariant morphism

W . PGLm+1 X Py SA — sz

is injective whose PGL,,|-quotient gives evi. Suppose (g1, z1) and (g2, z2) in
PGL,,+1 x Sy have the same image in Zsp, i.e. 21 = gl_lgz - z2. Hence we know
that z; and z belong to the same PGL,,;-orbit in Z>p. In other words, they cor-
respond to different embeddings into P™ of the same log Fano pair (X, D) with
M"(X, D) = m. Since z, 2> € Sy, we know that p(z1, 1) = u(z2, A) = m which
implies that A induces w-minimizing primitive special test configurations (X!, D)
and (X2, D?) of (X, D). By uniqueness of minimizers from Theorem 1.2.2, we know
that (X 1 D]) =X 2 Dz) as test configurations. In other words, the two morphisms
® — 2>, induced by (z;, ) for i = 1, 2 represent the same point in the mapping
stack. Therefore, we have that zo = p - z| for some p € P,. Denote by g := gl_lgz D,
so that z1 is a g-fixed point. By Corollary 5.4, we know that g acts on the special
test configuration (&X', D1) which implies that g € P,. In particular, gl_1 g2 € Py.
Hence 1 is injective which implies that ev; is universally injective. As a result, we
have shown that .7, is a weak ®-stratum of Z>m (see [22, Definition 2.1]). Since we
work over characteristic zero, the weak ©-stratum .%p, is also a ®-stratum of 2>
by [22, Corollary 2.6.1].

Next, we show that the complement of .y, in 2>y is precisely Z~m. This is
trivial for m = 0, so we assume m # 0. If z = [(X, D)] € S,, then we have
M"(X, D) = n(z, A) = m. Hence ., is disjoint from 2~ ,. On the other hand, if
[(X, D)] € | Z>ml| \ | Z~>ml, then Theorem 1.2.1 implies that there exists a primitive
special test configuration (X, D) of (X, D) such that M*(X, D) = p(X,D) = m.
By Proposition 6.3 we know that M* (X, Dy) = M*(X, D) = m. Hence the test
configuration (X', D) corresponds to a point in Map(®, 2%,,) with u(X, D) = m.
From the definition of S; and .}, we know that (X', D) is induced by some A € N;;rim
and z = [(X, D) — P"] € S,. Hence [(X, D)] belongs to the image of ev{ : ./ —
Z>m. This shows that the complement of .%, in 2>y 1S Zom.

Finally, we show that (“m, Z>m)mer form a well-ordered ®-stratification of 2 .
By Proposition 4.4, we know that for any m € I the subset sy :={m’ € ' | m’ >
m} of I' is finite. Hence every non-empty subset of I has a maximal element. Thus
the proof is finished. O

Combining Theorem 7.3 with [4] and [39], we deduce the following corollaries.

Corollary 7.4 If Conjecture 1.1 holds, then ./\/an“} . satisfies the existence part of the
valuative criterion for properness with respect to essentially finite type DVRs over k.
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Proof Let R be a DVR essentially of finite type over k, with fraction field K and residue
field « and [(X g, Dg)] € MK (K). Fix r > 0 such that Lg := Ox (—r(Kx, +

D)) is a very ample line bundle and set m := h%(X g, Lx)—1. By taking the closure
of Xk under the embedding

Xg < P(H*(Xk, L)) =~ PR < P2

and then normalizing, we see (Xg, Dg; Lk) extends to a family (X, D; £) —
Spec(R), where X is a normal variety with a flat projective morphism X — Spec(R),
D is Q-divisor on X whose support does not contain a fiber, and £ is a 7w-ample line
bundle on X.

By [39, Theorem 1], there exists a finite extension R — R’ of DVRs and a family
[(X, D) — Spec(R")] € M;*°.(R') so that

(X% Dy)) ~ (X, D) xg K'.

(We note that while the result in [39] is proven in the case when Spec(R) is the germ
of a smooth curve and there is no boundary divisor, the argument extends with little

change to this setting.) Since 2" := MF0° admits a well-ordered ©-stratification

with 229 = MK | (Theorem 1.3) and [(X},. Dj)] € MK (K'), [4, Theorem
6.5] implies the existence of a finite extension R* — R” of DVRs and a family
[(X", D") — Spec(R")] € MK, (R”) so that
(X%», D) =~ (X', D) xg K".
Since the latter is isomorphic to (Xg, Dg) xg K", the proof is complete. O
Finally, we prove Corollary 1.4.

Proof of Corollary 1.4 Since M}Ifli,s . is separated (Theorem 2.9) and MXSS satisfies
the existence part of the valuative criterion for properness with respect to essentially

finite type DVRs over k (Corollary 7.4), [4, Proposition 3.47 and Remark 3.48] implies

that Mﬁ ]:,S, . 1S proper. O

8 Alternative perspective using the general theory of numerical
invariants

For the sake of concreteness, we have given the construction of a ®-stratification

explicitly, using the presentation of Mizé . as a global quotient stack under the
assumption of Conjecture 1.1. We now explain how our setup fits into the more general
framework of [22], which provides necessary and sufficient criteria for the existence
of a ®-stratification. The general existence criterion gives a shorter proof of Theorem
7.3, but it uses many of the same inputs. We will consider an algebraic stack 2" locally
of finite presentation over k and whose points have affine automorphism groups.
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Definition 8.1 A numerical invariant on 2~ with values in a complete totally ordered
vector space V is the data of an assignment to any homomorphism with finite kernel
y 1 (G} — Autg (p), where k' /k is an extension field and p € 2 (k') is ak’-point,
a function 1, : R" \ {0} — V that is invariant under scaling by R, and such that:

(1) wm, is compatible with field extensions;

(2) given a group homomorphism with finite kernel ¢ : (G},)r — (G},)r the
function 1, .¢ agrees with the restriction of (1, along the corresponding inclusion
R" — R"; and

(3) for a family & : S — 2 from a finite type scheme S and a homomorphism
v : (G)s — Autg- (&), the function u,, : R" \ 0 — V is a locally constant
function of the point s € S.

The fiber of ev; : Map(®, 27) — 2 over a point p € 2 (k’), denoted Filt(p) :=

evl_l( p), parameterizes filtrations of p. It is an algebraic space if .2~ has separated
inertia. A point f € Filt(p) corresponds to a map f : @y — 2 along with an
isomorphism f (1) = p|i~ for some further field extension k" /k’. Note that f(0) has
a canonical cocharacter in its automorphism group, and we define

w(f) = K[(Gp)pr— Autz (17)](1)'

Therefore, we regard p as giving a function on the space of non-degenerate filtrations,
meaning those for which G,, acts non-trivially on the special fiber. As in (1.2), for any
numerical invariant we consider the stability function on | 2|

M*(x) == felil—%lft(x)l n(f). 8.1

Definition 8.2 Given a numerical invariant . on an algebraic stack 2, consider an
arbitrary homomorphism y : (G}))r — Autg (p). We will say that

(1) w is standard if for any y, 11, (—x) and p,, (x) cannot both be negative, and p is
strictly quasi-convex in the sense that for two linearly independent xg, x; € R"
with uy, (x0), ity (x1) < 0, and any ¢ € (0, 1), one has

My (txp + (1 — H)x1) < max{u,, (xo), uy (x1)}.

(2) w satisfies condition (R) (rationality) if for any y, if ) (x) < O for some x €
R™ \ {0}, then 1, achieves a minimum at some point in Q" \ {0}.

These conditions are straightforward to verify in practice, because they only depend
on the functional form of the 11, and not on the geometry of the stack 2. We can now
state the main theorem of [22] in our current context, over a base field of characteristic
0:
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Theorem 8.3 ( [22]*Thm. 4.38)> Let 2 be a locally finite type k-stack with affine
automorphism groups, and let ju be a standard numerical invariant on 2 that satisfies
condition (R). Then u defines a O-stratification on 2 if and only if

(1) HN specialization: Let R be an essentially finite type DVR R with fraction field
K and residue field «, and consider a family & : Spec(R) — Z . For any
filtration fx of £k, one has u(fx) > MM (&), and if equality holds then fx
extends uniquely to a filtration of the whole family, i.e., A'f : O — 2 with
Sflox = fk and f|Spec(R) =é.

(2) HN boundedness: For any bounded subset S C | 2|, there is another bounded
subset ' C || such that for any point x € S, in computing the infimum (8.1)
it suffices to consider only filtrations whose associated graded point lies in S'.

The HN Specialization property implies the uniqueness, up to scaling, of mini-
mizing filtrations, via an argument similar to that of Theorem 5.3 above. The HN
boundedness condition implies the existence of minimizing filtrations and the con-
structibility of M*.

Example 8.4 In this paper, we have taken V = R? with its lexicographic order, and for
any y : (Gi) ¥ — Aut(X, D), our numerical invariant is defined using the functions
of Sect.3.3 by

I llm ™ Il

Fut(x) Fut(x)
;Ly(x) = < ) .

For a test configuration, this gives (X', D) as defined in Sect. 1.1. p is a standard
numerical invariant that satisfies condition (R). To see that this is standard, we observe
that Ry (x) and /Ly(—x) can not both be negative is automatic because Fut(x) is
linear, and the quasi-convexity is established in Proposition 3.4. The condition (R) is
established in Proposition 3.5.

Now that we have seen that our numerical invariant g is standard and satisfies
condition (R), Theorem 8.3 implies that our main results, Theorems 1.2 and 1.3,
follow from the following:

Proposition 8.5 The numerical invariant of Example 8.4 satisfies the HN specializa-
tion and HN boundedness conditions if Conjecture 1.1 holds.

Proof The HN specialization property is shown in Propositions 6.1 and 6.2. The HN
boundedness condition follows from Proposition 4.2, which implies that to find a filtra-
tion in MFan° je a special test configuration, of (X, D) € MPZ€  that minimizes

n,V,c’ n,V,c
I, it suffices to consider filtrations in the bounded substack Mizé . itself. O

2 The current arXiv version of [22] states a weaker version of Theorem 8.3 that applies to real valued
numerical invariants, and also includes the condition of uniqueness of HN filtrations. The theorem we
discuss here appears in an update of [22] that is not yet available on the arXiv.
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8.1 Formal perturbation of numerical invariants
We can regard the numerical invariant g in Example 8.4 as a function
(X, D) = pni1(X, D) + epr(X, D) (8.2)

taking values in R[[€]], which we regard as a totally ordered vector space in which
f(e) > 0if the lowest order coefficient of f is > 0. We regard € as a positive formal
infinitesimal parameter, and u as a formal perturbation of 1.

For any numerical invariant u” with values in R[[€]], which we write as ' (X, D) =
Wy (X, D) + euy(X, D) + ---, we can consider the truncated numerical invariants
e I €" 'yl for n > 1. Because R[e]| has a lexicographic
ordering, any filtration of p € £ (k') that minimizes ' will also minimize p’_, for
all n. Conversely, if S, C |Filt(p)| denotes the set of filtrations (up to rescaling)
that minimize ;L’<n, then one can compute S,+1 C S, as the subset of minimizers of
w, 41-and a minimizer for g’ exists if and only if (), S» is non-empty. Note that if
S, is a singleton for any n, then so is S,11, and thus ﬂn S, is a singleton and hence
non-empty.

The choice of the perturbation (8.2) used in this paper is convenient, but we do not
claim that it is the most natural from the perspective of K-stability. There are many
numerical invariants that give rise to a ®-stratification subject to Conjecture 1.1. To
illustrate this, consider another natural choice: perturbing the min norm | X, Dl
itself. This leads to a numerical invariant

Fut(X, D)
| X, Dlm + €l X, D|l2°

K (X, D) =

which is to be understood as its Taylor expansion in €

Fut(X, D) I1X, Dl )

U

W (X, D) = (1—6 +0() ).
X, Dlm X, Dlm

The following observation is purely formal.

Lemma 8.6 For p € 2 (k), p and p’' define the same notion of semistability, and if
p is unstable, then minimizing ' is equivalent to minimizing u among filtrations of

D

Proof Both w and u’ are positive multiples of Fut(X', D)/||X, D|lm, so they define
the same notion of semistability.

We first observe that a destabilizing test configuration minimizes g’ if and only if it
minimizes p_,. Indeed, if (X', D) minimizes u’_, and (X’, D’) is another test configu-
ration with p'(X’, D') < p/(X, D), then one must have p’_, (X', D) = p’_,(X, D).
But the value of u’, uniquely determines the value of u’, so one must have
WX, D)= u (X', D) as well.

We must now show that minimizing u’_, is equivalent to minimizing g. Min-
imizing u’<2(X , D) is equivalent to first minimizing (X, D) above, and then
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maximizing || X, D|2/|X, D|lm among the set S of test configurations that mini-
mize w1 (X, D). This in turn is equivalent to minimizing || X', D||m /| X, D||2 among
test configurations in S, which is then equivalent to minimizing u2(X,D) =
w1 (X, D)X, Dllm/[IX, Dlj2 in S. o

As an immediate consequence, we have the following:

. . . F
Corollary 8.7 If Conjecture 1.1 holds, then p' defines a ©-stratification of M, *° . that
coincides with that of Theorem 7.3.

Acknowledgements The authors thank Jarod Alper and Jochen Heinloth for helpful conversations. HB was
partially supported by NSF Grant DMS-1803102. DHL was partially supported by a Simons Foundation
Collaboration grant and NSF CAREER Grant DMS-1945478. YL was partially supported by NSF Grant
DMS-2001317. CX was partially supported by NSF Grant DMS-1901849.

References

1. Altmann, K.: The dualizing sheaf on first-order deformations of toric surface singularities. J. Reine
Angew. Math. 753, 137-158 (2019)
2. Ahmadinezhad, H., Ziquan, Z.: K-stability of Fano varieties via admissible flags. arXiv:2003.13788
(2020)
3. Alper, J., Blum, H., Halpern-Leistner, D., Xu, C.: Reductivity of the automorphism group of K-
polystable Fano varieties. Invent. Math. 222(3), 995-1032 (2020)
4. Alper, J., Halpern-Leistner, D., Heinloth, J.: Existence of moduli spaces for algebraic stacks.
arXiv:1812.01128 (2018)
5. Blum, H., Jonsson, M.: Thresholds, valuations, and K-stability. Adv. Math. 365, 107062 (2020)
6. Blum, H., Liu, Y.: Openness of uniform K-stability in families of Q-Fano varieties, Ann. Sci. Ec. Norm.
Supér. (to appear) arXiv:1808.09070 (2018)
7. Blum, H., Liu, Y., Zhou, C.: Optimal destabilizations of K-unstable Fano varieties via stability thresh-
olds. Geom. Topol. (to appear) arxiv:1907.05399 (2019)
8. Blum, H., Liu, Y., Xu, C,: Openness of K-semistability for Fano varieties. arXiv:1907.02408 (2019)
9. Blum, H., Xu, C.: Uniqueness of K-polystable degenerations of Fano varieties. Ann. Math. (2) 190(2),
609-656 (2019)
10. Boucksom, S., Hisamoto, T., Jonsson, M.: Uniform K-stability, Duistermaat—Heckman measures and
singularities of pairs. Ann. Inst. Fourier (Grenoble) 67(2), 743-841 (2017)
11. Chen, W.: Boundedness of varieties of Fano type with alpha-invariants and volumes bounded below.
Publ. Res. Inst. Math. Sci. 56(3), 539-559 (2020)
12. Codogni, G., Patakfalvi, Z.: Positivity of the CM line bundle for families of K-stable kit Fano varieties.
Invent. Math. 223(3), 811-894 (2021)
13. Datar, V., Székelyhidi, G.: Kahler—Einstein metrics along the smooth continuity method. Geom. Funct.
Anal. 26(4), 975-1010 (2016)
14. Dervan, R.: Uniform stability of twisted constant scalar curvature Kédhler metrics. Int. Math. Res. Not.
IMRN 15, 4728-4783 (2016)
15. Donaldson, S.K.: Scalar curvature and stability of toric varieties. J. Differ. Geom. 62(2), 289-349
(2002)
16. Donaldson, S.K.: Lower bounds on the Calabi functional. J. Differ. Geom. 70(3), 453-472 (2005)
17. Donaldson, S., Sun, S.: Gromov—Hausdorff limits of Kéhler manifolds and algebraic geometry. Acta
Math. 213(1), 63-106 (2014)
18. Fujita, K., Odaka, Y.: On the K-stability of Fano varieties and anticanonical divisors. Tohoku Math. J.
70(4), 511-521 (2018)
19. Fujita, K.: A valuative criterion for uniform K-stability of Q-Fano varieties. J. Reine Angew. Math.
751, 309-338 (2019)
20. Futaki, A., Mabuchi, T.: Bilinear forms and extremal Kihler vector fields associated with Kihler
classes. Math. Ann. 301(2), 199-210, 0025-5831 (1995)


http://arxiv.org/abs/2003.13788
http://arxiv.org/abs/1812.01128
http://arxiv.org/abs/1808.09070
http://arxiv.org/abs/1907.05399
http://arxiv.org/abs/1907.02408

73

Page 38 of 39 H.Blum et al.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

38.

39.

40.

41.

42.
43.

44.
45.
46.
47.
48.
49.
50.
51

52.

Heinloth, J.: Semistable reduction for G-bundles on curves. J. Algebraic Geom. 17(1), 167-183 (2008)
Halpern-Leistner, D.: On the structure of instability in moduli theory. arXiv:1411.0627v4 (2014)
Hisamoto, T.: On the limit of spectral measures associated to a test configuration of a polarized Kahler
manifold. J. Reine Angew. Math. 713, 129-148 (2016)

Hacon, C.D., McKernan, J., Xu, C.: ACC for log canonical thresholds. Ann. Math. (2) 180(2), 523-571
(2014)

Hall, J., Rydh, D.: Coherent Tannaka duality and algebraicity of Hom-stacks. Algebra Number Theory
13(7), 1633-1675, 1937-0652 (2019)

Halpern-Leistner, D., Preygel, A.: Mapping stacks and categorical notions of properness, Compositio
Mathematica (to appear). arXiv:1402.3204 (2020)

Harder, G., Narasimhan, M.S.: On the cohomology groups of moduli spaces of vector bundles on
curves. Math. Ann., 212, 215-248 (1974/75)

Jiang, C.: Boundedness of Q-Fano varieties with degrees and alpha-invariants bounded from below,
Ann. Sci. Ec. Norm. Supér. (4), Annales Scientifiques de I'Ecole Normale Supérieure. Quatriéme Série,
53,2020, 5, 1235-1248

Kempf, George R.: Instability in invariant theory. Ann. Math. (2) 108(2), 299-316 (1978)

Kolldr, J.: Singularities of the minimal model program, Cambridge Tracts in Mathematics, 200. Cam-
bridge University Press, Cambridge, With a collaboration of Sdndor Kovécs (2013)

Kolldr, J.: Families of varieties of general type. Book in preparation. https://web.math.princeton.edu/
~kollar/book/modbook20170720.pdf (2017)

Kollar, J.: Families of divisors. arXiv:1910.00937 (2019)

Kolldr, J., Mori, S.: Birational Geometry of Algebraic Varieties. In: Cambridge Tracts in Mathematics,
Vol. 134. Cambridge University Press, Cambridge, With the collaboration of C. H. Clemens and A.
Corti (1998)

Langton, S.G.: Valuative criteria for families of vector bundles on algebraic varieties. Ann. Math. (2)
101, 88-110 (1975)

Li, C.: K-semistability is equivariant volume minimization. Duke Math. J. 166(16), 3147-3218 (2017)
Li, C, Liu, Y., Xu, C.: A guided tour to normalized volume, Geometric analysis. In: Honor of Gang
Tian’s 60th birthday, Progress in Mathematics, Vol. 333, pp. 167-219. Birkhduser/Springer, Cham
(2020)

. Li, C.W.,, Wang, X., Xu, C.: On the proper moduli spaces of smoothable Kihler—Einstein Fano varieties.

Duke Math. J. 168(8), 1387-1459 (2019)

Li, C., Wang, X., Xu, C.: Algebraicity of metric tangent cones and equivariant K-stability. J. Am. Math.
Soc. 34(4), 1175-1214 (2021)

Li, C., Xu, C.: Special test configuration and K-stability of Fano varieties. Ann. Math. (2) 180(1),
197-232 (2014)

Liu, Y., Xu, C., Zhuang, Z.: Finite generation for valuations computing stability thresholds and appli-
cations to K-stability. arXiv:2102.09405 (2021)

Mumford, D., Fogarty, J., Kirwan, F.: Geometric Invariant Theory, Results in Mathematics and Related
Areas (2), Vol. 34. Springer, Berlin, (1994)

Odaka, Y.: On the moduli of Kéhler-Einstein Fano manifolds, Proc. Kinosaki symposium (2013)
Odaka, Y.: A generalization of the Ross—Thomas slope theory. Osaka. J. Math. 50(1), 171-185, 0030—
6126 (2013)

Ross, J., Szekelyhidi, G.: Twisted Kdhler—Einstein metrics. Pure Appl. Math. Q. 17(3), 1025-1044
(2021)

Shatz, S.S.: The decomposition and specialization of algebraic families of vector bundles. Compos.
Math. 35(2), 163-187 (1977)

Székelyhidi, G.: Optimal test-configurations for toric varieties. J. Differ. Geom. 80(3), 501-523 (2008)
Tian, G.: Kdhler—Einstein metrics with positive scalar curvature. Invent. Math. 130(1), 1-37 (1997)
Tian, G., Wang, E.: On the existence of conic Kahler—Einstein metrics. arXiv:1903.12547 (2019)
Wang, X.: Height and GIT weight. Math. Res. Lett. 19(4), 909-926 (2012)

Wang, X.-J., Zhu, X.: Kdhler—Ricci solitons on toric manifolds with positive first Chern class. Adv.
Math. 188(1), 87-103, 0001-8708 (2004)

Xia, M.: On sharp lower bounds for Calabi type functionals and destabilizing properties of gradient
flows. arXiv:1901.07889 (2019)

Xu, C.: A minimizing valuation is quasi-monomial. Ann. Math. (2) 191(3), 1003-1030 (2020)


http://arxiv.org/abs/1411.0627v4
http://arxiv.org/abs/1402.3204
https://web.math.princeton.edu/~kollar/book/modbook20170720.pdf
https://web.math.princeton.edu/~kollar/book/modbook20170720.pdf
http://arxiv.org/abs/1910.00937
http://arxiv.org/abs/2102.09405
http://arxiv.org/abs/1903.12547
http://arxiv.org/abs/1901.07889

On properness of K-moduli spaces and optimal degenerations... Page390f39 73

53. Xu, C.: Toward finite generation of higher rational rank valuations. Mat. Sb., Matematicheskii Sbornik,
212(3), 157-174 (2021)

54. Xu, C., Zhuang, Z.: On positivity of the CM line bundle on K-moduli spaces. Ann. of Math. (2) Second
Ser. 192(3), 1005-1068 (2020)

55. Xu, C., Ziquan, Z.: Uniqueness of the minimizer of the normalized volume function. Cam. J. Math.
9(1), 149-176 (2021)

56. Zhuang, Z.: Optimal destabilizing centers and equivariant K-stability. Invent. Math. (to appear).
arXiv:2004.09413 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.


http://arxiv.org/abs/2004.09413

	On properness of K-moduli spaces and optimal degenerations of Fano varieties
	Abstract
	1 Introduction
	1.1 Main results

	2 Preliminaries
	2.1 Conventions
	2.2 K-stability
	2.2.1 Definition

	2.3 Further invariants of test configurations
	2.4 Stability threshold
	2.4.1 Definition
	2.4.2 Optimal destabilization conjecture
	2.4.3 Relation with test configurations

	2.5 Stability function
	2.6 Moduli spaces of log Fano pairs
	2.7 Theta-stratificaitons
	2.7.1 Filtrations
	2.7.2 Definition


	3 Log Fano pairs with torus actions
	3.1 Moment polytope and barycenter
	3.2 Associated quadratic form
	3.3 Stability function

	4 Existence of minimizers and constructibility results
	4.1 Parameter space
	4.2 1-Parameter subgroups of  PGL
	4.3 1-Parameter subgroups of a maximal torus
	4.4 Existence of minimizers and constructibility results

	5 Uniqueness of minimizers
	5.1 Equivariant degenerations over affine two-space
	5.2 Proof of Theorem 1.2.2
	5.3 Equivariant test configurations
	5.4 Behaviour under field extension

	6 Behaviour in families
	6.1 Semicontinuity under specialization
	6.2 Specialization of minimizers

	7 Existence of Θ-stratification and properness
	8 Alternative perspective using the general theory of numerical invariants
	8.1 Formal perturbation of numerical invariants

	Acknowledgements
	References




