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CAUCHY, NORMAL AND CORRELATIONS VERSUS HEAVY TAILS
HUI XU, JOEL E. COHEN, RICHARD DAVIS, AND GENNADY SAMORODNITSKY*

ABSTRACT. A surprising result of Pillai and Meng (2016) showed that a transformation
2=, w;X;/Y; of two iid centered normal random vectors, (X1,...,Xn) and (Y1,...,Yy),
n > 1, for any weights 0 < w; <1, j=1,...,n, Z;;l wj; = 1, has a Cauchy distribu-
tion regardless of any correlations within the normal vectors. The correlations appear
to lose out in the competition with the heavy tails. To clarify how extensive this phe-
nomenon is, we analyze two other transformations of two iid centered normal random
vectors. These transformations are similar in spirit to the transformation considered by
Pillai and Meng (2016). One transformation involves absolute values: >, w;X;/|Y;l.
The second involves randomly stopped Brownian motions: Z?Zl w; X (Y]_?)7 where
{(X1(t),...,Xn(t)),t > 0}, n > 1, is a Brownian motion with positive variances;
(Y1,...,Yy) is a centered normal random vector with the same law as (X1(1),..., X, (1))
and independent of it; and X (Y ~2) is the value of the Brownian motion X (t) evaluated
at the random time t = Y ~2. All three transformations result in a Cauchy distribution
if the covariance matrix of the normal components is diagonal, or if all the correlations
implied by the covariance matrix equal 1. However, while the transformation Pillai and
Meng (2016) considered produces a Cauchy distribution regardless of the normal covari-
ance matrix. the transformations we consider here do not always produce a Cauchy
distribution. The correlations between jointly normal random variables are not always
overwhelmed by the heaviness of the marginal tails. The mysteries of the connections
between normal and Cauchy laws remain to be understood.

1. INTRODUCTION

The normal distribution and the Cauchy distribution are among the most fundamental
probability distributions with numerous applications in many areas where uncertainty is
present. They both arise as limits of suitably normalized sums of independent copies of
random quantities. They both have nearly magical invariance properties. They contrast
strongly in that the normal distribution has finite moments of all orders (even all exponential
moments are finite), while the Cauchy distribution does not even have a finite mean. It is
well known that normal and Cauchy random variables are connected in simple ways. These
connections sometimes appear to have mysterious properties as well. This note aims to
shed additional light to some of these mysteries.

By definition, the centered normal distribution with standard deviation ¢ > 0 has the
density

o(z;0) = ﬁ exp{—mQ/(Qaz)}, x € R,
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while the Cauchy distribution with scale o > 0 has the density

o
1.1 T;0) = ——5—
(11) f@0) = o

For both distributions, the case o = 1 is called standard. The invariance properties of these

, x €R.

distributions say that, if X1, ..., X, are iid copies of a centered normal X and 2 denotes
equality in distribution, then

n
Jj=1

if Z?:l w? = 1, while if Xi,...,X, are iid copies of a Cauchy X, then (1.2) holds if
Z?:l lwj| = 1.

Versions of (1.2) may hold when the X, ..., X,, are not independent. For example,
recall that Xi,...,X,, are jointly Cauchy if there is a finite symmetric measure I" (the
spectral measure) on the unit sphere S™ such that

n d
(1.3) Eexp{iZOij} = exp{—/ Zﬁjsj
Snl
j=1

j=1

Because (X7, ..., X,) has a symmetric distribution, the characteristic function is real-valued
on the right side of (1.3). Then Xj,..., X, have identical marginals if [ |s;|T'(ds) is the
same for all j; see Samorodnitsky and Tagqu (1994). In particular, if the spectral measure
I" is concentrated on the positive and negative quadrants of the unit sphere and X3, ..., X,
have the same marginals, then (1.2) still holds as long as all (w;) are also of the same sign.
In this scenario, X7, ..., X, are generally dependent since their independence requires I' to
be concentrated at the points where the unit sphere intersects the axes. In particular, if T’
is concentrated at the points £=(1,...,1)/n'/?, then X; = ... = X,, a.s. This special case
shows that a convex linear combination of iid Cauchy random variables has the same law
as a convex linear combination of almost surely equal Cauchy random variables!

T(dsy, .. .,dsn)}.

2. THE PILLAI AND MENG RESULT

An elementary calculation shows that, if X,Y are iid centered normal and W is a
standard Cauchy, then

(2.1) Xy Lw.

If X and Y are bivariate normal, then the probability density function of the ratio X/Y is
derived in Pham-Gia et al. (2006) and earlier sources they cite. The ratio has a Cauchy
distribution if and only if X and Y are centered and uncorrelated. For the remainder of
this note, we will take X and Y to be centered and uncorrelated.

Pillai and Meng (2016) proved an amazing extension of (2.1). Let (Xi,...,X,) and

(Y1,...,Y,), n> 1, be iid multivariate centered normal random vectors with positive vari-
ances and a covariance matrix ¥. Then for any weights 0 <w; < 1,5 =1,...,n, Z;’:l w; =
1,
n
X, 4
J

(2.2) > wiy =W,

=t

where W is a standard Cauchy. Earlier, Drton and Xiao (2016) proved (2.2) when n = 2.
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What is amazing in (2.2)? Each ratio X;/Y; in the sum has the standard Cauchy
distribution by (2.1). If the covariance matrix ¥ is diagonal, then these Cauchy random
variables are independent, and (2.2) is simply the invariance property (1.2). If, on the other
hand, all the correlations implied by the covariance matrix ¥ equal 1, then all terms in (2.2)
are equal almost surely, and (2.2) is equivalent to the above-mentioned fact that a convex
linear combination of equal Cauchy random variables has the same law as a convex linear
combination of iid Cauchy random variables. The amazing part is that (2.2) holds for all
other covariance matrices X.

The only comparable property of non-independent Cauchy random variables that ap-
pears to be known at this point is the property of jointly Cauchy random variables with the
spectral measure I' concentrated on the positive and negative quadrants of the unit sphere.
It is straightforward to show that the terms in (2.2) are jointly Cauchy if and only if the
normal random vectors consist of independent blocks of equal normal random variables.

Therefore, it is a special feature of the multivariate normal distribution that the ratios
of the components of iid centered normal random vectors have the invariance property
(1.2), regardless of the correlations among the normal components. Pillai and Meng (2016)
speculate that “the dependence among them” (i.e., among the ratios of centered, dependent
normal random variables) “can be overwhelmed by the heaviness of their marginal tails”
(of the ratios) “in determining the stochastic behavior of their linear combinations.” This
speculation continues to generate interest and new results. For example, Cohen, Davis,
and Samorodnitsky (2020) give another example where heavy tails overwhelm correlations
among normal random variables.

Here we shall show, by two examples, that the correlations between jointly normal
random variables are not always overwhelmed by the heaviness of the marginal tails. In
the two subsequent sections, we analyze two other natural transformations, in the spirit of
Pillai and Meng (2016), from the normal world to the Cauchy world.

3. TRANSFORMATION 1: ABSOLUTE VALUES

The symmetry of a centered normal random variable and (2.1) imply that, if X, Y are
iid centered normals and W is a standard Cauchy, then

(3.1) X/|Y| £ w.

Following Pillai and Meng (2016), let (X,...,X,) and (Y1,...,Y,), n > 1, be iid multi-
variate centered normal random vectors with positive variances and a covariance matrix X.
Is it true that, for any weights 0 <w; <1,j=1,...,n, Z;L=1 wj =1,

n X d
(32) ijﬁ =W,
; J

where W is a standard Cauchy? As was the case with (2.2), the claim (3.2) holds if the
covariance matrix ¥ is a diagonal matrix, and also when all the correlations implied by
the covariance matrix ¥ equal 1. However, we will show that (3.2) is not true for every
covariance matrix ¥. The argument uses a simple property of Cauchy densities that follows
immediately from (1.1):

f(0;0)

B9 R
m2f2(0;0)x2 + 1 v

(3.3) flaso) =
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It is enough to show that (3.2) does not, in general, hold when n = 2. A non-singular
covariance matrix ¥ with equal variances can be scaled so that its inverse matrix is

0 1

Let R; = X;/|Yi|, i = 1,2. An elementary calculation for the joint density of (R, Ra) gives,
in the parametrization (3.4),

(3.4) = [1 6} for -1 < 6 < 1.

le,RQ 1, TQ)

// 1—92|y1yz\

1
Py T (Y} 4 20|y y2|rire + yard) — 2(

1
Yt + 20y1y2 + y%)}dyldyz
(1-6%z 1
f2/ / (277))2 vs exp { 3 (;g2y%(7“% +1) + 20zy3 (rira + 1) + y3(r3 + 1)) }d:cdyg

62 1
+2/ / (270)2‘%3%2 exp{ -3 (gﬂyg(r% + 1) + 20zys (19 — 1) +y3(r3 + 1)> }dmdyg

:/ (1-6?) )
0o m2(a2(r? +1) + 202(rira + 1) + (i + 1))

* (1-6%
+ 5dx
0 w2(x2(r? +1) +20x(rire — 1) + (r3 + 1))
Define the convex combination of Ry and Ry to be V := wi Ry + weRa, where wy € [0, 1]
and wy = 1 — wj. Then the density gy of V is given by

o) — (1 - 0wz vdr
gv(v) ./—oo/o 72 (w3a2(r? 4 1) + 20waa(r(v — wir) + w) + (v — wi1r)? + w%))2d ’
(3.5)

/ / (1 - P)wia dxdr
72 (w3z?(r? + 1) + 20wez(r(v — wir) — wo) + ((v — wir)? + w%))2
_/ (1 — 0%)(w32? — 20w war + wi)x
o 27 (wia? — 20wiwaa + wi)(2? + 20z + 1) + (1 — 02)1)23:2)3/2

. /°° (1 — 02)(w3x? — 20w wez + wi)z de
0 27 ((wiz? = 20w wox + w?) (a2 — 20w + 1) + (1 — 92)1123:2)3/2
For w; € (0,1) fixed, we will prove that
(3.6) lim oy (o) = 1/,

for all # € (0,1). Assuming that (3.6) is true, if gy were a Cauchy density for any 6 € (0,1)
it would follow from (3.3) that

gv(0) = 1/7 for any 6 € (0,1).
We will show that, in fact,
(3.7) gv(0) > 1/7
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for all § € (0,¢) for some € > 0. This precludes the possibility that gy is a Cauchy density
for all such 6.
To establish (3.7), it suffices to show that for any w; € (0,1), the derivative of the
function gy (0) with respect to 6 is positive at # = 0. Indeed, by (3.5)
Y e (1 — 6?)(w3z? — 20w wax + w?)w
gv(0) = 2 9 N3/2( o 3/2
0 27r(w235 — 20w wex + wl) (ac + 20x + 1)
n /°° (1 — 0%) (w32 — 20w wax + i)z d
x7
0 277(111%332 — 20w wex + w%)s/2 (x2 — 20x + 1)3/2

dx

It is elementary that one may differentiate with respect to # inside the integrals to obtain

Jgv(0) /OO WiweT
00 oy Jo m(w? 4 wia?)32(x? +1)3/2 z >,

as promised. We conclude that (3.7) holds and, hence (3.2) cannot be valid for 6 in a
neighborhood of zero.
It remains to prove (3.6). We use the last equality of (3.5) and write in the obvious

notation
v2gy (v) = v? [/100+/100] +0? Uoljt/ol} = I (v) + Ix(v).

We have, as v — 00,

B0 ~(1 - ) | h “

302

24 + (1 — 62)v2a2

)3/2 dx

-w ———apdr oW — _dx = wsy/T.
’ wa/(w(1—-02)1/2) T(x2 4 1)3/2 > Jo w2+ 1)32 2

Since I can be reduced to I; by a variable change  — 1/x and switching w; and wy, this
means that I5(v) — wi /7 as v — co. Because w; + wy = 1, this proves (3.6).

In summary, it is not true that, for any choice of (wy, wz) with 0 < wy < 1, wi+we = 1,
the sum on the left side of (3.2) has a Cauchy distribution for all # in an arbitrarily small
neighborhood of the origin.

4. TRANSFORMATION 2: RANDOMLY STOPPED BROWNIAN MOTIONS

Recall that an R™-valued Brownian motion { (X1(t),..., X,(t)), t > 0} is a continuous
centered Gaussian process that starts at the origin at time zero and has stationary and
independent increments. The law of such a process is completely determined by the law of
its values at time 1, (X1(1),...,Xn(1)). The covariance function of a Brownian motion is

(4.1) cov(X;(s), X;(t)) = min(s, t) cov(X;(1), X;(1)), s,t >0, ¢, =1,...,n.
A Brownian motion is self-similar in the sense that, for any ¢ > 0,
(4.2) {(X1(ct), ..., Xn(ct)), t > 0} L {(?X,(1),..., /2 X, (1)), t > 0}.

If {X(t), t > 0} is a one-dimensional Brownian motion, Y is an independent copy of X (1)
and X(Y~2) is the value of the Brownian motion X(t) evaluated at the random time
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t =Y 2 then (4.2) implies that

(43) X(r=2) LX)/ £ X))y LW

by (2.1), where W is a standard Cauchy.

Again following Pillai and Meng (2016), let {(X1(t),...,Xn(t)),t > 0}, n.> 1, be
a Brownian motion with positive variances and (Y1,...,Y,) a centered normal random
vector with the same law as (Xl(l)7 e 7Xn(l)) and independent of it. Let their common
covariance matrix be X. Is it true that for any weights 0 <w; <1,j=1,...,n, Z?:l w; =
1, and any %,

(4.4) Z w; X; (Y;7?%)
j=1

[l

W,

where W is a standard Cauchy? If ¥ is diagonal, or if all the correlations implied by X
equal 1, then (4.4) holds. However, we will show that (4.4) is not true in general. The
argument is similar to the one used in Section 3 and relies on the property (3.3) of the
Cauchy distribution. Again we let n = 2 and parametrize the inverse of ¥ as in (3.4).

Let V = w1 X4 (YfQ) + wo Xo (Y{Q), with wy € [0,1] and wg =1 —w;. Let gy be the
density of V. If fy, y, is the joint density of (Y1,Y2), then by (4.1),

o0 o0
(4.5) (@) = [ [ By (hfors 1, 2) dnde

where hy, 4, is the density of a centered normal random variable with variance

w% 2wy wob w%

yi(1—0%)  max(yf,u3)(1—0%)  y3(1-6%)
The part of the integral in (4.5) over the range |yi| < |y2| can be written in the form

/1 /oo (1 _ 92)|x|y% .
1) (2m)32(w? — 2wiwef2? + wix?)l/2

2y,.2, 212
exp { " 5w _(12;12;1%2i wie?) %(ﬁyg + 20z |ys|y2 + y%)}dyzdx
_ /1 (1 —0%)(w? = 2wyweb2? + wiz?)x dx
0 2m((w? — 2wywaba? + wiz?)(x? + 20z + 1) + (1 — 92)9021)2)3/2
/1 (1 = 62)(w? — 2wiwabhr? + wix?)x dx
0 2m((w? — 2wywaba? + wiaz?)(x? — 20z + 1) + (1 — 92)9521)2)3/2 .

Computing in an identical manner the part of the integral in (4.5) over the range |ya| < |y1]

gives
46) gv(v) = /1 (1 — 62)(w? — 2wiwabz? + wix?)w
0 27 ((w? — 2wiweb2? + wia?)(x? + 20z + 1) + (1 — 62)x20?)
" /1 (1 - 60%)(w? — 2wywebx? + wiz?)x de
0 271 ((w? — 2wiwefa? + wiz?)(x? — 20z + 1) + (1 — 92):1021)2)3/2
h /1 (1 — 62)(w3 — 2wiwi 022 + wix?)x
0 27 ((w3 — 2wiwefz? + wiz?)(x? 4 20z + 1) + (1 — 62)220?

3/2 dx

)3/2d9c
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n /1 (1 — 62)(w3 — 2wiwabz? + wix?)w
0 2 ((w3 — 2wiwaba? + wiz?)(x? — 20z + 1) + (1 — 62)z0?)
We will prove that (3.6) still holds, independently of # in (3.4) and independently of the
weights (wy,wsz). Assuming that this is the case, the claim that gy cannot be a Cauchy
density for all choices of 6 and (w1, ws) will, as in Section 3, follow once we show that, for

any 0 < wy < 1, the function gy (0) has a strictly positive derivative in 6 at § = 0. By
(4.6),

3/2daj.

! (1 —6%)(w? — 2wywebx? + wiz?)x
gv(0) = P 2 1 2,2)3/2( 2 320
0 2m(w? — 2wiweba? + wix?)3/2 (22 + 202 + 1)3/
. /1 (1 — 602)(w? — 2wiwabz? + wix?)x
0 2m(w? — 2wiwefa? + wiz?)3/2(22 — 20z + 1)
N /1 (1 — 62)(w3 — 2wyw 0% + wiz?)x
o 2m(w3 — 2wiwabz? + wizr?)3/2(22 + 20x + 1)
N /1 (1 - 6%) (w3 — 2wiweba? + wiz?)x J
T.
o0 2m(w3 — 2wiwabz? + wix?)3/2(22 — 20x + 1)3/2
It is elementary that one may differentiate with respect to 6 inside the integrals to obtain
Agv(0) /1 WL W2T /1 Wi WoT
= dr+ dx > 0,
a0 |, o m(w? + wa?)3/2(22 + 1)3/2 x o (w2 + wia2)32(a2 + 1)3/2 i
as promised.
It remains to prove (3.6). We use (4.6) and we write in the obvious notation

vy (v) = L(v) + L(v) + I3(v) + Li(v).

3/2 dz

B/de

We have, as v — oo,

I’UZ

1
I (v) ~(1 -6 2/ d
1(v) ~( Jwi o 2m(w? + (1 — 62)02a2)3/2 v

v(1-62)1/2 fun T 0o "
B m(a? 1R s d = wy/(27).
w1/0 2m(a? + 172 wl/o 2m(a? + 1)32 " wi/(2m)

Similarly, as v — oo,
I(v) = un/(2w), I3(v) = we/(27), I4(v) = wa/(27),

and (3.6) follows from the fact that wy + we = 1.

In summary, (4.4) does not hold for all values of the parameters. We prove the stronger
contrary result that, for any choice of (w1, ws) with 0 < wy < 1, wy + wy = 1, the sum on
the left side of (4.4) does not have a Cauchy distribution for all § in an arbitrarily small
neighborhood of the origin.

5. CONCLUSIONS

Two natural transformations of multivariate normal vectors considered here and the
similar transformation Pillai and Meng (2016) considered all result in a Cauchy distribution
if the covariance matrix of the normal ingredients is diagonal, or if all the correlations
implied by the covariance matrix equal 1. However, the transformation (2.2) Pillai and
Meng (2016) considered produces a Cauchy distribution regardless of the normal covariance



8 HUI XU, JOEL E. COHEN, RICHARD DAVIS, AND GENNADY SAMORODNITSKY*

matrix. By contrast, the transformations (3.2) and (4.4) do not always produce a Cauchy
distribution. This shows that the mysteries of the connections between the normal laws
and the Cauchy laws remain to be understood. The result of Pillai and Meng (2016)
exhibits a family of laws in R™ with standard Cauchy marginals that share with a subclass
of multivariate Cauchy laws (1.3) the property that any convex linear combination of the
coordinates is again a standard Cauchy. Since the two transformations we have considered
lack this property, the correlations between jointly normal random variables are not always
overwhelmed by the heaviness of the marginal tails. Future work must clarify the extent of
the phenomenon described by Drton and Xiao (2016) and Pillai and Meng (2016).
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