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ABSTRACT
We implement a model for the two-point statistics of biased tracers that combines darkmatter dynamics fromN -body simulations
with an analytic Lagrangian bias expansion. Using Aemulus, a suite ofN -body simulations built for emulation of cosmological
observables, we emulate the cosmology dependence of these nonlinear spectra from redshifts z = 0 to z = 2. We quantify the
accuracy of our emulation procedure, which is sub-per cent at k = 1hMpc−1 for the redshifts probed by upcoming surveys
and improves at higher redshifts. We demonstrate its ability to describe the statistics of complex tracer samples, including those
with assembly bias and baryonic effects, reliably fitting the clustering and lensing statistics of such samples at redshift z ' 0.4

to scales of kmax ≈ 0.6hMpc−1. We show that the emulator can be used for unbiased cosmological parameter inference in
simulated joint clustering and galaxy–galaxy lensing analyses with data drawn from an independent N -body simulation. These
results indicate that our emulator is a promising tool that can be readily applied to the analysis of current and upcoming datasets
from galaxy surveys.
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1 INTRODUCTION

We are entering a golden era for studying the large-scale structure
of the Universe. Over the next decade, ambitious imaging surveys
will map out large swathes of the sky to unprecedented depths, imag-
ing billions of galaxies and their shapes (Ivezić et al. 2019; Laureĳs
et al. 2011; Doré et al. 2015, 2019), enabling studies of weak gravita-
tional lensing by the intervening distribution of matter (Bartelmann
& Schneider 2001; Mandelbaum 2018). Weak lensing has only re-
cently begun to contribute competitive cosmological constraints on
dark matter and dark energy (Abbott et al. 2018; Heymans et al.
2020), but is one of the most promising future directions to pur-
sue. Meanwhile, spectroscopic surveys will observe tens of millions
of radial positions of galaxies (Takada et al. 2014; Aghamousa et al.
2016), enabling unparalleled understanding of the spatial distribution
of galaxies in our Universe. The cross-correlation between positions
and lensing, galaxy–galaxy lensing, is and will continue to be a key
driver of cosmological constraints from galaxy surveys.
The quality and quantity of these upcoming datasets imposes a sig-

nificant challenge in their analysis. Even now, models for summary
statistics such as correlation functions and power spectra are inade-
quate across the full range of scales probed by such surveys (Krause
et al. 2017; Nishimichi et al. 2020). Either a large amount of the data
must be discarded, or mitigation schemes must be developed to pre-
vent contamination from scales where the models are insufficiently
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calibrated or constrained (MacCrann et al. 2020; Park et al. 2020).
Models for clustering and lensing must be substantially improved if
we are to extract the maximal information about the Universe we
live in, from surveys that are already ongoing or planned. To date,
two separate approaches have been developed to build models for
the observables of cosmic surveys: analytically, through perturbative
techniques, or numerically, using non-linear N -body simulations.

Perturbation theory provides a systematic, analytic way to compute
N -point summary statistics to systematically higher precision and
smaller scales (Bernardeau et al. 2002). Below the nonlinear scale
the effects of these nonlinearities can be tamed and parametrized
within the framework of effective theories (Baumann et al. 2012;
Carrasco et al. 2012; Vlah et al. 2015). This increased precision,
however, comes at the cost of very large inaccuracies beyond the
nonlinear scale at which the self-gravitating dark matter fluid ceases
to be perturbative (Blas et al. 2014; McQuinn & White 2016). In
addition, perturbative frameworks provide a rigorous, first-principles
approach to include physics beyond the standard ΛCDM model in
large-scale structure observables such as neutrinos, baryonic effects
and more exotic early-universe scenarios (Lewandowski et al. 2015;
Senatore & Zaldarriaga 2017; Aviles & Banerjee 2020; Chen et al.
2020c; Laguë et al. 2020; Ivanov et al. 2020; ?; Aviles et al. 2020).
Understanding the domain of applicability of perturbation theory is
still an active field of research (Baldauf et al. 2016b; Nishimichi et al.
2020; Chen et al. 2020a).

The other approach, simulation-based modelling, involves numer-
ically solving the equations of motion for an initial distribution of
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matter (Hockney & Eastwood 1988; Bagla 2005; Kuhlen et al. 2012).
The resulting catalogs can be analysed in a way analogous to data to
obtain predictions of cosmological observables across a wide range
of scales at the cosmological parameters of the simulation.
However, a limiting factor in simulation-based analyses is that

N -body simulations require significant computational resources for
a single realization. Thus, standard inference procedures such as
Markov Chain Monte Carlo (MCMC) become prohibitively expen-
sive when using models derived from simulations.
In order to ameliorate the issues with simulation-based inference,

recent developments in statistical learning have popularized so-called
emulators as models (Heitmann et al. 2010, 2009; Lawrence et al.
2010). Emulators combine a set of simulations that representatively
sample cosmological parameter space with sophisticated regression
techniques to ‘fill in the blanks’ across parameter space. Once trained,
an emulator provides rapid evaluations of amodelwhich can be seam-
lessly integrated in analysis pipelines. For example, recent emulators
for the nonlinear matter power spectrum (Knabenhans et al. 2019)
have runtimes with negligible overhead compared to the underlying
Boltzmann codes used for linear predictions.
While galaxy surveys observe luminous tracers of the underlying

dark matter density distribution, most suites of N -body simulations
used to construct emulators deal only with the dark matter compo-
nent. Thus, emulators for galaxy survey observables are presented
with the additional challenge of capturing the relationship between
the galaxy distribution and the underlying darkmatter. Understanding
the details of this relationship, known as the galaxy–halo connection,
is an active field of research (see e.g. Wechsler & Tinker 2018, for
a recent review). Even for well-studied samples of galaxies, there
are no consensus models to describe this relationship. For any given
model of the galaxy–halo connection, an entirely new emulator has
to be trained (Kwan et al. 2015; Wibking et al. 2019; Zhai et al.
2019; McLaughlin et al. 2021). Emulation of models with a large
number of free parameters is also a challenging task, with techniques
such as Gaussian processes scaling asO(N3) withN training points
and a substantially larger set of training data being required as one
increases the dimensionality of the model. The simplest forms of
galaxy–halo connections such as halo occupation distributions have
five free parameters (Zheng et al. 2005), and it is expected that for
more complex selections of galaxy samples the number will grow
considerably (Guo et al. 2019; Yuan et al. 2018; Favole et al. 2020;
Zu 2020).
In comparison, modern perturbation theory approaches to galaxy

clustering operate at the field level via so-called bias expansions,
which encode the response of small-scale galaxy physics (e.g. the
galaxy–halo connection) to large-scale structure via a series of bias
coefficients (see e.g. Desjacques et al. 2018 for a recent review). A
key advantage of bias models is that while their dependence on pa-
rameters is simple and analytic, they should describe the statistics of
a broad range of galaxy (and halo) samples as long as they are formed
by processes that respect the symmetries of the underlying processes
of structure and galaxy formation, namely rotational and Galilean in-
variance and the equivalence principle. Indeed, it was recently shown
that the bias expansion can be directly derived by generating all pos-
sible dynamical terms and eliminating combinations not allowed by
these symmetries (Fujita & Vlah 2020).
The challenges in using bias models come, instead, from the afore-

mentioned limitations of perturbation theory models themselves.
Similarly to perturbation theories for the clustering of dark mat-
ter, bias models are not expected to hold across all scales. Instead,
they are expected to be valid at scales larger than or comparable to
the Lagrangian size of haloes. This regime is where one is insen-

sitive to the internal structure of haloes (McDonald & Roy 2009;
Fujita et al. 2020; Lazeyras & Schmidt 2019; Vlah et al. 2016). It
is worth noting, however, that the nonlinear and halo scales are not
identical and scale differently with redshift— at higher redshifts per-
turbative models may be more limited by the larger Lagrangian radii
of (typically more luminous or massive) samples than dynamical
nonlinearities, and vice versa at lower redshifts. This distinction is
particularly apparent in the Lagrangian basis (Matsubara 2008; Vlah
et al. 2016), in which galaxy clustering due to dynamics and biasing
are explicitly disentangled. Recently Modi et al. (2020) suggested a
way to combine the generality of bias expansion-based models with
N -body simulations in a manner that is particularly suited for emu-
lation, particularly in the regime where dynamics become nonlinear
on scales larger than the halo scales of interest. Since higher-order
Lagrangian biases have been found in simulations to be small for low
and intermediate mass haloes (Abidi & Baldauf 2018; Lazeyras &
Schmidt 2018), this scheme keeps the dynamical nonlinearities from
N -body simulations to all orders while including Lagrangian bias
only up to second order.

In the remainder of this work we concern ourselves with the con-
struction of an emulator for the halo–halo and halo–matter corre-
lations with analytic dependence on bias parameters, extending the
method presented in Modi et al. (2020) to a generic cosmological pa-
rameter dependence which can then be readily used for cosmological
clustering analyses. The structure is as follows: in section 2we briefly
review the Lagrangian description of galaxy bias. In section 3 we de-
scribe the hybrid technique which combines displacements obtained
fromN -body simulations with Lagrangian bias. Section 4 describes
the Aemulus suite of simulations (DeRose et al. 2019b), which we
use to build the training data for the emulator. The measurements
of the ‘basis spectra’ of the hybrid Lagrangian bias model, and their
emulation, are outlined in section 5. Section 6 concerns itself with
assessing the performance of the emulator. Specifically, sub-section
6.1 addresses the scale and redshift-dependent error for each of the
ten basis functions that span the model. Subsection 6.2 assesses how
well the model describes the statistics of complicated galaxy sam-
ples, including those possessing concentration and spin secondary
biases, as well as the effect of baryons at small scales. Our final
test, subsection 6.3, pits the emulator against a series of increasingly
complex simulated likelihood analyses, in order to assess potential
biases in inferred cosmological parameters using our emulator and
their origin.

2 LAGRANGIAN BIAS EXPANSION

In the Lagrangian approach to bias formulated in Matsubara (2008),
the observed clustering of galaxies is obtained through first weight-
ing fluid elements by a local functional F [δ(q)] at their initial (La-
grangian) positions q and then advecting these weights to their ob-
served positions via fluid trajectories x = q + Ψ, where Ψ(q, t) is
the Lagrangian displacement. As discussed in the introduction, the
bias functional F is obtained by summing up all scalar terms allowed
by Galilean invariance and the equivalence principle up to a given
order in the initial conditions; up to quadratic order we have (Vlah
et al. 2016)

F (q) ≈ 1+b1δL(q) +
b2
2!

(δ2
L(q)− 〈δ2

L〉) + (1)

bs2(s2
L(q)− 〈s2

L〉) + b∇2∇2δL(q) + ε(q),

where s2 = sijsij is the tidal shear tensor. The bias expansion is local
above the halo scale and the initial fields in the above functional are
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Lagrangian bias emulator 3

to be interpreted as smoothed; any ‘nonlocal’ effects as we approach
this scale, as well as dependences on smoothing, are parametrized to
lowest order by the derivative bias b∇2 . Modes below the halo scale,
uncorrelated with the large scales of interest, are represented by the
stochastic noise ε.

From the weighting F (q), the observed clustering is given via
number conservation to be

1 + δα(x, z) =

∫
d3q δD(x− q−Ψ(q, z))F (q), (2)

where the Lagrangian displacement Ψ denotes the movement of the
fluid element relative to its initial position. At any given order, the
Lagrangian galaxy overdensity above can be mapped onto e.g. the
Eulerian basis of McDonald & Roy (2009) by Taylor expanding Ψ.
However, keeping the nonlinear mapping in the integral above will
generate a tower of Eulerian bias parameters even if only a few of the
Lagrangian bias parameters are nonzero (see e.g. Abidi & Baldauf
2018). We will treat the bias values, bα, as free parameters. Ab
initio predictions of the bα for general tracer populations is a harder
problem, and a current active area of research.

3 LAGRANGIAN BIAS AND SIMULATIONS

Recently, it has been proposed that one can combine the fully resolved
dark matter dynamics of anN -body simulation with the analytic per-
turbative bias techniques we outlined in the previous section (Modi
et al. 2020). The use of dynamics from anN -body simulation means
this hybrid model circumvents the need for perturbative calculations
related to the equations of motion of the darkmatter fluid itself. Addi-
tionally,N -body simulations are relatively inexpensive (compared to
hydrodynamical simulations) and well-controlled, well-defined lim-
its for observables exist so that convergence of measured quantities
can be assessed systematically (e.g. Power et al. 2016; Mansfield &
Avestruz 2020; Joyce et al. 2020). As such, this hybrid model com-
bines two techniques with solid theoretical foundations, ensuring
robustness of its predictions. We will briefly describe the technique
and how one implements it below, but refer the reader to Modi et al.
(2020) for a more complete discussion.
When creating initial conditions of an N -body simulation, one

starts from a noiseless linear cosmological density field, δL(x). Tra-
ditionally, this density is only used to sample initial displacements
which impart a cosmological signal on a set of pre-initial conditions.
First-order displacements using the Zeldovich approximation,

Ψ(q) =

∫
d3k

(2π)3
eik·q

ik

k2
δL(k), (3)

result in so-called 1LPT initial conditions. However, higher order
initial conditions (Crocce et al. 2006; Garrison et al. 2016; Michaux
et al. 2020) are now ubiquitous in modern simulations.
The noiseless initial density field can also be used to construct the

different component fields of the Lagrangian bias expansion of the
initial conditions:

OL ⊃ 1, δL, δ
2
L, s

2
L,∇2δL, · · ·, (4)

where the subscript L indicates these are the Lagrangian fields. Ad-
vecting N -body particles weighted by OL to a specific snapshot
results in bias-weighted fields,

δOL(x) ≡
∫
d3q OL(q) δD(x− q−Ψ(q)), (5)

which trace the non-linear dark matter distribution. In Fig. 1 (mid-
dle panel) we show an example of the different bias-weighted fields

produced by this procedure. These fields are similar to the ‘Eulerian-
shifted’ operator basis of Schmittfull et al. (2019). A notable differ-
ence is that in our case the displacements are fully resummed, while
the Eulerian-shifted basis of Schmittfull et al. (2019) only resums the
Zeldovich displacement (1LPT). Higher order displacements (nLPT)
are Taylor-expanded up to third order as part of their bias expansion.
The difference is because our aim in this paper is to attempt to model
scales beyond the reach of standard one-loop perturbation theory,
whereas the goal of Schmittfull et al. (2019) was to validate one-loop
perturbation theory at the field level (see also Taruya et al. 2018).

The power spectrum of any combination of tracers can then gener-
ically be written as (X, Y ≡ δOL )

P ab(k) =
∑
X,Y

baXb
b
Y PXY (k) + PSN , (6)

where PXY is the cross-power spectrum at a fixed cosmology be-
tween the different fields at a given redshift. For example, the un-
weighted spectrum, P11, is the non-linear matter power spectrum.

This Lagrangian bias model can handle cross-correlations of ar-
bitrary tracers. However, we also note that given a set of bias pa-
rameters for a single tracer sample α, {bαX , X ∈ OL}, one can also
self-consistently predict the tracer–matter cross-correlation by taking
the second sample to have bmY = 0 except for Y = 1. In this case
there are only PX1 terms. The tracer–matter cross-correlation is the
primary cosmic contribution to the signal of galaxy–galaxy lensing,
one of the key cosmological observables of current and upcoming
galaxy surveys (Prat et al. 2018; Yoo et al. 2006;Wibking et al. 2020;
Mandelbaum 2018). The tracer–matter cross-correlation is also the
primary contribution to the cross-correlation between galaxy posi-
tions and lensing of the cosmic microwave background (CMB), one
of the most powerful and complementary statistics that is measured
between galaxy and CMB surveys (Bianchini et al. 2015; Pullen et al.
2016; DiPompeo et al. 2017; Peacock & Bilicki 2018; Omori et al.
2019; Singh et al. 2019; Krolewski et al. 2020). For notational con-
venience, throughout the remainder of this paper we will refer to the
tracer–tracer correlation as Phh(k) and the tracer–matter correlation
as Phm(k).

This hybrid approach of combiningN -body simulations with La-
grangian bias can fit the power spectrum of tracers to significantly
smaller scales than standard Lagrangian perturbation theory (Modi
et al. 2020).While the dependence on the Lagrangian bias parameters
bX is analytic in this model, one still requires anN -body simulation
to measure the basis spectra. AnN -body simulation at a given point
of cosmological parameter space then provides a measurement of
the basis spectra at that point. With N -body simulations that suffi-
ciently sample parameter space one can estimate the cosmological
dependence of these basis functions across the entire space. This is
precisely the goal of this work.

4 THE AEMULUS SIMULATIONS

In order to properly emulate the cosmology dependence of the basis
spectra PXY (k), the underlying suite of N -body simulations used
for measurements of observables must be constructed carefully.

The Aemulus suite of N -body simulations (DeRose et al. 2019b)
has been purpose-built for precise emulation of cosmological ob-
servables measured in galaxy surveys. The suite is composed of a
set of 75 simulations that span 47 points in the wCDM parameter
space allowed by a combination of modern CMB, BAO and type Ia
supernova experiments.

Each Aemulus box has a size Lbox = 1050h−1Mpc with
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N = 14003 particles, corresponding to a mass resolution of
3.51 × 1010

(
Ωm
0.3

)
h−1M�. The Aemulus simulations have under-

gone rigorous convergence and validation tests for several observ-
ables. There are 10 particle snapshots ranging from 0 < z < 3, al-
lowing for measurements the redshift-dependence of the non-linear
basis spectra.
Aemulus’ halo mass function emulator has sufficient accuracy to

remain valid, for the defined cosmological parameter space, through
the Rubin Observatory’s Y1 LSST survey (McClintock et al. 2019),
while the galaxy correlation function can predict the clustering of
massive galaxy samples, such as those observed by DESI, to within
1 per cent down to scales of r ≈ 1h−1Mpc (Zhai et al. 2019).

Thus, Aemulus represents an appropriate setting to construct an
emulator for the Lagrangian bias basis spectra described in section
3. The only missing component is that the initial conditions code
used in Aemulus, 2LPTIC (Crocce et al. 2012), does not output the
noiseless linear density fields. We patched the code to read out this
field and re-generated the initial conditions.

5 EMULATING THE BASIS SPECTRA

5.1 Measuring basis spectra

We now describe in detail our implementation of the hybrid La-
grangian biasing scheme described in Section 3. Schematically, the
process of obtaining measurements of the basis spectra from an N -
body box can be broken down into four steps:

(i) Compute theLagrangian bias fields: given the noiseless density
field δL one constructs the other weight fields OL by applying the
appropriate transformations.
(ii) Advect particles to a given snapshot: every particle ID can be

associated with a grid cell {i, j, k} in the fields OL. Every parti-
cle in a snapshot receives a weight

(
D(z)
D(z0)

)n
× OL[i, j, k], where(

D(z)
D(z0)

)
is the ratio of growth factors between the snapshot and

initial conditions, and n is the number of powers in the linear density
field that make up OL.

(iii) Paint the weighted particles to a grid, to form the late-time
bias fields.
(iv) Measure the basis spectra: the painted bias fields are cross-

correlated with each other to measure the basis spectra PXY for that
given cosmology and redshift.

This procedure imposes some additional storage requirements.
While a particle catalog normally has seven entries for every parti-
cle, (ID, x,v), each bias field weight will add an additional entry.
Naively saving component weights at every snapshot will lead to a
57 per cent increase in catalog size. However, the time evolution of
the weights is determined entirely by the linear growth function and
can be determined on the fly. Thus, the fractional increase in catalog
size will only be of order∼ (1/7)(Nb/Nz), whereNb is the number
of bias-weighted fields computed andNz is the number of snapshots
used. For the second order basis of O = {1, δL, δ2

L, s
2
L,∇2δL} this

represents a fractional increase in catalog size of 6 per cent. Even
if the weights are not stored, all of the steps outlined above can be
carried out on the fly when needed.
In Fig. 1 we show a comparison between the predictions of one-

loop Lagrangian perturbation theory and the basis spectra averaged
across five Aemulus boxes with the same cosmology, from the test
suite. For all basis spectra we recover the LPT result at large scales
to within a few per cent. While one would expect the agreement at

large scales to be exact, it is well known that N -body simulations
struggle to correctly recover linear growth at large scales (Heitmann
et al. 2010; Schneider et al. 2016; Garrison et al. 2016) due to
transients from the grid that particles are initialized on, and the
discrete nature of the kick-drift-kick operators used in time-stepping.
This discrepancy is also present in Aemulus, as can be seen in fig. 13
of DeRose et al. (2019b). The Aemulus simulations have a 1 per cent
mismatch in growth at large scales, which is redshift independent at
the largest scales. Differences in growth between linear theory and the
simulations would then be amplified for the basis spectra built from
multiple fields. In Appendix C we explore the k → 0 differences
between LPT and our emulator, present prescriptions for enforcing
consistency and discuss the small impact they have on parameter
inference.

At small scales, we see that non-linear structure formation im-
bues significant differences between LPT and the simulations. At the
highest redshift shown, z = 2, the agreement for the three spectra
that dominate the signal (〈1, 1〉, 〈1, δ〉, and〈δ, δ〉) is close through-
out all scales probed in our simulation. Thus, for the scales under
consideration, we find no need to extend the emulator to z > 2.

Above z = 1, the Aemulus simulations only have snapshots at
z = 2 and z = 3, and thus any attempt to emulate redshift evolution
between these snapshots is too poorly sampled for the emulator to
achieve our desired performance. For z ≥ 2 the emulator reverts
to predictions from velocileptors (Chen et al. 2020b), a public
code to predict LPT power spectra and correlation functions to one
loop order. This agrees quite well with most basis spectra given
Fig. 1. When reverting to LPT at z > 2, our implementation includes
an additional free parameter. This parameter corresponds to the k2

counterterm for matter that takes into account the effects of small-
scale physics not captured by perturbation theory (Vlah et al. 2015).
We note that there are no specific impediments to measuring basis
spectra, or the emulation scheme adopted, at higher redshifts. Given
simulations that are sufficiently well sampled in time, out to the
furthest bin one wishes to include, the techniques described here
should apply.

The LPT predictions shown in Fig. 1 are a limit of a more complete
theory that includes redshift-space distortions (Chen et al. 2020a,b) .
The agreement betweenN -body simulations and this subset of LPT
at large scales implies the bias parameters in the full theory and our
hybrid model are equivalent; a set of bias parameters obtained from
fitting the emulator to a sample can then be used in tandemwith RSD
measurements analysed purely with perturbation theory at a slightly
more restrictive kmax. Since the RSD measurements are done in 3D,
rather than projection, one can achieve small measurement errors at
more restrictive kmax making this combination an efficient one, e.g.
for testing general relativity (Alam et al. 2017; Zhang et al. 2020).

We note that we omit results for the basis spectra 〈X,∇2δ〉. The
initial weight field ∇2δL has a large amount of power at very small
scales, making its Fourier transform unwieldy due to the presence of
an explicit smoothing scale of k ∼ L−1

grid. As a result, we find the
basis spectra as measured through the advection procedure have a
cosmology-dependent amplitude mismatch when compared to LPT
predictions at large scales. Therefore we adopt the approximation
〈X,∇2δ〉 ≈ −k2〈X, 1〉 in the actual emulation scheme. Since these
higher derivative bias contributions most closely correspond to the
effects of baryonic physics and finite-size effects for haloes, we check
that the approximation performs similarly in Section 6.2. Specifically,
in Fig. 8 we explicitly show the differences between the measured
P1∇2 and the approximation employed. We also note the approxi-
mation lowers the complexity of the emulation scheme, reducing the
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6.2 Fitting assembly bias and baryons

Beyond samples of fixed halo mass, the general bias expansion in
Eq. 1 should also be able to describe the clustering statistics of more
complex tracer populations. It is well known that haloes of a fixed
mass bin exhibit different clustering properties depending onwhether
they are sub-selected on certain properties. This effect, originally
discovered in the context of assembly history, and generally known
as assembly bias or secondary bias, has been observed for selections
on concentration, occupation, local environment, spin, and other
secondary halo properties (Wechsler et al. 2002; Gao et al. 2005;
Wechsler et al. 2006; Dalal et al. 2008; Mao et al. 2018; Salcedo
et al. 2018; Mansfield & Kravtsov 2020).
As a test of our model, we construct halo catalogs with different

amounts of concentration and spin secondary bias, splitting the sam-
ple by quartile. The magnitude of the effect varies differently as a
function of mass for each secondary bias parameter. Thus, we adopt
separate halo mass bins for each parameter, in a regime where we
have both reliable estimates of the secondary quantities and know
that the secondary bias effect is not drastic, following fig. 4 of Sato-
Polito et al. (2019). The mass range 12 ≤ log10

(
M

h−1M�

)
≤ 12.5

was used to build samples contaminated with concentration bias, and
12.5 ≤ log10

(
M

h−1M�

)
≤ 13 for spin bias.We consider the highest

and lowest quartile samples in both concentration and spin, as well
as a sample with no secondary bias, sub-sampled to the same number
density as the samples contaminated with secondary bias. We addi-
tionally do not subtract the shot-noise contribution from measured
spectra, and opt instead to include it in our covariance matrix as
detailed in Eqn. 14.
Using the emulator for the basis spectra evaluated at the cosmology

of these test boxes, we jointly fit the halo–halo and halo–matter spec-
tra {Phh, Phm} with five parameters: bi = {b1, b2, bs2 , b∇2 , n̄−1}.
We minimize the χ2 between the mean of five simulations assuming
a disconnected covariance for the observables as described in Eq. 14,
with V = 5× (1.05h−1Gpc)3 each. The resulting fits are shown in
Fig. 6.
We fit the spectra to a maximum scale of kmax = 0.6hMpc−1.

For most panels, we see that the hybrid N -body/Lagrangian bias
model can jointly describe the clustering and lensing spectra towithin
1 per cent down to scales even smaller than employed for the model
fit. At large scales, the lowest spin assembly bias bin seems to be
systematically higher by at most 10 per cent. Changing the kmax of
the fit down to 0.2hMpc−1 does not qualitatively alleviate the large-
scale discrepancies. We observe similar behavior if the average of the
basis spectra from this cosmology are used instead of the emulator,
implying this is not an issue of the emulator and could perhaps be
attributed to large-scale noise. Another possibility is that a second-
order Lagrangian bias model is unable to fully capture the effects of
spin secondary bias, but we leave this investigation to future work.
In Fig. 7 we show the reduced χ2 for the fits to the samples split on

concentration. We see that the goodness of fit degrades significantly
past k ' 0.6hMpc−1 for some subsamples. The fits to smaller kmax

have χ2/d.o.f. . 1.5. Note that in these tests we use the emulator at
a volume that is significantly larger than the boxes it was trained on,
and the covariance matrices do not have any contributions due to the
emulator uncertainty. If we instead use the mean basis spectra the
χ2/d.o.f. cross theχ2/d.o.f. ∼ 1 threshold atkmax ∼ 0.6hMpc−1

and grow significantly afterwards, signalling a potential breakdown
of the applicability of this Lagrangian bias model to these samples.
Baryonic physics is known to impact the statistics of biased tracers

at the scales we are considering (White 2004; Zhan & Knox 2004;

Chisari et al. 2019; vanDaalen et al. 2020). In ourmodel, the 〈1,∇2δ〉
basis spectrum should have the scale dependence required to capture
the first-order impacts of baryons (Lewandowski et al. 2015). In order
to test this, we produce mock ‘baryonified’ spectra using the fitting
function of van Daalen et al. (2020), which is obtained from analysis
of a comprehensive suite of hydrodynamic simulations. We compare
the fitting function to two parametrizations for the impact of baryons:

(i) Including terms that scale as the basis functions b∇2〈1,∇2δ〉
and b1b∇2〈δ,∇2δ〉.

(ii) Same as above, but substituting the basis functions with the
approximation 〈X,∇2δ〉 ' −k2〈X, 1〉.
The results of this test are shown in Figure 8.While the baryonic sup-
pression factors presented by the two parametrizations differ, in the
bottom panel we see that both capture the effects of baryons to within
1 per cent out to k ≈ 0.8hMpc−1, whereas not including the con-
tributions leads to errors larger than 1 per cent at k ≈ 0.2hMpc−1.
Additionally, our framework can simultaneously treat the effects

of finite halo size and baryonic physics. As both are captured by the
same basis spectra, this corresponds to treating the halo tracer as
having one set of b2∇ and the matter tracer in the Phm correlation
as having a separate higher derivative coefficient b′∇2 , while keeping
all other bias parameters equal to zero.

6.3 Recovering input cosmology

In this section we present an increasingly complex series of tests
to ensure our emulator can be used for cosmological inference, i.e.,
to demonstrate that it can recover input cosmological parameters in
an unbiased way. The general structure of the analyses we run is as
follows.

The input data-vectors will be the joint halo–halo and halo–matter
power spectra d = {Phh(k), Phm(k)}. We assume a Gaussian like-
lihood in the residuals between d and the emulator prediction at a
cosmology x(Ω):

logL(d|Ω) ∝ −(d− x(Ω))TC−1(d− x(Ω)). (13)

We adopt a baseline covariancematrix that includes only dependence
on the two-point functions of the tracer density field, known as the
disconnected contribution (Li et al. 2019). The result is a block-
diagonal matrix with format

C(k, k′) ≡ 2π2δk,k′

k2∆kV
×



2P 2
hh(k), for hh× hh

2Phh(k)Phm(k), for hh× hm[
Phh(k)Pmm(k) for hm× hm

+P 2
hm(k)

]
,

(14)

for each sub-block. We use non-linear power spectra and Phh in-
cludes the shot-noise contribution. At the smaller scales we probe
in the resulting analyses, the purely disconnected approximation is
known to fail and off-diagonal (connected) components become in-
creasingly important (Meiksin & White 1999; Scoccimarro et al.
1999; Cooray & Hu 2001; Mohammed et al. 2016; Lacasa 2018).
The intent of this paper is not to conclusively quantify the informa-
tion content available at small scales. Rather, we would like to ensure
that the emulator is an unbiased model when pushing to such small
scales. Therefore, we consider the form of the covariance in Eqn. 14
to be a sufficient baseline to carry out our analyses. We assess its
performance in more detail in Appendix A. As we will discuss in
more detail in section 6.3.2, the approximation of taking only the
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Stanford Research Computing Center for providing computational
resources and support that contributed to these research results.
Calculations and figures in this work have been made using
nbodykit (Hand et al. 2018), GetDist (Lewis 2019), and the SciPy
Stack (Harris et al. 2020; Virtanen et al. 2020; Hunter 2007).

DATA AVAILABILITY

The data underlying this article are available in the Aemulus Project’s
website.
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APPENDIX A: INCLUDING EMULATOR ERROR IN THE
COVARIANCE MATRIX

As seen in Fig. 5, there is a scale-dependent error associated with
our emulation scheme. This error is small, on the order of ∼ 1 per
cent, and within the accuracy requirements for the next generation
of surveys. However, at the smallest scales we would like to test this
model, k ' 0.6hMpc−1, it will often be larger than the combined
cosmic variance and shot noise (and absence of shape noise) of
our tests. In this regime, the combination of using the average of
only five boxes as our data, the approximate disconnected form of
the covariance in Eqn. 14 and failing to include model uncertainty
in an analysis could then lead to biased inference on cosmological
parameters (Baldauf et al. 2016a; Chudaykin et al. 2020).

Since the Aemulus test suite is composed of 35 simulations, at
seven distinct points of cosmological parameter space, we can use
the emulator residuals at these points to construct a model for the
theoretical uncertainty. In this appendix we discuss our procedure to
construct this model and study its impact when employed in infer-
ence.

Let P̄XY (k,Ωi) be the mean basis spectrum measured from five
Aemulus boxes at the cosmology Ωi. For a given box, we define
normalized emulator residuals as

r̂XY (k) =
P̂XY (k,Ωi)− PEmu

XY (k,Ωi))

P̄XY (k,Ωi)
, (A1)

where PEmu
XY is the emulator prediction at the same cosmology. Nor-

malized this way, we assume the residuals are cosmology indepen-
dent. At each redshift we have 35 sets of residuals. With these mea-
surements we can build an estimate of the residual correlation matrix

CorrEmu(k, k′) =
Cov[r̂XY (k), r̂XY (k′)]√

Cov(k, k)Cov(k′, k′)
(A2)

which captures how correlated the emulator residuals are across the
test set as a function of scale. The quantities in the numerator and
denominator of Eqn. A2 are the same, but we apply the shorthand
Cov(k, k) ≡ Cov[r̂XY (k), r̂XY (k)] to not overload the expression.
We proceed to define an emulator floor, fEmu, specifying what frac-
tion of the signal is of the order emulator error. From Fig. 5, the
dominant source of uncertainty will come from the error in the P11

spectrum. This implies fEmu ' 0.01 at small scales for redshifts
z > 0. We then estimate that the emulator error will scale as

CovErr(k, k′) = (fEmuPhh,hm(k))2 × CorrEmu(k, k′), (A3)

where Phh,hm is used depending on whether we are including this
contribution to the block corresponding to the halo–halo correla-
tion or the halo-matter correlation. We then add this contribution in
quadrature to Eq. 14

Cov(k, k′) = CovG(k, k′) + CovErr(k, k′). (A4)

We run chains with the covariance in Eq. A4, as well as chains
including only the diagonal contribution due to uncertainty, which
we will call the ‘floor’ covariance. The contours for cosmological
parameters are shown in Fig. A3.While this is clearly an approximate
treatment, we observe that including this contribution helps prevent
significant biases in cosmological parameter inference due to the
noisy input data and very low noise assumed in the fit.
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