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1. Metivation and significance

A ubiquitous hydrodynamic stability problem occurring in
various gas-liquid flows involves two fluid streams moving at
different velocities separated by a gas-liquid interface, I'(t).
Some of the applications include falling liquid films over a ver-
tically oriented surface [1], waves on the water surface created
by winds [2], and liquid jet injection and atomization [3,4]. A
common approach used to study these problems is through linear
stability analysis (LSA). One of the early studies on instabilities
was done by [5] which has been extended over the years to
varying geometries and conditions [6].

While there has been a large number of LSA studies over
decades, there have been relatively few open-source codes pub-
lished, which can be used to solve the underlying system of
equations. Of those large number of studies, only a very limited
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group considers three-dimensional instabilities in cylindrical ge-
ometries [7]. And out of this small group, there are no published
codes to the authors’ knowledge. The present work is aimed at
addressing this absence since flows under cylindrical geometries
play a central role in various applications involving the use of
liquid injection to create a spray or simply to disperse liquid [4].

The current tool solves the linearized Navier-Stokes equation
for two-phase, cylindrical coordinates involving spatially growing
disturbances, with interfacial constraints involving the continuity
of the velocity fields and the jump conditions. Both axisymmet-
ric and asymmetric modes of the disturbances are considered.
The resulting eigenvalue differential equation is solved using
the spectral method involving Chebyshev polynomials. For the
given set of input frequencies, this tool outputs the corresponding
unstable wavenumber and their spatial growth rates, along with
the perturbation velocity and pressure fields. The accuracy of
the solver is ensured by monitoring the residual errors of the
equations being solved.
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2. Mathematical description of system

The following material provides a succinct description of the
system of equations solved in the code beginning with the gov-
erning equations 2.1, interfacial and boundary conditions 2.2, and
normal mode representation 2.3, and spectral discretization 2.4.

2.1. Governing equations

The governing equations are the Navier-Stokes, the continuity
equation for an incompressible flow, and the interfacial constraints
along with appropriate boundary conditions. Adopting a cylindri-
cal geometry, the velocity and pressure fields are decomposed in
terms of their base flow and perturbed counterparts as follows

ul(r,0,z,t) =U0%r)+ui(r,0,z,1t)
= [0,0, UJ(r)]
+ [ui(r. 0.z, 0), uf(r, 0,2z, t),ul(r.6,z,t)] (1a)
pi(r,0,z,t)=Pi(r)+pr,0,zt). (1b)

where (r, 0, z, t) are the radial, azimuthal, axial, and temporal
coordinates respectively. Superscript q denotes fields or proper-
ties belonging to either the liquid or gas domain, i.e. ¢ = L or
qg = G, respectively. Furthermore, the base flow variables are
UJ(r) and P9(r) and the corresponding perturbed flow components
are u/(r,0,z,t), u)(r,0,z,t), u/(r,0,z,¢t), and pU(r,0,z,t). A
visual representation of the system to be solved along with a
representation of the instabilities and domain considered are
depicted in Fig. 1.

Substituting Egs. (1) into the continuity and momentum equa-
tion and ignoring second order contributions from the perturbed
quantities yields

V.u1=0 and (2a)

0 +U%. VUl +u. VU = —%Vp’q +1IV2u, (2b)
where p and v are the density and kinematic viscosity, respec-
tively. The governing equations are  subsequently
non-dimensionalized by incorporating the undisturbed jet ra-
dius, R, the jet velocity, Ui, and the advection time, R/Uj. The
resulting Reynolds number is defined as Re = p UjetR/ 4.

2.2. Boundary and interfacial conditions

The boundary conditions for velocity and pressure at the liquid
centerline (r = 0) depend on whether the disturbance is axisym-
metric or asymmetric instabilities. These boundary conditions are
combined with the far-field condition at r = H. Both sets are
given by

At r = 0 (Axisymmetric):

ou’ op’
=0 ; uy=0; —£2£=0; — =0. 3a
r 0 ar ar (32)
At r = 0 (Asymmetric):
au; !/ 8”; ! /
— =0 ; u — =0 ; u,=0 ; =0 3b
ar rt 50 : P (3b)
Atr =H:
ou, op’
=0 ; uy=0; —2=0; —= 3c
r 0 or or (39

The second set of conditions are imposed at the gas-liquid
interface and constitute the interfacial constraints given by
Continuity of velocities (r = R)

L "G
U =@, (4a)
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u/e(“ = u/g(c), and (4Db)

dUZ(L) dul®

(L) z /(G)
— +u =p—— +ul™. 4c
g dr z g dr z (4)

Continuity of axial shear stress (r = R)

d? UZ(G) 8u;(G) Bu;(c) d? U;L) au;(L) au;(”
He|n + + = puL{n + + .

dr? or 0z dr? or 0z
(4d)

Continuity of azimuthal shear stress (r = R)

au/(c) 1 au/(c) u’(G) 8u/(l-) 1 au/(L) u’('—)
[P 1) (o v

r 06 r ar r 060 r
(4e)
Jump in normal stress (r = R)
(G) AL)
OIS WL N PRSP L
ar ar
n o 13 3%
=vls+=="+—), 4f
J/(rz—i_rz 892+8z2 (4)

where y is the surface tension coefficient, u; and uc are the
dynamic viscosity of liquid and gas, respectively, and 7 is the in-
terfacial displacement with respect to the undisturbed jet radius,
R. The interfacial displacement obeys the following kinematic
condition

D
Kinematic condition: —" = u’. (5)
bt 7

2.3. Normal mode decomposition

To proceed with the calculation of perturbation growth rate,
a normal mode decomposition [7] of the flow fields is employed.
This implies that the perturbation fields are expressed as,

[u), up, u), p'](r, 0,2, 1)
= [ (r), fg(r), (1), p(r)] explitkz + mo — wt)], (6)

where i, iy, U, and p are functions of the radial direction, k is
the complex wavenumber, w is the frequency and m represents
the azimuthal wavenumber. The value of m takes the value O for
axisymmetric disturbances and 1 for asymmetric disturbances.
Spatial analysis is considered, where @ = wg € R and k =
(kr+ik;) € C. The complex part of the wavenumber, k; represents
the growth or decay of the disturbance as we move forward in
space, i.e. in z.

Substituting the normal mode representation (Eq. (6)) into
Eqgs. (2), (3), and (4) transforms the governing equations, bound-
ary conditions and interfacial conditions, into ordinary differen-
tial equations. Further, the radial component of the perturbations,
wavenumber and frequency are non-dimensionalized resulting
in 0, (r), tg(r), t,(r), p(r), k, and @& respectively, using the liquid
density, pr, jet velocity U, and the jet radius R. The radial
coordinate corresponding to the either liquid or gas domains is
made to vary between [—1, 1] through the transformation from
the original radial coordinate (r) given by

- r
rLzzﬁ—l for r €[0,R] and

N r—R (7)
fc=2———1 for rel[R,H]|
H—R
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Fig. 1. Schematic representation of the problem set-up with (a) axisymmetric perturbation and (b) asymmetric perturbation.

The final system of non-dimensional ODEs in the liquid domain
in the transformed coordinate (7} ¢) are given by

dii” omo g -
Continuity) 2—— + —= b i ! 4+ ki = o,
( Y) er (rL+1) T (TL+1) (4 z
(8a)
L e dpv
(r-mom) — e + kUML) = —2——+
dT]_
1| a2l 4 dil
Re| dff ~ (R, +1) diy
4am>+1) - 8m
- (~72)+’<2 i —i——i |, (8b)
(fi+1) (f+1)
(0-mom) — i + kOPED = —i- 2T _pb
0 z (% (FL + 1)
! 4d2ﬁ§’” 4 diy  (4(m*+1) i
D T~ ~ Y= 2 0
Re | di = (R+1) di (rL+1)2
8m
+i——i® |, and (8¢)
(F+1)
7L
- Cioa® 1+ 29Y% 0 4 iRgwao
(z-mom) ity 4 2 o + ikU;"u;
L
= —ikp®
1| di” 4 di am* o\
+ b+t | ——= )i |.
Re| " di ~ (f +1) dit (7 +1)
(8d)

A corresponding set of equations for the gas phase is also ob-
tained. The final interfacial constraints after the radial transfor-
mation are given by

(Continuity of velocities)

[ﬁ(rc)]FG:—l = [f‘(rL)]FL:H' (9a)

(9b)

2 dul@_ - 5
[( =y szG o + (ikUZ(G) — icb)ugc)

fc=—1
dod . N\~
_ [2 = u£“+(iku§“—iw)u;“ . (9¢)
L A=t

(Continuity of axial shear stress)

4 dZUZ(G) T2716) | T~ V(G
2 - dil”
KOO — i) 2
+(1—1)(' 2 TG |
rg=—1

TR . di”
N (L) A hO) iU _ i5 z
= |:<4 dFLZ — k°U;” + koo |1y +2(lkU2 —la)) @ | +l.
=

(9d)
(Continuity of azimuthal shear stress)
1 di? 1 _
n T imiil®
“[(1—1) dic ~ (fl—1+1+1) "
_ ﬁéc)
(Fel—=1)+141) -
di 1 3 1
= |:~9 %imu(” — == U(QL) . (96)
dr, (rL + 1) (rL + 1) Fet1
(Jump in normal stress)
4n,  di 4 dil”
_[,(G) L * T _ —f’(L) 4+
Re(I—1) dig |. Re dr |
fe=—1 rp=+1
1 ~ ~(6) _ ~()
=—|(=14+m?*+ k) L~
2we 4ot 1 dil©
dip | T (=1 dig |
fi=+1 fe=-1
(91)

where n, = ug/u. is the viscosity ratio, | = H/R is the ratio of
gas domain extent to the liquid jet radius, and We = ,oLUj%,tR/y is
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the Weber number. Similarly, the boundary conditions in Egs. (3)
are transformed using Eq. (7).

2.4. Spectral representation

The system given by Egs. (8) and (9) along with the gas-
phase counterpart and boundary conditions are discretized using
Chebyshev spectral method [8], where the radial components
of the velocity and pressure fields are expressed in terms of
Chebyshev polynomials given by

Npg+1 Npg+1
LG) ~(L,G) _ (LG) + (=~
2 , ar] 1 T rL G) = ae,j—lTJfl(rL,G)’
j=1
(10a)
Ny g+1 Nic

i =
E:au 1111’1_5)

and pL© Z aifﬁ)lTj_l (Frc).

(10b)

where T;_; in Eqgs. (10) are the Chebyshev polynomials and a;_,
are the corresponding coefficients in the Chebyshev expansion.
The liquid and gas domains shown in Fig. 1 are divided into N;
and N; number of Gauss-Lobatto (G-L) points, respectively. G-L
points are projections of equidistant points on a unit semicircle
on the x-axis. Hence, G-L points agglomerate near the interface
and the boundaries. This leads to a better resolution of the in-
terface by considering less number of G-L points compared to
equidistant points. The liquid and gas phase governing equations
along with the boundary and interfacial conditions are solved at
the G-L points. The system of equations obtained by solving the
equations at each G-L point can be represented in matrix form as
a non-linear eigenvalue problem in k, which is expressed as
kK*C;-a+kC;-a+Co-a=0. (11)
Here k is the eigenvalue,a= a(r ), aé”, aé”, aE,L), a( ) a(gc), agc), aﬁ,G)
is the eigenvector involving coefficients of Chebyshev expansion
given by Egs. (10) and (Co, Cq, C;) are the coefficient matrices.

The non-linear eigenvalue problem is linearized using Matrix
Companion method [9] as

L . o

The eigenvalues of the discretized system (Eq. (12)) are de-
termined using the QZ-routine in Matlab under the LAPACK li-
brary [10]. From the eigenvalues obtained from the QZ algorithm,
the spurious eigenvalues are eliminated. The spurious eigenval-
ues are identified by noting that they become random and do not
converge with increasing grid resolution. _

The output from the software tool is the eigenvalue k € C and
the corresponding eigenvector a € C for a given input frequency
wg. From Eq. (12), we get one set of values of k by writing the
equation as A - f — kB - f where f is [ka a]. Hence, there is
only one k but the eigenvectors will be repeated. The first half of
eigenvector f will be k times the second half. We use only one half
of the eigenvector to obtain perturbed quantities. The real part of
the eigenvalue kg represents the most unstable wavenumber of
the disturbance and the negative part of the complex eigenvalue,
—k;, represents the correspondmg spatial growth rate. The per-
turbed quantities (ut ( L) ugL G), M , p9)) are obtained using the
eigenvectors a and substltutmg them in Eq. (10). These quanti-
ties are converted to dimensional form to obtain the perturbed
quantities (i, a9, 49, p-9) in Eq. (6). Hence, for a given
input perturbation frequency, the corresponding most unstable
wavenumber, its spatial growth rate, and the perturbation flow
fields can be determined.
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2.5. Base flow field

The base flow field employed is a steady-state field on which
the perturbations are imposed. It automatically satisfies con-
tinuity and the momentum equations. This base flow has the
following form [11]

—R
=)

r
U = —UL*erf<

o
—R
=)

r
Us = —Uéerf( z

where the shear layer thicknesses in both liquid and gas are
given respectively by §; and d¢. A relation between U} and U( is
obtained by the continuity of shear stress at the interface, which
is given by

Ujet
(-1 + ke 3L>
w8

3. Software architecture

r € [0,R], (13a)

r € [R, H], (13b)

Ug = and U} = U — U (14)

3.1. Software framework

The current code is implemented in MatLab-v2017a and com-
patible with higher versions. Overall the code is divided into
three main scripts along with a validation script,
Validation_Lin_Gordillo.m, which could be run separately
to check the validation plots presented in Section 4. The three
scripts are given below:

» twoPJIT.m is the main script. It outputs the dispersion plots
and the perturbation field for the most unstable mode by
calling the Cylindrical_3D_solution.m and pertur-
bation.m, respectively.

» Cylindrical_3D_solution.m discretizes and solves the
system of governing equations along with boundary and
interfacial conditions.

» perturbation.m calls the Cylindrical_3D_solution.m
function to solve the problem at the most unstable mode
and then calculates the corresponding perturbation flow
fields.

3.1.1. Input parameters
Input parameters involve fluid and jet properties, the number
of G-L points, and the input frequency. This is given in Table 1.

3.1.2. Solution of governing equations

From the given input parameters above, the base flow field is
calculated using Egs. (13) and the coefficient matrices ((Co, Cy, C3))
are obtained. The linearized eigenvalue equation, given by Eq. (12)
is solved using the QZ-algorithm to obtain the eigenvalues and
eigenvectors. As mentioned in Section 2.4, the spurious eigenval-
ues are eliminated and the most unstable eigenvalue is chosen
from the set of legitimate eigenvalues, and the corresponding
eigenvector is determined. The residual error for the solution is
monitored to guarantee that the results are accurate.

3.1.3. Post processing and output

The displayed results consist of the growth rate, wavenumber,
and residual error for each input frequency. Additionally, the
dispersion curves and perturbation flow fields are plotted. Details
of these plots are included in Table 2. Also the frequency (w),
wavenumber (kg), and growth rate (—k;) corresponding to the
most unstable mode will be displayed in the output.
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Table 1

Input parameters entered in the code twoPJIT.m.

SoftwareX 18 (2022) 101011

Velocity of the liquid jet, Uy in m/s
Radius of the jet, R in m
Gas domain length, H in m

Properties of the jet

Densities of liquid (p;) and gas (pg) in kg/m?

Kinematic viscosities of liquid (v;) and gas (v¢) in m?/s
Surface tension coefficient (y) in N/m
Shear layer thicknesses in liquid (§;) and gas (8¢) in m

Mode of disturbance

Axisymmetric (m = 0) and Asymmetric (m = 1)

Input frequencies

Non-dimensional frequency (@)

Number of G-L points

Number of points in liquid (N;)
Number of points in gas (N¢)

0.025
—Re=1000
& 0.02 } |L*_Re=1000(Lin and Chen [1998])
|
£0.015}
T 001}
& 0.005 |

0 0.2 0.4 0.6 . 0.8 1
Wavenumber, kg

Fig. 2. Dispersion plot validated with [12] for axisymmetric mode with the
following properties: pc/pr = 0.0013, p¢/pnr = 0.018, Re = 1000, and We
= 400.

Table 2
Output plots.

Non-dimensional plots:

Growth rate, —k; vs Frequency, o

Growth rate, —l~<, vs Wavenumber, I~<R

Dimensional plots:

Growth rate, —k; in m~' vs Frequency, wy in rad/s
Growth rate, —k; in m~! vs Wavenumber, kg in m~

Dispersion plots

1

|ti;] in m/s vs r in m
|tig| in m/s vs r in m
|ii,] in m/s vs r in m
|p| in N/m? vs r in m

Perturbation fields

3.2. Software functionalities

The current code involves the following major functionalities:

» 3D, two-phase cylindrical jets with viscosity and surface
tension forces are considered.

» The code can handle both asymmetric and axisymmetric
modes.

» Shear layer thickness in both phases can be varied inde-
pendently. This is important because in most cases the vis-
cosity of both the fluids differs drastically and this leads
to a significant change in the shear layer thickness of both
phases.

» The code explicitly gives the most unstable mode for a given
set of input frequencies.

» The number of G-L points in liquid and gas domains can be
varied independently.

. -0.005
12
5 —m=0
—m=1
-0.025 x m=0 (Gordillo & P-Saborid [2005])
m=1 (Gordillo & P-Saborid [2005])
-0.03
0 0.5 1 15
Wavenumber, kg
(a)
0 »
= -0.005¢
Wi
< -001}
S 0015}
E —m=0
S 000 l__|—m
0.02 * m=0 (Gordillo & P-Saborid [2005])
m=1 (Gordillo & P-Saborid [2005])
-0.025
0 1 2 3
Wavenumber, kg
(b)

Fig. 3. Dispersion plot validated with [7], with pg/p; = 0.0012 and pug/pL =
0.018, for both axisymmetric and asymmetric modes for two different Reynolds
and Weber numbers (a) Re = 1010, We = 450 and (b) Re = 3367, We = 5000.

4. Validation

The code is validated against predictions published in [12], as
shown in Fig. 2, in which a quadratic profile was used for the base
velocity with an axisymmetric disturbance. For this validation
exercise the present code was changed from its original error
function to the quadratic profile. Another validation case involves
both axisymmetric and asymmetric modes considered by [7]. In
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Unperturbed interface
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1500
TN
—1o00f & %,
T 3 %,
< 50049 %
S d %
» %,
s of Soooureo
Lt:l
-500
0 2 4 6 8
Frequency, wg (s™) 4107

(b)

Dispersion plots for axisymmetric modes (m = 0): (a) spatial growth rate versus wavenumber and (b) spatial growth rate versus frequency.

-12
x10
2.5
-0- |ﬂﬂ]
o P Unperturbed interface

= f ~ " location, R
1 i

g 15 ¥

= L4

S

- [j] _
Unperturbed interface
~ " location, R

2:5
x107

15 2

Fig. 5. Perturbation flow field (a) radial component, (b) azimuthal component, (c) axial component and (d) pressure. Note that the value of azimuthal components
is very low. This is because of the axisymmetric (m = 0) mode where the azimuthal dependence is negligible.

this work, base velocity is constant in the liquid phase, and in
the gaseous phase, it is treated by an error function profile. Since
these cases involve different base velocity profiles, a separate
matlab script, Validation_Lin_Gordillo.m, is provided in
order to reproduce the results. The results are shown in Fig. 3.
From the comparisons (Figs. 2 and 3), it can be stated that good
agreement with published data is achieved with the 2PJIT tool.

5. Illustrative example

The example considered is a two-phase cylindrical flow with
Diesel-air conditions as shown in Table 3. The radius (R) and

velocity of the liquid jet (Ujet) considered for the analysis are
45 pm and 200 m/s, respectively. The boundary layer thicknesses
are §; = R/5 and §c = R, respectively, where Eq. (13) is used to
described the base flow profile.

In the execution of twoPJIT.m the following information is
entered:

» The first prompt involves the mode of instability (axisym-
metric or asymmetric). For axisymmetric mode, the value
will be 0 and for asymmetric mode the value will be 1. In
the current example axisymmetric mode is considered.
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Table 3

Fluid properties for the Diesel-Air example.
Phase p (kg/m?) w/p (m?[s) y (N/m)
Liquid 666.7 6.947 x 1077 0.02
Gas 50 3.76 x 1077 :

(b)

Fig. 6. 3D plot of the disturbed jet corresponding to the highest growth rate:
(a) axisymmetric perturbation and (b) asymmetric perturbation.

» The second prompt requests values of non-dimensional fre-
quencies (@g). This is entered using ‘linspace’ or ‘logspace’
function. A single value of (@g) also can be given as input. In
the current example linspace(0, 15, 40) is given as the input
WR.

» The third prompt is for the number of G-L points to be
considered in the liquid domain. The default value is 40.

» The fourth prompt is for the number of G-L points to be
considered in the gas domain. The default value is 70.

_For each value of @, entered, the code predicts the growth rate
(-k;) and wavenumber (kg). It also provides the residual error for
the linearized eigenvalue problem in Eq. (12), by considering the
L, norm as given by Eq. (15). Subsequently, an option is presented
to the user for choosing between the non-dimensional dispersion
plots or dimensional dispersion plots. The dimensional dispersion
plots obtained for the given example are shown in Fig. 4.

S O

Residual Error = H |:—IC1
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Table 4

Convergence of eigenvalues with N (N, = 40)
Ng Eigenvalue (I~<)
40 4.3083 +i0.055539
50 4.3085 +i0.05542
60 4.3084 + i0.055428
70 4.3085 + i0.055424

Table 5

Convergence of eigenvalues with N; (Ng = 70)
N, Eigenvalue (k)
10 4.3085 + i0.055416
20 4.3085 + i0.055424
30 4.3085 + i0.055424
40 4.3085 + i0.055424

(15)

The point with the highest growth rate in a given dispersion
curve is the most unstable mode. The frequency, wavenumber,
and the growth rate of the most unstable mode are displayed on
the screen, which in this case are 18.803 x 10° rad/s, 95743 m~,
and 1232 m~!, respectively. ~

The convergence of eigenvalues (k) are tabulated in Tables 4
and 5. It can be observed that the k converges when the number
of G-L points are 70 in gas (Table 4) and 40 in liquid (Table 5)
respectively. Since the height of the gas domain (H — R) is
greater than the liquid jet radius (R), more G-L points would be
required in the gas domain compared to the liquid domain for
convergence.

The perturbed flow field is obtained directly from the eigen-
vector, f, corresponding to the most unstable eigenvalue. As de-
scribed previously in Section 2.4, this eigenvector is a solution of
A-f—kB-f; thus, for any arbitrary constant, c, cf is also a solution
to the generalized eigenvalue problem. To avoid this ambiguity,
f is fixed by imposing that the radial velocity at the interface is
set to a fixed value corresponding to 1% of the injection velocity,
Ujer. This change has the added benefit that as the numerical
resolution is changed, the associated eigenvectors are anchored
to a specific value. Thus, numerically convergence can also be
checked with respect to this eigenvector. The perturbation flow
fields (|i-|, |figl, ||, |P|) are plotted with respect to the radial
position, r, as shown in Fig. 5. To provide a 3D visualization
of the jet surface with the perturbations corresponding to the
highest growth rate, an image is included in Fig. 6. For the sake of
comparison, an asymmetric disturbance (m = 1) is also shown.
In both images, the growth of the instability is observed as a
function of the axial coordinate, z.

6. Impact

The 2PJIT tool fills a gap in the existing literature by pro-
viding a software tool for the analysis of hydrodynamic insta-
bilities in 3D cylindrical jets. These types of jets generally char-
acterize the injection of liquids in various applications, includ-
ing liquid cooling of microelectronics, fuel injection, agricultural
sprays, post-combustion after-treatment strategies, among var-
ious heat transfer applications. The 2PJIT predicts the growth
of instabilities of these jets and thus provides information on
how the critical hydrodynamic breakup process of the liquid
eventually leads to droplet creation and spray formation. Other
alternatives in predicting the growth of instabilities are offered by
highly-resolved computational fluid dynamics simulations, which
are orders of magnitude more computationally expensive than
2PJIT. However, since there are no open-source codes available
to the author’s knowledge, which considers a general two-phase
cylindrical geometry, the 2PJIT tool helps fill this need.
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7. Conclusions

The main objective of the 3D, two-phase jet instability tool
(2PJIT) is to provide a generalized tool to analyze the spatial
stability of normal modes observed in two-phase shear flows
involving cylindrical coordinates. As opposed to various works in
the literature, in the present tool viscosity is considered in both
phases as well as surface tension. Using this tool, the unstable
perturbation modes, their frequency, wavenumber, and growth
rate can be predicted for arbitrary jet conditions.
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