10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

On Explicit Constructions of Extremely Depth
Robust Graphs

Jeremiah Blocki &4
Department of Computer Science, Purdue University, West Lafayette, IN, USA

Mike Cinkoske &
Department of Computer Science, University of Illinois at Urbana-Champaign, Urbana, IL, USA

Seunghoon Lee =24
Department of Computer Science, Purdue University, West Lafayette, IN, USA

Jin Young Son &
Department of Computer Science, Purdue University, West Lafayette, IN, USA

——— Abstract

A directed acyclic graph G = (V, E) is said to be (e, d)-depth robust if for every subset S C V of
|S| < e nodes the graph G — S still contains a directed path of length d. If the graph is (e, d)-depth-
robust for any e, d such that e + d < (1 — €)|V| then the graph is said to be e-extreme depth-robust.
In the field of cryptography, (extremely) depth-robust graphs with low indegree have found numerous

applications including the design of side-channel resistant Memory-Hard Functions, Proofs of Space
and Replication and in the design of Computationally Relaxed Locally Correctable Codes. In these
applications, it is desirable to ensure the graphs are locally navigable, i.e., there is an efficient
algorithm GetParents running in time polylog |[V'| which takes as input a node v € V and returns the
set of v’s parents. We give the first explicit construction of locally navigable e-extreme depth-robust
graphs with indegree O(log|V]). Previous constructions of e-extreme depth-robust graphs either
had indegree &(log? |V|) or were not explicit.
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On Explicit Constructions of Extremely Depth Robust Graphs

1 Introduction

A depth-robust graph G = (V, E) is a directed acyclic graph (DAG) which has the property
that for any subset S C V of at most e nodes the graph G — S contains a directed path of
length d, i.e., there is a directed path P = vy, ..., vgq such that (v;,v;11) € E for each i < d
and v; € V'\ S for each ¢ < d. As an example the complete DAG Ky = (V = [N,E =
{(i,7) : 1 <i < j < n} has the property that it is (e, d)-depth-robust for any integers e, d
such that e +d < N. Depth-robust graphs have found many applications in cryptography
including the design of data-independent Memory-Hard Functions (e.g.,[1, 3]), Proofs of
Space [9], Proofs of Replication [15, 11] and Computationally Relaxed Locally Correctable
Codes [7]. In many of these applications it is desirable to construct depth-robust graphs with
low-indegree (e.g., indeg(G) = O(1) or indeg(G) = O(log N)) and we also require that the
graphs are locally navigable, i.e., given any node v € V = [N] there is an efficient algorithm
GetParents(v) which returns the set {u : (u,v) € E} containing all of v’s parent nodes in time
O(polylog N). It is also desirable that the graph is (e, d)-depth robust for e,d as large as
possible, e.g., the cumulative pebbling cost of a graph can be lower bounded by the product
ed and in the context of Memory-Hard Functions we would like to ensure that the cumulative
pebbling cost is as large as possible [5, 3]. Some cryptographic constructions rely on an even
stronger notion called e-extreme depth-robust graphs G = (V, E') which have the property of
being (e, d)-depth-robust for any integers e, d such that e +d < (1 — €)N, e.g., see [15, 14].

Erdos, Graham, and Szemeredi [10] gave a randomized construction of (e, d)-depth-robust
graphs with e,d = Q(N) and maximum indegree O(log N). Alwen, Blocki, and Harsha [2]
modified this construction to obtain a locally navigable construction of (e, d)-depth-robust
graphs with constant indegree 2 for e = Q(N/log N) and d = Q(N). For any constant
€ > 0, Schnitger [17] constructed (e = Q(N),d = Q(N'~¢))-depth-robust graphs with
constant indegree — the indegree indeg(G) does increase as e gets smaller. These results are

essentially tight as any DAG G which is (%%@7 %)—reducible' for any ¢ > 1 [1, 18].
If indeg(G) = o(log N) then the graph cannot be (e, d)-depth robust with e,d = Q(N) and
similarly if indeg(G) = ©(1) plugging in i = O(loglog N) demonstrates that G cannot be

(e = w(Nloglog N/log N),d = w(N))-depth-robust.

Explicit Depth-Robust Graphs.

All of the above constructions are randomized and do not yield explicit constructions of
depth-robust graphs. For example, the DRSample construction of [2] actually describes a
randomized distribution over graphs and proves that a graph sampled from the distribution
is (e, d)-depth-robust with high probability. Testing whether a graph is actually (e, d)-depth-
robust is computationally intractable [8, 6] so we cannot say that a particular sampled graph
is depth-robust with 100% certainty. In fact, it might be possible for a dishonest party to
build a graph G = (V, E) which looks like an honestly sampled depth-robust graph but
actually contains a small (secret) depth-reducing set S C V| i.e., such that G — S does not
contain any long paths. Thus, in many cryptographic applications one must assume that the
underlying depth-robust graphs were generated honestly.

Li [13] recently gave an explicit construction of constant-indegree depth-robust graphs,
i.e., for any € > 0, Li constructs a family of graphs {Gx } such that each G has N nodes,

L If a DAG G is not (e, d)-depth-robust we say that it is (e, d)-reducible, i.e., there exists some set S C V
of size e such that G — S contains no directed path of length d.
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constant indegree, and is (Q(N17¢), Q(N'=€))-depth-robust. The construction of Li [13] is
also locally navigable, but the graphs are not as depth-robust as we would like. Mahmoody,
Moran, and Vadhan [14] gave an explicit construction of an e-extreme depth-robust graph
for any constant € > 0 using the Zig-Zag Graph Product constructions of [16]. However, the
maximum indegree is as large as indeg(G) < log® N. Alwen, Blocki, and Pietrzak [4] gave a
tighter analysis of [10] showing that the randomized construction of [10] yields e-extreme
depth-robust graphs with indeg(G) = O(log N) although their randomized construction is
not explicit nor was the graph shown to be locally navigable.

1.1 OQOur Contributions

We give explicit constructions of e-extreme depth-robust graphs with maximum indegree
O(log N) for any constant € > 0 and we also give explicit constructions of (e = Q(N/log N),
d = Q(N))-depth-robust graphs with maximum indegree 2. Both constructions are explicit
and locally navigable. In fact, our explicit constructions also satisfy a stronger property
of being d-local expanders. A J-local expander is a directed acyclic graph G which has
the following property: for any r,v > 0 and any subsets X C A = [v,v + r — 1] and
Y C B=[v+r,v+2r—1]of at least | X|,|Y| > ér nodes the graph G contains an edge (x,y)
with x € X and y € Y. We remark that the construction of Computationally Relaxed Locally
Correctable Codes [7] relies on a family of d-local expanders which is a strictly stronger
property than depth-robustness — for any e > 0, there exists a constant § > 0 such that any
d-local expander automatically becomes e-extreme depth-robust [4].

1.2 Our Techniques

We first provide explicit, locally navigable, constructions of §-bipartite expander graphs
with constant indegree for any constant § > 0. A bipartite graph G = ((A, B), E) with
|A| = |B| = N is a d-bipartite expander if for any X C Aand Y C B of size | X|,|Y| > 0N the
bipartite graph G contains at least one edge (x,y) € E with 2 € X and y € Y. The notion of
a 0-bipartite expander is related to, but distinct from, classical notions of a graph expansion,

e.g., we say that G is an (V, k, d)-expander if indeg(G) < k and for every subset X C A (resp.

Y C B) we have [IN(X)| > (1+d —d|X|/N)|X]| (resp. IN(Y)| > (1+d—d|Y]|/N)|Y]), where

N(X) is defined to be all of the neighbors of X, i.e., N(X) ={y € B: 3z € X s.t. (z,y) € E}.

(Notation: We use N(X) (resp. N) to denote the neighbors of nodes in X (resp. number of
nodes in a graph/bipartition).) Erdos, Graham, and Szemeredi [10] argued that a random
degree ks bipartite graph will be a d-bipartite expander with non-zero probability where the
constant ks depends only on §. As a building block, we rely on an explicit, locally navigable,
construction of (n = m? k = 5,d = (2 — v/3)/4)-expander graphs for any integer m due to
Gabber and Galil [12]. For any constant § > 0 we show how any (N, k, d)-expander graph
G with d < 0.5 and k = ©(1) can be converted into a d-bipartite expander graph G’ with
N nodes and maximum indegree indeg(G') = ©(1). Intuitively, the construction works by
“layering” £ = ©(1) copies of the (N, k, d)-expander graphs and then “compressing” the layers
to obtain a bipartite graph G’ with maximum indegree k' < k¢ — paths from the bottom
layer to the top layer are compressed to individual edges.

The depth-robust graph construction of Erdos et al. [10] uses d-bipartite expanders as a
building block. By swapping out the randomized (non-explicit) construction of J-bipartite
expanders with our explicit and locally navigable construction, we obtain a family of explicit
and locally navigable depth-robust graphs. Furthermore, for any € > 0 we can apply the
analysis of Alwen et al. [4] to obtain explicit constructions of e-extreme depth-robust graphs
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by selecting the constant § > 0 accordingly. Finally, we can apply a standard indegree
reduction gadget of Alwen et al. [3] to obtain an (e = N/log N, d = Q(N))-depth-robust
graph with indegree 2.

2 Preliminaries

We use [N] ={1,..., N} to denote the set of all integers between 1 and N and we typically
use V = [N] to denote the set of nodes in our graph. It is often convenient to assume that
N = 2" is a power of 2. Given a graph G = (V = [N], E) and a subset S C [N] we use G— S to
denote the graph obtained by deleting all nodes in S and removing any incident edges. Fixing
a directed graph G = (V = [N], E) and a node v € V, we use parents(v) = {u : (u,v) € E}
to denote the parents of node v and we let indeg(G) = max,c|y) |parents(v)| denote the
maximum indegree of any node in G. We say a DAG G is (e, d)-reducible if there exists a
subset S C [N] of |S| < e nodes such that G — S contains no directed path of length d. If G
is not (e, d)-reducible we say that G is (e, d)-depth-robust.

We introduce the notion of a d-bipartite expander graph where the concept was first
introduced by [10] and used as a building block to construct depth-robust graphs. Note
that the specific name “d-bipartite expander” was not used in [10]. We follow the notation
of [2, 4].

» Definition 1. A directed bipartite graph G = ((4, B), E) with |A| = |B] = N is called
a d-bipartite expander if and only if for any subset X C A, Y C B of size | X| > dN and
|Y| > 0N there exists an edge between X and Y.

» Remark 2. Observe that if G = ((4, B), F) is a d-bipartite expander then for any subset
X C A with |X]| > dN we must have [N(X)| > (1 — §)N where N(X) = {y € B: 3z €
X s.t. (z,y) € E} denotes the neighbors of X. If this were not the case then we could take
Y = B\ N(X) and we have |Y| > é N and, by definition of Y, we have no edges between X
and Y contradicting the assumption that G is a d-bipartite expander.

» Definition 3. A directed bipartite graph G = ((A, B), E) with |A| = |B| = N is called
an (N, k,d)-expander if |E| < kN and for every subset X C A (resp. Y C B) we have
IN(X)| > [1 +d (1 - %)} 1X| (resp. IN(Y)| > [1 +d (1 - KN')} Y|) where N(X) = {y €
B : Iz e X st (z,y) € E} (resp. N(Y)={x € A : Jye€ B s.t. (z,y) € E}).

Gabber and Galil [12] gave explicit constructions of (N = m?2 k = 5,d = (2 — /3)/5)-
expanders. Lemma 4 highlights the relationship between é-bipartite expanders and the more
classical notion of (N, k, d)-expanders.

» Lemma 4. Let 0 < d <1 and let § = %. If a directed bipartite graph G =
((A,B), E) with |A| = |B| = N is an (N, k,d)-expander for d < 1 then G is a d-bipartite
expander.

Proof. Consider an arbitrary subset X C A with |X| > N and let Y = B\ N(X). We want
to argue that |Y| < N or equivalently [N(X)| > (1—6)N. Without loss of generality, we may
assume that | X| < N (otherwise we have N(X) = B since [N(X)| > (1 +d(1 - |X|/N))|X| =
|X| = N). Since G is an (N, k, d)-expander, we have that [N(X)| > [1 +d (1 - ‘LNl)} |X| =
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41X|? + (d+ 1)|X|. Hence, for N > |X| > 6N, we have that

d
INCO| = = 1X P + (d+ 1)1

d 2
_N((SN) + (d+1)0N
> (1-9)N,

where the middle inequality follows from the observation that when d < 1, the function
f(z) = —£2? + (d + 1)z is an increasing function over the range 0 < 2 < N and the last

inequality follows from the choice of § = (d+2)_ V&4 gince d > L p 62 Now fixing an arbitrary
subset Y C B with |Y| > N and setting X = A\ N(Y), a symmetric argument shows that
|X| < §N. Thus, G is a §-bipartite expander. <

3  Explicit Constructions of /-Bipartite Expanders

In this section, we give an explicit (locally navigable) construction of a J-bipartite expander
graph for any constant § > 0. As a building block, we start with an explicit construction
of (N = m%k = 5,d = (2 — /3)/4)-expander due to Gabber and Galil [12]. Applying
Lemma 4 above this gives us a d-bipartite expander with 6 ~ 0.492 whenever N = m?2. To
construct depth-robust graphs we need to construct d-bipartite expanders for much smaller
values of § and for arbitrary values of NN, i.e., not just when N = m?
We overcome the first challenge by layering the (N = m?, k, d)-expanders of [12] to obtain
d-bipartite expanders for arbitrary constants § > 0 — the indegree increases as § approaches
0. We overcome the second issues simply by truncating the graph, i.e., if G is a §/2-bipartite
expander with 2N nodes then we can discard up to N/2 sources and N/2 sinks and the
remaining graph will still be a J-expander.

3.1 Truncation

By layering the (N, k, d)-expanders of Gabber and Galil [12] we are able to obtain a family
{Gm s}, of &-bipartite expanders for any constant § > 0 such that G,, has N = m?
nodes on each side of the bipartition and constant indegree. However, our constructions of
depth-robust graphs will require us to obtain a family {Hy s}3%_, of d-bipartite expanders
such that Hy s has N nodes on each side of the bipartition and constant indegree. In
this section, we show how the family {Hy 5}%_, can be constructed by truncating graphs
from the family {G,, s}7°_;. Furthermore, if the construction of G,, s is explicit and locally
navigable then so is Hy ;.

For each N we define m(N) := min,,.,2>n to be the smallest positive integer m such

that m? > N. We first observe that for all integers N > 1 we have m(N)? > N > m(N)?/2.

> Claim 5. For all N > 1 we have m(N)? > N > m(N)?/2.

Proof. The fact that m(N)? > N follows immediately from the definition of m(N). For the
second part it is equivalent to show that m(N)?/N < 2 for all N > 1. The ratio m(N)?/N

is maximized when N = (m — 1)2 + 1 for some m > 1. Thus, it suffices to show that
2 m—
(m—"{W < 2 for all m > 1 or equivalently 1+ % < 2. The function f(m) = M

is maximized at m = 2 in which case f(2) = 1. For all m > 2 we have 1 + % < 2 and
2(m 1)

when m = 1 we have 1 + =21 — 1 < 2 so the claim follows. <

is a perfect square.
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199 Suppose that for any constant § > 0 we are given an explicit locally navigable fam-
200 ily {Gums5}55_1 of d-bipartite expanders with Gy, 5 = ((Ams = {X1,..., Xm2}, Bms =
o {Y1,...,Y2}), Ens) with edge set B, 5 = {(X;,Y;) : i € GetParents(m,d,7) A j < m?}
202 defined by an algorithm GetParents(m, d, j). We now define the algorithm GetParentsTrunc(V, §, j) =
23 GetParents(m(N),d/2,7) N{1,..., N} and we define H,, 5 = ((Aly 5 = {a1,...,an}, B;V,(S =
20 {b1,...,bn}), By 5) with edge set By 5 = {(a;,b;) @ i € GetParentsTrunc(N,d,j) Aj < N}.
25 Intuitively, we start with a §/2-bipartite expander G, 5/2 with N' = m(N )2 nodes on each
26 side of the partition and drop N'— N < N’/2 nodes from each side of the bipartition to obtain
w1 Hy, 5. Clearly, if GetParents can be evaluated in time O(polylogm) then GetParentsTrunc
2s  can be evaluated in time O(polylog N). Thus, the family {Hy s}%_; is explicit and locally
20 mnavigable. Finally, we claim that H,, s is a d-bipartite expander.

20 B Lemma 6. Assuming that Gy, 5 is a 6-bipartite expander for each m > 1 and § > 0, the
ar graph Hy, 5 is a §-bipartite expander for each m > 1 and § > 0.

22 Proof. Consider two sets X C {1,...,N} and Y C {1,...,N} and set m = m(N). If
23 |X| > 6N and |Y| > 6N then by Claim 5 we have |X| > (6/2)m? and |Y| > (6/2)m?.
24 Thus, since G, 5/2 is a 0/2-bipartite expander and X,Y C {1,... ,m?} there must be
25 some pair (i,7) € X x Y with ¢ € GetParents(m,d/2,7). Since i < N we also have i €
as  GetParentsTrunc(N, d, j) = [N] N GetParents(m, 6/2, j). Thus, the edge (a;,b;) still exists in
a7 the truncated graph H,, 5. It follows that H,, ; is a d-bipartite expander. |

218 In the remainder of this section, we will focus on constructing G, 5. In the next subsection,
20 we first review the construction of (N = m? k = 5,d = (2—1/3)/4)-expanders due to Gabber
20 and Galil [12].

= 3.2  Explicit (N, k,d)-Expander Graphs

2 Let P, ={0,1,...,m —1} x {0,1,...,m — 1} be the set of pairs of integers (z,y) with
23 0<z,y <m—1. We can now define the family of bipartite graphs G,, = ((Am, Bm), Em)
2e where A, ={X,,; = (4,5) : (4,j) € Py} and B={Y;; = (4,7) : (4,j) € P }. The edge set
s FE,, is defined using the following 5 permuatations on P,,:

226 ooz, y) = (z,y),

27 o1(z,y) = (z,2 +y),

228 ooz, y) = (z,z+y+ 1),
229 o3(z,y) = (z+y,y),

239 os(z,y) = (x +y+1,9),

22 where the operation + is modulo m. Now we can define the edge set E,, as
23 E,, ={(Xy ;.Y )30 <k <4such that ox(i',5") = (4,5)}.

23 Gabber and Galil [12] proved that the graph G,, is a (N, k, d)-expander with N = m?
x5 nodes on each side of the biparition (A,, / Bn), k =5, and d = (2 — v/3) /4.

236 It will be convenient to encode nodes using integers between 1 and N = m? instead
a7 of pairs in P,. define PairToInt,,(z,y) = xm + y + 1, a bijective function mapping
s pairs (z,y) € {0,1,...,m — 1} x {0,1,...,m — 1} to integers {1,...,m?} along with the
= inverse mapping IntToPair,,(z) = ([Z1],(2 —1) mod m). We can then redefine the

m
u0  permutations over the set {1,...,m?} as follows 0’;(z) = PairToInt,, (g, (IntToPair,,(z)))
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and we can (equivalently) redefine G,, = ((Am, Bm), Em) where A, = {X1,..., X2},
={Y1,....Y2} and E,, = {(X;,Y;) : 1 <j < m?Ai€ GetParentsGG(m,j)}. Here,
GetParentsGG(m 7) = {o0(5),01(4), 02(5), 05(5), 94(5) }-

3.3 Amplification via Layering

Given that we have constructed explicit §-bipartite expanders with constant indegree for
a fixed & > 0, we will construct explicit d-bipartite expanders with constant indegree for
any arbitrarily small § > 0. The construction is recursive. As our base case we define
GY = Gun = ((Am,Bn), Em) where Ay, = {X1,..., X2}, B = {Y1,..., Y2} and
En = {(X:,Y;) + 1 <j<m?Ai€ GetParentsGG(m,j)} as the (N = m?,k = 5,d =
(2 — V/3)/4)-expander of Gabber and Galil [12] and we define GetParentsLayered' (m, j) =
GetParentsGG(m, j). We can then define GiF1 = ((4,,, Bm), EifY) where A, = { X1, ..
By = {Y1,..., Y} and B = {(X;,Y)) : 1< j <m? Ai € GetParentsLayered ™ (m, )}
where GetParentsLayered ™ (m, j) = U’ GetParentsca(m,j) GetParentsLayered’(m, j’). Intuit-
ively, we can form the graph G, by stacking ¢ copies of the graph G,, and forming a new
bipartite graph by collapsing all of the intermediate layers. See Figure 1 for an illustration.

o

Oy

— I
(b) (c)

Figure 1 (a) One copy of an (N, k,d)-expander. Here, we remark that each input node has
exactly k edges such that the total number of edges is kN. (b) Stack the graph ¢ times to get a
graph with (£ + 1) layers. The snaked edges from the third to ¢ layer indicates that there are
connected paths between the nodes. (¢) Generate a new bipartite graph by collapsing all of the
intermediate layers. A node u on the bottom layer I1 has an edge to a node v on the top layer O if
and only if there is a path in the original graph.

We note that |GetParentsLayered™" (m, j)| < k x |GetParentsLayered’ (m, j)| < k. The-
orem 7 tells us that amplification by layering yields a d-bipartite expander. In particular,
there is a constant Ls such that G?, is a §-bipartite expander whenever i > Ls. By our
previous observation this graph has indegree at most k%% which is a constant since k and L
are both constants.

» Theorem 7. For any constant § > 0, there exists a constant Ls such that for any i > Ls
the graph G%, is a §-bipartite expander with N = m? nodes on each side of the partition.

Proof. Fixany subset Y* C [N] of size [Y?| > dN. Let Y'' =,y GetParentsGG(m, j), and

12:7
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2 recursively define Yt = ),y GetParentsGG(m, j). Since Y' = |,y GetParentsLayered’ (m, j),

s it suffices to argue that |Y?| > (1 — §) N whenever i > Ls = [%—‘ + 1. To see this,

%6 we note that for each i > 0, either

27 (1) |Y?| has already reached the target size (1 — §)N, or

(2) Y+ > [1 +d (1 - %)] Y| > (1 + d&)|Y?| since GetParentsGG defines an (N, k, d)-
269 expander.

2o It follows that |V > min{(1 — )N, (1 + d6)'6N}. Now we want to find i such that
o (14d8)'SN = (1 — §)N; solving the equation we have i = %. Thus, for : = Ls — 1
o we have |Y?| > (1—6)N and for i > Ls we have |Y?| > (1—4)N. Thus, for i > Ls the graph
o G is a d-bipartite expander, i.e., for any subsets X,Y C [N] of size |X| > N = dm? we

N
S
-3

2 must have | X N oy GetParentsLayeredi(m,j)’ > 0 as long as i > L. <

s 3.4 Final Construction of /-Bipartite Expanders

s Based on the proof of Theorem 7, we can define Ls = {%-‘ +1, Gps = GEs | and

27 obtain Hy s by truncating the graph G,,(n),5/2- The edges are defined by the procedure
2 GetParentsBE(N, 8, j) = [N]NGetParentsLayered”/2 (m(N), j) — the procedure GetParentsBE
a9 is short for “Get Parents Bipartite Expander”. Formally, we have Hys = ((Ay =
280 {al, . ,aN}, By = {bl, RN bN}), EN,&) where EN,(; = {(ai, b]) 1€ GetParentsBE(N, 5,])}

Ls
m (&)

s Corollary 8. Fiz any constant 6 > 0 and define Ls = [%-‘ + 1. The graph G

22 a §-bipartite expander and the graph Hy 5 is a 0-bipartite expander for any integers m, N > 1.

s Proof. By Theorem 7 GEs is a §-bipartite expander. To see that Hy s is a d-bipartite
2 expander we simply note that G,,,(ny,5/2 is a 0 /2-bipartite expander and apply Lemma 6. <

x 4  Explicit Constructions of Depth Robust Graphs

26 We are now ready to present our explicit construction of a depth-robust graph. For any
27 N = 2" we define the graph G(6, N) = ([N], E(0, N)) with edge set E(5, N) = {(u,v) : v €
28 [IN] A u € GetParentsEGS(d, v, N)}. The procedure GetParentsEGS(d,v, N) to compute the
20 edges of G(0, N) relies on the procedure GetParentsBE which computes the edges of our
20 underlying bipartite expander graphs. We remark that our construction is virtually identical
21 to the construction of [10] except that the underlying bipartite expanders are replaced with
202 our explicit constructions from the last section.

Algorithm 1 GetParentsEGS(4, v, N)

1. procedure GETPARENTSEGS(4,v, N)

2 P={v—4n,...,v—1}

3 for t =1 to [log, v] do

4 m = |v/2!]

5: x =v mod 2

6 B = GetParentsBE (2", Ls /5,2 + 1)

7 for y € B do

8 P=PU{(m—14)2'+y :1<i<min{m,10}}
9 return PN{l,..,N}
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Note that for any constant § > 0 and any integer n > 1, the graph G(§, N) defined by
GetParentsEGS(4,-, N) has N = 2" nodes and maximum indeg indeg(G(d,N)) = O(n) =
O(log N).

Erdos, Graham, and Szemeredi [10] showed that the graph G(§, N) is a d-local expander
as long as the underlying bipartite graphs are §/5-bipartite expanders.

» Theorem 9 ([10]). For any 6 > 0 the graph G(6, N) is a -local expander.

Theorem 10 says that any d-local expander is also (e,d = N — eH'Y) depth-robust for

any constant v > 2§. The statement of Theorem 10 is implicit in the analy51s of Alwen et al.

[4]. We include the proof for completeness.

» Theorem 10. Let 0 < § < 1/4 be a constant and let v > 25. Any d-local expander on N
nodes is (e,d = N — 1+7) depth-robust for any e < N.

Proof. Let G be a d-local expander with § < 1/4 and v > 26 and let S C [N] denote an
arbitrary subset of size |S| = e. To show that G — S has a path of length d = N — eﬁz we
rely on two lemmas (Lemma 11, Lemma 12) due to Alwen et al. [4]. We first introduce the
notion of a y-good node. A node x € [N] is y-good under a subset S C [N] if for all r > 0
we have |I.(x)\S| > v|I.(z)| and |} (x)\S| > v|I}(z)|, where I,.(z) = {x —r —1,...,2} and
Ii(z)={z+1,....,z+r}

» Lemma 11 ([4, 10]). Let G = (V = [N], E) be a d-local expander and let x <y € [N] both

be v-good under S C [N] then if § < min(vy/2,1/4) then there is a directed path from node x
to node y in G — S.

» Lemma 12 ([4]). For any DAG G = ([N], E) and any subset S C [N] of nodes at least
N — |S|}f—z of the remaining nodes in G are y-good with respect to S.

Applying Lemma 12 at least d = N — eH—Y/ nodes vy, ...,vq are v-good with respect to S.

Without loss of generality, we can assume that v; < v < ... <wvg. Applying Lemma 11 for

each ¢ < d, there is a directed path from v; to v;41 in G — S. Concatenating all of these

paths we obtain one long directed path containing all of the nodes vy, ...,v4. Thus, G — S

contains a directed path of length d = N — eiﬁz |
As an immediate corollary of Theorem 9 and Theorem 10 we have

» Corollary 13. Let 0 < § < 1/4 be a constant and let v > 26 then the graph G(6,N) is
(e,d =N — e}+7) depth-robust for any e < N.

4.1 Explicit Extreme Depth-Robust Graphs

We also obtain explicit constructions of e-extreme depth-robust graphs which have found
applications in constructing Proofs of Space and Replication [15], Proofs of Sequential
Work [14], and in constructions of Memory-Hard Functions [4].

» Definition 14 ([4]). For any constant ¢ > 0, a DAG G with N nodes is e-extreme
depth-robust if and only if G is (e, d)-depth-robust for any e +d < (1 —¢)N.

When we set d. appropriately the graph G(de, N = 2") is e-extremely depth robust.

» Corollary 15. Given any constant € > 0 we define 6. to be the unique value such that
1+e= ﬂ'gg if e < 1/3 and 6. = d1/3 for e > 1/3. For any integer n > 1 the graph
G (e, N = 2™) is e-extreme depth robust.
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Proof. Set v = 2.1 and observe that d;,3 < 0.07 < 1/4 and for € < 1/3 we have
de < 61/3 < 1/4s0 we can apply Corollary 13 to see that G(de, N = 2") is (e,d = N—eif%:}iz )-
depth robust for any e < N. Since i—gﬁge = (1 + €) it follows that the graph is e-extreme

depth robust. <

4.2 Depth-Robust Graphs with Constant Indegree

In some applications it is desirable to ensure that our depth-robust graphs have constant
indegree. We observe that we can apply a result of Alwen et al. [3] to transform the
DAG G(§,N) = (V = [N], E(4, N)) with maximum indegree S = (5 into a new DAG
Hs n = ([N] x [8], E'(6, N)) with N’ = 2N nodes and maximum indegree 2. Intuitively,
the transformation reduces the indegree by replacing every node v € [N] from G(§, N) with a
path of 28 nodes (v,1),...,(v,253) and distributing the incoming edges accross this path. In
particular, if v has incoming edges from nodes vy, ...,vs in G(J, N) then for each ¢ < § we
will add an edge from the node (v;,253) to the node (v, ). This ensures that each node (v, 1)
has at most two incoming edges. Formally, the algorithm GetParentsLowlndeg(d,v’, N) takes
as input a node v’ = (v,4) and (1) initializes P’ = {(v,i — 1)} if ¢ > 1, P/ = {(v —1,28)} if
i=1and v >1and P’ = {} otherwise, (2) computes P = GetParentsEGS(d, v, N), (3) sets
u = PJi] to be the ith node in the set P, and (4) returns P’ U {(u,20)}. It is easy to verify
that the algorithm GetParentsLowlndeg runs in time polylog IV.

» Corollary 16. Let 0 < § < 1/4 be a constant and let v > 25 then the graph Hs n is

(e,d=Np — eﬁ%) depth-robust for any e < N.

Proof. (Sketch) Alwen et al. [3] showed that applying the indegree reduction procedure above
to any (e, d)-depth-robust graph with maximum indegree § yields a (e, dS3)-depth-robust
graph. The claim now follows directly from Theorem 9 and Theorem 10. <

5 Conclusion

We give the first explicit construction of e-extreme depth-robust graphs G = (V = [N], E)
with indegree O(log N) which are locally navigable. Applying an indegree reduction gadget
of Alwen et al. [3] we also obtain the first explicit and locally navigable construction of
(Q(N/log N),Q(N))-depth-robust graphs with constant indegree. Our current constructions
are primarily of theoretical interest and we stress that we make no claims about the practicality
of the constructions as the constants hidden by the asymptotic notation are large. Finding
explicit and locally navigable constructions of (¢; N/ log N, co N)-depth-robust graphs with
small indegree for reasonably large constants c1,co > 0 is an interesting and open research
challenge. Similarly, finding explicit and locally navigable constructions of e-extreme depth-
robust graphs G = (V = [N], E) with indegree ¢ log N for smaller constants c. remains an
important open challenge.
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