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ABSTRACT. Solutions to the 2D Navier-Stokes equations with full dissipation in
the whole space R? always decay to zero in Sobolev spaces. In particular, any per-
turbation near the trivial solution is always asymptotically stable. In contrast, so-
lutions to the 2D Euler equations for inviscid flows can grow rather rapidly. An in-
termediate situation is when the dissipation is anisotropic and only one-directional.
The stability and large-time behavior problem for the 2D Navier-Stokes equations
with only one-directional dissipation is not well-understood. When the spatial
domain is the whole space R2, this problem is widely open. This paper solves this
problem when the domain is T x R with T being a 1D periodic box. The idea here
is to decompose the velocity u into its horizontal average @ and the corresponding
oscillation u. By making use of special properties of @, we establish a uniform
upper bound and the stability of u in the Sobolev space H2, and show that @ in
H' decays to zero exponentially in time.

1. INTRODUCTION

Let T = [0, 1] be a one-dimensional (1D) periodic box and let 2 = TxR. Consider
the 2D incompressible Navier-Stokes equations with only horizontal dissipation,

ou+u-Vu=—-Vp+voqu, z€8,t>0,
V-u=0, (1.1)
u(z,0) = uo(x),

where u denotes the velocity field of the fluid, p the pressure and v > 0 the viscosity.
Here 0, is the abbreviation of the partial derivative 0,,. In certain physical regimes
and after suitable rescaling, the 2D Navier-Stokes equations become degenerate and
reduce to the model in (1.1). One outstanding example is Prandtl’s equation (see,
e.g., [4,7,8]).

When the spatial domain is the whole space R?, the global existence and regular-
ity of solutions to (1.1) relies on the Yudovich approach and the upper bound on the
Sobolev norms is double exponential in time. The stability of perturbations near the
trivial solution remains an open problem, let alone the precise large-time behavior
of these perturbations. This paper focuses on the domain €2 specified above. The
goal is two-fold. The first is to establish a uniform upper bound on the Sobolev
norms of solutions to (1.1), and the second is to assess the stability of perturbations
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and pinpoint the exact large-time behavior of these perturbations. The results pre-
sented in this paper appear to be the very first ones devoted to understanding the
2D anisotropic Navier-Stokes equations. We shall explain some of the difficulties
associated with the uniform upper bound and the stability problem.

Mathematically the model in (1.1) is intermediate between the 2D Euler equations
and the 2D Navier-Stokes equations with full dissipation. The 2D Euler equations
given by

owu+u-Vu=—Vp,
V-u=0

represent the simplest but one of the most frequently used models for incompressible
ideal fluids. There have been considerable recent interests on the precise large-time
behavior of its solutions. One particular issue is whether the vorticity gradient can
grow double exponentially in time. Here the vorticity w = V X u is transported by
the velocity field,

Ow +u-Vw = 0.

The vorticity gradient in any Lebesgue norm LP with 2 < p < oo admits an upper
bound that grows double exponentially in time. A significant problem is whether or
not the double exponential growth rate is sharp [11]. Kiselev and Sverak were able
to construct an explicit initial vorticity on a unit disk for which the corresponding
vorticity gradient indeed grows double exponentially [5]. A general bounded do-
main appears to share this property [13]. Whether or not such examples can be
constructed in R? remains an open problem. Other important results on related
issues can be found in several references (see, e.g., [2,3,15]). As a special conse-
quence of these growth results, perturbations near the trivial solution of the 2D
Euler equations are in general not stable in the Sobolev setting. In contrast, the
Sobolev norms of solutions to the 2D incompressible Navier-Stokes equations

V-u=0 (1.2)

{8tu+u-Vu: ~Vp+vAu, x€R? t>0,
always decay algebraically in time (see, e.g., [9,10]). In particular, perturbations
near the trivial solution of (1.2) are always asymptotically stable in the Sobolev
space H?*(R?).

When the dissipation is degenerate and is only one-directional as in (1.1), it is
not clear how the solution would behave. In the case when the spatial domain is
R2, the global existence and regularity relies on the Yudovich approach designed
for the 2D Euler equations [14]. The essence of the Yudovich approach is that the
vorticity w = V x u is bounded for all time. We can show via the Yudovich approach
that any uy € H*(R?) with s > 2 leads to a unique global solution of (1.1). The
solution remains in H® for all time, but the H®-norm of the solution could grow
rather rapidly in time. An upper bound on ||u(t)||gs is double exponential in time,

eCHw || o0t
lu@®llms < (luollm)™ ", (1.3)
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where wy = V X ug is the corresponding initial vorticity and C'is a pure constant. It
remains an open problem whether or not the upper bound in (1.3) is sharp. Another
immediate issue is whether or not we can lower the regularity of the initial data to
up € H?(R?*). Due to the Yudovich approach, the initial vorticity wy = V X ug
is required to be in L>(R?), which in turn forces uy € H*(R?) with s > 2. If we
want to lower the regularity assumption to H?(R?), we need a different approach.
Unfortunately the lack of dissipation in the vertical direction makes it impossible to
control the growth of its solution without the boundedness of the vorticity. When
we resort to the energy method to bound Vw, namely

d
%Mvw@m;44mwzvuum;::—;/vm.vu.vwda

the one-directional dissipation fails to control the nonlinearity. In fact, the nonlinear
part contains four component terms

Hard = - Vw - -Vu-Vwdz
R2
= - / 81u1 ((91CU)2 dr — / (91162 81w 820.1 dx
R2 R2
0oty Ohw Oqw dx — Doty (Oow)? dx (1.4)
R2 R2

and the last two terms in (1.4) do not admit a time-integrable upper bound. This
explains the difficulty of seeking a solution in H? as well as lowering the exponential
upper bound. This is also the main reason why the stability problem on (1.1) in R?
remains a mystery.

When the spatial domain is 2 = T x R, this paper is able to obtain the global
existence and regularity in the H2-setting and provide a uniform upper bound on
the H?-norm of the solution. By offering an upper bound depending explicitly
on the initial data, this paper also proves the stability of perturbations near the
trivial solution. More importantly, we establish the precise large-time behavior
of the solutions. The main idea here is to separate a physical quantity into its
horizontal average and the corresponding oscillation. More precisely, for a function
f = f(x1,22) integrable in z; on T, we define the horizontal average

ZZAf@h@yml (1.5)

and write
f=Ff+f (1.6)
Clearly f also represents the zero-th horizontal Fourier mode of f. This decomposi-

tion is very useful due to some of the associated fine properties. For example, f and

f are orthogonal in L?, namely the inner product (f, f ) = 0 and as a consequence,
for any f € L*(Q),

||f||%2(sz) = ||f||%2(9) + ||f||%2(9)
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In addition, a strong Poincaré type inequality holds,

[flle2@) < Cllo1fllz2)-

By applying this decomposition to the velocity field, namely writing u = @ + u and
taking advantage of the special properties of u such as the Poincaré type inequality,
we are able to establish suitable upper bounds for the nonlinear terms in (1.4),
which in turn leads to a global and uniform upper bound for ||u||g2. This explicit
upper bound also implies the stability of perturbations near the trivial solution. In
addition, by writing the evolution equations of the oscillation u, we also able to
prove that the H'-norm of @ decays to zero exponentially in time. More precisely,
the following theorem holds.

Theorem 1.1. Let T = [0,1] be a 1D periodic box and let Q@ =T x R. Let v > 0.
Consider (1.1) in Q. Assume ug € H*(2) and V -ug = 0. Then (1.1) has a unique
global solution u that obeys the global and uniform H? bound,

t
Hu(t)“ip_i_y/o‘ Halu(T)H%ﬂ dTS HuoH?{ZGC(HUOH‘;ﬂ+||UOH§{1) (17)

for some constant C' > 0 and for all t > 0. In particular, (1.7) implies the stability
of any perturbation near the trivial solution.

Assume the initial data ||ug|| g2 is sufficiently small. Let u be the corresponding
solution. Let u denote the oscillation of u, defined as in (1.6). Then the H'-norm
of w decays to zero exponentially in time, namely

(@) llzrr < ol e
for some Cy > 0 and for all t > 0.

The rest of this paper proves Theorem 1.1.

2. PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. A crucial idea in the proof
is to decompose the velocity u into its horizontal average # and the corresponding
oscillation part u. We establish and take advantage of some special properties of
this decomposition and those of u. To facilitate the proof, we list several frequently
used facts on the decomposition as lemmas.

Lemma 2.1. Let f and f be defined as in (1.5) and (1.6). Then

f:07 w:alfzoa m:ana 5;?:82}\:
If a vector field F satisfies V - F' =0, then
V-F=0 and V-F=0.
For any f € L*(2), we have
(£, 1) =0, 1220 = 1172 + 1 FI200),

where (f, f) denotes the L*-inner product.
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All the items in Lemma 2.1 can be directly verified by the definition of f and f
The next lemma assesses that the oscillation part f obeys a strong Poincaré type
inequality with the upper bound in terms of 0, f instead of V f.

Lemma 2.2. Let f and f be defined as in (1.5) and (1.6). IfH@lfHLz < 00, then
1120 < ClOL 20,

where C' is an absolute constant. In addition, if |\alf\|H1 < 00, then
HfHLOO(Q) < CHalfHHl(Q)

The next two lemmas provide anisotropic upper bounds for the L*°-norm of a
function on §2 and for the triple product integral defined on 2. They are simple but
powerful tools for dealing with anisotropic models. Such anisotropic upper bounds
on the whole space R? with d = 2, 3 have been discovered and used by many authors
(see, e.g., [1,12]). For a 1D function f = f(xs) satisfying f € H'(R),

[RAIPENE <\f|\fHL2 w) 1021122, my- (2.1)

However, when the domain is bounded such as T, this type of inequalities would
necessarily contain the L?-part. More precisely, if f = f(x;) satisfying f € H'(T),

1 1
£l e () < V2 1ANZ2, oy 19111z, (y + I F Lz, cmy- (2.2)

As a consequence of (2.1) and (2.2), we obtain the anisotropic upper bounds in the
following lemma.

Lemma 2.3. If a function f = f(x1,12) on Q satisfies f € H*(QY), then
Il < Ol (2@ + 100 fllz2e) * 10261720

X (102fr2) + 10102 f || r2() * - (2.3)
In addition, the integral of the triple product over £ is bounded by

/Qfghda7 S Oz (N2 + 100 122)2 gl 22 1029112 (1Al 22 (2.4)

For the convenience of the readers, we provide a proof for this lemma.

Proof. Applying Holder’s inequality in each direction, Minkowski’s inequality, and
(2.1) and (2.2), we have

ghdx

< [ fllez ree 19l Lo 2. [P 22

27T 27T

< N fllez, ree Ngllez, e 1] 2

< C I3 100715, + 1 Flaz,

2
L3,

1 1
2 2
< lgliz2, I2agl s, Il
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< CANZ (e + 101 £1122) N1gllZ2 1829172 17| 22-

Here || f|lz2, rs represents the L°°-norm in the z;-variable, followed by the L?-norm

in the zo-variable. To prove (2.3), we again use Holder’s inequality, Minkowski’s
inequality, and (2.1) and (2.2),

1 1
I flless e < € 1712, 19a115,

‘Lgﬁ

< C ||l

1
2
g [

1
2

2
L3,

1

2
2

L3,

1 1
< 171 10712, + 171,

1 1
< 1021175 Nondaflz, + 1102111,

L2,
< CfIIZ (fllzz + 101 fll2)* 10211172

X (|02 |2 + 10102f|22) " -
This completes the proof of Lemma 2.3. U

If we replace f by the oscillation part f, some of the lower-order parts in (2.2),
(2.3) and (2.4) can be dropped, as the following lemma states.

Lemma 2.4. Let f and [ be defined as in (1.5) and (1.6). Then

1fllLggm < C ||f||igl(1r) ||81f||igl(1r)' (2.5)

As a special consequence,

~ ~ 1 ~ 1 ~ 1 ~ 1
[l < C HfHIfQ(Q)“@lfHEQ(Q) ”a2f||f2(ﬂ) H3182f||z2(9) (2.6)

/Q]?ghdx

Proof. (2.6) and (2.7) in this lemma can be shown similarly as those in Lemma
2.3. The only modification here is to use (2.5) instead of (2.2). Since (2.5) does
not contain the lower-order part, the inequalities in this lemma do not have the
lower-order terms. 0

and

< ClAZ 100 £ 122 gl 2> 1029117 (1Al 22 (2.7)

~ 1 1
< Cllouflie2 Nlgllzz 1029172 7]l 2

We are ready to prove Theorem 1.1.

Proof. To establish the global existence and stability of the solutions to (1.1), the
first step is the local existence result, which can be proven by the standard contrac-
tion mapping argument together with a local-in-time a priori bound. The portion
with the contraction mapping argument is standard and can be found in the book [6].
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We shall just provide the local a priori bound. Taking the inner product in H? of
u with the first equation in (1.1), we find

d
Eﬂm@ﬂ@2+2WWﬂm%::—%/VMan~dem (2.8)
Q

where ||ul|7. = [Jull7. + [[Vul]72 + [[Aul|7.. By Holder’s inequality and (2.3) in
Lemma 2.3,

—Q/Vu-Vw-dex < 2||Vu| || Vwl|32
Q

C[Vulli, ([Vullz + 10Vl 2) 7 [0Vl
% (10:V 22 + 32Vl p2)F [ Vel 2:

C (IVullmr + 1: V1) Vo2

Vol +C (lullde + llullls)

Inserting this upper bound in (2.8) leads to a differential inequality that assesses
the local upper bound for ||u||g2. The local well-posedness follows as a consequence.

IA A

To prove the global existence and stability result, we need to obtain the uniform
in time H? estimate. It is easy to see that, due to V- u = 0,

t
lu()IZ> + 2V/0 10ru(T)[22 dr = [[uollZ2, (2.9)

t
IVu(®)|lz + 2V/ 10y Vu(r)l[Z2 dr = [ Vuoll7:, (2.10)
0

where we have used
/(uVu) -Audx = 0.
Q

To bound the H2-norm, we resort to the vorticity equation,

Oww +u-Vw = vijw. (2.11)
Taking the inner product of Vw with the gradient of (2.11), we have
1d
§wwwm@+w@vw§:—/vawvmm:wx (2.12)
We further write N into four terms,
N = —/81u1 (81w)2 dr — /81u2 0w Oow dx

—/agul 81w 82w dr — /82’&2 (82w)2 dz
= Nji+ Ny + N3+ Ny.

N; and Ny can be bounded directly. By Lemma 2.1, 0;u = 0 and dyu = 0ju. By
Lemma 2.2, Lemma 2.4 and Young’s inequality,

|N1’ == ‘—/81ﬂ131w81c~udx
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IN A
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INIA
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1 1 1 1 _
Cll0vtn |72 |0101tn || 2 |01w]| 72 10:0100]l 12 [|010] 2
1 1
Clloruall 72 101 Vur | 72 01wl 2 (|01 Vw]| 2
v
Cllovull =0Vl [[Vllz: + 10 Vw72

‘—/aﬁg 81@82wdm

1 L L .1
C||ovus| 72 |0101us]| 72 (01072 (02010 72 [| Do || 22
1 1 N
C[|Ovus| 72 |01 Vus| 72 |01 VW&|| 2 || Oow]| 2
14
C ||0vul| 21|00 Vul| g2 || V|72 + §|’31VW||%2~

The estimate of Nj is slightly more delicate.

Ny = —/82u1(91w82wdx——/82(?114-51)31@32(@"‘&)6195

= - / (32111 81& 82(1} dx — /82u1 81(:) 82& dx

—/82ﬁ1 816:1 82(11 d:v—/@ﬂl 816:) 826:) dx
N31 + N3z + N3z + Nag.

The first term N3; is clearly zero,

N31 = — / 62’&1 82@ /81(:)1 dl’l d,TQ =0.
R T

To bound N3y, we first use (2.7) of Lemma 2.4 and then Lemma 2.2 to obtain

and

| N3o|

| Vs3]

IN

IAINA

VAN

IN

IN

IA A

IN

1 Gl .1
C'[|0atir || 22 [|O1@]| 72 (| 0201 ]| 2 [|020| 2 [|010200 | 72

1 B
C |0zt || 2 [|01@0]| 72 |010500] [ .2
C [|02ull 72 [|0wwl][72 + [[01 V]2
1%
ClluollF IVullz: 101Vl 7: + T3 101 Vewl|72

1 PO U L

C|1020| 22 [|Ozur || 2 |0102ua [| 72 [|010] 72 |02010] [ 7
1 " L
C'[|Oow]| 2 [|010102u1 || 72 |01 V]| 2 ([ 02010 72

C ||0sw]| 2 |01 V@ 72 |01 V]| 2 [| 01 VG| 7
C'||0sw|| 2 |01 V|| 12]|01 V@ | 2

14
CllonVulzz Vel + Flon Vel
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N34 can be similarly bounded as N3s. N4 can also be bounded similarly.

|N4| == '/81ﬂ1 (82@ + 626’:1)2 dx

= '2/61171 82(;)82& dm—l—/@lﬂl (82(:3)2 dx

1 ., L L .1
C (10201 2 + (|00 2) |01 ua [| 2 [|020111 | 72 (| 0201 72 (0102011 72
1%
C l|0vull 2100 Vul| 2 | Vewl|72 + EH@VWH%?-

IN

IN

Thus,
IN| <C ([|0vu]|: + 101 VulZ:) Vw2
1%

Inserting (2.13) in (2.12), combining with (2.9) and (2.10) and integrating in time
yields the desired inequality in (1.7),

t
sup [[u(r)|| % + v / 181 (r) || dr < g 2zl Fluolpn),
0<r<t 0

Next we show the desired exponential decay. We first write the equations of
u = (uq,uy). Taking the average of (1.1)

8,5@1 + 82(21/12) = 0,
8tﬂ2 + 82(1@ = 82]5, (214)
(92112 - 0

Taking the difference of (1.1) and (2.14), we find

Oty + 01 (uf) + Op(uruy — 72“2) = —01p + vonu,
atﬂg + 61 (U,1U2) + 82(u§ — U%) = —62]3'4— 1/61162, (215)
o1y + Orin = 0.

Taking the inner product of (4, us) with (2.15) yields
d, - -
E||u(t)||§2 + 2v]|ul|7. = Ky + Kz 4 K3 + Ky, (2.16)
where

K, = —/Hl Oh(ud)de, K,y= —/ﬂl Oa(uyugy — uyuz) de,

K3 = —/62 O (uug) dz, Ky = —/ﬂg Do (u2 — u2) du.
By 01uy = 01u; and Lemma 2.2,

K| = ‘—2/%”1 Oruy dz| < [Jur|[poe [Jua |2 [|Ovua ]| 2

< C w2 |01 [|7--
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K3 can be bounded similarly,
| Ks| < 20|l ulle 101l 2 < C [lull 2| 01217

To bound K», we write u = @ + u and

Uty — Uty = Uy U + U Uy + Uy Uy — Uy Uz
= Uy U + Uy Uy + Uy Us (2.17)
and thus
82(u1u2 - UllLQ) = 82(1?1 ﬂg) + 82(122 61) + 82(ﬂ1 172)

= Uy Doty — U101Uy + U0xuy + O2(Uy Us).

Therefore, by Lemma 2.4,

|[Ko| =

— /61 (ﬁg 82711 — ﬁlaﬁll + 528261 + 82(61 ?72)) dx

1 1 1
< C|Oatin ||z [[un || 72 |01t || 2 [[ua]| 2 | O2tiz]| 7

- —
At || 2 [|02 (U1 u2) || 22,

where we have used
/61 (v 8161 dr =0 and /ﬂl Uo 82ﬂ1 dr = 0.

By Lemma 2.2 and V - u = 0, we have
[ur][zz < Cll01un][r2 < C'||Oval| 1z,
|G|z < C|Oruz|[2 < C'||O1ul| 2,
|02t 2 = (|01t || 2 < [[O1u]| 2.
Using these inequalities and |||z < || f|l .2, K> is bounded by
K| < C 0ot |2 |0va172 + 1T || 22 [|02(U U2)| 22
< Cl0yun ||z |01 72 + | 22 ([ | oo 10120 2
Flurllze 102w ] rge 22, U212 1s
C (02t [| 22 + [t || 22) [|017]| 72
K, can be similarly estimated and
|Ky| < C lull 2| 0|72

Inserting these upper bounds in (2.16) yields

IN

d, - -
Nl + (20 = CJlullu2) 01272 < 0. (2.18)

According to the stability result established above, if ¢ > 0 is sufficiently small and
lluo|lzz < e, then ||u(t)||gz < Ce and

2v—C||lul|lgz > v.

(2.18) and Lemma 2.2 then yields the desired exponential decay for ||| .
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Next we show the exponential decay of |Vu(t)|| 2. We start by taking the gra-
dient of the velocity equation in (2.15) and then dotting with Vu to obtain
1d

S IV + 0V = Q1+ Q2+ Qs + Qs

where

Q= [ Vi Vo) dn, Qo= [V Vosturus - wm) dr

Qs = _/va’g Vo (uyug) de, Q4= —/Va’z - Vo (u3 — ud) da.

All terms can be bounded suitably. In fact, by Lemma 2.2,

|Q1| =

—Q/V’El . (Vu1 (‘3161 + u181Vﬂl) dx

< Ol V1210 Vil v 5 10:00 1
||z [V || z2 [|01 V|| 2
< Cllui]lm2)|00 Vi |7
(3 can be bounded similarly and
|Qs| < C |lullg2[10: V]| 72
By (2.17),

—_—

Q2 = — / Vg - V0o (g s + Uytg + Uy tz) do
= Qa1 + Qa2 + Q3.
Writing ()27 more explicitly,
Qo = — / Vuy - (VOauy s + 11 Vs + Vi Oatig + 0oty Vg ) dx
and applying Lemma 2.4 and then Lemma 2.2, we obtain

Qul < V||V |2, 10 Vi |2, ]| 2. | 9siia) 2
[t || Lo (| VL || 2 [| VOatia || 12
A N A A A A PO A A DA TS
A AT AP A TN ATA PR oA A
< Cllullge |72,

The estimate for (oo is similar and the upper bound is the same.

Q23] =

- / Vi, - VO, (tiytis) da

= ‘_/8177/1 81(92(61\52) dx—/azﬁl 325’2(51\52)6113

< ||Ontnze (|02 (i) || L2 + ||020201 || 22| D2 (Ur ) || 2
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< 1Ot e (|02 (urtia) || 2 + ||020204 || 2] D2 (Ur ) || 22
< C||010vun]| 2 ||l Lo [| 02| 2

0202t || 12 (U2l 2, ros (|02t |12, Lee + [[Unllrz, ree [|02U2| 12 129)
< Cullazl|0va]

The upper bound for @, is the same. Combining the estimates for ||u| 2 and
|Vt g2, we find that

d ~ ~
Flall7 + 2 = Cllulla2) |01 5 <0,

which leads to the desired exponential decay in H'. This completes the proof of
Theorem 1.1. 0
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