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ABSTRACT

We combine ab initio molecular electronic Hamiltonians with a cavity quantum electrodynamics model for dissipative photonic modes and
apply mean-field theories to the ground- and excited-states of resulting polaritonic systems. In particular, we develop a non-Hermitian config-
uration interaction singles theory formean-field ground- and excited-states of themolecular system strongly interacting with a photonicmode
and apply these methods to elucidating the phenomenology of paradigmatic polaritonic systems. We leverage the Psi4Numpy framework to
yield open-source and accessible reference implementations of these methods.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
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I. INTRODUCTION

The interaction between molecular excitations and nanocon-
fined photons can produce the requisite strong interactions for
polaritonic chemistry.1±32 Motivated by a desire to provide a realistic
picture of the molecular structure under the influence of strong pho-
tonic interaction, there has been a recent surge in the activity focused
on merging ab initiomolecular electronic structure theory with cav-
ity quantum electrodynamics (ab initio CQED) to provide an accu-
rate and predictive model of polaritonic chemistry.11,26,29,33±38 Such
efforts include combining CQED with density functional theory
(DFT) or its time-dependent extension (TDDFT),33,38±42 reduced
density matrix mechanics,37 and wavefunction theory using the
coupled-cluster ansatz.26,29,31,36 These approaches can provide access
to potential energy surfaces, couplings, and other properties of inter-
est for simulating the structure and the reactivity of polaritonic
chemical systems.

The role of photonic dissipation or cavity losses on polaritonic
structure and dynamics has recently been discussed in a number
of studies utilizing model Hamiltonians,20,25,27,32 although, to our

knowledge, the effort to pursue ab initio CQED methods has not
explicitly included photonic loss. In this context, photonic dissipa-
tion refers to the finite lifetime of occupied photonic modes that
exist within a cavity. Photonic dissipation occurs because the pho-
tons confined within a cavity can couple to the material degrees
of freedom that exist in the cavity itself (which can be significant
when considering plasmonic cavities), and also to the continuum of
modes that exist outside the cavity (which causes leakage of photons
in Fabry±Perot cavities, for example).20,27,43 In this work, we present
a simple ab initio CQED method for treating ground and excited
polaritonic states with explicit inclusion of photonic lifetimes via
a non-Hermitian cavity quantum electrodynamics±configuration
interaction singles approach (NH-CQED-CIS). This approach pro-
vides a simplification for the couplings between photon andmaterial
degrees of freedom that contribute to photon dissipation and sub-
sumes these complicated interactions into a complex frequency
of the photon that quantifies the sum of all photon dissipation
rates.27,43 Setting the imaginary part of the frequency to zero in this
approach implies a lossless photonic mode that is perfectly isolated
from the environment and returns the formulation to a Hermitian
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CQED-CIS theory. We implement this approach in the coherent
state basis that results from the solution of the CQED-Hartree-Fock
(CQED-HF) equations. Both the Hermitian and non-Hermitian for-
mulations of CQED-CIS in the CQED-HF basis contain additional
couplings to the CQED-HF reference which are not present in
canonical CIS theory, and as a result, our method also provides both
ground- and excited-states information about the molecular system
coupled to a cavity mode. We endeavor to provide a detailed pic-
ture of the key equations and algorithmic considerations for both
the CQED-HF and NH-CQED-CIS approaches and, therefore, pro-
vide detailed equations of NH-CQED-CIS in the main text, detailed
equations for CQED-HF in Appendixes A±C, and reference imple-
mentations of both methods through the Psi4Numpy project.44 We
apply both methods to the analysis of several paradigmatic systems,
including the ground-state polaritonic structure of formaldehyde
coupled to cavity modes that can modify the symmetry of the
ground-state wavefunction and the polaritonic potential energy sur-
faces of the magnesium hydride ion coupled to a lossy photonic
mode. We also compute the approximate photon occupation of
ground-state obtained fromNH-CQED-CIS in the ultra-strong cou-
pling regime for a variety of loss rates, showing qualitative agreement
with the analysis found in Ref. 6.

II. THEORY

We start with the Pauli±Fierz Hamiltonian in the dipole
approximation in the length gauge, written in atomic units, follow-
ing Refs. 26, 29, and 34,

Ĥ ≙ Ĥe + Ĥp + Ĥdse + Ĥep, (1)

where

Ĥe ≙

Ne

∑
i

T̂e(xi) +
Ne

∑
i

NN

∑
A

V̂eN(xi;XA) +
Ne

∑
i

Ne

∑
j

V̂ee(xi, xj) +VNN , (2)

with T̂e(xi) denoting the electronic kinetic energy operator for
electron i, V̂eN(xi;XA) being the (attractive) coulomb opera-
tor for electron i and nucleus A, V̂ee(xi, xj) being the (repul-
sive) coulomb operator for electrons i and j, and VNN being
the total (repulsive) coulomb potential between all of the nuclei.
Within the Born±Oppenheimer approximation, VNN is a constant,
the nuclear kinetic energy is neglected, and the electron-nuclear
attraction depends parametrically on the fixed nuclear coordi-
nates. The photonic contribution is captured by the complex
energy,

Ĥp ≙ ω̃b̂
²
b̂, (3)

and the photon±molecule interaction contains a bilinear coupling
term,

Ĥep ≙ −

√
ω̃

2
(λ ⋅ (μ̂ − ⟨μ⟩))(b̂ ²

+ b̂), (4)

and a quadratic dipole self-energy term,

Ĥdse ≙
1
2
(λ ⋅ (μ̂ − ⟨μ⟩))2. (5)

In the above-mentioned equations, b̂ ² and b̂ are the bosonic raising
and lowering operators for the photonic degrees of freedom, respec-
tively, and ω̃ ≙ ω − i γ2 is a complex frequency of the photon, with the
real part ω being related to the energy of the photon and the imag-
inary part γ/2 being related to the dissipation rate of the photonic
degree of freedom.20,27,43 The term ⟨μ⟩ represents the ground-state
molecular dipole expectation value, which has the Cartesian com-
ponents, ξ, where ξ ∈ {x, y, z}. A given ξ-component of the dipole
operator has the form μ̂ ξ ≙ ∑Ne

i μ̂
ξ(xi) + μξnuc, where μ̂ ξ(xi) is an

operator that depends on electronic coordinates, and within the
Born±Oppenheimer approximation, we treat the Cartesian compo-
nents of the nuclear dipole moment μξnuc as functions of the nuclear
coordinates rather than a quantum mechanical operator. Note that
the shift of the Hamiltonian by ⟨μ⟩ results from the transforma-
tion to the coherent state basis.26 In the presented NH-CQED-CIS
theory, we will utilize an orbital basis that arises from solving the
CQED-RHF equations arising from a Hermitian total Hamiltonian,
where only the real part of ω̃ is retained. The CQED-RHF method
has been described elsewhere,26,29 although we provide a brief out-
line in Appendixes A±C. Also, provided in Appendixes A±C is an
expansion of the Ĥdse term that explicitly shows where the one-
electron dipole, one-electron quadrupole, and two-electron dipole
operator terms that appear in the NH-CQED-CIS matrix elements
come from. We also note that the formulation presented here con-
siders only a single photonic mode; generalizations to multiple
photonic modes can be formulated by introducing additional fre-
quencies and coupling parameters for each additional modes in the
Ĥp, Ĥep, and Ĥdse terms. In particular, the multimode version would

read as Ĥp ≙ ∑iω̃ib̂
²

i b̂i, Ĥep ≙ −∑i

√
ω̃i

2 (λi ⋅ (μ̂ − ⟨μ⟩))(b̂²

i + b̂i), and
Ĥdse ≙ ∑i

1
2(λi ⋅ (μ̂ − ⟨μ⟩))2.

A mean-field description of the excited-states of the molecu-
lar system strongly interacting with photonic degrees of freedom,
and a correction to the ground-state that contains coupling between
the CQED-RHF reference and simultaneous electronic and photonic
excitations, may be obtained through a configuration interaction
singles (CIS) ansatz. Here, we formulate a non-Hermitian version
of such an ansatz, NH-CQED-CIS, that incorporates the dissipative
features of the photonic degrees of freedom. In our presentation,
we formulate NH-CQED-CIS in the coherent state basis by using
the orbitals that result from the CQED-RHF approach outlined in
Appendixes A±C.

The polaritonic energy eigenfunctions for state I in the NH-
CQED-CIS ansatz can be written as a linear combination of the
CQED-RHF reference and the products of all possible single electron
excitations out of the CQED-RHF reference. The CQED-RHF refer-
ence involves the product of an electronic Slater determinant with
the photon vacuum state ∣Φo⟩∣0⟩, so single excitations can occur as
electronic excitations from an occupied orbital ϕi to a virtual orbital
ϕa, the raising of the photon number state from ∣0⟩→ ∣1⟩, or both.
We, therefore, write the NH-QED-CIS wavefunction for state I as

ΨI ≙ c
0
0∣Φ0⟩∣0⟩ + c10∣Φ0⟩∣1⟩ +∑

i,a
c
0
ia∣Φa

i ⟩∣0⟩ +∑
i,a
c
1
ia∣Φa

i ⟩∣1⟩, (6)
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where the coefficients c denote the contribution of a given term to
the wavefunction and we have denoted the electronic excitations
in the subscript and the photonic excitations in the superscript of
these coefficients. For the case of multiple modes, the photonic basis
states will be augmented to consider all possible combinations of
the occupations of those modes within a maximum photon num-
ber. These coefficients, and the corresponding energy eigenvalues
for a given NH-CQED-CIS state I, may be obtained by diagonal-
izing the Hamiltonian matrix built in the basis shown in Eq. (6).

We spin adapt this basis such that ∣Φa
i ⟩ ≙ 1√

2
(∣Φaα

iα ⟩ + ∣Φaβ
iβ ⟩), where

α and β label the spin orbitals as being occupied by spin-up and
spin-down electrons, respectively. There are three classes of matrix
elements that contribute to the Hamiltonian matrix, and we write
each class of matrix elements after shifting the total Hamilto-
nian in Eq. (1) by ECQED−RHF . The matrix elements involving the
CQED-RHF electronic Slater determinant ∣Φ0⟩ and photonic states

∣s⟩ and ∣t⟩, where s, t ∈ {0, 1}, involve only the (complex) photonic
energy,

⟨s∣⟨Φ0∣Ĥ − ECQED−RHF ∣Φ0⟩∣t⟩ ≙ ω̃ tδst . (7)

Matrix elements coupling ∣Φ0⟩∣s⟩ to ∣Φa
i ⟩∣t⟩ involve only the Ĥep

contributions,

⟨s∣⟨Φ0∣Ĥ − ECQED−RHF ∣Φa
i ⟩∣t⟩ ≙ −√ω̃√t + 1δs,t+1∑

ξ

λξμξia

−

√
ω̃
√
tδs,t−1∑

ξ

λξμξia. (8)

Matrix elements coupling different singly excited electronic and/or
photonic states involve all terms of the Hamiltonian, including the
canonical CIS terms,

⟨s⟨Φa
i ∣Ĥ − ECQED−RHF ∣Φb

j ⟩∣t⟩ ≙ (εa − εi + dc + ω̃ t)δijδabδst + δst(2(ia∣jb) − (ij∣ab)) + 2δst∑
ξ,ξ′
λξλξ

′

μξiaμ
ξ
jb − δst∑

ξ,ξ′
λξλξ

′

μξijμ
ξ
ab

+

√
t + 1 δs,t+1δijδab

√
ω̃

2
λ ⋅ ⟨μ⟩ +√t δs,t−1δijδab

√
ω̃

2
λ ⋅ ⟨μ⟩ −√t + 1 δs,t+1δijδab

√
ω̃

2
∑
ξ

∑
k

λξμξkk

−

√
t δs,t−1δijδab

√
ω̃

2
∑
ξ

∑
k

λξμξkk −
√
t + 1 δs,t+1δij

√
ω̃

2
∑
ξ

λξμξab −
√
t δs,t−1δij

√
ω̃

2
∑
ξ

λξμξab

+

√
t + 1 δs,t+1δab

√
ω̃

2
∑
ξ

λξμξij +
√
t δs,t−1δab

√
ω̃

2
∑
ξ

λξμξij. (9)

Since this NH-CQED-CIS Hamiltonian is non-Hermitian, the
left and right eigenvectors, which we will denote as ΨL

I and Ψ
R
I for

the left and right eigenvectors for the NH-CQED-CIS state I, respec-
tively, are not simply complex conjugates of each other. However,
the left and right eigenvectors can be chosen to be biorthogonal,
where biorthogonality implies that45

⟨ΨL
I ∣ΨR

J ⟩ ≙ δIJ . (10)

Using a biorthogonal basis enables one to compute the expectation
values for a given state I (e.g., the energy or dipole moment) or the
transition values between states I and J (e.g., the transition dipole
moment) using the left and right eigenvectors as the bra and ket
states,45

⟨OI⟩ ≙ ⟨ΨL
I ∣Ô∣ΨR

I ⟩ (11)

and

⟨OIJ⟩ ≙ ⟨ΨL
I ∣Ô∣ΨR

J ⟩. (12)

In our reference implementation, we enforce biorthogonality by
using a scheme based on LU decomposition.

TABLE I. Change in total CQED-RHF energy (ΔE in eV) and percentage relative
changes in different contributions to the total CQED-RHF energy for three different
polarizations of a photonic mode with magnitude ∣λ∣ = 0.1 a.u. The terms Δ1E and
Δ2E denote the changes in the RHF one- and two-electron energies, respectively,
and the terms Δ1de, Δ2de, Δ1qe, and Δdc

denote changes in the CQED-RHF one-
electron dipole, two-electron dipole, one-electron quadrupole, and dipole constant
terms, respectively.

Total Canonical RHF Cavity contributions

ΔE (eV) % Δ1E % Δ2E % Δ1de % Δ1qe % Δ2de % Δdc

λy

0.925 −229 230 0 209 −110 0

λz

1.110 −178 179 −31 431 −316 15

λyz

1.034 −200 201 −16 329 −222 8
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FIG. 1. Comparison of the HOMO
and LUMO+1 orbitals of formaldehyde
uncoupled to a photon mode (top) and
strongly coupled to a photon mode polar-
ized along the y±z axis (bottom), where
strong coupling results in a change in
symmetry from C2v to Cs.

III. REFERENCE IMPLEMENTATIONS

We provide reference implementations by using Psi4Numpy,44

which provides a simple NumPy interface to the Psi446 quan-
tum chemistry engine. The code for these reference implemen-
tations can be freely accessed in the hilbert package47 and the
Psi4Numpy project.48 Furthermore, to provide a no-installation
option for interested users to experiment with these implementa-
tions, we utilize the ChemCompute project49 to host the illustrative
calculations discussed in Sec. IV. Interested users can navigate to
https://chemcompute.org/register to register for a free ChemCom-
pute account. Following the registration, interested users can run
calculations described in Table I in Sec. IV using the link within
Ref. 50, the calculations described in Fig. 1 using the link within
Ref. 51, the results described in Table II and Fig. 2 using the link
in Ref. 52, the results illustrated in Fig. 3 using the link within
Ref. 53, the results illustrated in Fig. 4 using the link within Ref. 54,
and the results in Figs. 5 and 6 in Appendixes A±C using the link
within Ref. 55.

IV. RESULTS

We apply the CQED-RHF and NH-CQED-CIS approaches to
a few simple polaritonic chemical systems. First, we examine the
ground-state of formaldehyde strongly coupled to a single pho-
ton mode, which has been explored by several groups that have

TABLE II. Changes in the ground-state energy predicted by the NH-CQED-CIS
method relative to the canonical RHF energy as well as the CQED-RHF energy in
atomic units. Calculations were performed with a fixed magnitude of ∣λ∣ = 0.1 a.u. for
the λz and λyz polarizations. NH-CQED-CIS method calculations were performed to
reflect formaldehyde coupling to a photon with hω = 10.4 eV.

Relative to RHF Relative to CQED-RHF

Polarization ΔE (eV) ΔE (eV)
λz 0.811 −0.318
λyz 0.771 −0.266

been developing density functional theory-based ab initio-QED
methods.11,38 We optimize the geometry of lone formaldehyde at
the RHF/cc-pVDZ level and perform all calculations at that geom-
etry (see Ref. 50). At this level, the RHF ground-state has a dipole
moment oriented purely along the z axis with ⟨μ⟩z ≙ −1.009 a.u.
The CQED-RHF equations are solved for a fixed magnitude of the
coupling vector ∣λ∣ ≙ 0.1 a.u. with the following three polarizations:

λy ≙ (0, ∣λ∣, 0), λz ≙ (0, 0, ∣λ∣), and λyz ≙ (0, ∣λ∣√2
, ∣λ∣√

2
). This value of

λ is quite large and leads to a coupling energy scale h̵g ≈ h̵
√

ω
2 λμ

≈ 1 eV, which is ∼10 times larger than the single molecule coupling
strength reported by Chikkaraddy et al.4 However, as in Ref. 31,
where the same couplingmagnitude was considered to illustrate cav-
ity modifications to intermolecular interactions, we note that such
coupling strengths could be conceivable considering that experi-
mental cavities will have many modes and the effective coupling
arises as the norm of all the mode coupling parameters.

The ground-state energy, as predicted by the CQED-RHF
method, departs from the RHF energy in all three cases, with the
largest deviation coming from λz case (see Table I), which would
be expected, given that the permanent dipole moment is oriented
along the z axis. However, the deviations seen by the λy and λyz
cases point to subtle effects arising from the quadrupolar terms in
the quadratic self-energy and the two-electron contribution to the
quadratic self-energy. To quantify these various contributions, we
look at the changes in the various contributions to the CQED-RHF
energy with and without coupling to the photon field. For exam-
ple, we define the change in the canonical RHF one-electron energy
resulting from the photon field in the λyz case as

Δ1E ≙∑
μν

2hμνD
λyz
μν − 2hμνDμν, (13)

where D
λyz
μν are the elements of the converged CQED-RHF density

matrix in the λyz case and Dμν are the elements of the CQED-RHF
density matrix in the absence of coupling to a photon (i.e., the
canonical RHF density matrix). We tabulate the changes in these
various CQED-RHF contributions for the λz , λy, and λyz cases in
Table I.
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FIG. 2. Dominant single excitations from
the CQED-RHF reference that con-
tribute to the NH-CQED-CIS ground-
state wavefunction when formaldehyde
is coupled to a photon with ω = 0.382
a.u. (hω = 10.4 eV) polarized along
the z axis with λz = 0.1 a.u. (left) and
y − z axis (right) with λy = λz = 0.1/

√
2

a.u. (right).

The one-electron quadrupolar and two-electron dipolar terms
that arise from Ĥdse typically comprise the largest changes to the
CQED-RHF energy from the three polarizations considered in
Table I. However, the changes in the canonical RHF one- and two-
electron terms (denoted by Δ1E and Δ2E) suggest that changes to
the ground-state electron density via the CQED-RHF orbitals arise
from coupling to the cavity modes. Although these changes largely
cancel each other in the total energy (i.e., Δ1E ≈ −Δ2E in all three
cases), it is, nevertheless, interesting to view the impact of cavity cou-
pling on the CQED-RHF orbitals. The RHF orbitals for the HOMO
(2B2) and LUMO+1 (6A1) of formaldehyde uncoupled to a pho-
ton are compared to their corresponding CQED-RHF orbitals for
the λyz case (7A′ and 8A′), where the orbitals are noticeably dis-
torted (see Fig. 1). The reshaping of the CQED-RHF orbitals in the
λyz case results in a loss of symmetry from C2v to Cs and impacts
both ground-state energy and properties. As seen in Table I, there
is no one-electron dipole contribution to the energy shift in the
λy case since the ground-state dipole moment is oriented purely
along the z axis. However, in the λyz case, the distortion of the
ground-state orbitals results in a reorientation of the dipole moment
to point along the yz axis with value ⟨μ⟩ ≙ (0,−0.025,−1.16) a.u.
We see that this reorientation of the ground-state dipole moment
is accompanied by the changes in the ground-state energy specif-
ically attributable to the one-electron dipolar terms, CQED-RHF
Fock operator (see Table I). In principle, this change in ground-
state dipole moment could be experimentally confirmed through
rotational spectroscopy. In particular, because the oscillator strength
of a given transition involves integrals over the dipole moment
f ∝ ∣∫ 2π

0 ∫
π
0 dϕdθψi(θ,ϕ)μ̂(θ,ϕ)ψf (θ,ϕ)∣2, and the dipole moment

in the cavity-coupled case takes on an orientation dependence

compared to the lone molecular case, the oscillator strengths in the
cavity case would be modified in turn.

Turning to the NH-CQED-CIS Hamiltonian, it can be seen
that, unlike the canonical CIS method, the NH-CQED-CIS method
couples single excitations of the electronic and photonic terms
to the CQED-RHF reference state. Specifically, it can be seen in
Eq. (8) that the CQED-RHF wavefunction can couple to states that
involve singly excited electronic configurations and singly occupied
photon states. This coupling can lower the energy of the lowest
energy eigenstate of the NH-CQED-CIS Hamiltonian relative to the
ground-state determined by the CQED-RHF method (see Table II).
The cavity-induced modification to the symmetry of the CQED-
RHF wavefunction has important consequences for which singly
excited configurations can contribute to the ground-state.We exam-
ine the impacts of this cavity effect again with formaldehyde coupled
to a lossless photon with ω ≙ 0.382 a.u. (10.4 eV), which is approx-
imately resonant with the first two dipole allowed transitions at the
CIS/cc-pVDZ level of theory (see Ref. 52). We consider the same
coupling magnitudes as before, this time focusing only on the λz and
λyz cases. The polarization vector in the λz case belongs to the A1

irrep of the C2v point group, while the polarization vector in the
λyz case belongs to the A′ irrep of the Cs point group. In Fig. 2,
we present the dominant singly excited contributions to the NH-
CQED-CIS ground-state in the λz and λyz cases. We, indeed, see
a slightly more permissive mixing of singly excited configurations
into the NH-CQED-CIS ground-state in the λyz case due to the
lower symmetry of the wavefunction. We report the changes in the
ground-state energy as predicted by the NH-CQED-CIS method rel-
ative to the canonical RHF method and the CQED-RHF method in
Table II.
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FIG. 3. Polaritonic surface of MgH+ coupled to a photon with (top) hω̃ = 4.75
eV and (bottom) hω̃ = 4.75±0.45i eV with λz = 0.0125 a.u. We see evidence of
strong coupling via splitting of the surfaces where the ∣X , 1⟩ and ∣A, 0⟩ states are
resonant when the photon energy is purely real, and we see the splitting vanish
when the imaginary part of the photon energy is large compared to the interaction
energy.

As a second illustrative example of the NH-CQED-CISmethod,
we consider the upper-polariton (∣UP⟩) and lower-polariton (∣LP⟩)
states that emerge from coupling MgH+ to a photon resonant with
the ground-state to first singlet excited-state (∣X⟩→ ∣A⟩) transi-
tion.25 We consider the photon to be polarized along the z axis,
in alignment with the relevant transition dipole moment, with
λz ≙ 0.0125 a.u. This time, we allow the photon to have complex
energy where the imaginary part accounts for photonic dissipation,
which can also be related to the energy uncertainty of the photonic
mode.27 We consider the real part of the photon energy to be 4.75 eV
and the imaginary part to be either 0 eV or 0.45 eV. This value
of λ leads to a coupling energy scale h̵g ≈ h̵

√
ω
2 λμ ≈ 0.1 eV, which

is comparable to the single molecule coupling strength reported

FIG. 4. Approximate photon occupations of the NH-CQED-CIS/cc-pVDZ ground-
state of MgH+ at a bondlength of 2.2 Å as a function of the relative coupling energy

scale, g/Re(ω̃), and the dissipation energy scale γ. In this case, g ≈
√

ω̃
2
λzμz

for MgH+, where λz = 0.0125 a.u., Re( hω̃) = 4.75 eV. We see the approximate
quadratic scaling of the photon occupation with the relative coupling strength in the
ground-state at all loss rates, in agreement with the analytical findings discussed
in Ref. 6.

by Chikkaraddy et al.4 Similarly, the dissipation energy scale of
0.45 eV corresponds to approximately a 10 fs lifetime, which is
shorter but on a similar order to the lifetimes of the plasmonic reso-
nances reported in Ref. 4. We specifically chose this value because it
represents the γ ≙ 4g threshold at which the Rabi splitting of polari-
tonic surfaces associated with strong coupling disappears.6,27 For
context to the lifetime of the plasmonic cavities in Ref. 4, one can
infer photonic lifetimes from the scattering linewidth of their bare
plasmonic cavity setup, which are ∼115 meV, suggesting a lifetime
of around 38 fs.

The two lowest-lying excited-states of NH-CQED-CIS with
both photon frequency values are plotted as a function of the
bondlength for values between 1.3 and 2.7 Å with increments of 0.1

FIG. 5. Potential energy surface of the ground-state of MgH+ as computed by the
RHF/cc-pVDZ, CQED-RHF/cc-pVDZ, and NH-CQED-CIS/cc-pVDZ methods.
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FIG. 6. Comparison of eigenvalues of the lower- and upper-polariton states as
computed by the NH-CQED-CIS/cc-pVDZ method and the model Hamiltonian in
Eq. (14) parameterized by CIS/cc-pVDZ methods for MgH+ with a bondlength of
2.2 Å coupled to a photon with energy 4.75 eV at variable coupling strengths.

Å (see Ref. 53) in Fig. 3. In addition to computing these polariton
surfaces at the NH-CQED-CIS/cc-pVDZ level, we compute these
polaritonic surfaces at the same values of the MgH+ bondlength R
using a model three-level Hamiltonian,

H ≙

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

EX +
(λ ⋅ ⟨μX⟩)2

2
0 0

0 EX + ω̃ +
(λ ⋅ ⟨μX⟩)2

2

√
ω̃

2
λ ⋅ μXA

0

√
ω̃

2
λ ⋅ μXA EA +

(λ ⋅ ⟨μA⟩)2
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(14)
where EX (⟨μX⟩) and EA (⟨μA⟩) denote the ground-state and first sin-
glet excited-state energies (dipole moments), respectively, and μXA
denotes the transition dipole moment between states X and A. The
ground-state energies and dipole moments for each value of R are
calculated at the RHF/cc-pVDZ level, and the excited-state energies,
dipole moments, and transition dipolemoments are calculated at the
CIS/cc-pVDZ level (see Ref. 53). The polaritonic surfaces obtained
from diagonalizing Eq. (A8) are referred to as the ªModel LPº and
ªModel UPº surfaces in Fig. 3. We see with a pure real photon
energy, the ∣LP⟩ and ∣UP⟩ surfaces experience a strong splitting in the
region where the ∣X, 1⟩ state (the ground-state plus a photon) crosses
the ∣A, 0⟩ state (the first excited-state without a photon). It should
be noted that the NH-CQED-CIS curves are typically slightly stabi-
lized compared to the Model LP and UP curves. We have already
seen that the CQED-RHF method can provide orbital relaxation
in the presence of cavity coupling that would not be available to
the Model LP and UP solutions, and the NH-CQED-CIS wave-
function also includes additional variational flexibility through the
excitations coupled through the Ĥdse and Ĥep terms. It is interesting
to consider when such deviations between the NH-CQED-CIS and
simpler model Hamiltonians arise; we explore this question with the
MgH+ system as a function of fundamental coupling strength λ in
Appendix C. For a strongly dissipative photon, we see that both the
model and CQED-CIS curves closely approximate the CIS curves

for the lone molecules, which signals that this system is not in the
strong-coupling regime. The loss of strong coupling, in this case,
arises because the dissipative energy scale of the photon is signifi-
cant compared to the interaction energy scale between the photon
and the molecular transition.27 This echos a fundamental condition
for strong coupling that the interaction strength hg must be large
compared to the dissipation energy scale hγ, specifically h̵g > h̵ γ

4 .
If this condition is not satisfied, then the energy splitting between
the interacting states vanishes. The imaginary part of the frequency
giving rise to the curves shown in the bottom panel of Fig. 3 was
specifically chosen so that h̵g < h̵ γ

4 , leading to the vanishing of the
splitting that is observed in the top panel of Fig. 3.

As a final illustrative example, we examine the approximate
ground-state photon population of the MgH+ system for coupling
strengths approaching the ultra-strong coupling regime, defined
when the coupling energy scale is commensurate with the bare
excitations in the system, e.g., g ≈ Re(ω̃). We approximate the
ground-state photon occupation as Np ≙ ∣c10∣2 +∑ia∣c1ia∣2, where the
c coefficients are taken from the lowest root of the NH-CQED-
CIS Hamiltonian matrix. We see an approximate quadratic depen-
dence of the photon occupation in the ground-state as a func-
tion of relative coupling strengths independent of the dissipation
energy scale (see Fig. 4). The results of this analysis agree qualita-
tively with the analytical analysis of the ground-state populations
of the ground-state wavefunctions of dissipative systems in the
ultra-strong coupling regime by De Liberato.6 An important point
raised by this work is that features associated with the ultra-strong
coupling regime (e.g., virtual photon occupation in the ground-
state) persist even in the presence of very strong dissipation that
would obscure the effects normally associated with strong-coupling
(e.g., Rabi splitting).6 Similar to our analysis illustrated in Fig. 4,
the exact analysis also showed photon occupation of the ground-
state wavefunction increases quadratically with the relative cou-
pling strength, where the relative coupling strength is defined as
g/Re(ω̃), where g relates to the coupling energy scale. To deter-
mine if our NH-CQED-CIS obeys this scaling relationship for the
photon occupation of the ground-state, we compute the photon
occupations for the ground-state of MgH+ computed at the NH-
CQED-CIS/cc-pVDZ level of theory with bondlength fixed at r ≙
2.2 Å for relative coupling strengths g/Re(ω̃) in a range of val-

ues between 0 and 0.5, where in our case g ≈
√

ω̃
2 λzμz and Re(h̵ω̃)

≙ 4.75 eV throughout (resonant with the ∣X⟩→ ∣A⟩)transition at
this geometry, λz ≙ 0.0125 a.u., λz ≈ 2.2 a.u., and Im(h̵ω̃) is chosen
relative to g. We emphasize that this qualitative analysis involves
coupling strengths that are much larger than those realized in any
experiments we are aware of with molecular systems, and serve
purely to analyze the behavior of our approximate NH-CQED-CIS
method compared to the exact analysis provided in Ref. 6.

V. CONCLUSIONS

We combined ab initiomolecular electronic Hamiltonians with
a cavity quantum electrodynamics model for dissipative photonic
modes and applied mean-field theories to the ground- and excited-
states of resulting polaritonic systems. In particular, we developed a
non-Hermitian configuration interaction singles theory for mean-
field ground- and excited-states of the molecular system strongly
interacting with a photonic mode, and we applied these methods
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with the purpose of elucidating the phenomenology of paradigmatic
polaritonic systems, including the ground-state polaritonic structure
of formaldehyde coupled to cavity modes that were shown tomodify
the symmetry of the ground-state wavefunction and the polaritonic
potential energy surfaces of the magnesium hydride ion coupled to
a lossy photonic mode. A reference implementation of this method
and the CQED-RHF method was realized by using the Psi4Numpy
framework that can be accessed using links provided within the text.
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APPENDIX A: CQED-RHF THEORY

The orbital basis and reference determinant utilized in the NH-
CQED-CIS theory result from solving the CQED-RHF equations.
We start with a Hermitian version of Eq. (1) that utilizes a pure real
value of ω̃, and following Refs. 26 and 29, we introduce a product
wavefunction between an electronic Slater determinant (which, in
practice, may be initialized using a canonical RHF wavefunction)
and a zero-photon number state,

∣R⟩ ≙ ∣Φ0⟩∣0⟩. (A1)

To develop CQED-RHF theory, we examine the expectation value of
Eq. (1) with respect to Eq. (A1),

⟨R∣Ĥep∣R⟩ + ⟨0∣Ĥp∣0⟩ + ⟨Φ0∣Ĥe + Ĥdse∣Φ0⟩
≙ ⟨Φ0∣Ĥe∣Φ0⟩ + ⟨Φ0∣Ĥdse∣Φ0⟩, (A2)

where we see that the terms involving Ĥp and Ĥep vanish and the
expectation value of Ĥe is analogous to the ordinary RHF energy.
To evaluate the expectation value of Ĥdse, we can first expand
Ĥdse in terms of the dipole operator (with electronic and nuclear
contributions) and dipole expectation values as follows:

Ĥdse ≙∑
ξ,ξ′
∑
i,j>i
λξλξ

′

μ̂ ξ(xi)μ̂ ξ′(xj) − 1
2
∑
ξ,ξ′
∑
i

λξλξ
′

Q̂
ξξ′(xi)

+ (λ ⋅ μnuc − λ ⋅ ⟨μ⟩)∑
ξ

∑
i

λξ μ̂ ξ(xi)

+

1
2
(λ ⋅ μnuc)2 − (λ ⋅ ⟨μ⟩)(λ ⋅ μnuc) + 1

2
(λ ⋅ ⟨μ⟩)2. (A3)

In the above expansion of Ĥdse, we have specifically indicated that
the product of electronic dipole operators contains two-electron
contributions when i ≠ j and one-electron quadrupole contribu-
tions when i ≙ j. The quadrupole contributions arise from the
fact that μ̂ ξ(xi)μ̂ ξ′(xi) ≙ −Q̂ ξξ′(xi). Furthermore, a one-electron
term arises that contains the electronic dipole operator scaled by
λ ⋅ μnuc − λ ⋅ ⟨μ⟩, where again ⟨μ⟩ will be iteratively updated during
the CQED-RHF procedure.

To solve the CQED-RHF equations, the additional one-
electron terms above will be added to the typical core Hamiltonian
elements hμν that arises in canonical Hartree±Fock theory, and
the additional two-electron terms above will be included in the
density-matrix dependent terms in the Fock operator,

Fμν ≙ Hμν +Gμν, (A4)

where

Hμν ≙ hμν −
1
2
∑
ξ,ξ′
λξλξ

′

Q
ξξ′

μν + (λ ⋅ μnuc − λ ⋅ ⟨μ⟩)∑
ξ

λξμξμν (A5)

and

Gμν ≙ (2(μ ν∣ λ σ) − (μ λ ∣ν σ))Dλσ

+

⎛
⎝∑ξξ′ λ

ξλξ
′(2 μξμνμξ′λσ − μξμλμξ

′

νσ)⎞⎠Dλσ , (A6)

leading to the total QED-RHF energy being

ECQED−RHF ≙ (Fμν +Hμν)Dμν +VNN + dc, (A7)

where

dc ≙
1
2
(λ ⋅ μnuc)2 − (λ ⋅ ⟨μ⟩)(λ ⋅ μnuc) + 1

2
(λ ⋅ ⟨μ⟩)2. (A8)

For clarity, we briefly outline the CQED-RHF algorithm as
follows:

1. Compute kinetic, nuclear attraction, electron repulsion,
dipole, and quadrupole integrals in AO basis.

2. Perform canonical RHF calculation.
3. InitializeD and ⟨μ⟩ from canonical RHF wavefunction.
4. Augment core Hamiltonian with the dipole and quadrupole

terms in Eq. (A5).
5. Augment the Fock matrix by contracting products of dipole

integrals over current density matrix in Eq. (A6).
6. Compute SCF energy through Eq. (A7).
7. Diagonalize Fock matrix and update density matrix.
8. Check for convergence; if not converged, return to step 5.
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APPENDIX B: MODIFICATION OF MOLECULAR
GEOMETRY UNDER STRONG COUPLING

Given the modifications to the polaritonic potential energy sur-
faces observed in Fig. 3 in the main text, it is interesting to consider
if the ground-state potential energy surfaces can also be modified.
While such modifications would be discernible from ground-state
ab initio polaritonic structure methods, we suspect the onset would
not be observed until the onset of ultra-strong coupling and per-
haps still under special conditions like the field polarization being
oriented relative to a permanent dipole moment in particular ways.
Here, we consider only the case of the equilibrium geometry of
the ground-state of MgH+ computed at the RHF/cc-pVDZ, CQED-
RHF/cc-pVDZ, and CQED-CIS/cc-pVDZ levels of theory with the
same coupling parameters considered in the main text for this sys-
tem, namely, hω ≙ 4.75 eV and λ ≙ (0, 0, 0.0125) a.u. The potential
energy curves from each of these methods are shown in Fig. 5,
and we find from the numerical location of the minima that the
equilibrium bondlength predicted by all levels of theory is ∼1.65 Å.

APPENDIX C: ONSET OF DEVIATIONS BETWEEN
ATOMISTIC AND MODEL POLARITONIC STATES

In Fig. 3, we see deviations between the polaritonic surfaces
computed by the NH-CQED-CIS/cc-pVDZmethod and those com-
puted by a simpler 3× 3model Hamiltonian that is parameterized by
CIS/cc-pVDZ calculations of MgH+. In Fig. 6, we explore the eigen-
values of these two approaches for the lower- and upper-polariton
surfaces of MgH+ with bondlength fixed at 2.2 Å coupled to a pho-
ton with energy 4.75 eV with variable values of λz between 0 and
0.025 a.u., which is approximately twice the value considered in
Fig. 3. We see that deviations between the model Hamiltonian and
the NH-CQED-CIS results become evident when the fundamental
coupling strength λ has a magnitude between 0.01 and 0.015 a.u.,
which is in the range of values we considered for Fig. 3, and that is
also in line with experimentally realized coupling strengths reported
in Ref. 4.
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