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Abstract

In many scientific areas, data with mixed quantitative and qualitative (QQ) responses are commonly encountered with
a large number of predictors. By exploring the association between QQ responses, existing approaches often consider
a joint model of QQ responses given the predictor variables. However, the dependency among predictive variables also
provides useful information for fitting QQ responses. Hence in this work, we propose a novel generative approach to
jointly model the QQ responses by incorporating the dependency information of predictors. The proposed method is
computationally efficient and provides accurate parameter estimation under a penalized likelihood framework. More-
over, because of the generative approach framework, the asymptotically theoretical results of the proposed method
are established under some regularity conditions. The performance of the proposed method is examined through
simulations and real case studies in material science and genetics.
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1. Introduction

In supervised learning, analyzing data with heterogeneous types of responses has been an important topic with
broad applications. Most often, such heterogeneous data involve both quantitative and qualitative (QQ) responses. For
example, Klein et al. [25]] described a human health study examining the risk factors of adverse birth outcomes, which
contains a qualitative response “presence/absence of low birth weight” and a quantitative response “gestational age”.
In material science, the properties of a material are often characterized by QQ measures. For example, in the case
study of Section4.3|on Heusler compounds, two metrics, the “mixing enthalpy” (quantitative) and the “global stability
based on hull energy” (qualitative) are used to determine the thermodynamic stability of a full Heusler compound.
In this paper, we develop a generative approach for joint modeling of two mixed responses: one is a continuous
quantitative response and the other is a multi-class qualitative response.

In the literature, it has been recognized that modeling each response separately would overlook the relationship
between the responses, hence possibly leading to inaccurate estimation and prediction. In contrast, joint modeling
considers and utilizes the information on the association of different responses, enhancing the model interpretation
and performance especially in high-dimensional cases [l 2 [13} 21, 22 [31]]. A major difficulty, however, in the joint
modeling of such responses is the lack of a natural multivariate distribution. To overcome the difficulty and explore
the association between QQ responses, many researches have contributed to this area including early ones such as
[14} (16l 18] and recent ones such as [13] 24126, [34]. Based on the different methodologies, the existing works can be
generally grouped into two categories.

The first group of methods considers a factorization of the joint distribution into the product of a marginal and a
conditional distribution. Naturally, two possible types of models can be applied, depending on whether the conditional
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variable is the quantitative or the qualitative response. Note that using which response as the conditional variable leads
to different model parameterizations, and consequently has different challenges in parameter estimation and model
prediction. In some applications, data are suitable to use the quantitative response as the conditional variable, as in
[13]] and [21]. In their case study, the data are collected from the lapping stage of the wafer manufacturing process and
their primary goal is to build a prediction model for the quantitative response measuring the total thickness variation
of the wafer. On the other hand, some applications require the focus to be on the qualitative response. For example,
in Kang et al. [23]], the quantitative response data are the weights of infants and the qualitative response is whether
the birth of an infant is preterm. The latter is a more crucial statistic to the public health expert in their team. But it is
more challenging to directly use the qualitative response as the conditional variable, thus Kang et al. [23]] introduced
latent variable to facilitate such modeling. There have been many other works using the factorization approach.
Fitzmaurice and Laird [16] analyzed data from developmental toxicity studies by introducing a conditional regression
model of quantitative response conditioned on the qualitative response, and employing the logistic model for the
qualitative response. Lin et al. [31] developed a conditional mixed-effects model to analyze clustered data containing
QQ responses. Craiu and Sabeti [[11]] suggested a Bayesian conditional copula model to fit bivariate data with mixed
outcomes. These methods are suitable for data with a small number of predictor variables. To handle the high-
dimensional data with large number of predictors, Deng and Jin [[13] proposed a conditional model that encourages
model sparsity through a penalized and constrained likelihood function. However, the corresponding inferences and
asymptotic properties of their method cannot be explored due to the complicated constrained likelihood estimation.
Kang et al. [21] introduced a Bayesian estimation for the conditional model of Deng and Jin [13] to obtain proper
inferences on the model parameters. Nevertheless, their model is not designated for studying the asymptotic properties
of the proposed estimator. More related works can be found in [8|[19], among others.

The second group of methods considers a continuous latent variable for the qualitative response, and then assumes
a multivariate normal distribution for the latent variable and the quantitative response. For example, Gueorguieva
and Agresti [18] studied a probit model for binary response with a latent variable and developed a Monte Carlo
expectation-conditional maximization algorithm for parameter estimation. Kiirlim et al. [26] used a normal latent
variable for characterizing the binary response and suggested a two-stage estimation procedure for analysis of ecolog-
ical momentary assessment data collected in a smoking cessation study. Klein et al. [25] introduced the idea of latent
variable into the framework of copula regressions, constructing a latent continuous representation of binary regression
models. However, the use of latent variables often involves considerable computation in the parameter estimation.
It also makes the investigation of theoretical properties difficult. Moreover, most of these works focus on the binary
qualitative response and their model assumptions may not be easily extended to the multi-class qualitative response
cases.

Although various methods have been developed in the literature for joint modeling of QQ responses, they mostly
focus on a regression model conditioned on the predictor variables without fully utilizing the dependency information
between predictors. Furthermore, to our best knowledge, few works established theoretical results for the QQ re-
sponses, since it is a very challenging task under the framework of either conditional models or models characterized
by latent variables. In our work, we propose a novel method to jointly model the QQ responses based on the generative
approach. The proposed generative model considers the joint distribution of the high-dimensional predictor variables,
the quantitative response, and the multi-class qualitative response. It is a very unique and different perspective from
the existing literature, which enables us to establish the theoretical results for both QQ responses. In addition, the
proposed method can easily accommodate multi-class qualitative response and multivariate quantitative responses
with attractive theoretical properties. For short, we call the proposed method GAQQ, a Generative Approach for QQ
responses.

The key contributions of this work are summarized as follows. First, based on the generative model framework,
we are able to establish the asymptotic properties of the proposed estimators with respect to both the classification
accuracy for the qualitative response and the prediction accuracy for the quantitative response under some regularity
conditions. Such conditions are commonly used in the regularized estimation framework [42} |49]]. The classification
of the qualitative response enjoys the asymptotic optimality of the resulting linear discriminate classification rule. The
mean squared error (MSE) of prediction for the quantitative response is as good as the optimal prediction under the
Bayes risk. Second, an efficient procedure for parameter estimation is developed via the regularized log-likelihood
function of the joint distribution of predictor variables and QQ responses. Specifically, we impose regularization on
both the mean differences and the inverse covariance matrix from the joint distribution to achieve sparsity for high-
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dimensional predictor variables. Third, the use of the generative approach leads to an effective prediction procedure by
inferring the conditional distribution of QQ responses conditioned on the predictor variables. That is, the quantitative
response is predicted through the property of conditional multivariate normal distribution, and the linear discriminant
analysis (LDA) is employed for classification of the qualitative response. Fourth, the proposed generative model
enables the QQ responses to be mutually learned from each other to improve the predictions on both QQ variables,
which is different from existing methods in which the prediction of only one type of QQ responses can be benefited
from the information of the other type.

The remainder of this paper is organized as follows. Section [2|details the proposed method. The main theoretical
results and numerical studies are presented in Sections [3]and[4] respectively. Section[5|concludes this work with some
discussion.

2. The proposed methodology

In this section, we lay out the proposed GAQQ model in terms of both estimation and prediction procedures.
Section [2.1] focuses on modeling the QQ data with binary qualitative response, and Section [2.2] extends the GAQQ
model to deal with the qualitative response with multiple classes.

2.1. The GAQQ model for two-class qualitative response

Suppose the variables of interest are denoted by (X,y,Z) where X = (Xi,...,X,-1)" is a (p — 1) dimensional
vector of predictor variables, y is a quantitative response variable and Z € {1,2} is a qualitative response variable.
From a generative modeling perspective, we consider the data generation mechanism as p(X,y,Z) = p(X,y|2)p(2),
indicating that data are from two classes G| and G, under (X, y)|Z, where p(-) represents a probability density function
throughout the paper. Assume that W = (X7, y)" follows multivariate normal distributions with different means for
two classes, but sharing the same covariance matrix as follows

G :WZ=1~Nu,X), Gy:W|Z=2~NuX). (1
Suppose that the observed data wy, ..., W, Wp,+1, - .., Wy, +n, are independent with the first n; observations from G
and the rest n, observations from G,, where w; = (xiT,yi)T,i ef{l,...,n; +ny}. Let n = ny +ny, then the log-likelihood

function of data can be written as
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up to some constant, where C = X! is the inverse covariance matrix. The parameters p, 1, and C can be estimated
by maximizing the log-likelihood function of ).

For high-dimensional data when p > n, the regularization is often needed to ensure the proper estimation of
inverse covariance matrix C and mean difference u; — po. We thus propose to penalize C = (¢;j)1<i j<p and g — po
simultaneously, resulting in the following optimization

2
1

min —nIn|C| + w; — i) Cw; — ) + LICI + =l — mali, 3

(min | IC] 1;:1 igGk( ) Cwi — ) + 411ClL 5 2lp1 — p2lt 3

where [|Cll; = X;z;lcijl, and |ely = %; |a;| with @; being the ith entry of vector @. Here 4; > 0 and 4, > 0 are two
tuning parameters. By applying such regularization, the proposed model can encourage the sparse structures in C and
M1 — Mo at the same time. Note that similar spirits of regularizing both C and u; — p, are used in several works on the
LDA [7,42].

To estimate the parameters, we develop an iterative procedure to solve the sub-optimization problems with respect
to C and p; —u, respectively. Define §, = (u; —u3)/2 as well as y = (u; +u)/2, then accordingly we have u; = d,+y
and gy = y — 8. As aresult, the optimization problem (3)) is re-written as

min —nln|C| + (Wi—52—Y)TC(WI‘—62—7)+Z(Wi+52—Y)TC(Wi+52—7’)+/11||C||1 + L6l @)
027:0) ieG, i§G2



It is thus easy to obtain the maximum likelihood estimate of ¥ from (@) as

ny —ny

A

y=w+

62, (%)
where w = (3;_, w;)/n is the overall mean of data. Subsequently, plugging ¥ back into (4)) yields

aA 2 2
(6, C) = argmin — nIn|C| + Z(wi - ﬂ62 -w) Cw; — 262 -w)
627C [EG[ n n

2 2
£ 3 0+ T8 =) Cw + 8y — )+ A Clly + Dl (©)
i€G, n n

In this manner, solving the optimization problem (3) is equivalent to solving the optimization (6). Next, we show that
(6) can be decomposed as a graphical lasso model (Glasso) [47] in terms of C and a Lasso regression [43]] in terms of
6, with the other parameter fixed, such that these two parameters can be estimated iteratively. To be more precise, for
a given value of &,, the minimization problem (6) with respect to C is

mcin —nlIn|C| + tr(CS) + 4||C]|1, (N

where § = e, (Wi — 2n202/n — W)(W; — 21202 /n — W) + Yicg, (Wi + 2n182/n — w)(w; + 2n16,/n — w)". It has the
same form as the Glasso, which has been extensively studied in the literature [17} 27,132} 39} 47]. On the other hand,
when the inverse covariance matrix C is fixed, the minimization problem (6)) regarding &, becomes

2 2 2 2
min » (w; - s —w)TCow; — 26, — ) + > wi + s —w)TCw; + L6, ) + A6l ()
%2 i€Gy n n i€Gy n n

which is equivalent to
min(y — C'/262)" (5 = C'/762) + Aaléal, ©)
2

where § = C'2(ny Tc, Wi — n1 Lieg, Wi)/(2n1m2). A detailed derivation of (9) from (8) is provided in the Appendix.
We solve the minimization problem (J) by the Lasso technique. Consequently, solving the complicated optimization
problem (6) is decomposed to the simple tasks of iteratively solving a Glasso estimate for C and a Lasso estimate
for 6, until both of them are converged. We summarize the above estimation procedure for the proposed model in
Algorithm 1.

Algorithm 1 (Estimation Procedure)
Step 0: Set an initial value of d,.
Step 1: Given 8, = 32,,, solve C in H by the Glasso technique.
Step 2: Given C = C,, solve &, in @i by the Lasso technique.
Step 3: Repeat Step 1 and 2 till both C; and 32,, converge.

Here C, and 32,, represent the estimates of C and §; in the tth iteration. The convergence criteria are IC,—C,_y ||12F <
71 and ||32,, - 32,,_ 1 |I§ < Ty, where 71 and 7, are two pre-selected small quantities, || - || stands for the Frobenius norm,
and ||a||§ = a'iz with a; being the ith entry of vector @. We set the initial value of 8, as (w; — w,)/2, where w; is
the sample mean for the kth class, k € {1,2}. With value of 32, the estimate ¥ is calculated by , and then we have
= 8> + ¥ and o =7- 8>. Therefore, Algorithm 1 provides the estimates of three parameters p, g, and C in (3).

Note that there are two tuning parameters A; and A, in the optimization problem (6). To choose their optimal

values, we minimize a modified Bayesian information criterion (BIC) proposed by Wang et al. [44] as
BIC(1;, 1) = —nIn|C| + te(CS) + {v(8,) + v(C) + 1} In(n), (10)

where v(Sz) and v(é’) stand for the number of nonzero entries in the estimates 32 and é‘, respectively. This criterion
enjoys consistency properties and has been commonly used in the literature [35}46].
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The standard errors for &, can be obtained as it is estimated from penalized likelihood function. Several works
have established the asymptotic properties of the maximum penalized likelihood estimates under some regularity
conditions and provided the formula of estimated standard errors, see [10,[I5,29]. Let L = (§ — C'/26,)T (¥ — C'/?6,)
and

A oL A &L A .
VL(65) = 6—62|52=32, V2L(62) = T 6y, Z1,(02) = dlag{

06,067

/lzsign(fizl) /lzsign(S‘zp)
Bl T 18yl

where 3‘2 ; represents the jth entry of 32. Denote by 32,1 the nonzero components of 32, then based on the conven-
tional technique in the likelihood setting, one can employ the sandwich formula to estimate the covariance of 32,1
as Cov(8y,1) = {V2L(821) + nZy,(62.1)) ' COV{VL(82. ) VZL(62.1) + nZ,,(82.1))", where Cov{VL(d,,1)} is the sample
covariance of VL((?)‘z, 1)- Such estimated standard errors can be used for subsequent statistical inferences.

Next, we demonstrate how to conduct model prediction by the proposed method. For convenience, write

Hix Hox Cx Cx ] [ Ix Zx ]
= N = N C = Py E = ’
# [ Hiy } o [ Hay } [ C)T(y C.»z’ E;y 0’5

where p1x and oy are p — 1 dimensional vectors representing the means of variable X for two classes, and Xy is the
(p — 1) X (p — 1) covariance matrix of X. Then one can partition their estimates correspondingly as

. i N i R Cx Cy, « £x Iy,
ﬂ]:[ﬂ,\lx], I-l2:|:l,l\2X ], C=|: AT AZ} :|, E:[ 2T ,\2) .
Hiy Hay ny (e ny gy

From model assumption (T)) as well as the property of multivariate normal distribution, the prediction for the quanti-
tative response y from a new observation x is

N I N N
A “1y+EX_VEX1 (x_l'llx)’ iftZ=1 (11)
=3 . aT & N e 5
foy + Exy Xy (X — floy), if Z = 2.
Note that ﬁl;yﬁl;(l = —(A,’;y/ 63 where 65 is a scalar, implying that the sparsity of é‘xy will lead to a sparse model for the

prediction of y.

On the other hand, denote by 7r; and 7, the prior probability of w belonging to classes G| and G, respectively. The
prediction for the qualitative response Z by the proposed model is naturally based on the estimated LDA classification
rule as

Pr =", )7 A 1 A A

NG a5 = 5= 3+ )" €l = i) + (575G = ), (12)
where Pr stands for probability, and the estimates 7; and 7, are the empirical proportions of data from each class.
From (TI)) and (T2), however, we note that the prediction of one response variable depends on the information of
the other. To address this issue, we propose to calculate two candidate values of y for a new observation x by (IT))
for two different classes, denoted by 9, and $,. Then the conditional probability densities p(W = (x7,9,)"|G;) and
p(W = (x7,9,)7|G>) can be estimated via the density functions of N(f,, ﬁ‘.) and N(j1,, ﬁ). Denote such two values
as p; and p,. The prediction of y at this new observation is then obtained as J, corresponding to the larger value of
s k € {1,2}. To express it clearly, we describe the above steps of the model prediction in Algorithm 2 for a new
observation x.

Algorithm 2 (Prediction Procedure)

Step 1: Fork € {1,2}, § = i, +)A2}T(yﬁ; (x—fi,x), and consequently obtain the probability densities p, by plugging
(x7, 9,7 into the density functions of N(f,,¥).

Step 2a: If 41 p > 72 p,, let y = §;; otherwise let § = 9,.

Step 2b: Apply the LDA classification rule (T2)) to predict Z by w = (x7,9)".

It is seen that in Algorithm 2, we obtain the prediction of y first, and then predict Z with the value of $. One would
argue that it is not a unique way of making predictions on QQ responses, as we may also predict Z first and then
variable y. The following Proposition T| provides an interesting insight into this issue.
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Proposition 1. For the prediction of Z by the proposed model, the class label k obtained from Step 2b of Algorithm 2
maximizes 7y py.

We first state Lemma[I] which is used to prove Proposition

Lemma 1. Suppose a random vector (a”,b")" ~ N(u.,X.), where a and b are multivariate variables. For a given
value of a, then b = p;, + 7, X" (a — p,) maximizes exp{—(1/2)[(a”,b™) — pl1X;'[(a",bT)T — p.1}, where p, =

HMHa Za 2"ab
dX, = .
[ Hb }an [ Xy T ]

Proof: Let C denote a generic constant thereafter in the paper for convenience. We need to search for b to minimize

{(@",b7) — p"}Q(a™,bT)" — p}, where Q@ = X! = [ Q, Qy

. That is, we minimize
Q;b Q, ]

L(b) = (@, b7)Qa™, b — 24" Q(a",bT)" = (aibT)[ ;;;; o H . ]— 201l 1] )[ f;‘-; o H “ ]

= ZaTQabb + bTth - 2([1;9(117 + [IZQ;,)b +C.
Taking derivative of L(b) and setting to zero yields

AL(b)
ob
b= Hp — Qzlgl—b(a - ﬂa)~

=207 a +29,b - 2Q] p1, + Qi) = 0

This, together with a property of block matrix that Q7 = —QbEZbE;', completes the proof. O

For a new observation x, let y; = p, + Z;},E;'(x — piy) and yo = poy + E;yZ;(‘(x — Hrx). Denote by p; =
p(W = (x",y1)T|G}) and p> = p(W = (x7,,)7|G>). Now we prove Proposition i}

Proof of Proposition[I; Without loss of generality, we suppose mp; > mp», then we show below that the LDA
classification rule would assign (x7,y1)" to G;. In order to achieve this, we only need to prove

P22 p3=pW=(x",y3)7IG>) (13)

for any value of y;. That is, we need to prove W = (x7, y,)" will maximize the density function of N(uy, X), which is
the conclusion of Lemmal[l} As a result, m1p; = 11 p(W = (x7,y1)7|G1) > mps > mp(W = (x7,y1)7|G>) by taking
y3 = y1 in ([3). Hence,

mip1 mopW = (x",y)Tlx € Gy) _

(xeGW=x",yn")= > =p(x €GIW =(x",yD"),
PEE T W =Ty pW=GTypn) T .
implying that the LDA assigns (x7,y;)" to G|. Here we also use 7; to represent p(x € G;) to express the probability
of this observation belonging to class G;,i € {1, 2}. O

Proposition [T]implies that we can predict the response variable Z by simply comparing values of 7y, instead of
employing LDA. Therefore, the order of which response variable to be predicted first is not a concern. Actually, the
Step 2a and Step 2b are equivalent to the following Step 2 as

Step 2: If 4 p, > fypo. let $ = $, and Z = 1; otherwise let § = $, and Z = 2.

2.2. The GAQQ model for multi-class qualitative response

We now extend the GAQQ model to handle the QQ data with multi-class qualitative response, i.e., the qualitative
variable Z € {1, ..., K}. In such cases, the GAQQ method is expressed as

Gy:WIZ=k~Nu.X), ke{l,....K}.
6



Based on a baseline class G, we regularize on the differences between means through p; — py; for k € {2, ..., K}. The
objective function is thus formulated as

min _—nln|C| + Z D wi = ) TCOv; = ) + AlClly + Ao Z I = il (14)
(b obti k=1 icGy k=2
The subsequent derivation follows similar steps as that described in Section [2.1] Let K6; = p — py and Ky =
Z,’f:l M, then we have y, = y — 25:2 0, + Koy, k € {1,...,K}. As aresult, the optimization problem (T4) can be
re-written as

min —nlnICI+ZZ(w, 'y+26 ~ K& Cw; — 7+Z§ —K6k)+/11||C||1+/122|6k|1 (15)

@2 Ox7.C =1 icGy

Let ni represent the number of observations belonging to class G,. The maximum likelihood estimator of y from (15))
isy=w+ 25:2 0, — (K/n) 25:2 nyd,. Consequently, the optimization problem becomes

K K
. K
i —nin(Cl+ kZ‘ IEZG(W, -+ = Z ngb, — K6) Clw; — W + — ; 1y, — K6) + 4 ||Clly + A kZ; 161
' -

(16)

LetS = Z,’f:l YicG Wi —w + (K/n) 2522 ng6, — Kéi}{w; —w + (K/n) 25:2 ng6, — K&}, then the formula (I6) can be
decomposed as one Glasso problem

rnCin —nn|C| + tr(CS) + 4,||Clly, (17)
and
K& K&
Smin Z Z(w, — = Z g6y — K8) Cw; — + — Z neb, — K&) + A Z 6411 (18)
k=1 ieGy g=2 g=2 k=2

The optimization (I8) is equivalent to the following K — 1 Lasso regressions separately

n(lsin@ —C'%6)7T (5 - C'26) + l6ili, ke{2,...,K), (19)
k

where § = C'2{(n — ny) Yicg, Wi — 1k Yiga, Wi + Kni Zg 2 g2k 1g0g}/(Knny). The detailed derivation from (T8) to (19)
is provided in the Appendix. Therefore, the parameters 6, and C can be solved iteratively until convergence following
the spirit of Algorithm 1. The optimal values of tuning parameters are chosen by the modified BIC extended for the
multi-class problem as

BIC(1;, &) = —n1n|C| + tr(CS) + (v(8) + (C) + K — 1} In(n), (20)

where V(S) represents the number of nonzero entries in all the estimates 3k. The estimated covariances for each 31( can
be obtain by following the similar techniques for estimating the covariance of 0, in two-class setting in Section
For a new observation x, the quantitative response y is predicted, similarly as in Algorithm 2, to be $; = f, +

fl;yfl;(l(x — [ix), where k maximizes fp, with p, = p(W = (x7,9,)"|Gx), computed by plugging (xT,$,)" into the
density functions of N(jf,, ). The class label is estimated as Z = arg max, 7x Py, or equivalently by the LDA rule as

. 7 1) + [ o
Z = argmax In T KT, 5T - ’%}Tca
T

3. Theoretical properties

In this section, we study the theoretical properties of the proposed GAQQ model. The asymptotic optimality of
the classification rule is investigated via Theorems|[I]- 3]in Section [3.1] The asymptotic consistency properties of the
prediction of y are established in Theorem []in Section[3.2]

7



3.1. Asymptotic optimality of the classification rule

For the proposed classification rule, we first derived the theoretical results for the multi-class problem and then
provide a thorough discussion of the two-class case. We use the same definition of asymptotic optimality for a
classification rule as defined in Shao et al. [42]. Denote by Rpayes and Rprop(7") the Bayes error and the conditional
misclassification rate of the proposed rule, where 7~ denotes the training samples. The asymptotic optimality for a
classification rule is defined as follows.

Definition 1. Let 7 be a classification rule with conditional misclassification rate Ry (7), given the training samples
T.

(i) T is asymptotically optimal if Ry (7")/Rpayes LA 1.
(ii) T is asymptotically sub-optimal if R7(7") — Rpayes £> 0.
Note that if lim,,_,c Rpayes > 0, then the asymptotically sub-optimality is the same as the asymptotically optimality.

To facilitate the construction of theoretical results, we need to introduce some notation and make assumptions on the
true model. Define the true values of g, X, C and & as u), £°, C° and &) = (u) — p})/K = ((6},)7.6})", where

62)( is a (p — 1) dimensional vector representing the true mean difference of variable X between classes G; and G;.
Denote the true inverse covariance matrix of variable X by C%. Also define Ay = /(69,)TC36?, and A = max{A}X .

Denote S5, = {J; (62) ; # 0}, which is the set containing location indices of the nonzero entries in 62 Let 3, be the
cardinalities of set Ss,. Define s; = 3y if 62}7 = 0; otherwise s; = 3; — 1. That is, s; is the number of nonzero entries

of 67, Additionally, we use the same sparsity measure S ;;, = max;<, pI |o-?j|h onX’ = (o-?j)lg,_igp as in Bickel and
Levina [3]], where 0 < & < 1 and 0° is defined to be 0. Hence firstly, S¢,, equals the maximum of the numbers of
nonzero entries in each row of the matrix X°. In this case, a smaller value of S, compared with p implies a sparse
structure in matrix £°. Secondly, if S, » is smaller than p for O < k < 1, it indicates that many entries of matrix >0 are
very small. Moreover, we assume the following regularity conditions:

C1: There exists a constant 6 such that 0 < 87! < Apin(C?%) < Anax(C?) < 6 < 00, Where Apin(C?) and Apax (C) are
the minimum and maximum eigenvalues of matrix C’;

C2: A1 = O(+/In p/n), A2 = O(+/In p/n);

C3: Restricted eigenvalue condition: for some constant ¢; > 0, assume C? satisfies ||(C%)"/ 262”2 > ncpk||62||§ for
all subsets J C {1, ..., p} such that the cardinality of J equals 3%, and [(69) |, < 3|(67),1. Here (8)), = ((6); - I{j €
JY1<j<p, and J represents the complement set of J;

C4: Trrepresentable condition: without loss of generality, write 62 = ((62)&5, (62);%.)1 and correspondingly let
CcY = [ $; $Z , where Wy is an §; X 5 matrix. Then there exists a positive constant vector { such that
|‘I’21‘I’1‘11 sign((él‘z)gﬁ)l <1-{, where 1is a p — 5; dimensional unit vector, and the inequality holds element-wise;

C5: There exist 0 < ¢; < ¢; < 1 and M > 0, such that n'=2"2 min g5, (6] > M, 5 = O(n"). A, =
o(n @+ p = o(13/n);

C6: There exists a constant c3 > 0 such that (67, — 60,)TCY(6Y,, — 60,) > c3 > 0,k # £;

C7: There exists a constant ¢4 such that c;l < Kny <cy,kefl,...,K}.

By Conditions C1 and C2, Rothman et al. [40] and Lam and Fan [27] derived the convergence rate of Glasso
estimate. We thus have A
ICx — CYIl = Op(dy), (21)
where d, = Sj,,(In p/n)“‘h)/z, and ||A]| is the matrix spectral norm defined as the squared root of the maximum
eigenvalue of matrix ATA. The Conditions C2 and C3 are used in Biihlmann and Van De Geer [3] to study the
theoretical property of Lasso estimate, and we have

16ix — 8%l = 0,(B™), (22)

where b;(") = /SkInp/ (ngoi). Under Conditions C4 and C5, Zhao and Yu [49]] showed that the Lasso estimate is model

selection consistency. Condition C6 requires that all the classes should be separated from each other. Also note that
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Condition C6 is equivalent to that Ay is bounded away from 0. The Condition C7 guarantees a balanced sample size
for each class, which is commonly used in the literature to bound the term In(mr; /71 ) in the LDA rule for establishing
the properties of classification rules. Based on the above results, we present the following theories on the consistency
of the classification rule by the proposed method.

Theorem 1. Assume that Conditions CI - C7 hold, and

b;(n) \/SkSh;p
Ak ’ \/71Ak
Then the proposed rule for the multi-class problem is asymptotically sub-optimal if either one of the following two
conditions are satisfied

(i) A = max{Ak},’f:l is bounded;

(ii) if A — oo, then there exists a constant a € (0, 1/2) such that Azfi;‘kz" — 0.

&nx = max{d,, for any k} — 0.

Before the proof of Theorem [I| we need Proposition [2]and Lemmas 2] - 4]

Proposition 2. For an observation x, recall that y, = p, + Z)T(y):;(l (x — pix), Y2 = poy + Z}},E;l(x — [x), p1 =
p(W = (xT,y)TIG)) and py = p(W = (x7,y2)"|G>). Then p(x € G1|X = x) > p(x € Gy|X = x) is equivalent to
T p1 > mps.

Proof: Since p(x € G1|X = x) > p(x € G,|X = x), we have
mp(X =xlx € G)) > mp(X = x|x € Gy),

1 1
71 expl—5(x - i) I (e — pix)} > 1o exp{-3(x - pox) Iy (x — pax)},

1 1
Inm — E(x —pix) ' (x — px) > Inmy — E(x - pax) E (x — pox). (23)

On the other hand, 7 p; > mp; yields
(s S ) ()
nm — =< — ET 5 —
2 N /‘11}’ Xy O—y Y1 ,uly
-1
GG T S AG-C )
>Inm — = - — X 24
’ 2{( » ) ( oy I, o )7\ @4

Now we prove (23) and (24) are equivalent. Since

Do) SN WD 38 b 2pab 2 52T X -1
1 -1 x “Xy&xy=x _ x =Xy -1 X HXy&xy &y _ X Xy
Ly Iy, _ Iy * oIy Ey' By oIy Ey'Ey Iy + Var(ix) Vgr(y\X)
ZT 2 - Tyl T y-1
Xy O_y _ Xy =X 1 . ¢ 1
o-XL I o3-X3 I Iy Vargix) Vargx)
the left side of (24) equals
1 >l o oo S i
_ 1t _ T, T X Vary|x) Vary|x) X — Hix
Inzy 2 [(x H1x) 1 ’uly] _ ERE 1 Y1~ Hy
Var|x) Varoix)
-1 T y-1
1 Iy Ty Xy Xy
=Inm - ={(x - TS (x - +(x - [ Ay
1 2{( Hix) Xy (x — pix) + (x — pgix) VarolX) (x — pix)
2 -1
V1= Hly o1 et 1 — m1y) + Iy Zxy
- DT RN - pix) F e — (x - Xy -y
VarOlX) 0 (x — p1x) VarOIX) (x — pix) VarGIX) (1 — p1y)}

1 _
=Inm - S(x - ix) " (x — pix),

where the last equality applies y; — yyy, = Z)T(y}:;(l (x — p1x). Similarly, the right side of (24) equals Inm, — (x —
sz)TZ;(l (x — urx)/2. This completes the proof. O
9



The inequality p(x € Gi|X = x) > p(x € G»|X = x) in Proposition [2] indicates that the LDA rule assigns x to
G ). Therefore, Proposition 2] implies that Step 2b of Algorithm 2 is equivalent to applying the LDA classification rule
directly on x instead of w = (x7,$)". This fact enables us to give theoretical proof of Theorem for the consistency
properties of the proposed classification rule based on variable X rather than W = (X7, y)".

Lemma 2. Foranyk €{2,...,K}, we have
(n)
GixCx — 6L TCOZH(Cxbix — €02y = AZ|O [ ,,( )+ 0y(d, )}
for the multi-class problem.
Proof: Decompose
(Cxbix — €269 TEY(Cxbix — C26%) = b1y CxESCxbix — 28,5 Cx 82, + (82T €80, . (25)

On one hand, by the result (ZI)) we have
Sy CxE0Cxbix = b1 Cxbixl1 + 0,(dy)] = 815 CLix[1 + O, (dy)].
Since E[(82,)TCY(Bix — 691> < A2E[(8ix — 6%,) T CY(8xx — 6%,)] and by (22), we obtain
SIXCE)(S/(X = (JQX)TC())((SQX + 2(§2X)TC())((31€X - 62)() + (Bex — 6gx)TC9((‘A5kX - ‘52)()

b(n)
= A7+ 0,(b" A + 0,((B")) = A[1 + op(ALk)].

As aresult, "
61y Cxbix = 8,4 CO8ix[1 + 0,(dy)] = A2[1 + op(b g ) + 0, (dy)]. (26)
On the other hand, since [|62, |3 = O(A?), we have
(09T Cx6Y = (62)T(Cx — CHEY, + (82)TCY8Y, = 0,(Ald,) + A7 = AX[1 + O,(dy)]. (27)
Consequently,
b(n) b(n)
8,xCx6% = Ay 1+ 0,(dy) A \/1 + OP(ALk) +0,(d,) = A} \/1 + OP(ALk) + 0,(dy). (28)

Combing (23)), (26) and (28) yields

. b(n) (n)
B Cx — (00 TCOEY(Cxbix — CY8Y) =AZ[1 + 01,( )+ 0,(d)] = 2A7 4|1 + 0,,( )+ 0,(dy) + A}

(n)
=A2[ ,,( )+0,,(d)

where the last equality uses the Taylor expansion of V1 + x = 1 + x/2 + o(x). O

Write ,u](() = ((;JQX)T, ,ugy)T, where ”l?x is the true mean value of variable X for class G,. Correspondingly, write
A = (i, ,&ky)T. Let a, < b, represent that two sequences a, and b, are the same order. Now we state Lemma

Lemma 3. Let q,i") be the number of nonzero entries ofSkx. Forke{2,...,K}, we have

(n) (n)
AT 2 A AT 2 A q AT A & Sh; q AT A A
Bix Cx(itx — py) = Bix oty — i) = Op( \ %) VOrxCx0ix = O)p( \/ ; ) VOixCxbix.
10




. . 2 AT AT . . . ..
Proof: Without loss of generality, we assume that 6y = (9, ;,07)", where 6, ; isa q,({")-dlmensmnal vector containing
all the nonzero entries of dyx. Note that lim,_,.c q,({") = s;. Conformally, we write

0 X0 . £, £ c R cn C
EOZ 11 12 , 3, = ,\“ A12 :|’ CO:[ 11 12 ]’ C :[ All AIZ :|,
X [ (Z?z)T 2(2)2 ] ¥ [ E)" Xn X C(l)z)T ng * (C)" Cxn

(n)

Z”’C(l)l and C;; are qi") X q; %

where X9 k

11 -dimensional vector.
Hence,

matrices. Let fi;y —pd, = (], ;)7 withn; ag

AT A AT A A A A A AT a—la A
61<TXCX(#1X _I‘?x) = 6111C11'll + 6111C12’72 = 6121C11’71 - 61?,12112126122’72-
On one hand,
AT A AT 2 A A AT 2, A A q(n)ATAA
G, Crim)? < 8, Cridi.)@] Crimy) = Gy Cxbr)m] Crimy) = op(f)wkxcxékx).
On the other hand,
AT a-lga 2 2 AT a-la & aTa-la 2 AT 2 4 A aTa-la 2
(Op 1211 212C012)" < (0 1211 0k, 1) (01 Coo Xy Xq E10C12) < (64 1C1104,1) (11, CoX o 2 12 Cop2)
AT A A A aTa-la » AT A 4 _
= By Cxbx) M CnE L E  £12Cnm) = Gy Cxbi) 13 € (E0)T(EY) ' 2L,Ch (1 + 0,(dy)])
= BixCxbix) (@il + 0,(d))),

where the forth equation is obtained from 1)), and w, = (17; C9,(X},)"(Z9,)™'E9,C),m,. Hence, we have

(1)
T oa q T R
BlyCxtiny i) = 0p(\ o) B Exbin — B Exbin il 1 + 0y

Under Condition C1,

e ¢
E(w,) < 9E(7)§C22(E?2)TE?2C22172) = ;tr[E?ngzzgzc%(E?z)T] < ;tr[Z?z(E?z)T].

Recall that X0 = (0'?1»)151‘, j<p» then

(n)

K 14 o 4 ¢o-h P S (n)

2: 2: 02 2: 042 2: 0 hip9g
E(w,) < ; (O'ij) < ;ql({”) miaX (a-ij) < _n q](:l) njlg)x |0—ij|1 = 0(—n ).

i=1 g 41 J=q+1 =P s

Consequently,

(n) (n)
fq /Sh;q
Sy Cx(itx —10y) = 0,( %)J&ZXCX&,{X—O,,( ; k) 8,4 Cxdix.

Similarly, we have

(n) (n)
AT 2 A q AT 2 4 Sh; q AT A A
6ix Cx ity — 10 = 0,( \/%) iy Cxbix — 0, \/ ’;l k)8, Cxdix.

Lemmad. Forte{l,...,K}andk € {2,...,K}, we have

0 0
Hix + ix

PURA 1,y + [1 A
(5T (Cxbix = Chf) = (R EE)TC b+ ( ) Choly
b(n) ’Sh;pql(cn) 1
=A? OP(ALk) +0,(dy) + OP(W) - 5(62)( —8%)7CO8, - 89,

for the multi-class problem.

11



Proof: It is not difficult to derive
N N 0 0
PO + A a My + 1
()" (Cxbix = Chfh) = (R BT Cb + (STl

A n 1. . P 1 A n
=) (CxBix = Cxbpy) = Sy + ) = (i + 1)} Cxdx = Sty + p) T (Cxbi = Ciy)

(e — 1) + (e — Hox)
2

A n . ) A a
=K (@) (Cxbix = Cxdiy) - —(62X>T<cx6kx = Cx8y) = S{(x = i) + (e = #)) Cxdir.

={

JUR 1 . . A
V' (Cxdrx = Cxpx) = 51y = 1) + (e = 1)) Cxdix

Because
(00 = 0% TCY(8Yy — 6%) = Al + A7 — 2(6%)7 CY.8Yy,
we hence have
1 1
—~(B)" Cxdiy = (6§Zx = 63T Cx (i = 83) = S(AF + AD) < 5By = 6) T CR Gy = ) = Ak

Consequently, applying the Cauchy-Schwarz inequality together with (26) and (27), we can obtain

(n)
(%) T (Cxbix — C%6%) <A1 + O,(d,) A \/1 +0,,( )+ 0,(d,) + (6 - 8%)TCY(8Y, — 6%) — A

(n)
1
SABLT+ Op(53) + Opld)] = Al + By = )T (6 = )

(n)
<A’[O, (—) +0,(d,)] + (6 = 8%)TCS(SYy — 8%).
Similarly,

b(n) b(n)
00T (Cxbix — C%6%y) = AZ[O Op(1~ ) +0,(dy)] < A*[O ,,<—> +0,(dy)].

As aresult, according to Lemma 3] we have

PO P My + )
)T (Cxbrx — C%8%) — ( ) Cxbix + (MFCO 6%y

b(n) Sh; q(n) q(i’l) ~ A
<A2[op( )+0p(d )N+ (6 - 6%)7C56%, - 6%) + 0,,(\/ ’; Ly~ 0, %) \BxCxbix

b(n) i q(n) n)
sAz[op(ALk)+0p(dn)]+Akop(\/ D7k 1+0,,( )+0,,(d)+ (653X 8% TCY(8Y — 8%

Mx + By
2

) <n) (m
2 by 2 dy Sy 1 0 \T (0 /<0
=A [op(—) +0,(d)] + A [op( ) + 0,,( ) + 0p(——— i )] + 5(5,()( - 8%)TCS(6Y — 8%)
b(") Sh;pq](cn) 1
SAZ OP(AL]() + Op(dn) + OP(W) + 5(62)( — 6?)()TC())((6(13X - 6?)()

12



From Lemma EL note that when r = k, we have (;tgx)T(C'XSkX - CY60) — (ux + ) Cxbix /2 + @y +

HL)TCYEY 2 = Az[ p(b(")/Ak) +0,(dy) + 0,( Sh,,q(")/( \/ﬁAk))]. With Lemmas — we are ready to com-
plete the proof of Theorem T}

Proof of Theorem[d} Let Zprop and Zgayes denote the predicted class labels obtained by the proposed model and the

Bayes rule, respectively. For simplicity, we assume mr; = ... = mg instead of Condition C7 in the proofs of Theorems
|I| |3| with no influence on the theoretlcal results, since Condltlon C7 is only used to bound the term In(my/7;) in the
LDA rule. Define ¢ = (x — +[1kX)/2)TCO and ﬁk = (x— (I + )27 CX(SkX for a new sample x. Then for
any € > 0,

. R R €
Rprop(7T) — Rpayes < Pr(Zprop # Zpayes) < 1 — Pr(|thy — il < 3 [0 — Ul > € for any k, £)

< Pr(If?k — | = g for some k) + Pr(|¢, — ¢| < € for some &, £).

Firstly, we bound the probability Pr(|9; — ¥| < € for some k,£). Since 9 — I, = TC?(((so - 60 )~ (ﬂ
L) TCY0 12 + (0 + pd )T CG60, /2, the variance of 9y — ¢ is (67, — 69)TCS(67,, — 6%,). Hence,

K
C
Pr(| — 9| < € for some k, £) = Z Pr(|9 — 9| < €lZ = t)m, < Znt € < CKZe,

P i \/(50 —89)TCY6Y, - 82,)

where the last inequality is obtained by Condition C6. Secondly, we bound the term Pr(lf?k — | = €/2 for some k).
As (O —WlZ = 1) = xT(Cx0rx — C38Y,) — (fiix + fiyx) T CxOrx /2 + (Ul + py ) TCY67, /2, the conditional difference
term (f?k — %|Z = t) is from normal distribution N(u, o%) with

0 0
Hix + By
2

x + gy

3 )" Cxbix + (

1 = (8T (Cxbix — C582%) — ( )TCY80,

and
0 = BixCx = 0T COEYCxdix — €387,
By Markov’s inequality, together with Lemmas [2]and ] we have

K
Pr(|dy — 9| = § for some k) = Pr(iB — il = §|z = 1)+ 7, Pr(®y — Ol = §|z -k

t#k
AT A
Cm]?x(ékXCx—(égx)T O (Cxdux — C360,) GexCx = (02 CHEYCxbiy - C462)
+
(€= py ™7 (€~ uy))

(1)
C max A%[O,;(bA‘—'k) + 0p(dy)]

<

2
[E—AZ[O(‘)+0(dn)+0(W)]— 70y — ORI TCR(@EY — &y

. A0, + 0, (dy)]

,7 2
[E—AZ[O,;( )+ O0p(dn) + Op(—£ h”qk —)]

A Op(fn k) Azop(fn;k)
< +
le = A20, (&) = 3By — SR TCR@G)y — BRI €= A0, (En))

(29)
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By Condition C6, the first term of (29) converges to 0 in probability. Choose € = C& . where 0 < @ < 1/2 with a
positive constant C, then

Azop(fn;k) " Azop(é:,l,;;za) P
€ — A20,(Enp) — 180 — 60)TCYBY, — 601 [C - A20,EP

Pr(|dy — el = g for some k) <

O

Theorem [I] establishes the sub-optimality property of the proposed classification rule for the multi-class problem.
In the case of two-class problem, the Bayes error rate can be expressed in a closed form of

RBayes = (D(_AZ/Z)

when the data are from normal distribution, where ® represents the cumulative distribution function of N(0, 1), and
Ay = \/(62X)TC9(63X = \/(”gx —y?X)TC?((ng —y?x). Accordingly, in Theorems [2| and , we can compute the
convergence rate of the proposed rule for the two-class problem, and subsequently investigate its properties.

Theorem 2. Assume that Conditions CI - C7 hold with K = 2, and

b(”) S
2 Ny g

A A,

&, = max{d,,

Then we have Rprop(T) = ®(=(A2/2)[1 + O,(E)D.

Theorem 3. Assuming that all the conditions in Theorem ) are satisfied, we have

(1) if Ay is bounded, then the proposed rule is asymptotically optimal and Rprop(T)/Rpayes — 1 = Op(&4);
(ii) if Ay — oo, then the proposed rule is asymptotically sub-optimal;

(iii) if Ay — oo and f,,A% — 0, then the proposed rule is asymptotically optimal.

Proof of Theorem[2t The conditional misclassification rate is

(=!8 Cx(uly — fi) = S5 Cxftx — f12x)/2
o2 CxE0Cxbox

i o (= DF8ayCx(udy — ) — 83 Cxbox

k=1

O CxE0Cxbox

1

= )
2

Rprop(7) =

~
Il (]
—_

NI —

By the result (ZT)), we have
b2y CxESCxbrx = 833 Cxbox[1 + 0,(dy)] = 85, CYEax[1 + O, (dy)].
From the result (22)), together with E[(é‘gx)TC?((Szx - (S(Z)X)]2 < A%E[(SZX - 6gX)TC?((32X - 6gx)], it is easy to derive
81xCdax = (69)TCxdy + (83T Cx(@ax — 89 + Bax — 63T Cr(B2x - 85
b(”)

= 83+ 0, (5"82) + 0,((") = {1 + O]

Hence we have
b(")

823 Cxbox = b2 CYbax[1 + 0,(d,)] = AJ[1 + op(ALz) +0,(dy)].
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Therefore, by Lemma@ we obtain

n n n R (n) Sh. (n) ~T A~ A
5;xcx(ﬂlx —.U(l)x) —52TXCX52X _ Op( %) + OP(\/”’T%) B \/62XCX62X

v ‘gxéx):?(é‘xgzx VI +0p(dn)

b Sy’
A \/1 "R O o) 00140, 1 0 + 0,y
2 V1+0,(d,) JI+0,d) 2 A PR P
A
= -1+ 0,1
Similarly, we have
AT A AT A A
0, Cx(Udy — floy) — 0,4 Cx6 A
= X(”fﬁ o) Oyt ~S 1+ 0,
By CxEOCxboy
which proves the theorem. O

To establish the theoretical results in Theorem E[, we need a lemma from Shao et al. [42]]. We state it here for
completeness, and then prove Theorem 3]

Lemma 5. Let afll) and aﬁlz) be two sequences of positive numbers such that aill) — oo and aﬁ,z) - 0asn — oo If

lim,,_,c aﬁ,l)aff) = p, where p may be 0, positive, or oo, then

D(— a1 - D))

lim
D(—/ay”)
Proof: See the proof of Lemma 1 in Shao et al. [42]]. O

Proof of Theorem[3t (i) Let ¢ be the density function of N(0, 1). By the mean value theorem,

A A A
Rprop(T) — Rpayes = @(—72[1 +0,(ED) - @(—72) = —¢(rn>720,,(§n),

where 7, is between —A,/2 and —(A,/2)[1 + O,(&,)]. Since A; is bounded, then Rpayes is bounded away from 0.
Hence,
Rprop(T) | = Ay ¢(1)

RBayes 2 RB ayes

Op(fn) = Op(gn)

(i1) When A, — oo, we have Rprop(7") i 0. This, together with lima,_,co RBayes = 0, proves (2).

(>iii) The conditions A, — oo, lim,,_,c0 f,lAg = 0, together with Lemma , prove that Rprop(7)/Rpayes i 1. O

Theorem 2] provides the convergence rate of the proposed classification rule for the two-class problem with respect
to &,. Base on such a result, Theorem [3] demonstrates that the property of the proposed classification rule (optimal-

ity or sub-optimality) depends on the scenarios of the true model’s A,. Specifically, (1) when A; is bounded, i.e.,
lim,,_,co RBayes > 0, then Rprop(7°) converges in probability to the same limit as Rpayes. (2) When Ay — o0, ie.,

P . . .
Rgayes — 0, then Rprop(77) — 0; in this case, if we further have an§ — 0, then Rprop(7") and Rpayes have the same
convergence rate.
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3.2. Consistency property of the prediction of y

Now, we derive the consistency property for the proposed estimate of y. Denote by $” the predicted value of y
obtained from the proposed model. Define $® to be the predicted value of y for x when all parameters are known.
Specifically, first obtain the class label k via the Bayes LDA rule, then % = y, = Hiy + E;y 1(x — Mkx)- Hence, the

mean squared errors (MSE) of estimates $® and §° are MSEp,yes = E[(5® — y)?7] and MSEprop = E[GF — )27 ].
Now we establish the theoretical results of $” in Theorem

Theorem 4. Assume that Conditions C1 - C7 hold and the conditions in Theorem([l|are satisfied. Then we have

P
MS EPROP -MS EBayes - O’
for the multi-class qualitative response.

Proof of Theorem[d Define ry = Pr(Z = i|Z = k) for i,k € {1,...,K}. Let R be the misclassification error for a
classifier, it is then calculated via

R= ZK: Pr(Z=k)Pr(Z + kIZ = k) = ZK] [nk EK: rik]. (30)
k=1 k=1 izk
Now we derive an upper bound of (§ — y)z. Since it is random, we focus on the average, i.e.,

E[G 7. T1= EEsr[( - y)*x, T 31
To simplify the notation, we omit x and 7~ and write it as EyEyr[(§ — ¥)?]. Then (BT)) becomes

K
E[( =)' = E\Eyr [ — )1 = Ez[EyzEyer (5 — y)°11Z] = anE 7= k[z ru@; = 1Z = k|.

k=1 i=1

Next, we derive

Eyz=t|a1Gy = y'1Z = 1] = Eyges {9, — EGIZ = 1) + EGIZ = 1) = yPIZ = 1]
wzt [art9) = EOIZ = DPIZ = 1]+ Eyzr [arly - EGIZ = DPIZ = 1] = ar(§) - EGIZ = DY + a1 Var(IZ = 1),

Similarly, we have for ¢ > 0 and i,k € {1,...,K}
Eyz [eGi = YIZ = k] = cl§, — EGIZ = R + cVar(IZ = k).

As aresult, (3I)) is decomposed as

Mw

K
E[G =)k, T1= > m| > radd; - EGIZ = k) +Zr,kVar(y|z )

1 i=1 i=1

~
Il

Tk Fik

M=

K
mraly; — EOIZ = O + (02 - £, Ty Exy) Z
k=1 i

M-

I
—_

DM TP
M- T

mradd; — EONZ = b)Y + (07 - £5,Zx' Txy)s

~
I

1

where in the second equality Var(y|Z = k) = 0' -Iy Z)‘('EXy is used, and the third equality uses Zf: | Z,-[i | mkri = 1
Now we tackle with each term of

2
A N oaT o1 _ AT &1 4
e~ EQIZ = b)Y = {(ﬂky ~ Hiy) + (Zx;zx - Z)T(yle)x (EXyEX fux — Ty Ex ﬂkx)}
16



and
2
. 2 N oT o1 _ oT ol -
B —EGIZ=K)) = {(ﬂky — Hiey) + (ZXyZX - Z;yle)x - (ZXyZX Hix — Z)T(yleﬂk’x)}
R aT o1 _ aT &l a _
= {(:uky = Hiy) + (ZXny - Z;yle)x - (Ex)rzx Hix — Z;yleﬂkx )

2
+ (i — priry) = (Z5, 25 pex — Ep By )| k=K.
Fork € {1,...,K} and k # k’, define the following terms

bty = fiyy — Hiy:  Diw = EOIZ = k) = EGIZ = k') = (xy — ptiry) — (25, 2x ix — 23, 25" pex )
AT Al ny AT o1 4 _
h= (zxyzx - z;yle) o de= 27 8 i - 2L ER g

Therefore, we obtain

K K K
E[G =y, T =) mirilby + T x = dif* + > > mrabyy + BT x = di + Dy + (07 - £}, 53 Ix,)

i=1 k=1 ik
K K K K K
= Ti(biy + BT x — d;)* + w(biy + hx — d)* + D>
TTirii\Diy X i T ik(Diy X i T iy,
i=1 k=1 ik k=1 i#k

K K
+ 0 omralbiy + I x = d) Dy + (0 = L By By

k=1 i#k
K K
=M + wD% + (02 — X7 X1 %y,)
= T iy, ay Xy=X ~Xy)
k=1 i#k
where
K K K K
M = ﬂ'k}",‘k(b;y +h'x - d,')Z + Z Z 27rkr,-k(b,-y +h'x - d)Dj.
k=1 i=1 k=1 i#k

Now if the classification of Z is based on the known distribution, the misclassification rate R is Rpayes. For i,k €
{1,...,K}, let rﬁ?C =PrZ = i|Z = k) represent the corresponding ry with 7 obtained from Bayes rule. Similarly, let
symbol rli be the corresponding r; with Z from the proposed model. Denote by Mpgop the value of M computed
from the proposed model. Note that the value of Ml computed from the Bayes rule is equal to 0. Then we have

K K
E[G" =%, 71 = E[G® = )%, 71 = Mpgop + ) > (rerky = mri)D} < Mipgop + [Rerop(7T) = Rbayes] D
k=1 i#k

where Dfmlx = max {Dik,}, and the last inequality uses (30). By conditions in Theorem E,(Mprop) j> 0asn — oo.
Consequently, we have

MSEprop — MSEgayes = E[G” = 171 — E[G® = 171 = E<E[G" — y)*|x, T1 = ExE[G® = y)*Ix, T
< E(Mprop) + [Rerop(7) — Rpayes | D

max - O

O

Theorem [ compares the MSE of the proposed estimate of y with that from the optimal Bayes rule (under the
assumption that all parameters are known). Since the classification errors from a classification rule might be larger
than 0, the MSE of § may not converge to 0 even though the sample size n is sufficiently large. Here we adopt
the MSEgyyes as a reasonable performance benchmark to evaluate the property of the proposed model with respect
to y. Theorem [ states that the difference of MSE between the proposed and the Bayes methods converges to 0 in
probability.
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4. Numerical results

In this section, we study the empirical performance of the proposed GAQQ model from multiple perspectives. In
Sections {i.T] and [4.2] we examine the performance of our method via simulated QQ data with two-class and multi-
class responses, respectively. In Section two real-world data examples from material science and genetics are
used to illustrate the merits of the proposed approach.

4.1. Two-class settings of the qualitative response

We evaluate the performance of the proposed GAQQ method for a binary response Z under different inverse
covariance matrices C and mean differences 6,. The proposed GAQQ model is compared with several benchmark
methods, denoted as GLDA, CL, and ENET, which use the predictor variables X to predict Z and y. The GLDA
employs the LDA classification rule for Z using the Moore-Penrose generalized inverse of the sample covariance
matrix of X when p > n. The CL method applies the LPD technique [7] to predict the response Z based on X. With
their estimated class label of Z, the GLDA and CL predict y by (TIT). The ENET method uses the elastic-net logistic
model [50] on predictor variables X to fit the response Z and hence predicts Z for the testing data. For the quantitative
response y, the ENET separately fits two elastic-net linear regressions for two classes using training data, and then
predicts y in the testing data based on its estimated Z. The tuning parameters of the CL and ENET methods are
chosen by five-fold cross validation. Specifically, we split the training data into V sets with roughly equal size. In the

ENET method, let f?l(:)g(/l) be the estimated coefficients of elastic-net logistic regression from the vth set of splitting
data under given choice of two tuning parameters, v € {1,...,V}. Also let Z(V)(/l) be the predicted Z using ﬁ::;(/l)

and training data excluding the vth set. The tuning parameters are chosen to minimize Z“,/: h ||Z (V)(/l) -Z ("’)H%, where

Z™Y represents the vector of values of Z in the training data without the vth set. Similarly, let /A?l(;)(/l) be the estimated
coefficients of elastic-net linear regression from the vth set of splitting data with two tuning parameters. Denote by

$M(A) the predicted y using Bi:(/l) and training data excluding the vth set. The tuning parameters are chosen to

minimize \/ 23:1 Iy () - y(—v)||§/ V, where y(™ represents the vector of values of y in the training data without the
vth set. The cross-validation procedure of CL method for modeling the response Z is provided in detail in Cai and Liu
[7]. The GLDA is implemented in the R software. The glmnet(:) function in R is used for the ENET method. The
CL method is implemented by using 1inprog(-) function in the Matlab software. All numerical studies are carried
out on an Intel Xeon Gold 6248 2.50 GHz processor.

Regarding the inverse covariance matrix C, we consider the following five structures in the simulations, which are
commonly used in the literature [47]:

Model 1. C; = 1. ¢;; = 1 if i = j and O otherwise;

Model 2. C, = AR(0.6). The conditional covariance between any two random variables is fixed to be 0.6/,
1<i,j<p;

Model 3. Cj is generated by randomly permuting rows and corresponding columns of the matrix C»;

CS(0.6) 0

Model 4. C; = 0 7
entries 1 and others 0.6. 0 indicates a matrix with all entries 0;

Model 5. Cs = O + al, where the diagonal entries of @ are zeros and ©;; = @j; = b * Unif(-1,1) fori # j,
where b is from the Bernoulli distribution with probability 0.15 equal 1. Each off-diagonal entry of ® is generated
independently. The value of « is gradually increased to make sure that Cs is positive definite.

Model 1 is the simplest sparse matrix indicating that variables are independent of each other. Model 4 is a sparse
matrix indicating that only the first 5 variables are correlated. This matrix includes more sparsity as the dimensionality
increases. Models 2 and 3 are relatively dense matrices, and they also become more sparse when the dimensionality
increases. All of these four matrices have sparse structures to some extent, while Model 5 is a general sparse matrix
with no structure, which is similarly used in Bien and Tibshirani [4].

For the mean difference d,, we consider two different levels of sparsity. The y; is the vector with all elements
zeros, and the u, is generated such that (S1): 25% of the elements in y, are zeros; (S2): 75% of the elements in u,
are zeros. The positions of zeros in u, are randomly distributed with its nonzero values independently generated from

), where CS(0.6) represents a 5 X 5 compound symmetry matrix with diagonal
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Table 1: Averages and standard errors (in parenthesis) of misclassification errors (MEs) in percentage obtained from ENET, GLDA, CL and GAQQ
methods for Models 1-5 based on 100 replications.

Model 1 Model 2 Model 3 Model 4 Model 5

ENET 25.3(0.51) 25.4(0.44) 25.0(0.49) 24.8(0.46) 25.6(0.45)

S1  GLDA 9.28(0.42) 10.2(0.75) 9.40(0.66) 5.28(0.33) 9.13(0.33)
CL 1.68(0.21) 10.9(1.04) 8.75(1.00) 4.58(0.51) 1.20(0.22)

GAQQ 2.92(0.26) 9.93(0.41) 17.7(0.50) 2.33(0.24) 2.67(0.22)

p=40 ENET  25.3(0.45) 26.1(0.47) 24.3(042) 26.2(0.42) 25.1(0.41)
S2  GLDA 20.0(0.66) 9.78(0.41) 13.1(0.49) 22.8(0.63) 18.8(0.58)

CL 6.92(0.39) 4.90(0.33) 8.63(0.50) 8.65(0.38)  8.48(0.40)

GAQQ 5.32(0.32) 4.52(0.28) 7.10(0.28) 6.28(0.30) 5.88(0.29)

ENET 25.0(0.51) 24.4(0.44) 24.8(0.44) 23.9(0.48) 25.8(0.54)

S1  GLDA 7.88(0.43) 11.2(0.49) 12.6(0.52) 8.03(0.38) 11.3(0.49)

CL 6.37(1.38) 10.4(0.66) 11.2(0.63) 5.63(1.48) 9.38(1.57)

=80 GAQQ 0.10(0.04) 2.97(0.22) 2.22(0.19) 0.07(0.03) 3.53(0.22)

ENET  24.8(0.42) 25.3(0.39) 25.2(0.43) 24.3(0.43) 23.9(0.52)

S2  GLDA 19.5(0.55) 26.7(0.68) 24.8(0.76) 16.1(0.63) 20.9(0.61)
CL 4.67(0.37)  20.5(0.77) 18.2(1.01) 2.65(0.30) 14.5(0.92)
GAQQ 1.08(0.13) 10.6(0.37) 5.42(0.30) 0.57(0.11) 3.33(0.22)

ENET 243(041) 24.9(0.52) 24.4(042) 252(0.43) 24.6(0.43)

SI  GLDA 225(020) 14.100.52) 13.6(042) 3.13(0.22) 7.23(0.36)

CL  2.08(0.20) 2.88(0.18) 2.72(0.17) 2.12(0.21) 2.26(0.15)

p =200 GAQQ  0.22(0.06) 0.47(0.09) 0.20(0.05) 0.23(0.07)  0.05(0.03)
ENET 25.3(0.40) 25.5(0.40) 24.6(0.47) 25.7(0.49) 25.3(0.51)

S2  GLDA 9.73(0.40) 20.5(0.55) 24.3(0.57) 9.08(0.40) 15.0(0.50)

CL  1.46(0.14) 2.96(0.16) 2.29(0.11) 2.06(0.18)  2.38(0.16)

GAQQ 0.01(0.00) 1.10(0.16) 1.55(0.16) 0.02(0.01)  0.17(0.05)

uniform distribution Unif(0,2). We consider p € {40, 80, 200}, and generate n; = 30 observations from N(u;,C™")
as well as n, = 30 observations from N(u,, C™') as the training set. The same procedure is employed to generate the
testing data, which is used to evaluate the prediction performance of y and Z for different compared methods. We
consider the root mean squared prediction error RMSPE = /X", (y; — §;)>/n to measure the prediction accuracy for
the quantitative response y, where J; represents the predicted value. The prediction performance of the qualitative
response Z is measured by the empirical misclassification error ME = }}" | I(z; # Z;)/n, where Z; is the predicted value
of z; and I(-) is an indicator function. To make it easier for understanding the proposed methodology in the numerical
studies, we summarize the implementation of GAQQ method in the following Algorithm 3 (based on Algorithms 1
and 2) for two-class settings of the qualitative response.

Algorithm 3
Step 1: Given (4, 1), set 32,0 =W —wy)/2.
Step 2: Given 8, = 32,,, solve C in H by the Glasso at the tth iteration.
Step 3: Given C = C,, solve &, in @i by the Lasso at the tth iteration.
Step 4: Repeat Step 2 and 3 till both C; and 32; converge.
Step 5: Choose the optimal values of 6, and C with respect to (4, A2) via ([E]) denoted by 8, and C respectively.
Step 6: Calculate y = w + (ny — n1)62/n compute /.11 = 62 +yandfi, =y — 62
Step 7: For a new observation x, compute $; = [, — CXy(x /ka)/cy for k € {1,2}; obtain p, by plugging (x™, )"

into the density functions of N(f, Cil).
Step 8: If #1p; > #2p,, let $ = $, and Z = 1; otherwise let § = $, and Z = 2.

Tables [I] and [2] report the averaged MEs in percentage and averaged RMPSE, as well as their corresponding
standard errors in parenthesis for each approach over 100 replications. It can be seen from Table [I| that the proposed
method generally outperforms other approaches with respect to MEs. Such an advantage becomes more significant as
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Table 2: Averages and standard errors (in parenthesis) of root mean squared prediction errors (RMSPE) obtained from ENET, GLDA, CL and
GAQQ methods for Models 1-5 based on 100 replications.

Model 1 Model 2 Model 3 Model 4 Model 5

ENET 1.18(0.01) 1.62(0.02) 1.84(0.02) 1.91(0.01) 1.73(0.02)

S1  GLDA 1.82(0.03) 2.00(0.04) 2.03(0.04) 1.82(0.03) 1.82(0.03)
CL 1.79(0.03) 1.97(0.06) 2.03(0.08) 1.65(0.03) 1.74(0.03)

GAQQ 1.07(0.01) 1.21(0.01) 1.49(0.01) 1.02(0.01) 1.17(0.02)

p =40 ENET 1.59(0.01) 1.20(0.01) 142(0.02) 1.22(0.01) 1.12(0.01)
S2  GLDA 1.93(0.03) 1.96(0.03) 1.90(0.03) 1.85(0.03) 1.77(0.02)

CL  1.82(0.03) 1.78(0.03) 1.70(0.03) 1.67(0.03) 1.58(0.03)

GAQQ 1.07(0.01) 1.14(0.01) 1.37(0.01) 0.98(0.01) 1.09(0.01)

ENET 1.58(0.01) 1.77(0.02) 1.68(0.02) 1.37(0.01) 1.75(0.01)

SI  GLDA 2.01(0.03) 2.62(0.04) 2.38(0.04) 2.08(0.03) 1.92(0.03)

CL  2.0200.04) 2.63(0.07) 2.31(0.05) 1.88(0.03) 1.72(0.03)

_ %0 GAQQ 1.11(0.01) 1.26(0.01) 1.54(0.01) 1.11(0.01) 1.31(0.01)
p= ENET 1.08(0.01) 1.31(0.01) 144(0.02) 1.61(0.01) 1.11(0.01)
S2  GLDA 1.96(0.03) 2.56(0.05) 2.27(0.04) 2.04(0.03) 2.36(0.04)

CL  1.76(0.03) 2.38(0.05) 2.10(0.04) 1.85(0.03) 2.20(0.04)

GAQQ 1.02(0.01) 1.10(0.01) 1.39(0.01) 0.99(0.01) 1.11(0.01)

ENET 1.66(0.02) 1.24(0.01) 1.68(0.02) 1.07(0.01) 1.61(0.02)

SI  GLDA 124(0.01) 1.58(0.02) 1.62(0.02) 1.21(0.01) 1.40(0.02)

CL  127(0.03) 1.60(0.02) 1.65(0.02) 1.28(0.02) 1.36(0.03)

p =200 GAQQ  1.08(0.01) 1.27(0.01) 1.44(0.02) 1.06(0.01) 1.15(0.01)

ENET 1.03(00.01) 1.65(0.01) 1.62(0.01) 1.22(0.01) 1.17(0.01)

S2  GLDA 1.19(0.01) 1.67(0.02) 1.76(0.02) 1.22(0.01) 1.32(0.01)
CL  1.190.01) 1.55(0.02) 1.74(0.02) 1.23(0.01) 1.33(0.01)
GAQQ 1.01(0.01) 1.2500.01) 1.43(0.01) 1.01(0.01) 1.15(0.01)

the underlying models are more sparse. Specifically, in the scenario of S1 = 25% and p = 40, the proposed GAQQ
model does not perform as well as others, since the underlying models in this scenario are the least sparse, especially
for the dense Models 2 and 3. In contrast, the proposed method produces relatively better comparison results in the
scenario of S2 = 75% and p = 40, where the true mean difference is more sparse. Furthermore, this advantage of
proposed GAQQ model is well evidenced in the scenario of p = 80, and even more notable when p = 200 with its
substantially lower MEs than other methods.

From Table [2, we observe that the proposed method generally gives superior performance over other compared
approaches for each scenario in predicting the quantitative response y. The possible explanations are in two folds.
First, the proposed GAQQ method provides an accurate classification of the qualitative response Z. Second, the
proposed GAQQ has a proper estimation of C by the regularization that is used in the prediction of quantitative
response y according to (IT)), resulting in an improvement of the prediction accuracy. It is also seen that the CL and
GLDA models are comparable in some cases, due to that both of them use the Moore-Penrose generalized inverse of

. ol . o . .
the sample covariance of X for X in the prediction of quantitative response y in (TT). But the CL method is generally
better since it has more accurate classification results than the GLDA in Table[Il

4.2. Multi-class settings of the qualitative response

Now, we examine the performance of the proposed GAQQ method for multi-class settings of the qualitative re-
sponse. We consider p = 200 and K = 4 classes of qualitative response Z with training sizes ny = n, = n3 = ng = 30
for Models 1 - 5 of inverse covariance matrix C. Let yuy; represent the jth entry of the mean value p. Generate
Hij =05 xk+ujfor j e {2k—1,2k,2k+1,..., 2k + 6}, otherwise u; = 0, where uy; is from Unif(—1,1). The train-
ing data are generated from N(u;, C™"), and the testing data follow the same generation procedure. We summarize the
proposed GAQQ model in terms of both estimation and prediction procedures in the following Algorithm 4 (based on
Algorithms 1 and 2) for multi-class settings of the qualitative response.
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Table 3: Averages and standard errors (in parenthesis) of MEs in percentage and RMSPE obtained from compared methods for multi-class settings
of p =200 based on 100 replications.

Model 1 Model 2 Model 3 Model 4 Model 5
ME
GLDA 40.58 (0.46) 59.15(0.56) 55.56 (0.51) 39.40(0.48) 48.28 (0.55)
WT 1726 (0.35) 43.73(0.59) 43.01(0.47) 17.90(0.38) 33.17 (0.67)
CHWE 14.70(0.32) 25.14(0.40) 32.16(0.50) 16.66(0.44) 21.31(0.44)
GAQQ 14.02(0.32) 25.36(0.53) 33.34(0.50) 17.11(0.42) 20.99 (0.49)
RMSPE
GLDA 1.64 (0.01) 2.09 (0.02) 2.02 (0.02) 1.66 (0.01) 1.71 (0.02)
WT 1.56 (0.01) 2.05 (0.02) 1.94 (0.02) 1.57 (0.01) 1.63 (0.02)
CHWE 1.56 (0.01) 2.01 (0.02) 1.92 (0.02) 1.55 (0.01) 1.61 (0.02)
GAQQ 0.99 (0.01) 1.11 (0.01) 1.27 (0.01) 1.01 (0.01) 1.39 (0.02)

Algorithm 4
Step 1: Given (/11,/12) set 6ko =, —w))/K.
Step 2: Given §; = 6k t solve Cin ( . ) by the Glasso at the rth iteration.
Step 3: Given C = C,, =041, 8 # k, solve 6y in by the Lasso at the tth iteration.
Step 4: Repeat Step 2 and 3 till €, and all the 6k, converge.
Step 5: Choose the optimal values of 0 and C with L respect to (A1, A2) via @]) denoted by &; and C respectively.
Step 6: Calculate ¥y = w + Z —(K/n) Zg 5 ngég, and I, =y — Zg 5 6 + Kby

Step 7: For a new observatlon x, Compute e = My — CX)(x .“kx)/ for k € {1,...,K}; obtain p, by plugging

(x7,9,)" into the density functions of N(;, é'_l).
Step 8: Let r = arg max,, 7ty Py, then = §, and Z=t.

We compare the proposed method with the GLDA, as well as the estimators proposed by Witten and Tibshirani
[45] (WT) and Clemmensen et al. [9] (CHWE), where the latter two methods are designed for multi-class problems.
We use the WT and CHWE models to first predict the class label Z for the testing data, and then the response y

is estimated, by the multivariate normal property, as i, + ﬁ;yﬁ‘.)—(l (x — fi;x) if their estimates 7 = k. The WT and
CHWE methods are implemented by packages PenalizedLDA and sda from R software, respectively. The results of
performance measures, ME and RMSPE, of the methods under comparison, are summarized in Table [3|based on 100
replications. One can see that the GAQQ method performs better than the GLDA as well as the WT method, and is
comparable with the CHWE in terms of the MEs. Besides, the GAQQ method gives the best performance among the
compared approaches with significantly lower values of RMSPE.

4.3. Case studies with real-world data

In this section, we apply the proposed GAQQ method to two real-data case studies. The first one is from the
study of Heusler compounds in material science and the second one is from the study of molecular diagnostics of
Ulcerative colitis and Crohn’s disease. Although from different fields, both problems contain QQ responses with
high-dimensional predictors, and the proposed GAQQ method appears to have much better performance in terms of
prediction accuracy compared with other methods.

The case study on material sciences is regarding the Heusler compounds, which are a large family of intermetallics
with more than 1000 known members. Many Heusler compounds have shown exotic properties, such as supercon-
ductivity and topological band structures, which have promising applications for quantum computing. Understanding
the thermodynamic stability of Heusler compounds lays the foundation for exploiting the large chemical space to dis-
cover and design new functional Heusler materials [33}136,|37]]. To determine the thermodynamic stability of Heusler
compounds, there are two key metrics: the mixing enthalpy (quantitative response) and the global stability based on
hull energy (binary qualitative response). The comprehensive database of 180628 full Heusler structures was built by
collecting the relevant structural and energetic data from the Materials Project [20]], OQMD [41]], and AFLOW [12].
These data were calculated using first-principles methods based on density functional theory, and it was extremely
computationally expensive (taking hours) to generate one entry of the data. Therefore, a statistical model that can
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accurately predict the thermodynamic stability for any elemental and compound features is a useful surrogate of the
first-principle computation models.

Since there is an intrinsic relationship between two QQ responses, the proposed GAQQ method is suitable to
improve the prediction accuracy by jointly fitting them together. To demonstrate the GAQQ method in the scenario
when the number of predictors is large relative to the size of the data, we randomly choose 150 samples from each
class of the binary response. We delete the predictor variables whose standard deviations are less than 1.0e7%, resulting
in 157 predictors of elemental and compound features. To examine the prediction performance of the GAQQ method
and other comparison methods, we randomly divide data into a training set with a size of 200 and a testing set with a
size of 100. Table[]reports the prediction performance results based on 50 random splits of the Heusler data. From the
results, it is seen that the proposed GAQQ performs much better than other methods in comparison, with the smallest
values for the misclassification error (ME) and the root mean squared prediction error (RMSPE).

Table 4: Averages and standard errors (in parenthesis) of MEs in percentage and RMSPE obtained from compared methods for Heusler and gene
expression data based on 50 random splits.

Heusler Data
Methods GLDA ENET CL GAQQ
ME 27.27 (1.828) 11.87 (0.332) 16.20 (0.688)  10.49 (0.363)
RMSPE 1.797 (0.445) 0.317 (0.083)  1.046 (0.053) 0.142 (0.002)
IBD Gene Data
Methods GLDA WT CHWE GAQQ
ME 21.90 (0.800) 24.80 (0.583) 18.10(0.555) 15.77 (0.584)
RMSPE 0.743 (0.014) 0.751 (0.014)  0.746 (0.014) 0.661 (0.011)

The second data for the case study considers the multi-class settings of the qualitative response. The IBD gene data
[6] are gene expressions on Ulcerative colitis (UC) and Crohn’s disease (CD), two of which are common inflammatory
bowel diseases (IBD) producing intestinal inflammation and tissue damage. The IBD data set was collected at North
American and European clinical sites from blood samples of 42 healthy individuals, 59 CD patients, and 26 UC
patients with 22,283 genes. An exploratory analysis, similarly conducted as in Shao et al. [42], is performed as
variable screening by one-way ANOVA with three levels (healthy individuals, CD patients, and UC patients). We
choose the top 101 significant gene variables to form the data for methods comparison. To create a quantitative
response, one gene variable is randomly chosen as the quantitative response from the 101 significant variables. The
data set is then randomly partitioned into a training set with 67 samples and testing data with the rest 60 samples. Table
M]presents the comparison results by the GLDA, WT, CHWE, and proposed GAQQ methods based on 50 random splits
of the data. We observe that the proposed GAQQ method performs substantially well with relatively lower values of
ME and RMSPE, as well as their corresponding standard errors in the parenthesis. Such empirical results demonstrate
that the proposed GAQQ method can achieve accurate predictions for both QQ responses in high-dimensional data.

5. Conclusions, limitations and future research

In this work, we propose a generative modeling approach to jointly model the data with QQ responses. By fully
exploring the joint distribution of the QQ responses and predictor variables, the proposed method enables efficient
parameter estimation, model prediction, and most importantly, lays a good foundation for investigating the asymptotic
properties for QQ responses, which few works have studied so far. Note that there are some discussions in the literature
about the comparable performance between the joint modeling and separate modeling under certain situations with
n > p. When n < p, the proposed joint modeling approach can generally have better advantage than the separate
modeling since there are relatively limited observations in the data.

The proposed GAQQ model in this work can be easily extended to accommodate the cases where the quantitative
response y = (yi,...,Y,)" has multiple dimensions by assuming (X', y")" is from different multivariate normal
distributions, see assumption (1). The parameter estimation follows the same procedure, and the prediction on y
is essentially via the multivariate normal properties, see (11). For the case of multiple qualitative responses, Z =
(Z1,...,Z,)", the GAQQ model cannot be applied directly. The simplest solution is to replace Z with a single
multi-class qualitative variable with K = H’;’Zl K; and K; the number of classes for Z;. Then we can apply the
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GAQQ model discussed in Section[2.2] Another potential challenge is the situation that some of the X variables are
quantitative whereas the others are qualitative. Then one cannot simply adopt multivariate normal distribution for
X. To accommodate this situation for the proposed method, one possibility is to consider the multivariate normal
distribution for quantitative variables in X and proper nonparametric density distributions for the qualitative variables.

The research has several future directions. In this work, we assume that the observed data follow normal distribu-
tion for model parsimony in the large-dimensional setting. When the data are not normally behaved or contaminated
with outliers, it will be important to consider robust statistical modeling [28]]. One possible direction is to incorporate
robust discriminant analysis [30, 38] into the proposed method, such as using robust estimation of mean and inverse
covariance matrix. Another possible way is to use ¢ distribution as the assumption for robust modeling. Additional re-
search direction is to accommodate a more flexible structure on the joint distribution of QQ responses and predictors.
For example, one can extend the LDA for the classification of the qualitative response to the quadratic discriminant
analysis (QDA). However, its estimation for high-dimensional data would encounter difficulty due to a large number
of parameters. Besides, additional research direction is to apply the generative modeling approach for the data with
semi-continuous responses, or the ordinal and quantitative responses [48]. One may employ the ordinal regression for
the ordinal response, and then derive its joint likelihood function with appropriate regularization.

Appendix

Below we provide the derivation from (I8) to (I9). The derivation from (8) to (9) is a special case with K = 2. For
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where

K K
_ Knj(n—n)) ]
M=—anw,-+nj(n—nj)w—— Z ngd, + Kn; Z ng6g—(nj—n)2w,-+nj(nj—n)w
i#G; §=2.8%] §=2.8%#] i€G;
" K K
J
—Knj(;—l) Z ngég:(n—nj)Zw,-—anwi+Knj Z ng6g.
8=2.8#] i€Gj i¢G; g=2,8#]

K
Lety = C'?M/{Knj(n—n;)} = C'*{(n —n;) Xwi—n; Y, witKnj 3 ngd.}/{Knj(n—n;)}. Hence, formula (32)

i€G; i#G,; g=2.g%j

is equal to

KZ (n —n.
K21 5 126,75 - €126 + a0l + C.
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