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Abstract

The starting point of analysis of state space models is investigating existence,
uniqueness and solution properties such as the semigroup property, and various formu-
las for the solutions. Several concepts such as the state transition matrix, the matrix
exponential, the variations of constants formula (the Cauchy formula), the Peano-
Baker series, and the Picard iteration are used to characterize solutions. In this note,
a tutorial treatment is given where all of these concepts are shown to be various man-
ifestations of a single abstract method, namely solving equations using an operator
Neumann series involving the Volterra operator of forward integration. The matrix
exponential, the Peano-Baker series, the Picard iteration, and the Cauchy formula can
be “discovered” naturally from this Neumann series. The convergence of the series
and iterations is a consequence of the key property of asymptotic nilpotence of the
Volterra operator. This property is an asymptotic version of the nilpotence property
of a strictly-lower-triangular matrix.

1 Introduction

State space models are the starting point in analysis of dynamical systems. They come in
various forms of generality as follows

(a): z(t) = A(x(t),t), b): #(t) = A(x(t),u(t)),

(c) = &(t) = A(t) =(t), (d): a(t) = A(t) x(t) + B(t) u(t), (1)
(e): @(t) = Aa(t), (f): @(t) = Ax(t) + B ult).

The state at each time z(t) € R™ is an n-vector, while the input u(¢) € R? is also a vector at
each t, with typically a different dimension than the state. For control problems, for example,
the signal u is the control input, and most interesting problems have the dimension of u
being much less than that of 2 (controlling many states with a single or few inputs). If the
signal u is a disturbance or a noise signal, it typically has dimensions comparable to those
of the state z.

The first column in (1) represents systems without an external input, and we generally
want to understand their responses {z(¢)} due to various boundary conditions z(f) specified
at some time ¢. In the second column, the signal u is regarded as an external signal, and
we typically want to establish response properties for a whole class of inputs u rather than
a single, fixed input.

The systems in the first row are generally nonlinear, and without making more restric-
tive assumptions on the structure of the vector field A, one can only deduce rather basic
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properties of existence and uniqueness of solutions. An important special instance of (a) is
the time-invariant case where A is constant in ¢. The second row consists of linear time-
varying systems. We will be able to say more about them, but in general these are capable
of very rich behavior, and again without additional restrictive assumptions, only basic prop-
erties can be established. The third row represents linear time-invariant systems, and much
more can be said about properties of those systems. Those statements will generally involve
linear-algebraic properties of the matrices A and B. As a side note, when the state dimen-
sion becomes very large or infinite, the distinctions between the three categories of systems
listed above can become quite blurry and in some cases cease to be relevant.

This tutorial is motivated by and organized around a pedagogical principle that it is
better to discover results starting from basic, generally applicable principles than to simply
be told what the answer is, and then just verify it. I will try to illustrate what I mean by this
using the most concrete case of linear time-invariant systems. The traditional treatment [I,

, 3] to derive formulas for the solution of a linear time-invariant state space system

B(t) = Azx(t) + w(t), 2(0) = z 2)

proceeds as follows. First, the homogenous problem with w(¢) = 0 is addressed. The solution
of this problem is given in terms of the matriz exponential. Given any square matrix A, the
exponential function is defined by the series formula

o0
AFtk 1 1
At = = T+ At + —A%2 + =A% +
24l 2 ]

It is not difficult to show that this series is absolutely convergent for any matrix A and time
t. Note also that e = I. By differentiating this series element by element, it then follows
that the derivative of this matrix-valued function is the matrix-valued function

ieAt = At = A A
dt

It is then an easy verification that the solution of (2) (with w = 0) is given by

d
z(t) = ez, since x(t) = %e‘“a’c = AetMz = Aux(t), )
and z(0) = eAtﬂt:O = V% = Iz = 7.

The solution of (2) with a non-zero forcing function w is given by the “variations-of-
constants” formula!

z(t) = eMz + /OteA(t_T) w(r) dr. (4)

The fact that this formula gives x(t) that satisfies the differential equation (2) can be directly
verified by differentiation.

The development described above, while quick and expedient, is unsatisfactory. Al-
though it might be easy to guess the definition of the matrix exponential, and the solu-
tion (3) as a generalization of the well known scalar case, it is difficult to see how this might
generalize to the linear time-varying or the nonlinear cases. Again, from a pedagogical point
of view, being told what the answer to a problem is, and your role is simply to verify that it
is indeed the answer is not helpful in gaining insight into how more general situations might
be addressed. For example, if you have not seen the formula (4) before, it probably seems

1This is also known as the Cauchy formula.



to “come out of thin air”. It is easy to verify, but where did it come from? What would
a similar formula be in the time-varying case, or if the state z is a matrix rather than a
vector?

A more satisfactory development is to see the answer emerge naturally from basic, famil-
iar principles that are applicable to a large variety of problem settings. At the expense of a
little bit of abstraction, we can have a better, more contextual understanding of the subject.
This is the approach we will follow in this paper which is organized around the following
central idea. The differential equations (1) are rewritten as integral equations, which can
then be thought of as equations in an abstract function space involving the Volterra operator
of forward integration. This operator has very special properties which we investigate. The
various series expressions and iterative algorithms for solutions follow from Neumann series
involving this operator. In particular, the matrix exponential, the Peano-Baker series, the
variations-of-constants formula, and the Picard iteration are all specific manifestations of
this abstract Neumann series. They all emerge naturally from applying the Neumann series
without having to guess the answer. Furthermore, the convergence properties of all these
series and iterations follow from an asymptotic nilpotence property of the Volterra operator.
This gives a unified view of all the various results in this area.

This presentation is organized as follows.

Section 2: Introduces the basic properties of flow maps, and their special forms when the
dynamics are time-invariant or linear respectively. These properties follow from the
basic assumptions of existence and uniqueness.

Section 3: Recasts the solution of state-space models in the linear case as a linear algebra
problem in function space. The Volterra (forward) integration operator is introduced
as analogous to strictly lower-triangular matrices. Such matrices are nilpotent, and the
Volterra operator is shown to be “asymptotically nilpotent”. Convergence of series and
iterations with the Voiterra operator then follow from this latter property. The kernel
representation of linear operators is introduced here as the main tool to understand
these properties.

Section 4: Shows how the matrix exponential and the Peano-Baker series are special in-
stances of the Neuman series.

Section 5: Considers systems with inputs in the linear case. The well-known “variations-
of-constants” (Cauchy) formula is derived in three different ways, one of which is again
as a consequence of the Neumann series. Readers not interested in systems with inputs
can skip this section.

Section 6: Considers general non-linear systems. The Neumann series here becomes the
Picard iteration. The proof of convergence follow from fixed point theorems. The
standard contraction mapping theorem is used to show local existence and uniqueness.
A tighter fixed point theorem that uses the asymptotic nilpotence of the Volterra
operator is used to show global existence and uniqueness.

2 Basic Properties

We consider first systems without inputs (systems (a), (¢) and (e) in (1)). We will give
various conditions for existence and uniqueness of solutions later on in Section 6. For now
however, we will make the following standing assumption.

Definition 1. A system of the form (1) without input is said to be well posed over a time
interval (a,b) C R if for any initial time t € (a,b), and any initial condition z(t) € R™,



there exists a unique solution of the differential equation over (a,b). a or b may be —oo or
oo respectively, and intervals can also be half open (i.e. [a,b) or (a,b]).

It should be noted that a requirement of existence and uniqueness of solutions is a natural
one when differential equations are used as mathematical models of physical phenomena.
If solutions are non-unique, then the model must be missing some feature of the physical
phenomenon, and likewise if solutions do not exist for some initial conditions. Further
commentary along these lines is included in Section 6.4 after the conditions for existence
and uniqueness are established.

2.1 The Flow Map

Consider now any of the systems (a), (¢) and (e) in (1), and assume well-posedness over
[0,T) for some T. The existence and uniqueness of solutions assumption implies that for
each t,t € [0,T) there is a well-defined mapping ®; 7 : R™ — R"™ such that

x(t) = @, 1(z(2)). (5)

We don’t know this mapping explicitly. This mapping is simply the statement that z(t) is
the solution of the differential equation at time ¢ given the initial condition x(%) at time #.
Since solutions exist and are unique by assumption, this is a well defined mapping. More
precisely, ® := {‘Pt,g, t,t €10, oo)} is a two-parameter family of mappings on R™. We refer
to @ as the flow map of the dynamical system.

The flow map’s dependence on the parameters has properties that follow immediately
from its definition. First, at any ¢ € [0,7)

Q1 = 1,

where [ is the identity map. This follows since ®;; maps an initial condition at ¢ to
the solution at ¢, i.e. it maps each vector to itself. Second, consider three time instants
t1,ta,t3 € [0,T). If we solve the equation from #; to t3 starting from (¢ ), then the solution
z(t3) must be the same as what is obtained by solving the equation from ¢; to ¢t and then
again from ty to t3, with the latter starting from x(¢2) as an initial condition (see Figure la
for an illustration). In other words

.%‘(tg,) = (bts,tl (x(tl)) = (I)tz,tz (l‘(tg)) = q)tsiz <¢t27t1 (x(tl))) = ((I)t37t2o(bt2,t1)(x(t1))7

where the symbol o denotes function composition. Since this has to hold for all possible
initial conditions, we have equality of the mappings

(I)t?ntl = (I)t37t2 O‘I)tz,tl (6)

for all ¢1,ta,t3 € [0,T). This property is called the semigroup property, although this name
is better suited for the time-invariant case which we discuss next.

2.2 Time Invariance

The concept of time invariance requires existence and uniqueness of solutions over semi-
infinite time intervals. Without loss of generality, we will therefore assume well-posedness
of the following system over the entire half line [0, o)

i(t) = A(z(t)), t € [0, 00), (7)



2o(t) ;= a(t+1)  (left shift by 7)

(a) The semigroup property ®i5,t, = Pty 15 0Pty ¢, is
equivalent to saying that finding the solution at time
ts given an initial condition at time ¢1 is equivalent to
solving in two steps. First, find the solution z(t2) at  (b) The time invariance property implies that
some intermediate time t2 from the initial condition  the solution z(t) given an initial condition ()
at t1, then find the solution at time t3 from z(t2)  is the same as solving a time-shifted problem (de-
regarded as an initial condition at t2. The answer picted in green), i.e. solving for zs(t —t) from an
should be the same as the going directly from ¢1 to t3.  initial condition zs(0) = z(%).

Figure 1: Well posed-ness (existence and uniqueness of solutions) of the system (1) implies that the solution
z(t2) at any time t2 from an initial conditions z(¢1) at time ¢1 is given by a well-defined, two-parameter
family of mappings ®¢,,¢, : R™ — R™. Well posedness also implies the semigroup property depicted in (a).
When the system has constant (in time) coefficients, then the time-invariance (more precisely time-shift
equivariance) property holds as depicted in (b), and the flow map is given by a single-parameter family
Diyty = Ptyetq,0-

where the vector field A is constant in time. The “dynamics” of this system (i.e. the relation
between & and = at each time) are independent of ¢. Suppose that z(.) is the solution from
the initial condition x(0) = Z. Define the left-shift of x by

zs(t) == z(t+1), t € [0, 00),

where ¢ is some fixed number. Note that the initial condition for x(0) is z(¢). Now if we
solve the equation from the initial condition z4(0) = z(f), the solution will simply be the
portion of the original trajectory over [£,00), which is the same as x5 over [0, 00)

@t 4 1) . is(t) = A(ws(t)
A(:v(t+f))} = x(t+f)=A(3:(t+f)) = {:US(O) ( )

s (t)

A(xs(t))
Thus the shifted function x4 satisfies the differential equation with its initial condition as

the vector z(t). Figure 1b illustrates this property, which is called time invariance (or more
precisely time-shift equivariance), for which we give a formal definition.

|
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Definition 2. Consider a state space system over [0,00). The system is called time invariant
if for each solution trajectory {z(t), t € [0,00)}, and each t > 0, the left-shifted trajectory
xs(t) := x(t + 1) is a solution starting from the initial condition z5(0) = x(%).

The previous calculations show that a system of the form (7) where the vector field F
is independent of ¢ satisfies the definition above for time invariance. Note that the key to
this fact is @(¢t + 1) = A(z(t +t)), which would not be true if the vector field A depended
on time since in general A(z(t +1),t + 1) # A(x(t +¢),1).

Time invariance has an important implication for the dependence of the flow ®;, ;, on
the parameters ¢; and to. Let x be any trajectory, and let z4(t) := x(t + t1) be its shifted



version. In terms of the flow maps, we have the relations

xs(t) = z(t+1t1) = x5(0) = z(t1) and z4(t2 — t1) = x(t2),

x(t2) = q)tZ;tl ('r(tl))
zs(ta — t1) = Pyt 0(2(0)) p = Dy 1y (2(t1)) = Pty 0(z(t1))
= B4, 0 m(151))

Since this last statement must hold for all possible vectors x(t1), we conclude that as maps
cbtmtl = (I)tz—tl,O~

Thus the two-parameter family of flow maps is fully determined by the one parameter family
{®t,0, t € [0,00)}. With a slight abuse of notation, we relabel this family as ®; and state
this conclusion formally.

Lemma 3. Assume the time-invariant dynamical system (7) is well posed over [0,00). Then
there exists a one parameter family of maps ®; : R™ — R, ¢t € [0,00) such that for any
trajectory, and any times to >t1 >0

l’(tg) = (I)tg—tl ((E(tl))
In particular, z(t) = ®;(x(0)).

Thus for time-invariant systems, the flow map between the state at time ¢; and the state
at time to depends only on the time difference to — t1, and not on the starting or ending
times t; and to. Now recall the so-called semigroup property , which when combined with
time invariance says

‘I)t&tl = (I)tsﬂfz © (Dt27t1 = (I)ta—t1,0 = (I)tg—tg,o o q)tg—tl,o
= Doy = Piyopy 0 Piyety

where we repeated the abuse of notation in the last statement. If we now relabel to—t; =: 7y
and t3 — ty =: 7o, then t3 — t; = 7o + 7, and we can finally state that for time-invariant
systems, the one-parameter family of flow maps satisfies the property

é‘rg o (I)'rl = (I)TQ+7'17 T, T2 € [0,00) (8)

This can now be legitimately called the semigroup property. There is a one-to-one corre-
spondence between the set [0, 00) (which is a semigroup under addition) and the family of
maps & := {®;, ¢t € [0,00)}. The property (8) is a statement of semigroup isomorphism. ®
is a semigroup with the operation of function composition, which is isomorphic to [0, 00), a
semigroup under addition.

2.3 The State Transition Matrix

In the case of linear systems, the flow map ®,, ;, can be shown to be a linear mapping on R",
and is therefore represented by a matriz-valued function ®(to,t1) of two parameteres, which
is naturally called the state transition matriz. The fact that the flow map is linear is easy
to show without actually “solving” the equation as follows. Consider a linear time-varying
system with no input, and two solutions corresponding to two initial conditions

i1(t) = A(t) 21(2), () = 71,
l'g(t) = A(t) l'g(t), 1’2(1?) = To.



We can immediately verify that the solution due to a linear combination z(f) = aZ1 + (%2 of
the initial conditions is the same linear combination x(t) = ax(t) + Sx2(t) of the individual
solutions. Indeed

%(awl(t) + Bxa(t)) = adq(t) + B i2(t) = o A(t) z1(t) + B A(t) z2(t)
= A(t) (a x1(t) + B xg(t))

Thus z(t) = ax1(t) + fxa(t) satisfies the differential equation as well as the initial condition.
Note that the only property used above is the linearity of differentiation and the linearity
of the right hand side of the differential equation.

Recall that the flow map ®,; maps initial conditions at ¢ to solutions at ¢. Since we
have established that this map is linear, and on R™ general linear maps are represented by
matrices, then there must exist a matrix-valued function of time ®(¢,#) such that

z(t) = (I)t,t_<33<{>)a O =1 (the identity mapping)
= z(t) = P(t, 1) z(t) O(t,t) = I (the identity matrix) (9)

This matrix-valued function of two time parameters ®(.,.) is naturally called the state
transition matriz. It inherits properties of the flow map when specialized to linear maps.
For example, ®; ; is the identity mapping for any ¢, and since this linear map is represented
by the matrix ®(¢,¢), this must be the identity matrix. The semigroup property is also
inherited, and in this case composition of maps becomes matrix multiplication. We now
state these properties formally.

Lemma 4. Consider the linear time-varying system
p(t) = A(t) x(t), z(t) =z, (10)

and assume it is well posed over R. Then there exists a matriz-valued function, called the
state transition matrix ®(.,.), such that for any two times t1,ta € R

:L’(tg) = @(tg,tl) %(tl) (11)
This state transition matrix has the semigroup property where for any t1,ts,t3 € R
D(ts,t1) = D(ts,ta) P(ta,t1). (12)

In particular, it is always non-singular and inverses are given by ®~Y(ta,t1) = ®(t1,t2).
Furthermore, it satisfies the matriz differential equation

%fb(t,f) = A(t) ®(t,1), o(t,t) = I, for any t € R. (13)

In the last section, we will show that this system is well posed on R under the reasonable
assumption that the function A(.) is bounded on bounded intervals. Well-posedness over all
of R implies that the system can be solved forward or backwards in time from any ¢ € R.

The invertibility of the state transition matrix follows from the semigroup property since
we can always expresses the inverse as

O(t1,ta) P(ta,t1) = P(t1,t1) = 1.

In other words, solving from an initial condition x(¢1) at time ¢; to the response z(ts) at
time to, and then solving backwards from z(t3) to the state at time ¢; should given the



original z(t1). Finally, the differential equation (13) can be verified from the formula (9)
together with the original differential equation (32)

i% _ ?SE%% } = %@(t,ﬂ z(t) = A(t) ©(t,1) z(2).

Since the last equality holds for any initial condition vector z(#), then the matrix equa-
tion (13) must hold.

Another new ingredient here over the nonlinear case is the differential equation (13) for
the state transition matrix. We note that it is possible to derive an analogous equation for
the nonlinear flow map ® (see Exercise 1), but it is a partial differential equation, and not
particularly useful for computations due to the “curse of dimensionality”.

It is important to keep in mind that Lemma 4 does not “solve” the system (32) in any
concrete sense. It just states the properties of the solution. The “solution formula” (11)
is simply an expression of the linearity of the problem. The semigroup property is a con-
sequence of the uniqueness of solutions. The differential equation (13) for ® is actually
more complicated to solve than the original system when given a specific initial condition.
The latter is a vector differential equation, while the former is a matrix differential equa-
tion. However, as we will now demonstrate, if we solve n vector differential equations from
properly chosen initial conditions, we can find the state transition matrix.

Let {vk}zzl be any basis of R”. Suppose that we numerically solve the n, vector differ-
ential equations

i‘k(t) = A(t) Ik(t), .Tk@) = Vg, k:l,...,n, (14)

each with vy as its initial condition. Those n solutions can be used to obtain the solution
for other initial conditions. Expand any initial condition x(f) = Z using the basis, and write
this in matrix-vector form as

n i i a1
T = Zakvk =4 T = vli"'ivn : = Va
k=1 L Qn
Since the mapping from z(¢) to z(¢) is linear, then
n P Q1
w(t) = > opap(t) = | w®)iciwt) ||| = et T = LDV a
k=1 P o,

Since this must hold for every initial conditions (i.e. for every vector « of coefficients), then

-1

o) = | #(0) @) | oo, (15)

In other words, given a state dimension of n, if we choose a basis {v;};_, and solve the n
vector differential equations (14), then the state transition matrix is obtained from those
n vector functions of time by (15). Note that this formula satisfies ®(#,£) = VV ! =T as
required. A particularly simple choice of basis is the canonical basis {ek}zzl. The matrix V
in this case is the identity, and according to (15) the state transition matrix would simply
be made from the n solutions {z(f)},_, as its columns.



3 A Linear Algebra Problem in Function Space

The key to the solution formulas for the system (2) is a slight abstraction where we think
of the system as a linear algebra problem but in function space. From this point of view, it
is at first just as easy to do the time-varying case, which is a system of the form

B(t) = A(t) z(t) + w(t), 2(0) = 7 (16)

This equation is equivalent to an integral equation which we obtain by Integrating both
sides of (16)

o(t) — 2(0) = /UtA(T) o(r) dr + /Otw(r) dr. (17)

To express this equation as a linear algebra problem, fix a time horizon [0, T], and define
the Volterra integration operator, which we denote by the symbol V

(V)(t) = /0 "g(r) dr. (18)

This operator is well-defined on the function space L!,[0,T]. Define also the operator

(Ag)(t) = A(t) g(t)

of point-wise (in time) multiplication by A(.). Finally define the operator b : R" — L [0, T,
which takes vectors T € R™ to constant functions of time by

(bf)(t) = b(t) z, te [OaT]a

where h(.) is the unit step (Heaviside) function

1 0
he) = {0 120

Note the slight abuse of notation where we use the same symbol to denote a function h(.)
of time, as well as this operator.

With the above definitions, the integral equation (17) can now be written as the abstract
equation

r=VAz + Vw+ bz,

where VA is the composition of the action of the operator A (first) with the operator V
(second). Since w and T are usually given, we rewrite this equation so as to solve for z in
terms of the given quantities by

(I -VA) z = Vw+bz. (19)

The right hand side (Vw + hZ) and x are functions over [0,7], and (I — VA) is a linear
operator on such functions. If this operator is invertible, then the solution is

z = (I-VA) T (Vw+bz). (20)

Thus we need to understand the operator (I — VA)fl and its properties. The key is the
familiar Neumann series

1

(T-VA) =1 +VA+ VA + VA + - = T2, (VA" (21)



The Neumann series has an interpretation as an iterative algorithm generally known as
a fized point iteration. Denote the right hand side of (19) by g. The solution in terms of the
Neumann series is then

g+ WA (g+VA(g+ VA@G+ )

This infinite series can be rewritten as the iterative algorithm

o = 9,

23
Tp+1 = g + VA:L’k ( )

Thus zj, is the k’th partial sum of the series (22). If this series converges, then the limit
= limg oo T = limy_, o, Tg41 satisfies

=g+ VAx & (I—VA)x:g7

and thus the limit of the iteration (23) is indeed a solution of the original problem. We
will study the convergence properties of this iteration, which also is applicable to nonlinear
problems under certain conditions. For now, we consider only linear problems.

It turns out that the Volterra integration operator V has a special property that guar-
antees the convergence of the Neumann series (21) under very mild conditions. In addition,
this formula will lead naturally to the matrix exponential when A is constant, and to the
so-called Peano-Baker series in the time-varying case. First, we need to establish some
important properties of V.

The Volterra integration operator V is analogous to a strictly lower triangular matrix
with entries of 1 below the diagonal. This analogy is important to understand properties of
this operator, and it is best done using the so-called kernel representation of linear operators
which we now describe.

3.1 The Kernel Representation of Linear Operators

Let A be an n x n matrix with the i5’th entry denoted by A;;. A matrix represents a linear
operator on vectors by the matrix vector product v = Au

v = Au = Vi = ZA’LJUJ (24)
j=1
Now let | = (a,b) € R be any interval, and let A(.,.) be a real-valued function? of two

variables from that interval A : | x | — R. Such a function defines a linear operator on
single-variable functions over | in an analogous manner to (24) by

v=Au & v(z) = /lA(x,g) u(§) dg, z el (25)

where the integration variable ¢ plays the same role as the column index j over which the
summation in (24) is performed. The operation in (25) is a linear operator A : u — v, and
note the slight abuse of notation where we use the same symbol A to denote the operator, as
well as the function A(.,.) of two variables. The function A(.,.) is called the kernel function
of the operator A, and the formula (25) is called the kernel representation® of A.

2In the case when u and v are vector-valued functions, then A(.,.) would be a matrix-valued function.
We suppress this distinction in our notation, which is equally applicable to either situation.

3The reader should be careful not to confuse this with the null space of the operator, which is sometimes
referred to as the kernel of the operator. The two concepts are unrelated.
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Figure 2: Graphical depiction of the integral operator (25) as an abstraction of matrix-vector multiplica-
tion. The two-variable kernel function A(z,€) is the counterpart of matrlx entries7 with the coordinate =
as “row index” and & as “column index”. The operation v(z) = fl (z,€) u(§) d€ gives the value of v(x)
at any z (an instance above is depicted by the dashed lines at z = —0. 5) as the multiply-then-integrate of
the “a’th row” of A(.,.) with the all the values of u(§) viewed as a “column vector”. The case shown above
is for an integral operator on functions defined over the interval [—1,1]. The unusual choice of the vertical
axis positive direction as downwards is made to be in analogy with matrix rows being indexed from top to
bottom.

The operation (25) is depicted in Figure 2. The one-variable functions «(§) and v(x) are
analogous to “column vectors”, while the two-variable kernel function A(z, £) is analogous to
a matrix, i.e. a two-dimensional array. For each x, the value of v(z) is given by the operation
of multiply-then-integrate of the corresponding “row” of A(x,£) with the function u(§) in
an analogous manner to matrix-vector multiplication.

Given two operators A and B in terms of their respective kernel functions, it is easy to
see that the operator sum C := A+ B has as its kernel function C(z, &) = A(x, &) + B(x, &)

V= A—|—B) = Au + Bu

/ Az, €) ul€) e + / B(z,€) u(¢) dé = / (A(2,€) + B(x,€)) u(€) de.

Therefore, under addition, kernel functions behave just like matrix-matrix addition which
is element-by-element.

Another intuitive property of kernel representations is that they can be composed in a
manner similar to matrix-matrix multiplication. Let A : u — v and B : v — w be two
operators with kernel representations

o(z) = / Al €) u(€) de, w(z) = / B(z,€) v(€) de.

Define a third operator as the composition C' := BA : u — w, and calculate its kernel
representation from those of A and B as follows

wle) = [ 8.9 o) de = [ B9 ( [ Atcr) utr) ar) ae
- / ( / B(z,€) A(E,7) d§> w(r) dr = / Cla,r) ulr) dr.

Thus the kernel of the composition C = BA is obtained from the formula

Cla,r) = / B(x.€) A(6.r) de, (26)

which looks like matrix-matrix multiplication except for integration instead of summation.
Each “row” B(z,.) of the kernel of B is integrated against each “column” A(.,r) of the
kernel of A. The composition operation (26) is depicted graphically in Figure 3. The reader
should compare this visually with the usual matrix-matrix multiplication.

11



Figure 3: A graphical depiction of the composition of two operators C = BA as the integral operation (26)
on their respective kernels. This operation is akin to matrix-matrix multiplication as shown above. The
value of the kernel C at a point (Z,7) is obtained from integrating the “row” B(Z,.) against the “column”

A, 7).

Lower-Triangular Operators

Just like certain matrix structures encode symmetries or properties of the linear opera-
tions they represent, the structure of a kernel encodes properties of the operators they
represent. Figure 4a illustrates the structure of kernel functions of what can be termed
“lower-triangular” operators. Such operators arise when modeling time-varying causal sys-
tems. The kernel is restricted to be zero in the “upper triangular part” of the (7,t) plane

A(t,7) = 0, forT >t. (27)

If w and y are temporal signals over the entire real line, then the lower-triangular property
of the kernel implies that the integral (25) has the following limits

y(t) = /OO A(t, ) u(r) dr = / A(t,T) u(r) dr. (28)

— 00 — 00

When t and 7 are interpreted as time, then (28) is the description of a general time-varying
system mapping u to y that has the causality property, i.e. for any given time ¢, current
and past values of the output {y(7); 7 <t} do not depend on future values of the input
{u(r); 7 >t}.

An alternative way of imposing the lower-triangular condition (27) is by using the unit-
step (Heaviside) function b as follows. Given any kernel function A(z, &), observe that the
product A(z, &)h(z — &) becomes a lower triangular kernel

£ z
/ (A, Oh(z — ©)) u(€) d¢ = / A, €) u(€) de,
£ £

since h(z — &) = 0 when & > . The above holds regardless of the original upper and lower
integration limits £ and & respectively.

Operators with a lower triangular kernel are sometimes called Volterra operators if the
kernel function is bounded. For Volterra operators acting on function spaces LP(l) where |
is compact, these operators have the important property that the Neumann series converges
even if the operator norm is greater than one. We first investigate a particular Volterra
operator, which is the forward-integration operator defined in (18).
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V(t
Alt,7) =0 ( ’T).f ‘
forT>1t !
| t=rT1
1 | .-
P
t : o
[ _of
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|
j o T
(a) A lower-triangular kernel is such that (b) The kernel function of the Volterra (forward)
A(t,7) = 0 for 7 > t. If it operates on time integration operator V has value one over the
signals, a lower-triangular kernel is a causal sys- lower-triangular region 7 < t and zero every-
tem, i.e. past values of the output do not depend where else. It is analogous to a strictly lower-
on future values of the input. triangular matrix with ones on all subdiagonals.

Figure 4: Graphical depiction of lower-triangular operators and the Volterra forward integration operator.

3.2 The Volterra Integration Operator V

The integration operator (18) has a kernel representation in terms of the unit step function
as follows

(Vo)(t) = /Otg(r) dr = /OTh(t-T) g(r)dr & V(1) = b(t1), (29)

were we used the notation V(t,7) for the kernel function of the operator V. This operator
is analogous to a strictly lower-triangular matrix where all the entries below the diagonal
are 1. This is illustrated in Figure 4b.

A strictly lower-triangular matrix is nilpotent, i.e. the first k& subdiagonals of the k + 1
power of the matrix is zero, and thus it becomes zero after raising to a sufficiently large
power. Although the operator V is not nilpotent, it does becomes “smaller” as it is composed
with itself repeatedly, so it can be thought of as asymptotically nilpotent. More precisely,
the composition formula (26) for operator kernels implies that

Vi) = [Vt Vi) dr = [Cbn) bien) dr = [ar = (-1 heen).

Repeated applications of this calculation [4] show that*

)k—l

Vi) = =T

W b(t-7). (30)

Note that for each (t,7), the kernel of V* limits to zero as k — oo since the factorial
in the denominator grows faster than any power of k. This is the operator counterpart
of a strictly lower triangular matrix being nilpotent, and we call this property asymptotic
nilpotence. Asymptotic nilpotence implies that the Neumann series expression converges in
the operator norm (on L?[0,77) (p € [1,o0]) as outlined in Appendix A.

The expression (30) gives a useful formula for repeated integration of any function.
Define the k’th antiderivative of any function g by

Ky = [ (k) . Pk
goo(t) /0/0 /O g(m1) dmy A1 d7h pas g = Vg,
and note the consistency of this notation with that for the k’th derivative of a function.
Applying the expression (30) for the kernel of V* we see that
1 t
Rty = ——— [ (t=r)" g(r)d 31
9V = gy [ = et dr (31)

4As can be verified by induction.
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This formula is known as the Cauchy formula for repeated integration. One interesting
application of this formula is to define “fractional integrals” where the non-negative integer
k is replaced by a non-negative real number. The term (¢t — T)(kfl) would still make sense,
and the term (k — 1)! is replaced by the Gamma function I'(k — 1). We will not need the
concept of fractional integration in this note.

4 Formulas for the State Transition Matrix

In this section, we consider linear time-varying systems without input of the form
w(t) = A(t) =(b), te[0,T], (32)

and calculate the Neumann series expression for the response due to initial conditions only.
For notational simplicity, we assume temporarily that the initial condition is given at ¢ = 0,
and write ®(t) for ®(¢,0). By Lemma 4 the solution to (32) is given in terms of the state
transition matrix, which is the solution to the matrix differential equation

o) = A(t) (),  ®(0)=1, t €[0,77.
Just like the vector case, this equation can be written as an integral equation
® = VAP + bl =N (I-VA) ® = bl,

where I is the identity matrix, and the function (hI)(¢t) = I, for ¢t € [0,T]. The abstract
formula for the solution again follows from the Neumann series

® = (I-VA) 0 = (I + VA + (VA + )bl (33)

Our goal is to express this series in terms of the system parameter A(.). This is done for
the time-invariant case first, where the Neumann series will yield the exponential function,
and then generalized to the time-varying case, which will yield the less explicit Peano-Baker
series.

4.1 The Time-invariant Case: The Exponential Function

In the time-invariant case, A(t) is constant in ¢ (so we just denote it by A). The action of
the operator V.A on any function g is

t t

(VA g) (t) = Ag(r)ydr = A g(r)dr = (AV g) (t).

0 0

Thus in the time-invariant case, the operators ¥V and A commute (VA = AV), and this
makes the calculation of the Neumann series (33) particularly easy

1

(I-VA) " =1+ VA + VAVA + VAVAVA +

I+ AV + AV 4+ AV 4+ = Y ARVE, (34)
k=0

Now compute the kernel representation of the operator (I — VA) - Using (30), and noting
that the operator A* is simply multiplication by the matrix A*, we see that

-1

e o —r k
(I=VA) '(t,r) = ;Akvk(m) - kZOAk(t(k_)l)! b(t-r) (35)

14



Applying this to the solution formula (33)

o(t) = ((1-vA)"vI) (1) = /0 (I=VA) " (t,7) (bI)(r) dr

oo

T (p_ p)k-1
>Sat [ e v s

k=0
- Lt — 1)k -t -7k X, Atk
= Ak (7 A AT —. At
S [ =y O .
k=0 k=0

This is exactly the solution as postulated in (3) earlier. However, in this case, the matrix
exponential e* emerges naturally (without guessing) from the details of the Neumann series
for the time-invariant setting.

4.2 Time-varying Systems: The Peano-Baker Series

For this calculation and for the subsequent one with non-zero input, it will be useful to
switch notation, and derive the expressions for the state transition matrix for a general
initial time 7

d(t,7) = A(t) ®(t,7),  B(r,7) =1, 0<7<t<T. (36)

In this setting, the Volterra integration operator is the forward integration operator starting
at time 7

(V g)(t) = /Ttg(ﬁ) dry.

In the general time-varying case, the operators A and ) are no longer necessarily com-
mutative, and the Neumann series cannot be rearranged into the simpler form (34). For
notational simplicity, relabel the composition

Va:=VA & VA g /A )dr = /TA(Tl)b(t—T1)b(T1—T) g(m1) dm
= Va(t,m) = A(ﬁ)’)(t-ﬁ)h(ﬁ-ﬂ, (37)

where the last expression is for the kernel function of the operator V4. Note that the
independent variables in this kernel function are (¢,71), while 7 should be regarded as a
parameter specifying the initial condition time (and therefore a fixed number when applying
the operator V4 ). This notational switching will turn out to significantly simplify subsequent
notation.

Expressions for the kernels of powers V% can get notationally messy as they will involve
multivariable integrals. The notation will be significantly simplified by the introduction of
the multivariable Heaviside function

(] L 1, tiv>te>---2>1t,
ti,ta, oty = 0, otherwise.

This is just convenient and compact notation for the product of several scalar Heaviside
functions, which can be used as an alternative definition

Beyto,t, = B(t1 —t2) b(ta —t3) -+ bt —tn).
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This function allows for encoding integration limits in the following manner

/ f t 5Ty - - ,Tn,’r) ht77’17”_77n’7_ dTl"'dTn
0 0
t p71 Tn-2  [Tn-1 B
= // / / f(t,Tl,...,Tn,T) dTn"'dTl t,TE[t,T] (38)

Finally observe that the multivariable Heaviside function obeys the following “concatena-
tion” property which will simplify later manipulations

Dtr,tintints Dtiternsntn = Dtitintitign,ntas  HI=k+1...,n. (39)

We now return to the calculation of the kernel functions of the operators V&. In the new
notation, the kernel calculated in (37) becomes V4(t,71) = A(m1)bt,r,,r, where 7 is a fixed
number denoting the initial condition time. Calculations of subsequent powers give

T

T
(Vfl)(tﬂ—l) = ) VA(ta TQ) VA(T277—1) dTQ :/0 A(TQ)ht,TQ,T A(Tl)b‘rz,ﬁ,‘r dTQ

T
:/0 A(T2) ht,TQ,Tl,T dTQ A(Tl);

(V) (t ) = /OTVA(t,Tg) V2 (3, 71) drs

T T

= /0 A(TS)bt,Tg,‘r (/0 A(TQ) | dry A(Tl)> drs
T T

:/0 /0 A(T?))A(TQ) ht,Tg,Tg,Th-r dTQdT3 A(T1)7

Note the use of the concatenation property (39) to simplify the final expression. Repeated
applications of this calculation show that

(VA t Tl / /0 Tk TQ) ht JThyeoosT2,T1,T dTQ c ’di A(Tl)- (40)

Now we turn to the evaluation of the series (33) for the state transition matrix. The
k’th element of that series, which we denote by @y is calculated by

Ot 7) = (V5 bI)(t /VA (t,71) bryr I dry = /VA (t,71) dry
ot
= / /0 / A(12) Bt ry,.o om0, ,r AT+ dT A(T1) dTi
—/ / (k) -+ A(T1) Bergyorr e AT -+ - dTg dTy

= /A Tk/ / ) dry - - drg, (41)

where the propery (38) of b gives the integration limits in the last equation.
We finally conclude that the state transition matrix ®(¢,7) of the system (32) is given
by the Peano-Baker series

@(t,T) =1+ (I)l(taT) + ®2(t77) Ty (42)

where each @, is given by (41). Note that the expression (41) also implies that the series
terms have the following recursion relationship

Dy (t,7) = /tA(Tk) Oy (18, 7) dTi; & i’k(t,r) = A(t) ®p1(t,7), Pi(r,7)=0, k>1,
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with ®(¢t,7) = I. The convergence of the Peano-Baker series is a consequence of the
“asymptotic nilpotence” of the Volterra integration operator. Appendix A details this ar-
gument.

In general, the Peano-Baker series terms (41) do not yield tractable expressions except in
special cases. One such case is when the time-varying family of matrices {A(t), t € [0,T]}
mutually commute. In this case, the series can be used to express ® in terms of a matrix
exponential.

Lemma 5. Consider a mutually commuting family of matrices {A(t), t € [0,T]}. The
Pean-Baker series (42) for the state transition matriz reduces to

B(t,7) = exp ( /f "A() d7>. (43)

The proof of this lemma is in Appendix B. The basic idea is that commutativity allows
for expressing the repeated integral/products in (40) as a power of a single integral. The
Peano-Baker series then becomes the series for the matrix exponential of the integral above.
We finally note that in the scalar case, the formula (43) can be derived directly by integrating
the equations as shown in Exercise 2.

5 Systems with Inputs

We will show that the solution to the linear time-varying system with input
z(t) = A(t) z(t) + w(t), (44)
is given by the so-called variations of constants formula

o) = enh b  + / B(t,7) w(r) dr, (45)
—_— i

zero-input response

input-to-state response

where z(f) is an initial condition, and ® is the state transition matrix of the homogenous
problem (i.e. the problem with w(¢) = 0). This formula is states that the solution is the sum
of ®(t,t) x(t), which is the response due to the initial condition (also called the zero-input
response), and the response due to input (also called the input-to-state response), which is a
linear operation on {u(7), 7 € [t,]}, the input function restricted to the time interval [Z, ].

The formula (45) can be directly verified by differentiation. First recall the Leibniz
integral rule, which is the fundamental theorem of calculus when the integral limits depend
on the differentiation variable (see Exercise 3 for a proof). In this specific case it states that
for any function f of two variables

t

G renar = [ S i+ s, (46)

If f is matrix-valued, this formula applies entry by entry. Now differentiating (45)

% (@00, 2() + [ 0(t,7) w(r) dr)
A(t) B4, 1) 2(F) + /;%@(t,r) w(r) dr + B(t, 1) w(t)

Aty (®(t,0) #() + /;tb(t,r) w(r)dr) + w(t) = A() #(t) + wlt). (A7)

0
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(a) The input @ §(¢t — ) is an impulse at time  (b) When the input is an impulse @ §(t — 7)

7 with strength given by the vector w. This in-  at time 7 € (0,7T), with zero initial conditions
put causes the state to “jump” from z(r~) :=  2(0) = 0, the state becomes non-zero at , and
lim; ~, to #(7+) := limy~,,. The magnitude and  evolves as if z(7) = W is an initial condition. The
direction of the jump is given by the vector . entire solution is then z(t) = ®(¢,7) w h(t—7).

Figure 5: Tllustration of the behavior of a linear system (48) when the input is an impulse.

While the formula (45) is relatively easy to verify, it is not clear where it comes from
or how one can discover it from first principles. In the following we present three different
methods of arriving at this formula from basic principles. Each method gives additional
insight into the problem. First, we consider the response of the system for a special input
which is a Dirac delta function.

Consider an input of the form w(t) = w (¢ — 7), a delta function in the direction of the
vector w applied at time 7

B(t) = A(t) 2(t) + wo(t—1). (48)

To see what happens around the time 7, integrate the equation over [ — €, 7 + €
/ i) dt = / TUA®) x(t) dt + / "W st — 1) dt

o(r+e)—a(r—e) = /HA(t) z(t) dt + .
Provided that the function A(t)z(t) is bounded, the last integral term becomes zero when
taking the limit € — 0, and we conclude that

z(rT) = limp, z(t)

z(r7) = limy ~, 2(t) (49)

Thus the effect of a delta function at time 7 in the input is to make the state “jump” from
x(77) just before 7 to z(7T) just after 7, with the jump magnitude and direction equal to
the vector w. This is illustrated in Figure 5a.

For example, consider the system (48) starting from zero initial conditions x(0) = 0,
and the impulse is applied at some time 7 € (0,T"). The response is z(t) = 0 for ¢t € [0, 7).
Around t = 7 the state jumps to z(71) = w. Since the input is then zero over the remainder
of the time interval (7, T], the state evolves according to ®(¢,7) w since z(71) = w is the
initial condition at ¢ = 7. The full evolution over the entire interval [0,7] can then be
written as

a(t) = B(t,7) @ bt — 1), te[0,T]. (50)

Figure 5b illustrates this example which we will use next in a superposition argument.

5.1 The Variations of Constants Formula via Superposition

The system (44) has an input w that is persistently (in time) acting on it. If the signal w
can be written as a linear combination of “simpler” inputs, for which the solution is already
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known, then again by linearity we can write the response as a linear combination of the
individual responses. Consider writing any signal as a integral involving the delta function

w(t) = /OTa(t—T) w(r) dr =: /OTaf(t) w(r) dr. (51)

This integral can be though of as “weighted sum” of a parametrized family of delta functions

{5T(t) =8t —7), te [O,T]}

with the function w(7) acting as the “weighting function”. The calculation (50) already
gives us the response to each &, (¢)w(7). We label that response as .

zr(t) = @t 7) w(r) bt —7)

Note that this formula should be read so that it is a relation between functions of ¢, with
as a parameter.

The response to the “combined” signal (51) is then the integral of all of those individual
responses

2(t) = /OTxT(t) dr = /OTcp(t,T) w(r) Bt —7) dr = /Otfb(t,r) w(r) dr.

This is precisely the input-to-state response portion of the variations of constants for-
mula (45).

5.2 Linearity of the Input-to-State Response

We have already seen in Section 2.3 that the zero-input response is a linear mapping from
initial conditions to the response at any time. It is similarly easy to show that with zero
initial conditions, the input-to-state response must be linear. Consider two inputs acting on
the same system with zero initial conditions

21(t) = A(t) z1(t) + wi(?), z1(t) = 0,
j?g(t) = A(t) Qﬁg(t) + ’wg(t)7 xQ(f) =

Adding both sides of the equations as an arbitrary linear combination shows that

%(axl(t) + Baa(t)) = A(t) (axi(t) + Bxa(t)) + (cwy(t) + Bwa(t)),
az1(0) + Bx2(0) = 0.

Thus the response to a linear combination of the two inputs is the same linear combination
of their respective responses (when initial conditions are zero).

Recall the kernel representation of linear operators, by which any linear mapping of
functions on an interval [0, 7] to other functions on [0, 7] can be written in the form

2(t) = /OTG(t,T) w(r) dr = /O"G(t,T) w(r) dr, (52)

where the kernel function G(., .) may contain generalized functions. The first form is general,
while the second is for the case when the operator is causal. This is the case for the
system (44) solved forward in time, as the response x cannot anticipate future values of the
input w.
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Given that the response is of the form (52), we now can determine what the original
differential equation (44) implies about the kernel function G(.,.)

#(t) = A(t) z(t) + w(t)

%(:G(tm) w(7) dT) — A(t) ( :G(t,T) w(r) dT) + w(t)

[ty wir) dr + G0 wi) = AW ([0 wi) dr) + w(e),  (63)

where the last equation follows from applying the Leibniz integral rule (46). To see what
G(t,t) should be, note that the kernel representation implies that

2(t) = /OTG(t,T) B 8(r—t) dr = G(i,1) w.

Thus we can determine G(t,t) by applying a delta function input at time ¢ with initial
conditions x(¢~) = 0 and then G(t,t) = x(¢T) is the value of the immediate state response.
The formula (49) implies that z(t*) = w, and since w = G(t, t)w for all possible vectors w,
then G(t,t) must be the identity matrix. Applying this to (53) we see that

t 0

[ 56(67) w(r) dr + w(t) = A() ( :G(t,T) w(r) dT) + w(t).

Since this formula has to hold for all possible input functions w, we finally conclude that

0

aG(t,r) = A(t) G(t,7), G(r,7) = 1.

This is precisely the differential equation (13) for the state transition matrix found earlier.
We therefore conclude that G(t,7) = ®(¢,7), and the linear operation (52) can now be
rewritten as

t t
z(t) = / G(t,7) w(r) dr = / O(t,7) w(r) dr.
0 0
Again, this is the input-to-state portion of the variations of constants formula (45).

5.3 The Variations of Constants Formula via the Neumann Series

In calculating the initial-condition response for general time-varying system, we used the
Neumann series to arrive at the Peano-Baker series. More precisely, we used the kernel
representation (40) for each term V¥ in the Neumann series, and then applied it to constant
functions to give each term (41) of the Peano-Baker series. For the input-to-state response,
we return to the kernel representation (40) of fo‘, but apply it to non-constant functions of
the form V w.

Recall the abstract formula (20) for the solution, and consider only the input-to-state
response (i.e. T = 0),

r=(T=Va) " Vw=(T+Va+V2+ )Vuw

(recall that V4 := V.A). Each term in this series can be calculated using the kernel function
of VE as given in (40). For notational consistency, we now denote the initial time with ¢,
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i.e. the input is applied over [t, T

t T1
Vi vw)(t) = [ (Vi) dr)d
Vi ve)®) = [ (5 Em) ([ w(r) dr) dn
t T T T
= [ [ [ AE) - A) By dra - dri A() ( [ briri w(7>dr) dry
t Jo 0 0
t T T T
=// / / A7) - A(T1) Beprry rig A7+ de w(T) dr,
t JO 0 0
t t T2
:/z (/ / A(rg) - A(my) dTl---di) w(T) dr
= /tq)k(tm) w(T) dr, (54)
7
The last equality follows from the expression (41) for the k’th term of the state transition

matrix.
The total response is then given by the sum over all &k of the terms (54)

3 t<I> (t,7) w(r) dr = t<°° ® (t,7)> w(r) dr
Xl J{x

/t_ "t 1) wi(r) dr,

x(t)

where the last equation follows from the series expression (42) for the state transition matrix.
This is precisely the input-to-state term in the variations of constants formula (45).

6 Nonlinear Equations: The Picard Iteration
We now consider more general systems® of the form
i(t) = A(z(t)), z(0) = 7 € R", (55)

where we set the initial time to ¢ = 0 for notational simplicity. In such a general setting, we
will not be able to say much about solutions other than existence and uniqueness for certain
classes of vector fields A. This existence and uniqueness result is sometimes referred to as the
Picard-Lindel6f Theorem, the heart of which is the so-called Picard iteration, which is the
nonlinear version of the Neumann series discussed earlier. The convergence of this iteration
can be shown using the (Banach) fixed point theorem. The key to this argument is a C[0, T
norm bound between successive iterates, which is accomplished by similar arguments used
for bounds on the action of the Volterra operator.

The differential equation (55) can be equivalently viewed as an integral equation by
integrating both sides to get

z(t) — z(t) = /E A(z(r)) dr = r = VA(z) + bz, (56)

where the “Heaviside operator” maps vectors to functions (hzf) (t):=z, t €[t,T], V is the
familiar integration (Volterra) operator (29), and A is the nonlinear point-wise operator

(A@) () = A(x(t)).

5With very minor modifications, everything in this section applies equally to the more general time
varying case &(t) = F(z(t),t).

21



Unlike the linear case, we cannot write a Neumann series of the form (22)
(I=VA) £ (I + VA + (VA + ),

because the operator A does not distribute over additions. On the other hand, we can still
make sense of the iteration (23)

Ty = [’)1_77

57
Tpr1 = bT + VA(xg). (57)

This is the Picard iteration in the general nonlinear case. If this iteration converges, then
limg 00 g1 = limg 00 xx =: x, and this limit x satisfies the original equation (56).

The convergence of the Picard iteration is dependent on properties of the function A. It
converges for some, but not others. We will first give conditions and a proof of convergence
over some interval [0, €) near the initial condition. This will follow from a classic argument
using the so-called Banach fixed point theorem. We will then use a refinement of this
technique to show global convergence over all time intervals provided that the nonlinear
function A has a linear bound (the so-called Lipschitz bound). We then close with some

examples demonstrating the lack of uniqueness or global existence when those conditions
do not hold.

6.1 Local Convergence and Existence

A common method to show convergence of iterations is the contraction mapping theorem
(also called the Banach fized point theorem [5]), whose proof is in Appendix C.

Theorem 6. Let M : X — X be a mapping on a complete metric space X equipped with the
metric d(.,.). If the mapping is a strict contraction, i.e. if

d(M(x),M(y)) < ad(z,y), 0<ac<l,

then given any initial point o € X, the sequence of iterates xp41 := M(x,) converges to a
unique limit x € X.

For later comparison purposes, it is instructive to examine briefly the key idea behind
this theorem, which is to bound the distance between successive iterates by the distance
between the first two iterates®

d(@p, Tpp1) = d(Mk(xo),Mk(xl))

< ad(Mk'l(xo),Mk'l(xl)) < oo < af d(mg, 1), (58)

Since a < 1, the bound on the distance between successive iterates {ak} is a decaying
geometric sequence. This can be shown to imply that the sequence of iterates {x } is Cauchy,
and therefore convergent in the complete metric space X. The details are in Appendix C.

To use this theorem to examine convergence of the Picard iteration (57), we need a
suitable metric on functions for which the iteration is a strict contraction. A convenient
choice of metric (though not the only possible choice) is in the Banach space C[0,T] of
continuous functions equipped with the maximum norm

clo, 7] = {f :[0,T] — R"; f continuous, || || := max ||f(t)||v}, (59)
t€[0,T]

6The notation M* stands for the mapping M composed with itself k times, i.e. M? := M o M, and
MFE =Moo M, k times. Thus z;, = M*(zo).
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where |||y is any vector norm” on R”. In the iteration (57), the mapping M is
M(z) = bz + VA(x). (60)
Since C[0, T is a vector space, the metric is given by the norm of the difference, and therefore
d(M(z), M(y)) = [|M(z) =M@yl = [Ibz+VA@) — (b7 +VAWY))|
= V(A@ - AWl = i |[4G6@) - AwE)ar|

< s / |A(z(r)) — A(y(m))]|, dr = / |A(z(r)) — A(y(m)]], dr, (61)

tel0,T

where the last equality follows from the integrand being a non-negative function, and there-
fore the supremum is achieved at ¢t = T. Now if M were to be a contraction mapping,
we need to somehow bound the vector norm in the last expression by the vector norm
|z(t) — y(t)||v. If A were a linear mapping, its induced norm would give that bound. If a
general I’ had such a linear bound, we could still make the same argument. This leads to
the following definition.

Definition 7. A function A : R" — R" is called globally Lipschitz (or simply Lipschitz)
with Lipschitz constant I > 0 if

v,y eRY, IA(z) = A@)llv < Tz =yl (62)

Note that since all vector norms on R™ are equivalent, the definition above is independent
of the choice of vector norm ||.||y. Perhaps a more descriptive name for this property is to
say that the non-linear function A is incrementally linearly bounded®. Note that any linear
mapping x — Az on R™ is Lipschitz, with Lipschitz constant being the matrix norm of A
induced by the chosen vector norm on x.

Now returning to the bound (61) and assuming that A is Lipschitz

(1) =yl dr
(1) =yl dr = IT ||z = y]

[ 14G) - Aw@)], dr < T

A

|~
S—
5

B

IA
~
wn
=i

T

B

Combining this last bound with (61), we conclude that the mapping M(.) := hz + VA(.)
in (60) has the bound

[M(2) = M@)o < 1T 2= ylloc. (63)

for any z,y € C[0,T)]. Clearly if we choose T' < 1/I, then M is strictly contractive, and the
contraction mapping theorem implies that the Picard iteration converges on any interval
[0, €] provided € < min {1/1,T}.

6.2 Global Convergence and Existence

The previous argument implied that unique solutions can only be guaranteed to exists on
proper subintervals of [0, min {1/1,T}]. This seems rather unsatisfactory as the interval can

"Note the since all norms on R™ are equivalent, the set C[0,T] is independent of choice of norm ||.||,.
However, the norm ||.||cc of a function does depend on the choice of the vector norm. We suppress this
dependence in our notation.

8 A standard linear bound would be of the form ||F(z)|| < I||z||. The bound (62) is a linear bound, but
on increments (differences).
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become arbitrarily small as [ becomes large. In fact, the argument we just presented is
unnecessarily conservative. To appreciate this, consider the linear case, where M becomes
the mapping V4 from Section 4, and the Picard iteration is just the Neumann series. De-
manding that V4 be a contraction mapping is equivalent to demanding that its induced
norm || V4| < 1. However, because of the causality property of the Volterra operator, we
were earlier able to show that V% converges to zero in a way that insures the absolute
summability of the Neumann series even if |[V4|| < 1 did not hold. They key condition was
not |[Val| < 1, but rather that ||V%|| be a summable (in k) sequence. This leads us to state
a better version of the fixed point theorem.

Theorem 8. Let M : X — X be a mapping on a complete metric space X equipped with the
metric d(.,.). If the iterated distances are summable for each z, y, i.e.

Zd(Mk(x),Mk(y)) < oo, 2,y € X (64)
k=0

then given any initial point o € X, the sequence of iterates xi41 := M(x,) converges to a
unique limit x € X.

It is useful to contrast this theorem with the contraction mapping theorem 6. Recall
that the basic idea of the latter is the bound (58), which demands that {d(xy,zr+1)} be
a geometric sequence. The present theorem however is equivalent to only requiring that
the sequence {d(zy,zr+1)} be summable (see Appendix C). Clearly a geometric sequence
is summable, but that is too stringent of a requirement if all one needs is summability. A
sequence that can increase initially, but eventually decrease at a rate that makes it summable
would be admissible for Theorem 8, but not for Theorem 6.

Now our goal is to show that the summability condition (64) holds for the mapping
M(x) = bZ + VA(z). To this end, we revisit the bounds (61) and show how they can be
significantly tightened. The key is the “asymptotic nilpotence” property of the Volterra
operator, which the reader should note was not used in the local existence arguments.

We adopt the following notation that will make subsequent arguments simpler to state.

e Given a vector-valued function g : [0,7] — R", we define its time-varying norm function
(denoted |g|) by

l91(8) = llg(®)ll;

for any vector norm ||.||. Of course |g| depends on the specific vector norm chosen, but we
suppress this from the notation since it will be irrelevant to the arguments we need here.

e Let g, f : [0,T] — R be any two scalar-valued functions. We write g < f if they satisfy
this inequality pointwise in t

g < f & g(t) < f(t), te[0,T].

e For two vector-valued functions f, g : [0,7] — R, a combination of the above two defini-
tions allows for writing bounds of the form

gl < Ifl = lg@®I < 1F @I, te[0,T]. (65)
Note that this is saying much more than ||g|jcc < ||f|lco- The latter means
sup lg(®)| < sup [If ()] (66)
te[0,T] te[0,T]

Clearly (65) implies (66), but the former encodes a more detailed comparison of the two
functions g and f. For contraction mapping we only used bounds like (66). We will need
pointwise (in t) bounds like (65) for the summability criterion.
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e With this notation, we can write the following inequality involving the integration operator

Vgl < Vig & | [otmar| < [loear.  tep.T) o)

e If A is Lipschitz with constant I, then we can write the following bounds in a compact
notation

A@)-A@)| < Tla—yl &  [A@@®) - A@®)| < T la@ -y®ll, ¢te0,T].
We now return to improving the bounds, and begin with the single-step bound
M(@) = M(y)| = b3+ VA@) — (b3 +VAW)| = [V(A@) - AW)|
< V]A@) - Aly)| £ TVIz—y,

1 2
where < follows from (67) and < is the Lipschitz bound. For the sake of clarity, we expand
this in detail for the reader that has not yet digested the new notation

H(M(x)—My)tH §l/Ha: )| dr.

Note that this is a pointwise (in ¢) bound, and is a much better bound than (63). Now a
similar bound for applying M twice

|M?(z) — M?(y)| bz + VA(bZ + VA(z)) — (bZ + VA(bZ + VA(y)))|
[V (A(bZ + VA(z)) — A(bZ + VA(y)))|

V|A(hz + VA(z)) — A(bz + VA(y))|

[VVA(z) = VA(y)l < 1?2 V?|z —y|

IA A

We can therefore conclude, and verify by induction, that for any power k
|M*(2) = M*(y)| < I* Ve -y (68)

A tighter bound on the last quantity is obtained by exploiting the asymptotic nilpotence
property of V

HVk|x—y|Hoo = sup/ / l|lz(r1) —y(m)| dry - - dr

tel0,T

2 Tk
[ [ anan (s e —uol) = B e
0 0 7€[0,7T] '

The reader should compare this with the calculation (31) which involved the same iterated
integrals. Finally, the pointwise bound (68) implies

IA

Tk
[MF(@) = MR < Ve -yl < = 7=yl

o0 k!
This sequence is clearly summable, and the sum can in fact be expressed as
- k k o " T
S at@ -, < (XF ) e vle = €T llz -yl (69)
k=0 k=0

Thus by Theorem 8, the Picard iteration converges for any Lipschitz constant I < oo and
any interval length T' < oo. We summarize this formally.
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Theorem 9. Consider the system
i(t) = A(z(t)), z(0) =7 € R,

where A : R™ — R™ is globally Lipschitz. For any interval length T, any initial condition
Z € R™, this system has a unique solution over [0,T).

We note that the bound (69) is tight in the sense that the simple scalar linear system
2(t) = 1 x(t),

has as solution z(t) = €' x(0), which grows in time proportionally to the bound (69).

6.3 Examples

Example 10. Consider the scalar nonlinear system
(t) = 2%(t). (70)

This scalar differential equation is solvable by “separation of variables” and direct integration

1 dz =) 1 ¢ 1 1
. ) L L _ I _
o(r)=2%(1) < x2dr L= /x(o) x? de 0 ar = (x(t) x(O)) t
__ =z(0)
= ) =g —z(0) t

This equation has a solution for small initial times, but it has the interesting feature of
“finite escape time” as t approaches 1/2(0). That is the solution asymptotes to infinity as
t — 1/x(0). The larger the initial condition, the shorter is the time interval over which
the solution is possible. The right hand side of (70) is not globally Lipschitz, and therefore
Theorem 9 does not apply. There is however a notion of locally Lipschitz systems for which
only local existence can be guaranteed, with the time interval of existence being dependent
on the initial condition. This is the situation with this example.

Example 11. In this example, solutions need not be unique. This usually happens when
the vector field F' has infinite derivatives. Consider the scalar system

i(t) = V]z@)], z(0) = 0.

Thus we have found two different solutions from the same initial conditions. Note that
these solutions are valid for all ¢ € [0, 00). Therefore, the non-uniqueness phenomenon is a
separate one from the finite-escape-time phenomenon.

6.4 Modeling Implications of Existence and Uniqueness

Both of the examples above highlight an important issue in mathematical modeling of
physical systems. We generally believe that given enough information about a physical
system, we can construct a mathematical model (e.g. a differential equation) that predicts
the future behavior of the system given a fully accurate (infinite precision) description
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of initial conditions”. All models however are approximate, and no one believes that their
mathematical model of any physical phenomena is fully accurate in all regimes'®. If we have
finite-escape-time, this means that quantities (e.g. velocities, pressures, etc.) are becoming
so large that the mathematical model is no longer fully valid. If we have differential equations
that are not locally Lipschitz (such as Example 11 above), this means that derivatives
(usually forces in mechanical models) become arbitrarily sensitive to small changes in the
state. This is again a regime where the mathematical model breaks down, and no longer
accurately represents the physical world.

The theme of the above remarks is that non-uniquness or lack of existence of solutions is
not a mathematical difficulty, but rather a mathematical modeling difficulty. One can come
up with equations and mathematical constructs that do all kinds of fantastical things. The
question is whether these are good mathematical models of the physical world. It seems
like a natural minimal requirement that a mathematical model should posses the property
of existence and uniqueness of solutions.
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Appendix

A Convergence of the Neumann and the Peano-Baker
Series

For clarity, we first show the convergence of the Neumann series for the Volterra operator
alone

(1-v)' = Yok
k=0

and then show it for the Peano-Baker series. Let ||V||; denote any induced operator norm
(e.g. the LL[0,T] or L>°[0,T] induced norms). One commonly used sufficient condition for
the convergence of this series in the operator norm is ||V||; < 1, which then renders [|V||¥
a geometrically convergent series. However, this condition is far from necessary, and a
better condition is the summability of the series HV’“ ”1 This is the case here because of the
“lower-triangular” structure of V even though in general we could have ||V|; > 1.

Recall the expression (30) for the kernel function of the k’th power of V

(t —7)k1
(k—1)!

The L'[0,7] or L°°[0,T] induced norms of an operator are easy to bound from its kernel
representation, so we denote either of those particular induced norms by ||.|; here. This
norm is bounded by the maximum of the kernel function over [0, T] x [0, T]. For the operator
Vk

VE(t,T) = h(t-7). (71)

(t _ T)kfl kal
h(t-T)| = o (72)

k .
V= e Ta=m
Thus the series converges absolutely in the induced operator norm (on both L'[0,T] and
L>°[0,T7]). The Riesz-Thorin convexity theorem [6] then implies convergence in the induced
operator norm on P[0, T] for any p € [1, o0].
For the general time-varying case, the only assumption needed is that the function A(.)
is bounded on bounded intervals. Recall that the Peano-Baker series (33) for the state
transition matrix is

® = (I-va) 'l = <§:v§;> hl. (73)
k=0

We will show that > .2, V& is convergent in the operator norm on C[0,T]. Since hI is a
constant function on [0,7], then the expression above converges to a function in C[0,T].
As in the previous case of the Volterra operator, the C[0,T]-induced norm (denoted by
||V£Hi) is bounded from above by the maximum absolute value of the kernel function over
[0,T] x [0,T]. Now compute

& T T
||VAHi < sup / / A(r) - A(T2) Birp o rgmy,r AT+ - ATy A(ﬁ)‘
t, 71 €[0,T] 0 0
t T3
< At v [Cdry - d 74
< (EE&,‘}]” <>||> [ [Cdraean (74)

kal
<sup ||A<t>||> Ve )| < <sup ||A<t>||> = (73)

te[0,T te[0,T]
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The equality in the last line comes from observing that the integral in (74) is precisely the
kernel function (71) of the operator V¥. This kernel in turn has the bound (72). This last
bound guarantees that the series converges absolutely.

We finally note that a similar argument to the above can be used to show convergence of
the series in the induced operator norm over C™[0, T'], the (Sobolev) Banach space of m times
differentiable functions, with the maximum norm of the first m derivatives. This then shows
that for the series (73), all first m derivatives converge uniformly, and therefore converge to
an m-times continuously differentiable function. Since m can be any integer, then the state
transition matrix (for a finite-dimensional system) is smooth (infinitely differentiable).

B The Peano-Baker Series in the Commutative Case

The proof of Lemma 5 relies on the following observation

/A / ) dr dr, = /F F(7) dr, where F(7):= /OTA(T) dr
and therefore F(7) = A(r), F(0) = 0.

This indicates that we could use the integration-by-parts formula for matrix-valued func-
tions to simplify this expression. This simplification is possible provided that F(7) and
F(7) commute. First, the commutativity of the family {A(t), ¢ € [0,T]} implies that A(t)
commutes with its integrals

1) (/GtA(T) dr)—(/otA(t) dT)Z(/A dT)Z(/A ) dr) A(t)
(

= E(t) F(t) = F(t) F(t).

Now observe that we can use integration-by-parts on matrix-valued functions
t . t . t .
/F(T) F(r) dr, = —/F(T) F(r)dr 2 F2(t) —/F(T) F(r) dr
0 0 0

= ['E() F(r) dr = %FQ(t),

where we used the commutativity of Fand F in 2.

By induction, we can show that

= [460 [ A [(Am) drydr = [ A dr

0
k

1 1
- S ([Aanar) = & Fo.
Indeed, assume the statement is true for k — 1, then the above expression for &, is'!

Du(t) = tA(T) bpa(r) T = ﬁ /tF(T) Fk'l(q—) dr

_ (k;—ll).< FRI| - kl)/ (FF*2 + F*2F) ar)

t . .
= [ FF*Ydr = F* — (k-1) PR ar

0 0

ka

t . 1
= [FF*dr = CFF
0 k!

k

11 After the first line of this calculation, the dependence on T is suppressed for notational simplicity.
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where we used the fact that if /' commutes with F, then it commutes with all powers of F.
Finally, the state transition matrix is given from the series by

O(t,0) — i@)k(t) _ ikl,(/otA(T) dT)k = exp (/0’;4(7) dr).
k=1

= k=1

C Proof of the Contraction Mapping Theorems
First we consider Theorem 6. As explained in (58), the key is that the iterates satisfy
d(zg, 2r41) < o d(zo,z1).

Now let N be some integer and consider the distance between z and any element z,, in
the “tail” of the sequence (i.e. n > N)

dzy,zn) < dlzy,2n41) + -0 + d(@pa,2,) < (@N+~-~+Oén_1) d(xg, 71)
N

n—1 o)
= <Z_ZNal> d(zg,z1) < (l_ZNal> d(zg,x1) = la—oz d(zo,x1),

where the first inequality follows from the triangle inequality. Since o < 1, the last bound

(which is on the entire tail) can be made as small as desired. This proves that {xy} is

Cauchy. Since X is a complete metric space, the sequence therefore has a unique limit.
Now for Theorem 8. The summability condition

Dreo d(MF (), M*(y)) < oo, z,y €X,

implies the summability of the distances between successive iterates

d(zg, xp1) = id(Mk(mo),Mk(xl)) < 0.
0 k=0

]2

x>
Il

The fact that the series sum of successive distances is finite implies that the sequence {xy}
is Cauchy. Indeed, summability implies that given any e, 3N such that

o0

Zd(mk,xk+1) < ¢ = d(xg,, xr,) < € for ki, ke > N.
=N

=
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Exercises

Exercise 1. Given the system z(t) = A(a:(t), t), show that its flow map ®, 7 satisfies the
“functional” partial differential equation

0

Fn ‘I)t,t’(x) = A((I)t,f(x)>t)7 ‘I)E,t’(x) = Z.

Exercise 2. Given the scalar (z(t) € R) time-varying system

show that the solution is given by the formula
z(t) = elo a(mdr 7.

Hint: Rewrite the equation as 2 In (z(t)) = % = af(t).
Exercise 3. The Leibniz integral rule is the fundamental theorem of calculus when the
integral limits depend on the differentiation variable. It states that

4 o i 5 )

dt Sy ft,) dr = /z@ S T) dr 4 F(T) T~ F(L0) L(0),

where the lower and upper bound functions are such that I(t) < (t), and I’ is notation for
the derivative of [. Prove this formula by rewriting the integral as

I(t) 00 _
ft7) dr = / F(6,7) b(I(0) — 1) b(r — 1(1)) dr,
1(t) —0

and using both the product rule, as well as the fact that the derivative of the unit-step
(Heaviside) function is the Dirac delta function.
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