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We study predictive density estimation under Kullback-Leibler loss in
£o-sparse Gaussian sequence models. We propose proper Bayes predictive
density estimates and establish asymptotic minimaxity in sparse models. Fun-
damental for this is a new risk decomposition for sparse, or spike-and-slab
priors.

A surprise is the existence of a phase transition in the future-to-past vari-
ance ratio r. For r < rg = (/5 — 1)/4, the natural discrete prior ceases to
be asymptotically optimal. Instead, for subcritical r, a ‘bi-grid’ prior with a
central region of reduced grid spacing recovers asymptotic minimaxity. This
phenomenon seems to have no analog in the otherwise parallel theory of point
estimation of a multivariate normal mean under quadratic loss.

For spike-and-uniform slab priors to have any prospect of minimaxity, we
show that the sparse parameter space needs also to be magnitude constrained.
Within a substantial range of magnitudes, such spike-and-slab priors can at-
tain asymptotic minimaxity.

1. Introduction and main results. Predictive density estimation is a fundamental prob-
lem in statistical prediction analysis [1, 9]. Here, it is studied in a high dimensional Gaussian
setting under sparsity assumptions on the unknown location parameters. Fuller references and
background for the problem are given after a formulation of our main results.

We consider a simple Gaussian model for high dimensional prediction:

1) X ~ N,(0,v,1), Y ~N,0,v,1), X1Yl6.

Our goal is to predict the distribution of a future observation Y on the basis of the “past”
observation vector X . In this model, the past and future observations are independent, but are
linked by the common mean parameter # which is assumed to be unknown. The variances v,
and vy may differ and are assumed to be known.

The true probability densities of X and Y are denoted by p(x|@,vx) and p(y|@, vy), re-
spectively. We seek estimators p(y|x) of the future observation density p(y|@, v,), and study
their risk properties under sparsity assumptions on @ as dimension » increases to oo.

To evaluate the performance of such a predictive density estimator (prde), we use
Kullback-Leibler “distance” as loss function:

6,
L. 5010) = [ P18,y 10g P10

p(yIx)
The corresponding KL risk function follows by averaging over the distribution of the past
observation:

p(o,m=/L(o,ﬁ<-|x>)p<x|o,vx>dx.
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Now, given a prior measure 7 (d), the average or integrated risk is

@) B(r.p) = / p(6. p)m(df).

For any prior measure (d@), proper or improper, such that the posterior 7 (df|x) is well
defined, the Bayes predictive density is given by

3) pr(ylx) = / p(y18. vy)7(df]x).

The Bayes predictive density in (3) minimizes both the posterior expected loss, denoted by
J L@, p(-|x))7(df|x), and the integrated risk B(rw, p), when the latter is finite, among all
density estimates. The minimum is the Bayes KL risk:

“4) B(r) :=inf B(m, p).
p

We study the predictive risk p(@, p) in a high dimensional setting under an £(-sparsity
condition on the parameter space. This “exact sparsity” condition has been widely used in
statistical estimation problems, for example, [19], Chapter 8. With ||#] o = #{i : 6; £ 0}, con-
sider the parameter set:

Ouls1=1{0 eR": |0]]p <s}.
The minimax KL risk for estimation over ® is given by

&) Ry (®) =infsup p(8, p),

D 00O
the infimum being taken over all predictive density estimators p(y|x). We often write prde
for predictive density estimate. The notation a, ~ b, denotes a, /b, — 1 as n — oo and
an = O(by) denotes |ay, /by | is bounded for all large n.

1.1. Main results. Henceforth, we assume v, = 1. As the problem is scale equivariant,
results for general v, will easily follow. A key parameter is the future-to-past variance ratio

(6) r=vy/vx = vy, v:(l—i—r_l)_l.
Here, v is the “oracle variance,” which would be the variance of the UMVUE for 0, if both
X and Y were observed. The variance ratio r determines not only the magnitude of the
minimax risk but also the construction of minimax optimal prdes. In our asymptotic model,
the dimension n — oo and the sparsity s = s, may depend on n, but the variance ratio r
remains fixed.

In the sparse limit n, = s,/n — 0, for any fixed r € (0, o0), Mukherjee and Johnstone
[34] evaluated the minimax risk to be

nny logn, !,

1
@) RN(®n[5n]) ~ 1+rsn log(n/sn) = 1+r

and a thresholding based prde was shown to attain the minimax risk.

By their nature, thresholding rules are not smooth functions of the data. This paper devel-
ops proper Bayes prdes—necessarily smooth functions—that are asymptotically minimax in
sparse regimes. Our constructions begin with sparse univariate symmetric priors

1
(8) wlnl= (1 —nd + En(v++v‘),

where 8 is unit mass at 0, and 1 € [0, 1] is the sparsity parameter, while v is a probability
measure on (0, o) and v~ is its reflection on (—o0, 0).
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FI1G. 1. Schematic for the grid prior. The uniform spacing ) between the support points is shown on the x-axis.
The probabilities of the support points are shown on the y-axis using a logarithmic scale, hence the decay appears
linear.

For such sparse priors, we introduce a new risk decomposition, Theorem 2.1, that takes
the degenerate prior §¢ as starting point, instead of the more commonly used uniform prior.
This risk decomposition is fundamental for all proofs in the paper.

Priors on vector @ are built from i.i.d. draws

n
9 T (d) = [ | w[na1(d6)),
i=l
where 1, = s, /n relates the multivariate sparsity s, to the univariate parameter 1,,. The Bayes
prde based on prior 7, is the product density estimate:

n
(10) Px(y1x) =[] b ilxo).
i=1
The notation often drops the data suffixes and uses p, for both the univariate and the multi-
variate Bayes predictive density when the context is clear.

We begin with a discrete “grid prior” va’ in which the support points have equal spacing

(1) A=Ai(n) =2logn",

. 2 :
and geometric mass decay at rate n° = e~* /2. More precisely,

o0
vg =cg Z n(j_l)v(hj, cc=1-—n".
j=1
The corresponding sparse grid prior wg[#n] built via (8) has a schematic illustration in Fig-
ure 1. Such “Mallows” discrete priors are a natural starting point for our predictive setting
given their optimality properties in point estimation, recalled in the next subsection.

The choice mg can also be motivated directly with three observations. The first, stated pre-
cisely in Section 3.5, is that among symmetric univariate three point priors with v = §,;,,
a > 0, only the choice a = 1 is asymptotically least favorable. Second, the convex hull of
supp(vt) must be unbounded, lest the risk function of p, grow without bound for large 6.
Third, the probability decay rate n° = exp(—A%/2) as a function of spacing A is similar to
the geometric decay used in [18] for minimax sparse point-estimation using discrete priors.
Among discrete univariate priors, then, the grid prior 7g is perhaps the simplest choice com-
patible with these remarks.

Our first result gives a precise description of the first-order asymptotic maximum risk of the
Bayes prde pg based on the multivariate product prior 7g ,(d0) = [1i_, 7a[n,1(6;), where
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FI1G. 2. Schematic for the bi-grid prior. The x-axis now shows the two spacings, and the y-axis (again on a
logarithmic scale) the two different rates of log-linear decay of the prior probabilities.

Nn = sp/n. Define
hy =1 42r) (1 +7r)72(1 = 2r —4r%) /4 < 1/4,

(12)
hj' = max(h,, 0).

Let ro = (/5 — 1)/4 be the positive root of the equation 4r> 4+ 2r — 1 = 0, and note that
h;“ > 0 iff r < ry.

THEOREM 1.1. Asn, =s,/n— 0, for any fixed r € (0, 00) we have

sup p(8, pa) = Rn(Onlsn])(1 + A +0(1)) asn— oco.
Op[sy]

Thus for all r > rg, pg is exactly minimax optimal, while for all » < rg, it is minimax
suboptimal but still attains the minimax rate, and has maximum risk at most 1.25 times the
minimax value, whatever be the value of r.

As the future-to-past variance ratio r decreases, the difficulty of the predictive density
estimation problem increases, as we have to estimate the future observation density based
on increasingly noisy past observations. Theorem 1.1 shows that rules which are minimax
optimal for higher values of r can be suboptimal for lower values of r. This phenomenon was
seen with threshold density estimates in [34], Section S.2, Lemma S.2.1, as well as in the
recent work of [29] on nonsparse prediction.

To obtain asymptotic minimaxity for all », we need to modify the prior. The Bi-grid g
prior is obtained from 7 by selecting an “inner zone” on which the spacing of the prior
atoms 18 reduced from A to bA, where

(13) b=min{4r(1+r)(1+2r)"" 1}.

. .. . .. 2
Note that b < 1 iff r < rg. The decay ratio in the inner zone is increased from n* =e¢~*"/2 to

n”b2 =022 See Figure 2 for a schematic depiction. Section 3.3 explains why the reduced
spacing in the inner zone is needed. In brief, the narrower grid “pulls down” the maximum
risk of the Bayes rule for mg to the asymptotically minimax level.

More precisely, wp[n] is a univariate sparse symmetric prior of form (8) with

K 0
k—1)vb? K—1)vb> i
o = ea| K S, |
k=1 j=1

The normalization cg = cg(#) is at (36). The support points fall in two zones:
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(i) Inner zone: vy = A+ (k—1)bAfork=1,..., K,
(i1) Outer zone: u; =vg + jifor j=1,2,...

The cardinality of the inner zone is
(14) K=1+[2b77].

In fact, any integer K € [1 + (2]9_3/ 21, oo] works; see Section 3.6. For definiteness and min-
imal departure from wg, we use (14).

How do the mass distributions of g and g compare? A crude continuous approximation
(see the Supplementary Material) says that the “density ratio” dmg/dmg(x) increases expo-
nentially in x in the inner zone. In the outer zone, it is a constant greater than one, that is, g
has more mass in the tails.

A main result of the paper is that the Bayes predictive density estimate pg based on the
product prior g ,(d6) = l’~’=1 g[1,1(d6;) is asymptotically minimax optimal.

THEOREM 1.2. For each fixed r € (0, 00), as n, =s,/n — 0, we have

sup p(0, pg) = Ry (Oulsn])(1+0(1)) asn— oo.
Oy lsn]

The following theorem shows that the bi-grid prior g , is also asymptotically least favor-
able.

THEOREM 1.3. Ifs, — oo and s,/n — 0, then

B(mg,n) = Ry (Onlsnl) - (1 +o(1)).

Unlike Theorem 1.2, we need the assumption that s, — oo. It ensures that 7g , actually
concentrates on ®,[s,], namely that ng ,(®,[s,]) = 1 as n — oo. For the case where s,
does not diverge to oo an asymptotically least favorable prior can be constructed from a
sparse prior built from “independent blocks.” The construction is discussed in Section 3.4.

1.2. Discussion. A fully Bayesian approach is a natural route to prdes with good proper-
ties [2, 15], with advantages over “plug-in” or thresholding based density estimates. Indeed,
a coordinatewise threshold rule pr(y|x) =[]/_; pr(yilx;) is typically built from univariate
prdes which combine two Bayes prdes, for example, based on uniform py and cluster priors
pcL, as in [34], equation (14):

ey = | Uil i bxil > v 2,
U beLGil i xil < v
This is manifestly discontinuous as a function of the data x.

The bi-grid Bayes rule achieves the same purposes as the hybrid pr. Indeed, the close
spacing bX in the inner section of wg yields the same risk control as the (unevenly spaced)
cluster prior for small and moderate 6, while the uniform A spacing in the outer section of g
controls risk for large 6 in the same way as the uniform prior.

Decision theoretic parallels between predictive density estimation and the point estimation
of a Gaussian mean under quadratic loss have been established by [4, 10, 11, 13, 14, 21, 23,
43] for unconstrained @, and by [42], [7], [27] and [34] for various constraint sets ©.

The phase transition seen in Theorems 1.1 and 1.2 seems however to have no paral-
lel in point estimation. Indeed, it follows from [18] that a first-order minimax rule for
quadratic loss in the sparse setting is derived from the Mallows prior [28], with vaL =
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1—-n) Z;?OZI nj_lchej. Here, A, = {/2logn~—! = v=1/2) so that the predictive setting in-
volves a reduced spacing in the prior. More significantly, there is no analog in point estimation
of the inner section with its further reduced spacing for r < ry.

Our main technical contribution lies in sharp methods for bounding the global KL risk
for general bi-grid priors; see Lemmas 3.1 and 3.2, and for spike-and-slab priors, Section 4.
The sharp predictive risk bounds established here provide new asymptotic perspectives in
the information geometric framework of [22, 24, 44] and augment new sparse prediction
techniques for general multivariate predictive density estimation theory developed in [4, 10,
23, 25, 26, 30, 32].

1.3. Minimax risk of spike and slab priors. Some of the most popular Bayesian vari-
able selection techniques are built on the “spike and slab” priors [12, 16, 31]. Such priors
and their computationally tractable extensions have found success in variable selection in
high-dimensional sparse regression models, for example, [3, 17, 37-40] and the references
therein. While this is a well-established methodological research area [36], optimality of their
respective predictive density estimates has so far not been studied.

Here, we consider simple “spike and slab” prior distributions in the flavor of the founda-
tional paper [31]. Begin with a sparse univariate prior, a special case of (8),

(15) msln, €= (1 —mdo +n/ROI{p € [—L, L1} d .

In parallel with (9), build a multivariate product prior s , from n i.i.d. copies of ms[n,, £],
where as before n, = s, /n. We might consider multivariate Bayes predictive densities ps[£]
based on s ;.

It is intuitively clear that such Bayes prdes are necessarily asymptotically suboptimal: for
any fixed £ € [0, 00), for all 5, > 0, we have

(16) { sup (6, psie))}/ R (Onlsa]) = o
Oplsn]

for each fixed n. Indeed, the support of 7g is restricted to [—£, £], and the corresponding prde
has large risk away from the support. A formal proof follows Lemma 4.1.
Consider therefore bounded subsets of the sparse parameter sets ®,, [s,]:

Onls,t]={0 €R":||0]lo <sand |6;| <t foralli=1,...,n}.

We allow t = ¢, to increase with n, and note next that the increase must be at least as fast
as Ay = A(ny) (cf. (11)) to have minimax risk equivalent to ®,[s;].

LEMMA 1.4. Forall t,, there is a simple bound

RN (®plsn, 1) < sn12/(2r).
Ift, > Ay =+/2logn, ", then
(17) RN(Oulsn, tal) ~ 5422/ (2r) ~ Ry (Oplsn]).

The following result exhibits a substantial range of magnitude constraints z, for which
Pslt,] is asymptotically minimax over ©,[s,, t,]. All proofs for this subsection, along with
a figure and high-level overview of the strategy, appear in Section 4.

THEOREM 1.5. As n, = s,/n — 0, suppose that t,/(log 77,71)1/2 — oo but logt,/
(logn,; 1) — 0. Then as n — oo,

sup  p(0, psltn]) ~ RN (Onlsn, tn]).
Oplsn,tn]
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Note that if #,, — o0 at a rate slower than (log 17;1)1/2 then, by Lemma 1.4, Ry (®,[sy, t,])
is no longer equivalent to Ry (®,[s,]) as n — oo. At the other extreme, we show next that if
tn grows at rate n, P or higher for any g > 0, then no spike and uniform slab procedure can
be minimax optimal.

THEOREM 1.6. Ifn, =s,/n — 0andlogt, = flog n,jlfor some B > 0, then

rlpilli sup (0, ps[€]) > (1 + B)Rn(Onlsn, tu1)(1 +o(1)) asn— oo.
=1 Olsp,tn]

We emphasize that Theorem 1.6 shows that, even for true parameters within the support
of the uniform slab, risk can exceed the minimax bound. Informally, the proof shows that if
the slab is small, log ¢ < ﬁkﬁ, then the risk at 8 = ¢, is unacceptably large, while if it is large,
logt > ﬂkﬁ, there is poor risk at 6 = /1 4+ BA,.

1.4. Organization of the paper. Section 2 presents the fundamental risk decomposition,
its proof and some discussion. Section 3 presents the risk properties of the grid and bi-grid
prior based prdes and proofs of the main results. Section 4 proves the spike-and-slab re-
sults. Section 5 compares the performance of the prdes through simulation experiments. The
Appendix and Sections 1, 2 of the Supplementary Material contain the proofs of the lemmas.

Notations. The standard normal density and cumulative distribution are denoted by ¢ and
®; & =1 — . For sequences a; ~ b, means lim,_, oo a, /b, = 1.

2. A risk decomposition for spike and slab priors. Univariate problem. We focus on
priors with i.i.d. components (9), so that the predictive density then has product form (10).
The predictive risk is then additive

(18) PO, pz)=>_p ;. pr).

i=1

[We use p, for both univariate and multivariate Bayes predictive densities: the context will
make clear which is used.]

For our sparse parameter sets ©,[s] and ®,[s, ], there is an easy reduction of the maxi-
mum multivariate risk of a product rule to a univariate risk maximum. Indeed, (18) yields

(19) sp sup p(8,p) < sup p(0,p) <n(l—n,)p(0, p)+s,supp(@, p).
01<tn Oplsn,tnl R

Sparse priors. Now suppose that X|6 ~ N(0, 1) and Y |60 ~ N (6, r) and that the past and
future observations X, Y are independent given 6. Consider a sparse proper prior of the form

(20) m(dw) = (1 —mdo+nvdu),
for probability measure v on R and n € [0, 1]. The associated (univariate) Bayes predictive
density estimate p; is given by (3).

The following risk decomposition is fundamental. It will be applied to study discrete priors
in Section 3 and uniform slab priors in Section 4.

THEOREM 2.1. With the preceding definitions, let Z ~ N(0,1) and v = (1 + I
For a sparse prior (20),
p(0, px) = p(0, ps,) — Elog Np (Z) + Elog Dy (Z)

(2D
=0%/(2r) — Elog Ng.»(Z) + Elog Dy (Z),
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where Dg(Z) = Ny 1(Z) and
(22) N@,v(z)zl—l-%/exp{——i-——— v

Decomposition (21) takes the degenerate prior §¢ as starting point for comparison of the
risk p(@, pr) of a Bayes prde. This is natural for sparse priors (20) and might be contrasted
with the representation George, Liang and Xu [10], Lemma 2, which takes the uniform prior
prde as point of departure.

PROOF. The decomposition (21) compares p (6, px) to p(0, ps,) = 62 /(2r), the KL risk
of ps,(y|x) = ¢ (y|0, r) corresponding to = = §y and n = 0. Accordingly, using (3), write the
Bayes predictive density as

[d(ylm, r)¢(x — p)m(dw) N(x,y)
— $(y/0, ,
TG — wm(dp) o011

after rewriting numerator and denominator in the first ratio respectively as

o (¥[0, )¢ (x)N(x,y), and o (x)D(x),

where mg = w({0}) = 1 — n. After simple algebra, we find
2 IN)7(d
(24) N(x,y):fexp{,u(x—i-X)—M—(l-i-—)} @p)
r 2 r 0
and D(x) is analogous, but without terms in y and r. Note also that
¢(Y|0,r)) _E [QY 92} 67
P(Y10,r)) rooo2rl o 2r
Hence, from (23) and the definition of predictive loss
¢ (Y10, r)) 0*

——— )| =— —EglogN(x,Y)+1log D(x).
h=(Yv) ) " 2r & s

To obtain p (0, pr), take expectation also over X ~ N (6, 1). Since Y ~ N (6, r) indepen-
dently of X, the random variable X + Y/r ~ AN(6/v, 1/v) may be expressed in the form
0 /v + Z/+/v. Recalling the sparse prior form 7 (du) = (1 — n)8p + nv, we get
2

(23) Pr(ylx) =

p(©, ps,) = Eo log(

L(0, pr (1)) = Eg log(

D n KZ b u}
NX, )21y T RE RO BT dw) = No.o(2).
214 fexp| M2 4 20— Ebuia = Ny

Similarly, D(X) Zz Dy (Z) and the lemma follows from the previous two displays. [

Clearly, Ny (Z), Dg(Z) > 1, and so we have the simple but useful “basic lower” and
“basic upper” risk bounds

02 R 02
(25) > —ElogNow(Z) < p(8, pr) < 5+ElogDe(Z).

From Jensen’s inequality,
(26) Elog No,v(Z) < 1og(ENs »(Z)),
and since Eexp(¢ Z) = exp(¢2/2), by Fubini’s theorem

@7) ENpu(2) =1+ | exp(“—e)wdm,
1—n v
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and, in particular,

EDo(Z) =ENo1(Z)=(1—-m)~".
Consequently, from the right-hand side of (25), then (26) (for v = 1) and the previous display,
(28) p(O, pr) <log(1—m~" =n(l+o(1)) asn— 0.

3. Risk properties for discrete priors. The bulk of this section is devoted to the proof
of Theorems 1.1 and 1.2. We first outline the approach. First, return to the univariate re-
duction (19). From (28), it is clear that np (0, p1) <nn,(1 4+ o(1)) =s,(1 4+ o(1)). So for the
minimaxity results of Theorems 1.1 (for » > rg), 1.2 and 1.5, it suffices to show the univariate
bound

(29) sup p (8, p1) < A2/2r) +o(r2),
feR

for then, with ®,, = ©,,[s,,] or ©,,[s,1, 4],

sup p (0, pr,) <sn[A2/2r) +0(A2)].
O,

To establish (29), we use the key risk decomposition of Proposition 2.1. For this, we in-
troduce a class of discrete sparse priors that includes both grid and bi-grid priors. We de-
velop lower and upper bounds, respectively, for Elog Ny ,,(Z) and Elog Dg(Z) in (21). These
bounds are combined to yield an upper estimate

p©@, pp) < 2r)"'A%a (@) + O,

for some function o. In Section 3.3, we first provide heuristics—Figure 3—and then a formal
proof of conditions under which o (8) < 1 for all 6, establishing Theorems 1.1 and 1.2.

3.1. A class of discrete sparse priors. ForOQ<b <1andr >0, let

(30) moln: borl=Y_ 7jdy;
JEZ
where u_j = —u;, m_; = ;. The support points satisfy o =0 and u; = Aa; for j > 0,
where the piecewise linear spacing function
1+b(j—1) 1<j<K,
G E
o +j—K j>K

has increments &; =« 1 —aj = b or 1 according as j < K or j > K. Set { = n". The prior
masses are given by

(32) mo=1-n,  mj=cmnehi~,

for j > 1. The decay function in the prior probabilities
1+b°(j—1) 1<j<K,

(33) =1,
Px+j—K j>K

has the same form as o; with b replaced by b?*. This choice is crucial for Lemma 3.1 below
and its consequent risk bounds. In particular, note that 8; < «; and that the increments 8; =

Bj+1 — B; satisfy
(34) Bij=d; allj=1.



90 G. MUKHERIJEE AND I. M. JOHNSTONE

In addition, [ — g; = ozlz — fy is increasing for [ > 1, as

(35) gi+1 — 81 =61 (a1 + ) — fr = 2da; > 0.
The normalizing constant c(n) = cg(n)/2, where
1 o0 1— nbsz nb2v(1<—1)+v
(36) =Y ¢ = +
c(n) Z ¢ 1 — b 1—nv

j=1

3.2. Risk component bounds for discrete priors. Since mp is a sparse prior, we may apply
the decomposition of predictive risk given in Proposition 2.1. Inserting the discrete measure
(30), we obtain

(37) Noo(Z)=14Y N,
j#0

- _ _ 1
(38) Nj:nolnj exp{v l/zujZ—i—v 1<,uj0—§,u§)}.
In the special case v = 1, it will be helpful to write Dg(Z) = Ny, 1(Z) as
(39) Dy(Z)=1+)_Dj,

Jj#0

(40) D;=n;"'n; Z 60— 22

J =T T X R LT Y= S -

The probability ratio 7 /7o can also be written in exponential form. To this end, introduce
c1(m) =c(m) (1 —n)~'. Recall that v~! = 147" and ¢ = ¥ = exp(—1?/2) and then rewrite
n= é'vil = exp{—%)\z(l + r_l)}. Using (32), we arrive at

_ 1 _
(41) 7wy :cl(n)exp{—i)\z(ﬂj—l-r 1)}.
We can therefore, for example, rewrite

42) 1, 15 -
Guj; 0) =15 = j0 + 527(Bj +r 7).

To obtain an upper bound for p(6, pp) we use (22). It turns out to be enough to focus on
(the logs of) two consecutive terms N, N1 in (37); ignoring all other terms trivially yields
a lower bound for Ny ,. For the upper bound for Dy, a single (suitably chosen) term D; in
(39) suffices, but more care is needed to show that the neglected terms are negligible.

Bring in a coordinate system (/, @) for 8: each 6 > 0 can be uniquely written in the form

0=Ao+w), [eN wel0,q).

We can therefore write [ = [(0) and w = w(0).
We argue heuristically that /(6) is an appropriate choice of index for our bounds. Indeed,
from (38) and (41),

1
(43) Elogszc—E{(/Lj—9)2/1)—)&2,31'}

after collecting terms not involving j into c. Hence, for 6 € [u;, (;+1), the choice j =1
or [ + 1 will minimize or nearly minimize the quadratic, and these suffice for the lower
bound. For Dy, we have from (42) that Elog D; =logci(n) — G(ij; 0). We show in the
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Appendix (in the proof of Lemma 3.1) that j — G(uj; 0) is indeed minimized at j =/ for

each 0 € [y, ni+1).
Focus therefore on the terms N;gy and Dj). When 60 = A(a; + w),

1 1
it — 5“3 = EAZ(Z(XJ'(O{I + w) — Oljz)
Combining this with (41), for j =1,1 + 1, we can write

1
Ny =ci1(n)exp Ekzn(l, w) + otz?»Z/«/E},

I 5.
44) Niy1=ci1(n)exp Ekzn(l, ) +a1+1AZ/ﬁ],

1
Dy = c1(n) exp Eﬂd(l, o) + alkZ}

in terms of three linear functions of w:
nl,w)=v"! (oz,2 + 20y0) — B — o
@ dl, w) =a} + 200 — p — 1!
and, corresponding to N4 1,
(46) n(l, @) =n(l, ®) + 20 \qo — (1 +v7 )}
We now state our key uniform bounds on the risk components of (21).

LEMMA 3.1. For any fixed r € (0,00) and b € (0, 1], with A defined in (11), uniformly
in 0 = Al + w) > A, we have the following bounds:

1
Elog No.v(2) = 53*(n v i), @) + O (1),

1
Elog Dy(Z) < EA2d+(z, )+ 0.
For 0 <0 < A, we just have Elog Ng ,(Z) > 0, and Elog Dy(Z) < O()).

The proof is given in the Appendix. The appearance of the positive part of d (I, w) in the
upper bound may be understood this way: if d(/, ®) < 0, we cannot expect the term D; to
dominate Dg = 1 in (39).

In the reverse direction, we need only a bound for 8 lying in a subset of [, () in our
proofs of Theorems 1.1 and 1.2.

LEMMA 3.2. For any fixed r € (0,00), b € (0, 1], with X defined in (11) and setting
w1 =b(1 +v)/2, uniformly in 0 € Aoy, a1 + w1], we have

1
Elog Ny (Z) < 5,\2n(1, )+ 0.
3.3. Proof of Theorems 1.1 and 1.2. Inserting the bounds of Lemma 3.1 in risk decom-
position (21), we get
p®, po) < 2r)"'220(l, w) + O (),

(47) w? if/ =0,
O'(l,(,()): 2 v + .
(g t+w) —r(nvn)l,w)+rd"(,w) ifl>1.
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p(gvﬁG)

FI1G. 3. Schematic for the risk bound (47) for 6 — p(8, pg) for the grid prior; being asymptotically minimax
when the second peak is no higher than the first.

Our task is to bound o (I, w); more specifically for Theorem 1.1 to show that o (I, w) <
1 + & for the grid prior and for Theorem 1.2 to ensure that o (/, w) < 1 for the bi-grid prior
with b in (13). Figure 3 shows the idea of the main part of the proof. We argue below that the
maximum of o (0) = o (I, w) falls in the interval [A, Aaz], which in the case of the uniform
grid prior is just [A, 2A]. The function o (@) is argued to be piecewise quadratic with

A22)215%0(9) =max{l, 1 + y-(y» —2r)}.

The second maximum is attained at 8, = A + y,A, with y, = 2r 4+ 1)/(2r + 2). It will then
follow that the grid prior estimate pg is asymptotically minimax if and only if 3, <2r, which
translates to r > ro = (/5 — 1) /4.

For r < rp, the maximum risk can be “pulled down” by reducing the spacing between A
and the next support point A + bA (we set ¢; = b). For the bi-grid prior, the second maximum
then satisfies

Ox=A+ybr, o) =1+yb(y,b—-2r)<1

exactly when b is no larger than the value (13).

To begin the proof, observe first that by symmetry we can reduce to 6 > 0. For [ =0,
control on the risk is immediate from (25), and so, from now on consider / > 1. We make
some observations on o (I, w). When d (I, w) > 0, from (45), r(n — d) = oz,z + 2oy, and so

(48) oll,w) < (g +w)?—rin—d)=w*<1.

Back in the general case, from (46), both n(l, w) and rn(l, ) are linear for w € [0, ¢;],
intersecting at w; = &;(1 + v)/2 < &;. Now n(l,0) > n(l,0) while 7 has a larger positive
slope. Hence n Vv 1 equals n on [0, w;] and 72 on [wy, ¢;]. A calculation shows that

n(l, dy) = v (af + 2046y +&F) —aF — pr—r7!
= v_la,ZH — Bi+1 —r! =n(+1,0).

Similarly, d(I,¢;) = d( + 1,0) and so 8 — d(0) is piecewise linear, continuous and
strictly increasing from d(1,0) = —r~! < 0 to 400 as # — oo. Consequently, there is a
unique 6, = (I, w,) at which d(6,) = 0.

From these remarks, it follows that o (I, ) is piecewise quadratic and convex for w €
[oq, o741]. Hence its maxima can only occur among the join points w = 0, @y, 1 and w, in the
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single case [ = [,.. However, since d(6;) = 0, it follows from (48) that o (/,, w«) <1, so we
can safely ignore this case. Consequently, from (47) and noting that o (0, 1—) = 1, we have
(49) lolloo:= max o(,w)=1vmax{o(,0),0, o), o, a)}.

6>0,6=(l,w) >1

Now suppose that 0 < @ < «j and that d (I, w) < 0. In this case, sincen <siand 1 —rv=! =

—r, we have

o(l,w) = (o +a))2 —rn(l, w)

50) =w? + (o + 2q0)(1 —rv ) +rB + 1
=1+w+ r(B — alz) —2raqw

<l4+e*-2ro

say, where we used o7 > 1 and ozlz — B> 04% — B1 =0, from (35).

In particular o (/, 0) < 1, and combining with (48), this holds for all [. Also, forl € L =
{l:d(,w) <0}, we have o (I, w;) < 1 + wj(w; — 2r), while for [ ¢ L, again from (48),
o(l, w;) < 1. Now, (49) simplifies to

(&29) llolleo <1+ maxw;(w; —2r)+.
lel

For the grid prior, b =1. We have w; = (1 +v)/2=(2r +1)/(2r 4+ 2), and
o —2r) =1 +2r)(14+r)2(1 =2r —4r%) /4 =h,

and we have established the upper bound in Theorem 1.1.

For the lower bound, it suffices to look at the risk at a single point. In view of Figure 3 and
the discussion preceding (49), we try ) = A(1 4+ w1). Look at the risk at 6;. Apply Lemma
3.2 using n(1, wy) = 2v 1wy, to get from (25),

P61, pa) = 2r) "W + o)) —2rv o1} + 0 = 2r) A1+ 1) + 0,

since the quantity in braces equals 1 + w% —2rw)y =0 (1,w;) =1+ k. This completes the
proof of Theorem 1.1.

We now turn our attention to proving Theorem 1.2. We first verify that if b < min{1, 4r},
then [ > 1+ [2b3/%] necessarily implies d (I, w;) > 0.

From the monotonicity (35), along with @ > 0, we have

dl,op+r7'zaf == ag — Bx = DX (K = 1)* = 4b~" =171,
using b < 2 for the third, K > 1+ (2[9—3/ 21 for the fourth and b < 4r for the fifth inequalities.
Now, return to (51): if [ € £ then d(I, w;) < 0 and so, from the previous paragraph neces-
sarily [ < 1+ [2b—3/2], which by definition entails ¢&; = b so long as K > 1 + [2b=3/2]. Now

w; =b(1 +v)/2 <2r is equivalent to b < 4r/(1 4+ v). So, in this case, ||| = 1, and so for
all 6 we have p (0, pp) < (2r)~ 122 4+ O (1), which establishes (29), and hence Theorem 1.2.

3.4. Proof of Theorem 1.3. By Theorem 1.2, it suffice to prove a lower bound on the
Bayes risk. As mg, is i.i.d. and due to the product structure of the problem, its Bayes risk
simplifies

B(7s.n, ps) = nB(ms, pp)-
For the univariate problem the Bayes risk of the prior ng is
B(wg, pg) = 0 ¢(1n) {0 (ks PB) + p(=An, PB)}
=211 ¢(1hn) P (rn, PB) = 20 () [4/2r) — Elog Ny, o(2)].
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where the equality above follows by symmetry and the inequality by (25). From (36), we

have 2c(n,) =cg(n) =1 — O(n,ﬁ’z”). Lemma 3.2 shows that Elog Ny ,(Z) = O(A) because
n(1,0) [defined in (45)] equals 0. Hence B(mg, pg) > nn)»%/(Zr) - (1 + o(1)) and the proof
is done.

3.5. Three point priors. Let m, = m,[n] be a sparse symmetric three point prior given by
(8) with v = §,, for @ > 0. In Section 6, we prove the following.

LEMMA 3.3. Let p, be the prde corresponding to m,. Then, as n — 0,

(52) p(ar, pa) < 2r)~ "W 2t(a) + O (L)
a? a? <1,
43) D=0 - ), @221

In particular, as n — 0, the prior w, is least favorable only when a = 1:
(54) B(%ta, pa) ~ np(ar, pa) ~ (2r)~'nr’z(a).

3.6. Remarks. 1. When K = oo, the bi-grid prior 7g has support points (in R*) separated
by (1, b, b, ...). We denote this special case mg/, and we emphasize that it is still a bi-grid
prior (unless b = 1), though it may be seen as simpler than ng. The proof of Theorem 1.2
shows that with b = 4r (1 + r)(1 +2r)~!, prior 7y is asymptotically minimax for r < ry.

However, there is no choice of b for which wp is asymptotically minimax for all r. Indeed,
if b be fixed, simply choose » small enough that b > 4r(1 4 r)(1 +2r)~' =4r/(1 + v), and
then from (50), we have

lolloo =0 (1, 1) =1+ wi(w) —2r) > 1.

2. When s, does not diverge to oo, an “independent blocks” sparse prior using mg is
asymptotically least favorable, along the lines of [19], Chapter 8.6. Let mg(t; m) denote a
single spike prior of scale t on R™. This chooses an index I € {1, ..., m} at random and
sets & = tey, where ¢; is a unit length vector in the ith coordinate direction. We randomly
draw t from (vér +vg)/2. However, instead of (11), we choose A = 2 (1, — log t,,) where
tm = +/21logm. The independent blocks prior g, on Os,] is built by dividing {1, ..., n}
into s,, contiguous blocks B, each of length m = m,, = [n/s,]. Independently, for each block
Bj, draw components according to 7g(-; m) and set 6; = 0 for the remaining n — mys, co-
ordinates. This prior is supported on ®[s,] as any draw from mg , has exactly s, nonzero
components. The proof that it is least favorable is then analogous to that of Theorem 6 in
[34].

4. Risk properties of spike and slab procedures. We again use the risk decomposi-
tion provided by Lemma 2.1, now with the univariate spike and slab prior wg[7n, £]. We use
Ng ,(Z) and DQS (Z) to denote the associated risk components of Lemma 2.1 for the spike
and slab predictive density estimates pg[£] based on the prior wg[n, £] for some £ > 0 (the
dependence on ¢ is kept implicit in the notation).

Figure 4 gives a schematic showing the strategy for the proof of Theorems 1.5 and 1.6.
Separate risk bounds for pg[£] are established below for 6 lying in intervals roughly corre-
sponding to [0, A,,], [An, Ae] and [Ae, £] where A = v=1/2),,: a threshold used in sparse point
estimation. The critical interval is [A,, Ae], and the risk bound there suffices for asymptotic
minimaxity if log £ = O(Aﬁ), which leads to Theorem 1.5 if log ¢, = o(k,%) and we take £ = t,,.
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P 0. psit])

FIG. 4. Schematic for risk bounds (56) for uniform slab prior ws[n, £] and estimate pg[].

If, however, logt, ~ ,8)»,21, then no uniform slab width works: if log £ > ﬁk,% /(2v), roughly,
then the maximum at approximately 0 = /1 4+ SA, is too high, while for log ¢ < ,BA% /(2v),
the maximum risk is too large near the right endpoint, 0 = t,.

To ease notation, we often drop the suffixes from A, and 7,, particularly while discussing
univariate prdes. Their risk functions are calculated in the regime A — oo as n — 0.

PROOF OF LEMMA 1.4. For the first upper bound, simply take v = §p in Lemma 2.1; the
corresponding 7 = 8o has p(0, ps,) = 62 /(2r). The bound now follows from (19). For the
second statement, we claim that whenever ¢, > A,, then as n — o0,

(55) RN (®pLsn: 1]) ~ Ry (Onlsn]) ~ s,22/(2r).

Indeed, the independent blocks prior JT,EB constructed in [34], Theorem 6, to show that
Ry (®u[s,]) ~ snkﬁ /(2r) is actually, by its very definition, supported on ®,[s,, v,], where
vy < /va/2log[n/s,] < Ay < ty. Since obviously @, [s,, v,] C O [sy, t,] C O, [s,], the con-
clusion (55) follows. [

For lower bounds on risk of its predictive density estimate, the following convexity in-
equality is helpful. It is proved in the Supplementary Material.

LEMMA 4.1. Ifn <% and 6€/v > 1, then

Elog Ny ,(Z) <6¢/v.

The proof of (16) follows easily from the above lemma. From the left-hand side of (25)
and Lemma 4.1,

2

0 (24
0, ps[¢]) > — — —, forf>
p( ps[])_Zr . or

~| e

Hence, from (18),

sup p(8, pslel) = s, sup p(6, pslel) = oo,
Oplsnl OeR

while Ry (®,[s,]) is finite for each n, for example, [34], so (16) follows.
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4.1. Proofof Theorem 1.5. Recall that A =,/2vlogn—! and define & = A//v++/21og X.

We will show a piecewise risk bound

62/(2r) + O(rlog) 0<6 <A,
(56) 0(6, psie]) < {12/@2r) +logl 4+ O(rlogh) A <6 <A,
logl + O()) L<6<L.

For 0 < 0 < A, simply use the basic upper bound (25) along with the following bound for
DQS , shown in the Supplementary Material: for each r > 0,

O(\log) 0<6 <A,

S
(57) Elog Dy(Z) < {92/2 —2%/Qu)+0(0) 6=

For the remaining two cases, that is, for 6 > A, we use the full decomposition (21) of
Lemma 2.1. To this end, an alternative representation for N(i , Will be useful. Completing the
square in (22), we get

(58) NG (Z)=1+ C(n)ﬁeXp(zze v) DPy,v,

where we have set Zg , = Z +6//v and
Dy =dw V2l -0)—2) - d(v V(L -0) - 2).

In the Supplementary Material, we show that, uniformly in v € (0, 1), £ > 1 and |8]| < ¢,

59) Elog ®¢,, > ap :=1log¢(0) +2/3.
The constant c() = n(1 — )~ {204 (0)} ! satisfies
(60) —log€ — 3%/(2v) <log{(1 — n)c(n)} =logp(0) — log £ — 1*/(2v)

From the preceding three displays and IEZg’U =14 62%/v, we obtain

1 1
—Elog NS (7)< —1 — —logv— —EZ? —TElog®
6D 0g Ny ,(Z) < —loge(n) 5 logv —SKZ5, og Py y

<logfl+12/(2v) —6%/2v) + O(1).
Now observe from (61) and v=! =~ 4 1 that
6%/(2r) —Elog N; ,(Z) < 3*/(2r) — (6% — A%)/2 +logt + O(D).
Combining this with the bounds in (57) yields the remaining two bounds.

For any ¢ > 1 such that log ¢ = 0(1?), we conclude that as A — oo,

2

A
sup p(0, ps[]) < 2—(1 +o(1)).
o<t r

This completes the proof of (29) and, as remarked there, the proof of Theorem 1.5.

4.2. Proof of Theorem 1.6. We use the basic lower risk bound (25), and show that for
suitable 6 that Elog NQ ,Z cannot be large enough to offset the leading term 02 /(2r). To
obtaln a result uniform over all slab widths ¢, we need two different types of upper bound on
N 0,v°

Define 1, and 7, = o(t;,) by setting log#, = fA?/(2v) and log#;, = log 1, — A. We look first
at large values of ¢, using representation (58). Observe first that for £ > #;, the right-hand
side of (60) yields

Jve(n) < Cexp{—logh — 1%/(2v)} = Cexp{—62/(2v)}
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for a constant C = C(v) if we set 62 =22 +2v log 7;.. Using now (58) and ®, ., <1, we have
log Ngv(Z) <log{1 + Cexp[—62/(2v) + (Z 4+ 6//v)?/2]}

<log2 +log(l + C) + Z%/2+|Z|6 //v.

Consequently, Elog N éS . (Z) <k + k20 where ki = k; (v). Hence, from the left-hand side of
risk bound (25), ’

. 02 .
p(0, psle]) = T k10 —k».

Now observe from the definition of 7, that 62 = (1 + B)A% — 2vA and that 6 <t, for large A.
We conclude that for large A,

. p (0, ps[L]) -1
(62) inf sup ———>14+8+0(A"").
>0 ee[ogk] A2/ (2r) )

For ¢ < f;, we set @ =, and use the left-hand side of (25), then Lemma 4.1:

2 2 2
_hoont_ G bho B

t, pslé 1
;ggp(x psle]) = T . 2( +o(1)),
where in the last inequality we used 7, = o(,). Consequently,
0, pslt
(63) inf sup PO PSID i(1 +o(1)).

0<i, gefo.,] AZ/(Q2r) T A2

Combining (62) with (63) and then using (19) to go over to the multivariate problem, we
obtain

min sup p(@, ps(e]) > (1 —i—ﬁ)snkz/(Zr)( +o(1)).
£>1 Onlsn.tn]

Theorem 1.6 now follows from (17) of Lemma 1.4.

5. Numerical experiments. We turn to the numerical effectiveness of our asymptotic
results under different levels of sparsity 7,, with special focus on moderate values. The prod-
uct structure and the good bounds (19) relating maximal multivariate and univariate risks
allow us to concentrate on the univariate prdes. We use a constrained prior space

me(n) = {7 € PR) : (0 =0) = 1 —1, 7(16] > £) =0},

and set £ = 5A =5,/2logn~?. We consider three sparsity levels: (a) Moderate: n = 0.1, (b)
High: n = 0.001, (c) Very High: n = 10719,
We compare the following prdes:

e Hard threshold Plug-in prde (H-Plugin): [34], equation (31),
Pr(y1x) = p(y|0u, vy) where O (x) = x I{|x| > (v /v)'/?1}.

e Cluster prior and Thresholding (C-Thresh) based asymptotically minimax prde pr pro-
posed in [34], equations (12)—(14),

e Bayes prdes based on the grid and bi-grid priors (Grid, Bi-Grid) rescaled on m¢: pg, ps

e Spike and slab predictive density estimator (SS): ps[£].
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TABLE 1
Numerical evaluation of the maximum risk for the different univariate predictive densities over [—£, £] as the
degree of sparsity (n) and predictive difficulty r varies. Here, we have chosen £ = Sk, where X is defined in (11).
In the “Asymp” column, we report the asymptotic minimax risk A2 /(2r). In the other columns, we report the
maximum risk of the estimators as quotients of the “Asymp” risk

Sparsity r Asymp H-Plugin C-Thresh Grid Bi-Grid SS
0.1 1 1.1513 120.4% 82.5% 88.3% 88.3% 105.8%
0.5 1.5351 173.6% 108.8% 104.9% 104.9% 118.0%
0.25 1.8421 278.5% 128.0% 127.0% 129.0% 132.3%
0.1 2.0933 588.1% 145.2% 165.4% 155.9% 146.5%
0.001 1 3.4539 109.1% 70.7% 70.8% 70.8% 86.2%
0.5 4.6052 162.1% 85.9% 84.6% 84.6% 96.9%
0.25 5.5262 267.6% 89.9% 100.2% 96.8% 106.9%
0.1 6.2798 582.8% 107.2% 115.6% 113.4% 118.0%
1E-10 1 11.5129 123.9% 150.4% 78.6% 78.6% 86.9%
0.5 15.3506 185.4% 87.9% 87.1% 87.1% 93.9%
0.25 18.4207 308.4% 94.6% 98.1% 96.3% 100.1%
0.1 20.9326 677.0% 101.8% 110.5% 101.7% 106.3%

Table 1 reports the maximum value of the risk plots for these predictive estimators (Sup-
plementary Material, Table 1 shows the locations of the respective maximas). Figure 5 plots
0 — p(6, p), showing however the rescaled value p(0, p)(1 — n)/n at 6 = 0. [The hard
threshold plug-in density estimator pg is omitted, as has poor maximum risk in Table 1 and
confuses the plots.]

The tables and plots show that the bi-grid prior Bayes prde pg and the C-Thresh prde
pr have similar worst case performance. For each r, the maximal risks of pg and pr lie
near or below the asymptotic level of logn~!/(1 4+ r) under high and very high sparsity,
and at worst moderately above the asymptotic level for moderate sparsity. However, pr has
substantially higher risk at the origin than the other prdes considered here, particularly for
moderate sparsity. Differences in the performances of the grid and bi-grid prior based prdes
appear under high sparsity; for further comparisons, see Figures 2 and 3 in the Supplementary
Material. The maximal risk of the spike and slab procedure is higher than that of pr or pg
but does not exceed the asymptotic minimax level by much. Finally, the basic features of the
risk plots are unchanged even under moderate sparsity.

6. Discussion and future work. Product priors based on infinite cluster priors mo[7, 7]
of [34], Section 6, will lead to minimax optimal Bayes prdes. Details, which do not follow
directly from those for the bi-grid prior, are provided in [8].

Our discussion of spike and slab priors was confined to uniform slabs. Theorem 2.1 can be
used to show that Gaussian slabs are suboptimal, while Bayes prdes based on heavier-tailed
slabs in the range from Laplace to Cauchy are minimax optimal. The tools to bound the
maximal risk of continuous priors differ from those used here and will be detailed separately
[33].

Our results are based on known sparsity levels. We make a few remarks on adaptation to
unknown sparsity from theoretical and computational perspectives. A manuscript in prepa-
ration considers adaptivity for continuous slabs with Laplace and Cauchy tails. Adaptation
to minimax risk is possible up to multiplicative constants and an additive logarithmic term.
Both exact sparsity (£o) and approximate sparsity (£,, 0 < p < 2) are considered.

Recently, computationally tractable Bayesian methods which adapt to unknown sparsity
levels and possibly dense signals have been developed for point estimation [3, 5, 40]. In our
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FI1G. 5. Risk plots p(8, ) {(1 — n)/n}”ezo} for univariate predictive density estimators pt (dark green), pg
(skyblue), pg (blue) and pg (red) versus 6 € [0, £], for £ = 51. Columns vary with moderate, high and very
high sparsity, n = 0.1,0.001, 10~10, left to right. Rows vary r = 1,0.5,0.25 and 0.1 from top to bottom. The

horizontal line shows the asymptotic univariate minimax risk of log n_l/(l +r)= Az/(2r), with A = ,/2logn~Y
and € shown in the insets. Note that, pg (skyblue) and pg (blue) overlap exactly in plots for the first two rows.

sequence model (1), under unknown sparsity level 1, = s, /n, there exist fast procedures for
estimating posteriors from spike-and-slab priors that are mixtures of a Dirac measure at 0 and
a continuous distribution [6, 20, 41].

APPENDIX

We present proofs of the risk bounds in Lemmas 3.1 and 3.3. The proof of Lemma 3.2 uses
tools similar to Lemma 3.1 and appears in the Supplementary Material.
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Proof of Lemma 3.1. We do the easy lower bounds involving Ny ,(Z) first. Indeed, the
bound for 6 < A follows just from Ny ,(Z) > 1. For 6 = A(a; + @) > A, from (44) using
E(Z) =0 we get

1
Elog N; =logei(n) + Ekzn(l, w), and,

1
Elog Nig1 =logei () + 5 4%, ).
But logci(n) =loge(n) — log(1 — n)*l = O(1) as A — oo. Hence, the proof of the lower
bound is completed by using
Elog Ng,,(Z) = max{Elog N;, Elog N;11}.

The proof of the upper bound on Elog Dy(Z) is more involved, and we first outline the
approach. From (39) and 1 +x + y < (1 4+ x)(1 4+ y/x), we have

(64) log Dg(Z) <log(1 + D;) +log(1 + Dy),

where we set 131 = Zi¢{071} D;/D;. Henceforth in the proof, we make the choice [ = [(0)
except that when 0 <60 < pu; weset! =1.
For the first term (henceforth we call it the main term) in (64), we will show

1,
(65) Elog(1+ Dy < {2+ ¢ G@)+0®)  forl=1,

o(1) if0<0 <A

with O (A) being uniform in /. For the other term in (64), we will show that it is O (A) for all
[ (and so, henceforth we call it the remainder term). For that purpose, we write D; ; = D; /D,
and decompose

. o0 -1 00
Di=Y Ditri+ Y Diki+ Y D_ji.
k=1 k=1 j=l1

We use the elementary inequality log(14>_ yi) < >_log(1+ y,,) to obtain that [Elog(1+ D)
is bounded above by

[ee) -1 00
Elog(l +> D,+k,l> +Elog(l +3 D,_k,l> +Elog<1 +> D_,-,,>.

k=1 k=1 j=1

Now, note that D_; 2 Djexp{—2u;0} < Dj since u; = —p;, 7—;j =m; and L(Z) is sym-
metric. Hence

o0 p X -1 oo
Y D_ji <Y Djy=> Dixi+ 1+ Dii.
j=1 j=1 k=1 k=1

Combining the above two displays and again using the aforementioned inequality on log
sums, we obtain

[ele) -1
(66) Elog(l + D;) <2E log(l +) D,W) +log2 + 2Elog<1 +) D,_kJ).
k=1 k=1

We will later show that the two main right-hand side terms are each O(A). This concludes
the outline; we now turn to detailed analysis.
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The main term in (64). We first dispose of the case 0 <6 < A. From (40) and (41),
1.5 -1
D1 =c1(n) exp )\.Z+)\.0—5)\, 24+r77)t.

Since 8 < A and ¢1(n) < (1 —n)~!, and using log(1 + x) <log2 + (logx),
log(1+ D) <log2+1log(l —m) ™' +2(Z —27"r7"2)

and hence Elog(1 + D) < O(1). This last bound uses an inequality we also need later: from
the two term bound on Mills ratio (e.g., [19], Exercise 8.1),

(67) E(Z — x)4 = ¢ (x) —xD(x) < x 2 (x).

Now suppose that 6 = A(o; + w) > A and use representation (44) for D;. Abbreviating
%Azd (I, w) as dj,,, we obtain

Elog(l + D;) =Elog D; + Elog(1 + Dl_l)
=logc(n) +log(1 — ) ™" +di, +log2 + E(log D} '), .
Symmetry of £(Z) about O implies that log Dl_1 2_ loge(n) +log(l — n) + w1 Z — diy. As
c(n) < 1, we have
E(log D "), < —loge(n) + E(wZ — dio)+-.
From the previous two displays and log(1 — )~! = O(n), we have
(68) Elog(l + D) <dijo + E(uZ — djoy)+ + O(1).

We now bound the expectation on the right-hand side. Consider first those / for which «; <
2+~ !, and thus n <2+ r~Da. Noting that

EwZ —diw)+ < —dipl{di, <0} + i EZ 4,
we then conclude that
dio +E(uZ — diw)+ < (diw)+ + 2 +7r7")p0)x.

Now consider the remaining /, with o7 > 2 + r~1 for which we claim that

1
(69) at—p—rt> Ea?.

We verify this via the equivalent form alz —2B > 2r~ !, Indeed, since B1 < oy, we have
@} =28 =y —2) = 2+r )t =270

Since w > 0, we have from (45) and (69),
1o s -1 1 »_ 15
diy > 5)» [051 —Bi—r ] = Z()\Oll) = Z,le-
From the bound (67), we calculate

d (i /4)

i

EwZ —diy)+ < wiE(Z — i /4)+ <16

uniformly in A > 1 and / such that g > 2 + r~!. The right-hand side is uniformly bounded
in /. Combining the two cases with (68), we have proven the bound (65) on the first term of
(64).
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We turn now to bounding the remainder (66). This depends on the decay between suc-
cessive terms D, so we start by using (42) to derive a useful representation for D;/D;.
Indeed, using p; = Aaj and 0 = Aoy + w), we define

A=A L o) = (2/3)[G(1j+1:0) — G(uj; 0)]
Idj[O{j_H + o — 2 —2w]+,8j
and arrive at, for j > 1,

D
(70) 2l

1.5
=expiAd;Z — ZA°A;
J 2
We now show that A crosses zero at j =/, meaning A; > 0 for j >/ and A; <0 for
J <. This will also verify the claim in Section 2 that j — G(u;; 0) is minimized at j = [(0)
for each 6 € [uy, ;141). The argument splits into two largely parallel cases. _
Suppose first that j > [, so that j =1+ k for k > 0. Using oy + w < &j41, then Gy = d12+k

and finally ¢&;x + o¢j 4k = ®j4+k+1, we have for any k£ > 0,

. .2 .
(7D Ak > qprl@pr+1 + i — 200411 + &g = 20041 (@1 — o41) =0,

with the last inequality being strict for k > 1. )
Suppose now that j </,sothat j =/ —k—1fork > 0. Using o; + @ > oy, then fj_;_1 =
dlz—k—l’ and finally &j—x—1 + @j—r—1 = j—k, we have
Al—g—1 < Q—k—1lo—k + @1 — 2041 + &7 4,
=2a—g—1 (a1 — o) <0,

with strict inequality when k > 1.
As final preparation, we record a useful bound whose proof is provided in the Supplemen-
tary Material.

LEMMA A.1. Ifay,ay, ... are positive, then for eachn > 1,

n+1
a
(72) log(l—i—Zak) <10g(1+a1)+2 el
k=1 k=1 %

We next concentrate on bounding the first term of (66). Noting that D ;s are positive, use
(72) with ay = D4/ D; and log(1 + a;) <log2 + (logay)+ to write

o0
(73) Elog<1+ZD1+k1)<log2—|—E<log z+1> +E{Z
k=1 Dy J+ k=1

In (70) with j =, we have seen that A; > 0 and so

Di 41
Dyt

D
E(log %ll) <& EZ, < 1¢(0).
_l’_

When j =1+ k, observe from (71) that Aj44 > 2‘5‘12+k +2a 41 (o) 4k — 1+1). From (70), now
with j =1+ k fork > 1,

Diyyiy1 1 5.
E{ iy } = exp _)‘2[0‘12+k — Al—f—k]}
Dy 2

1 5. .
<exp —5)»2[0!12+k + 200k (04 — al+1)]}

1
<exp —Ekzbz — 2%k — 1)},
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so that the right-hand side of (73) is O (L) + O(e_kzbz/ 2y = O()). The last inequality in the
above display uses j — ¢; is increasing and ¢t ; > b.
Second term of (66). Now use (72) with ay = D;_¢/Dy:

-1 -2
D;_ Dy_i—
(74) Elog(1+ZD,_k,l>510g2+15(10g ! 1) HE{Z Ik 1]_
] Dy /4 o1 Dk

In (70) with j =1 — 1, we have seen that A;_; <0 and so

D;_
E(log A) < Au_1EZ4 < 2(0).
Dy /4

From (70), now with j =/ —k — 1,

Dy 1
E{ [kl } = E{exp{—kdl_k_lz + —szl—k—l}}
D;_ 2

L. .
< eXP{ S A @kt [G1—k—1 4+ 2(as—k — )]s
as Aj_g—1 <20;_p—1(j—x — o). Again, using j — «; is increasing and «; > b, we have
k-1 + 20—k —ap) o —2( — o—f+1) — 20— < —b —2(k — 1)b.

Using &;_r—1 > b again, we conclude that

E lfD’"“‘ <§j { L2 a2 1)} O (e ¥0*/2)
eEXpy —— — — = e .
o D ) o 172

Thus, we have proved the desired bound on the second term. This completes the proof of the
lemma.

Proof of Lemma 3.3. The argument borrows some steps from the proof of Lemma 3.1,
but is simpler, though not a special case. The three point prior corresponds, in (30) to choices
mo=1—n, 11 =n/2, u1 = ai. From (37)—(38), we have Ny ,(Z) =1+ N1 + N_1, with

1
(75) Ni=c1(n) exp{v_l/ZaAZ + 2v) 'A% - §A2(1 + r_l)},

where c1(n) = 2_1(1 — r])_l and N_| = N; exp(—2v_1/2aAZ — 2v_1a2k2). Correspond-
ingly Dg(Z) =1+ D1+ D_1, where D| and D_; are obtained from N| and N_; by replac-
ing v with 1. From Theorem 2.1, and log(1 + D1 + D_1) <log(1+ D1) +log(1+ D_1/Dy),

pak, pa) = (2r)~'a*»*> —Elog(1 + Ny + N_1) + Elog(1 + D1 + D_)
< @2r)"'a?2? —Elog(1 + N1) + Elog(1 + D) + Elog(1 + D_1/Dy)
< @2r) ') — (Elog Ny)4 +2log2 + E(log Dy) 4 + E[log(D_1/D1)],.

From (75), and its analog for D, we have, on setting €(n) = logci(n) < 0, recalling that
rvl=r+1,and using (67),

(Elog N1+ = [e(m) + Qv) ' (a® — 1)A*] . = e + @) '220r + D(a* — 1),
E(log D)+ <e(n) +arEZ4 + 2r) 'A% (ra®> —r — 1),
E[log(D_1/D1)], = 2arE(Z — a))+ =2¢(ar)/ar = O ().
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Combine the last four displays to get
plair, pa) < 2r)~'22T(@) + 0 (),
where

Ta)y=a>—(+ D@ -1, +(ra>—r—1), =1(a).
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SUPPLEMENTARY MATERIAL

Supplementary Materials to “On minimax optimality of sparse Bayes predictive
density estimates” (DOI: 10.1214/21-A0S2086SUPP; .pdf). The supplement [35] proves
Lemma 3.2 and all the inequalities and lemmas used in Section 4. It also contains results from
additional numerical experiments and further discussions on the risk properties of prdes.
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